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Tolerance Hamiltonian varieties of algebras 

IVAN CHAJDA 

The concept of Hamiltonian algebras was first introduced for groups. A group 
(5 is Hamiltonian if every subgroup of © is normal, i.e., a class of some congruence 
on ©. EVANS [6] introduced the Hamiltonian property for loops and KLUKOVITS 
[7] generalized this concept for universal algebras and varieties: an algebra 91 is 
Hamiltonian if every subalgebra of 91 is a class of some congruence on 91; a variety 
V is Hamiltonian if each 216 y has this property. 

In [7], Hamiltonian varieties are characterized by a nice V3-condition. Such 
conditions are also used for characterizations of varieties fulfilling given tolerance 
identities [3]. It is natural to ask whether the Hamiltonian property can be extended 
also for tolerances (see e.g. [5]) and which VB-condition characterizes such varie-
ties. 

By a tolerance on an algebra i t = ( A , F) is meant a reflexive and symmetric 
binary relation T on A having the Substitution Property with respect to F (i.e. T is 
a subalgebra of the direct product 91x91). Thus each congruence is a tolerance but 
not vice versa. 

D e f i n i t i o n 1. Let Tbe a tolerance on an algebra 9 1 = ( A , F ) . Call 0 ^BQA 
a block of T provided 

(i) BXBQT, 
(ii) B is a maximal subset of A with respect to (i), i.e. if BQC and CxCQT, 

then B=C. 

Clearly, if a tolerance T on 91 is a congruence on 91, every block of T is a con-
gruence class of T and vice versa. Thus blocks of tolerances are generalizations of 
congruence classes. 

The paper [2] contains a characterization of the property that every block of each 
tolerance on 91 is a subalgebra of 91. The objective of this paper is to describe the 
converse situation, namely: 
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D e f i n i t i o n 2. An algebra 91 is tolerance Hamiltonian if every subalgebra of 
21 is a block of some tolerance on 91. A variety "V is tolerance Hamiltonian if each 
91 has this property. 

Although [1], [2] contain necessary and sufficient conditions under which a sub-
set of an algebra is a block of some tolerance on it, these conditions cannot be used 
in the way as Mal'cev's Lemma in [7]. The proof of our Theorem 1 is based on a 
characterization given by Lemma 3 below. 

For the sake of brevity, write Xj instead of xx, ...,x„ and yt instead of yy, ...,ym 

if the integers n, m are given. 

T h e o r e m 1. Let ~V be a variety of algebras. The following conditions are equiv-
alent: 

(1) "V is tolerance Hamiltonian. 
(2) For every (m -\-n-\- k)-ary polynomial p and for every (m-\-n-\-Y)-ary poly-

nomial t there exists an (m+n + l)-ary polynomial q over "V such that 

V{t($i, Xj, Z)..., tlpi, Xj, z), Xx, ...,Xn, VX, ...,Vk) = t(ji,Xj, z) 
implies 

P(yi> •••, ym, t(y>, Xj, z), ..., t(y„ xj, z), v1} ..., vk) = q(yh Xj, z). 

Let us begin the proof of Theorem 1 with some lemmas. If T is a binary rela-
tion on a set 91, we denote [z]T= {a£A; (a, z)£T). 

L e m m a 1. Let 91 = (A, F) be an algebra and z£BQA. The following con-
ditions are equivalent: 

(a) B=[z]T for some tolerance T on 91. 
(b) For every (m + n)-ary algebraic function cp over 91, 

<p(z, ..., z, br, ...,b„) = z for some b£B 
implies 

<p(alt ..., am, z, ..., z)£B for each aj£B. 

P r o o f , (a) =>-(6): Routine. 
(b)=>(a): Let R = {<x, x); x£A} U {<x, z); x£B} U {{z, x>; x£B}. Let T be the 

set of all (a, b) such that a=(p{a1, ..., ak), b = <p(b1, ..., bk) for some (at, bt)£R and 
for some algebraic function (p over 91. Clearly T is a tolerance on 91. It only 
remains to prove B = [z]T. Evidenty, 2?g[z] r . Suppose c£[z]T. Then (c, z)£T, i.e. 
c — \//(a1, ..., ak), z = \p(b1, ..., bk) for some (ah b^R and some /c-ary algebraic 
function i]/. We can suppose, that k=m + n + k' (m&0, n s O , k'^0), moreover, 
bt=z for i=l,...,m and at—z for i=m+l, ..., m + n and at=bt for i— 
= m + n + l, ...,k. Put 

•••> im+n) = '/'(^l. •••> + am + „ + l ! •••>«*)• 
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Since z=<p(z, ..., z, blt ..., b„), by (b) we obtain c=(p(al, ..., am, z, ..., z)dB prov-
ing the reverse inclusion [z\T^kB. 

L e m m a 2. Let '& = (A, F) and let T be a tolerance on 9i. For 0 ^BQA the 
following conditions are equivalent: 

(a) B is a block of T. 
(b) B=f}{[z]T;zdB}. 

P r o o f . Routine. 

L e m m a 3. Let 91=(A, F) and 0 ¿¿BQA. The following conditions are equiv-
alent: 

(a) B is a block of some tolerance on 91. 
(b) For every (m+n)-ary algebraic function <p over 91 and for each z£B, 

(p(z, ..., z, blt ..., b„) = z for some b^B 
implies 

q>(a1; ..., am, z, ..., z)£B for each afiB. 

This follows directly from Lemmas 1 and 2. 

P r o o f of T h e o r e m 1. (1)=>(2): Let p and t be (m+n+k)-ary and 
(m+«+l ) -a ry polynomials over "V, respectively, such that 

(*) P(¡(Pi, Xy, Z), ...,t(?i, Xj, Z), XL5 V±, ..., Vk) = t(yt, Xj, z). 

Let 9I=(/4, F) = g m + n + t + 1 be the "V-free algebra with the set of free generators 
fo, ...,x„,ylt . . . , . . . , v k , z } and © = ( £ , F) = g m + „ + 1 the iT-free algebra 
with generators {xj, ..., z}. Hence S is a subalgebra of 91. Since 
"V is tolerance Hamiltonian, B is a block of some tolerance on 91. By Lemma 3, 
(* ) yields p(yt, ...,ym, t(yi,Xj,z), ..., t(J„ xj,z),v1, ...,vk)£B. Since 93 = 
— 5m+n+i there exists an (w+K-f-l)-ary polynomial q over "V such that (2) of Theo-
rem 1 is valid. 

(2)=>(1): Let f be a variety fulfilling (2), 9 1 9 3 = 0 6 , F) a 
subalgebra of 9t and z£B. Let cp be an arbitrary (m-f-n)-ary algebraic function over 
91 and p its generating polynomial, i.e. ..., £m + n )=p(£i , Cm+m clt..., ck) 
for some c1( ..., ck£A. If q>(z, ...,z,bi, ...,b^)=z for some b^B, then, by (2), 

<p(a1; . . . , a m , z, . . . , z ) = q{an ...,am, bx, ...,bn,z)£B 

for each Oj, ..., am£B. By Lemma 3, 9i and also 'V are tolerance Hamiltonian. 

T h e o r e m 2. The tolerance Hamiltonian property is local, i.e. an algebra 91 
is tolerance Hamiltonian if and only if every finitely generated subalgebra of 91 is a 
block of some tolerance on 91. 
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P r o o f . It is a direct consequence of Lemma 3: if S = ( 5 , F) is a subalgebra 
of 91 which is not a block of any tolerance on 91 and every finitely generated sub-
algebra is, then there exist z£B and an (m+n)-ary algebraic function q> over 91 
such that cp(z, ..., z, bt,..., b„)=z and <p(ai> •• •••> f ° r some 
« i , . . . , am, blt..., bn£B. Hence the subalgebra G of 91 generated by {a1,...,am, 
bu ...,bn, z} is not a block of any tolerance on A which contradicts the assump-
tions. The converse implication is trivial. 

T h e o r e m 3. The variety of all semilattices is tolerance Hamiltonian (but not 
Hamiltonian). 

P r o o f , lip, t are semilattice polynomials fulfilling the assumptions of the con-
dition (2) of Theorem 1, then clearly p does not depend on ...,vk and the statement 
of (2) is evident. Thus Theorem 3 is a direct consequence of Theorem 1. By the 
theorem of KLUKOVITS [7], this variety is evidently not Hamiltonian. 

R e m a r k . As it was proved by ZELINKA [8], on every at least three element 
semilattice there exists a tolerance which is not a congruence. 

T h e o r e m 4. No non-trivial variety of lattices is tolerance Hamiltonian. 

P r o o f . Let p and t be (2+0+ l ) - a ry (i.e. ternary) lattice polynomials given 
as follows: 

p(x, y, z) = xV(yAz), t{x, y, z) = z. 

Then we have p{t(y1,y2,z),t(y1,y2,z),v1)=p(z,z,v1)=z=t(y1,y2,z), thus the 
assumptions of (2) of Theorem 1 are valid, but p(ylf y2, Vi) is essentially dependent 
on . Hence, no polynomial q of the required type exists. 
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