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On the duality of interpolation spaces of several Banach spaces

DICESAR LASS FERNANDEZ

Introduction

Since the work by ARONSZAIN—GAGLIARDO ([1]) appeared, the problem of the
duality of interpolation spaces of two Banach spaces has attracted the interest of
many authors. See for instance Lions [10] for the trace method, LioNs—PEETRE
[12] for the mean methods, SCHERER [14], LACROIX—SONRIER [9], PEETRE [13] for the
J- and K-methods, and CALDERON [4] for the complex method.

Although the study of interpolation spaces has been mainly restricted to couples
of Banach spaces, many papers concerning interpolation spaces of several Banach
spaces have appeared. See for instance Lions [11], YosHikawa [16], Favint [5],
SPARR [15], FERNANDEZ [6], [7] and [8]. Thus, it is natural to pose the question of
duality for the theories of interpolation of several Banach spaces. The purpose of
this paper is to study the duality between the J- and K- interpolation methods for
several Banach spaces introduced in FERNANDEZ [6]. The distinguishing feature of
the J- and K- methods studied in [6] is that they deal with 2" spaces and n-parameters.
This permits us to show that the two methods are equivalent, in the sense that they
generate the same interpolation spaces. The equivalence of the two methods is fun-
damental to the study of the duality problem. Also, the idea used in the proof of
the equivalence is the same one used to prove a density theorem, which is another
crucial point in the duality theory. In this way we have the tools to show that the J-
and K- methods for 2" spaces “‘are in duality” as is the case for n=1.

For the duality of the complex method for 2" Banach spaces see BERTOLO [3].

Through this paper we shall use the following notations: (A) if a=(ay, ..., a,),
b=(by, ..., b)ER? then we set () a=b iff a;=b;, j=1,2,...,d; (i) a-b=
=a,b,+...azby; (i) aob=(a,b,, ..., a;b,); (V) la|=a,+...+a,; (v) a®=ab...a;
(vi) 2°=2%..2%; (B) 1=(l,...,1), (C) L2¢=L2(R% stands for the L2 spaces
with mixed norms of BENEDEK—PANZONE [2] with respect to the measure d t=
=d by ... d ty=dnfty ... diyft,.
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1. Interpolation of 2¢ Banach spaces

We shall first give a summary of facts on the theory of interpolation of 2¢
Banach spaces. Also, we give the discretization of the methods here considered and
a density theorem which has not appeared before.

1.1. Generalities. 1.1.1. The set of k=(k,, ..., k,)€R? such that k;=0 or 1
will be denoted by J. We have O ={0,1} when d=1 and O={(0,0),(1,0),
(0, 1), (1, 1)} when d=2. The families of objects we shall consider will depend on
indices in .

1.1.2. We shall consider families of 2¢ Banach spaces E=(E,|k€ 1) embedded,
algebraically and continuously, in one and the same linear Hausdorff space V. Such
a family will be called an admissible family of Banach spaces (in V).

1.1.3. If E=(E,|k€ (1) is an admissible family of Banach spaces, the linear hull
ZE and the intersection (MNE are defined in the usual way. They are Banach spaces
under the norms

€)) x| zg = inf {zk"xk"Ek | x = Zyx; X €E,, k€ D}
and
) Ixll ne = max{jix| g, | k€ O}

The spaces NE and ZE are continuously embedded in V.
1.1.4. A Banach space E which satisfies

1) NEcCc ECZE

will be called an intermediate space (with respect to E). (Hereafter — will denote
a continuous embedding.)

1.2. Intermediate spaces. 1.2.1. Let E=(E,|k€ (1) be an admissible family of
Banach spaces. Suppose t=(t,,...,7,)>0 and #=r1.. . For xcZE, we set

¢)) K(t; x) = K(t; x; E) = inf{Z, " x| g, | ¥ = Zyxi, ;€ B, k€ O}
and for x¢NE
2 J(t; x) = J(t; x; E) = max{t*|x|g | ke O}.

Now, assume 0<@=(0,,...,0)<1 and 1=0=(q, ..., gz)=co.

1.2.2. Definition. We define E,. o.x=(E;|k€ 0)g.0.x to be the space of all
elements x€ ZE for which
(M =9 K(t; x)€ L,
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and Eg.,.;=(Ec|k€O)g, ., to be the space of all elements x¢ ZE for which there
exists a strongly measurable function u:R% —~NE such that

) x= [u@)d, (nZE),
RY

and

&) 1=9J(r; u(t))e L.

1.2.3. Proposition. The spaces Eg: .y and Eg.o.; are Banach spaces under
the norms ‘

@ I xlle;0:x = 2~ 0 Kit; %) Le>
and
) Ixllo; ;0 = inf {||t=0 (5 u(®))| e | x = [u(t)d,z},

respectively. Furthermore, the spaces Eg.,.x and Eg. 4., are intermediate spaces with
respect to E.

1.2.4. We shall say the spaces Eg. 5. and Eg.,.; are generated by the K-
and J-methods, respectively.

The following result gives a connection between the spaces generated by the
K-and J- method and says that those are actually equivalent.

1.2.5. Proposition. If 0<@=(0,,...,0,)<1 and 1=Q0=(q,,..,q)<<
we have

(D Eo,0:x = Ee;0;4-

1.2.6. When we have no need to specify which interpolation method has generated
the intermediate space we shall write simply Eg , for the spaces Eg.4.x and Eg . ;.
For the proofs of the above results see FERNANDEZ [6].

1.3. The discretization on the K- and J-method. Let E=(E,|k€ 1) be an ad-
missible family of Banach spaces.

1.3.1. Proposition. Let x€XE. Then x€(E,|k€O)g.o.x Uf

M (e=N9K(eN; x))nexa€12(ZY).
Moreover
2 fixlle;;x 2 ”(e'N'oK(eN; x))Nezd“lQ(zd)-

Proof. If t79K(t; x)=1t7%...t7% K(¢,, ..., t;; X), we have

em"+1 em1+1

woax=(2_ [ (2.1

my=—oco

25/qy 1/g,,
(t-°K(z; x))‘hd*tll '"d*t"J
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On the other hand, if e™=t;=e™*!, j=1,2,...,d we have

K(em, ..., ema; x) = K(tp, ..., tg; X) = e"K(em, ..., ems; X)
and
€)) e~ MEK(eM; x) = t-9K(t; x) = efe~9K(e¥; x).

These inequalities imply (2) at once and prove the assertion.

1.3.2. Proposition. Let x€ ZE. Then, x€(E, | k€ D)y, o,s Iff there is uy€ NE,
McZ?, such that

) x= 3 uy (in IE)
MEZ4

and

@) e~M9J(eM; uy)peza€12(Z9).

Moreover

©)] [ xllo;0;0 = inf{"(e'M'OJ(eM; uM))MEZ""lQ(Z") |x = ZM“M}'

Proof. Let x€(E,|k€0)g,q,, and u=u(t) be asin 1.2.2.If M=(m,, ..., m),

let us set
my+1 m;+1
e e

Up = Upy oo, = f f u(ty, .., t)d ty...d 1.

Then we have

and
(C)) H(e—M-OJ(eM; uM))MEzd”,g(Z,,) = _CHt_eJ(t; u)”:.g.

Taking the infimum in the above inequality we get one half of (3).
We proceed similarly to obtain the converse inequality in (4), which will imply
the other half of (3). The proof is complete.

1.4. Density theorems. Let E=(E;|kc ) be an admissible family and let us
denote by NE* and NE’ theclosure of NE in Eg.,., and Eg, 4., respectively.
Of course, we have NEX=NE=NE.

1.4.1. Proposition. If 0<@<1 and 1=Q<e we have
(1) NE*CEe.q:x; 2 Eg;0,,C NE.
Proof. The inclusion (1) is obvious. To prove (2), let x€Eq.,., and let

u=u(t) be as in 1.2.2(2)—(3). Let us set

My m
xM =x,,,1“_,,,d= f eee f u(tl,...,t,,)d*tl...d*td.

my 1fm,
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Then
x—xy= [Yu(u()d,,
Rd

where Yy, (1)=Y,, .. (1)=0, if 1/mj<t;<m; (j=1,2,...,d) and =1 otherwise.
Consequently

Ix—Xpllo; 0,0 = “t_e-l(t§ YM(t)u(t))”Lg = “t_GYM(t)J(t; u(t))“Lg.
Finally, since Y, (t)+0 as M-, the result follows.

14.2. Corollary. We have NE=Eg,,.
" Proof. It follows at once from 1.4.1(1)—(2) and the equivalence theorem.

2. Duality

2.1. Dual families. For a given admissible family E=(E, |k€O) of Banach
spaces there is a natural duality between NE and 2E, and Eg .4 and Eg.,. ;. In
order to examine this duality let us set the following hypothesis (H) on the admis-
sible family E:

(H) NE is dense in each E,, k€ .

Let E'=(E, | k€ (1) be the family given by the duals of the elements of the family
E=(E, | kcO).

Since NECE,, the spaces E,, k€ O, can be canonically embedded in (NE)".
The density hypothesis assures that this embedding does not identify distinct elements
in E;, with the same elementin (NE)". In this way, the family E"=(E} | k€ ) of dual
spaces is an admissible family of Banach spaces.

2.1.1. Proposition. Let E=(E, | k€ O) be an admissible family which satisfies
the hypothesis (H) and let E'=(E,|k€ Q) be its dual family. Then

)] (NE) = ZE’
. and
) %"l ze, = sup{I<x, x)nl/lxl nelx€ NE};
3) (CEy =NE’
and
“) 1%l ner = sup {I[<x, xel/lxll ne | x€Z E};

where () denotes the duality between NE and (NE) and (,)y between LE and
(ZEy.



48 D. L. Fernandez

Proof. Since E;C(NE), for each k€, it follows that ZE'c(NE)".
Conversely, if ®#¢(NE)’, the linear form
¥: Ol k€O) ~ 2279 2, x,)

is bounded in the diagonal subspace of @,E,, with the norm max|jx,| 5, . By the
Hahn—Banach theorem there is an (x;|k€ 0)€ @, E; such that

Zi(x, X, = ¥(x)
for all x¢NE, and
Zillxill g, = 1DllnEy -
Now, if we take x,=x, k€ O, it follows that
D (x) = Z,(x, X )5,,» *€NE.
Finally, by the density hypothesis (H), the linear forms x;,k€ 0, are determined
by their values in NE and
I@lcney = Zillxil g
Similarly we prove (3) and (4).
As a corollary of proposition 2.1.1 we get the following result on the K- and
J-functional norms. '

2.1.2. Proposition. Let E=(E, | k€ O) be an admissible family of Banach spaces
which satisfies the density hypothesis (H) and let E'=(E; | k€ (1) be its dual family.
Then

()] K(t; x'; E') = sup {Kx, X )/J(t71; x; B) | x€ NE}
and
Q) J(t; x'; B’y = sup {|{x, x")K(71; x; E) | x€ T E}.

Proof. Let E be a normed space and ¢=0. Let us denote space E with the
norm t|-||; by tE. Then we have (tEY=t"1E".

Now, if we consider the family (#E,|k€ O0) we see that (1) and (2) follow at
once from 2.1.1(2) and 2.1.1(4), respectively.

2.2. The duality of spaces Eg 6. Let E be an admissible family of Banach
spaces which satisfies the density hypothesis (H). Then we can consider intermediate
spaces with respect to the dual family E’, and in particular the interpolation
spaces Eg .

Let E be an intermediate space with respect to the admissible family E. Then;
a necessary and sufficient condition for E’ to be an intermediate space with respect
to the dual family E’ is that NE be dense in E. Thus, if E=E, , the density result
of proposition 1.4.1 assures that E’=(E4 ;)" is an intermediate space with respect
to the dual family E’.
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We shall now study the relationship between the spaces Eg 5, and (E, ).
To this end we shall use again the notation Eg.,.x and Eg,., for the spaces
generated by the K- and J-method, respectively.

2.2.1. Proposition. Let E=(E, | k€ O) be an admissible family which satisfies
the density hypothesis (H) and let E' =(E, | k€ O1) be its dual family. Suppose 1 =Q=
=(qy, ..., q)< and 0<O=(0y,...,05)<1. Then

M 60 = (Eoyp)
where 1/0+1/Q'=1 (ie., l/q;+1/q;=1, j=1,2,...,d).
Proof. We shall prove that
2 E,G;Q';K = (EG;Q;,I)’-
By Prop. 2.1.1 it follows that
Eg.o .k CZE = (NE).

Now, if x’€Eg, 4. and (, ), is the duality between NE and (NE)’, the relation
(x, x"), makes sense for x€Eg., ;N (NE). Thus, by definition, there is a strongly
measurable function u: R?*—~NE such that u€LL(R%; NE) and satisfies 1.2.2(2).
From 2.1.2(1) it follows that

©) [lu@, N de = [T u@)KE™S x)d,t =
R4 R4

= [1=00(t; u@) 19K, x) d, ot = 1200 (55 u())
Rd

eIt K™ X g,

This shows that x’ou€L}(R%) and thus

@ f (@), x)d,t = < f u(t)d,t; x’> = (x, x').
‘ R<

R

From (2) and (3) we get the following inequality of Hdlder type

) 1(x x| = |1 xl6:0:51% ll6;0: -

This Hélder inequality implies at once that (, ) is a bounded linear form on a dense
subspace of Eg.,.;. Thus (,) can be extended boundedly to all Eg ;. Hence,
x'€(Eg.p,,) and we have, for the dual norm

(b (Eg;0;sy = SUP {1, XM/ xlle::5 | X€Eg;0;5} = X ll6;07;x-
From this inequality we obtain one half of (1).

4
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Conversely, let x’€(Eq.(.,). By 2.1.2(1), given ¢>0 there is Yy=7Y,
€NE with Y,#0 and such that

eK(eV; x'; E) = (yulJ(€V; yu), X'

Next, we denote by [9-¢(Z%) the space of all multiple sequences of real number
(xy)ycze such that

€

10y

[(xn)nezallioe = (e @ xy)nezdllie <.

Now, if a=(ay)y€/%2(Z% and

X = 2 ay ynlJ (e ya)s
NEZ4
it follows that

%lle; 0.0 = ”(e'N'eJ(eN§ ayyn/J (€"; ya))ne Z‘”le(z") =
= ”(e_N‘elaNDNeZ“”lq(z") = |lallio.0 <<=.

Thus x,€Eg.4.;. Also

(g5 X'y = (EnayynlJ (€Y, yy), x") = eZyayK(e~N; x)
therefore

© elye Naye" K(e~N; x') = |lallo, ol X'l 6;0:4-
Since [9:2(Z°) and I'~%2(Z?) are in duality via the duality
(0 8y= 2> eWaysy,
NeZzd
by taking the supremum over all a€/®9(Z% with |a],6,c=1 in (6) we obtain

elle" K(e="; xie.or = XNl 00,4,
that is
tllx’lle; 05k = 1x'll6; 0+

Since ¢ is arbitrary we obtain the second half of (2).
From (2) and the equivalence theorem we obtain (1) and the proof is complete.

7

References

[1] N. Aronszain—E. GAGLIARDO, Interpolation spaces and interpolation methods, Ann. Mat.
Pura Appl., 68 (1965), 51—118.

[2] A. BeneDEK—R. Panzong, The space L?, with mixed norm, Duke Math. J., 28 (1961), 301—324.

[3] J. 1. BerToLO, Interpolation of 2" Banach spaces: the complex method. To appear.

[4] A. P. CALDERON, Intermediate spaces and interpolation, the complex method, Studia Math., 24
(1964), 113—190.



Duality of interpolation spaces 51

[5] A. Favini, Su una estensione del metodo complesso d’interpolazione, Rend. Sem. Mat. Univ.
Padova, 47 (1972), 244-—298.

[6] D. L. FERNANDEZ, Interpolation of 2" Banach spaces, Studia Math., 65 (1979), 175—201.

7] D. L. FErRNANDEZ, On the interpolation of 27 Banach spaces (1): The Lions—Peetre interpola-
tion method, Bul. Inst. Polytehn. Iagi, 26 (1980), 49—54.

{8] D. L. FERNANDEZ, An extension of the complex interpolation method, Boll. Un. Mat. Ital. B,
18 (1981), 721—732.

[9] M. T. LACROIX—SONRIER, Sur certains espaces d’interpolation, C. R. Acad. Sci. Paris, 272
(1971), A874—AR77.

[10] J. L. Lions, Sur les espaces d’interpolation: dualité, Marh. Scand., 9 (1961), 147—177.

{11} J. L. Lions, Une construction d’éspaces d’interpolation, C. R. Acad. Sci. Paris, 251 (1960),
1853—1855.

[12] J. L. Lions—1J. PEETRE, Sur une classe d’espaces d’interpolation, Pub. Math. d’THES, 19 (1964),
5—68. :

[13] J.. PEeTRE, Remark on the dual of an interpolation space, Math. Scand., 34 (1974), 124—128.

[14] K. Scuerer, Uber die Dualen von Banachriumen, die durch lineare Approximationsprozesse
erzeugt werden, und Anwendugen fir periodische Distributionen, Acta Math. Acad.
Sci. Hungar., 23 (1972), 343—365.

[15] G. SrARR, Interpolation of several Banach spaces, Ann. Mat. Pura Appl., 99 (1974), 247—316.

[16] A. YosHIKAWA, Sur la théorie d’espaces d’interpolation: les espaces de moyennes de plusieurs
espaces de Banach, J. Fac. Sci. Univ. Tokyo, 16 (1970), 407—468.

INSTITUTO DE MATEMATICA
UNIVERSIDADE ESTADUAL DE CAMPINAS
CX. POSTAL 6155

13100 — CAMPINAS — S. P. — BRASIL

vy



