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Approximate decompositions of certain contractions

PEI YUAN WU

In this paper we obtain an approximate decomposition -for contractions the
outer factors of whose characteristic functions admit scalar multiples. We show that
such a contraction is quasi-similar to the direct sum of its C., and C., parts. This
class of operators includes, among other things, weak contractions and C,. contrac-
tions with at least one defect index finite. In particular, our result generalizes the
C,—C;, decomposition for weak contractions. Applying this to C,. contractions,
we obtain that any C,. contraction with at least one defect index finite is completely
injection-similar to an isometry. As consequences, we are able to characterize, among
C,. contractions, those which are cyclic, have commutative commutants or satisfy
the double commutant property.

In Section 1 below we first fix the notation and review some basic facts needed
in the subsequent discussions. Then in Section 2 we prove the approximate decom-
position and some of its consequences. In Section 3 we restrict ourselves to C,.
contractions.

1. Preliminaries. In this paper all the operators are acting on complex, separable
Hilbert spaces. We will use extensively the contraction theory of Sz.-NAGY and
Foras. The main reference is their book [8].

Let T be a contraction on the Hilbert space H. Denote by Dyp=ran (I—T*T)!/2
and Dp.=ran (I-TT*)"? the defect spaces and dp=rank (I-T*T)}? and dp.=
=rank (/—~TT*/® the defect indices of T. T is completely non-unitary (c.nu.) if
there exists no non-trivial reducing subspace on which T is unitary. T is of class C,.
(resp. C.,) if T"x+»0 (resp. T*"x+0) for any x=0; T is of class C,. (resp. C.g)
if T"x-~0 (resp. T*'x—0) for any x. C,,=C,.NC., for «, f=0,1. Let T=
[T X
—[0 T,
T is c.n.u., then this triangulation corresponds to the canonical factorization @,=

] be the canonical triangulation of type [glé ] on H=H,®H,. If
-0
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=0,0, of the characteristic function {Dr, Drs, @7 (A)} of T, where {D, §,
0,(1)} and {§, Dy, O:(1)} are the outer and inner factors of O, respectively.
Moreover, the characteristic functions of T and T, are the purely contractive parts
of @, and @,, respectively. For c.n.u. T, we will consider its functional model, that is,
consider T being defined on the space H=[H?*(D.)®47L3(Dy)]O {Orwdd w:
weHY (D)} by T(f@g)=P('fde'g), where A, =(—0%O)V? and P denotes
the (orthogonal) projection onto H. Then H, and H, can be represented as

H, = {O,uddv: uc HA(F), v€ A7 LA(Dp)} o {Orwd dyw: we HE(Dq)}
and
H, = [H¥(Dr)© 0. H3(F)]© {0}

A contractive analytic function {D, D,, © (1)} is said to admit the scalar mul-
tiple 5(A) if 6(A)z0 is a scalar-valued analytic function and there exists a contrac-
tive analytic function {D., D, (1)} such that Q()OA)=6(M)Iy and O(H)QA)=
=8(W)l,, for all A in D={1:[A|<l}.

For an arbitrary operator T on H, let {T}’, {T}” and Alg T denote its commu-
tant, double commutant and the weakly closed algebra generated by T and 7. Let
Lat T, Lat “T and Hyperlat T denote the lattices of invariant subspaces, bi-invariant
subspaces and hyperinvariant subspaces of T, respectively. Let u, denote the mul-
tiplicity of T, that is, the least cardinal number of a subset K of H for which H=
=V T"K. Tiscyclic if ur=1. For operators T, and T, on H, and H,, respectively,

n=0
TIQT2 (resp. T, <T,) denotes that there exists an injection X: H,—~H, (resp. an
injection X: H,—~H, with dense range, called quasi-affinity) such that T, X=XT;.

ci
T,<T, denotes that there exists a family {X,} of injections X,: H,~H, such that
Hz—V X.H, and T,X,=X,T, for each a. T; and Tz are quasz-szmzlar (T1~T2) if

T1-<T2 and T,<T,; they are znjectzon-szmzlar (T1~T2) if T1<T2 and T2<T1,

they are completely injection-similar (T1~T2) if T1<T2 and T2-<T1. Note that
T, < T, implies that Ky, Ehy,.

2. Approximate decomposition. We start with the following major result.

Theorem 2.1. Let T be a contraction on H and let T= [g" ;‘f] on H=H,®H,
2

, . , (&} .. .
be the canonical triangulation of type [0 ‘12 ] If the characteristic function of Ty
. 0.

admits a scalar multiple, then T ~T,@&T,. Moreover, if T is c.n.u., then there exist
quasi-affinities Y: H~H,®H, and Z: H,®H,—~H which intertwine T and T, T,
and such that YZ=6(T,&®T,) and ZY=6(T) for some outer function o.
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Proof. Let T=U®T’ be decomposed as the direct sum of a unitary opera-

tor U and a c.n.u. contraction T’. Let T'= [ ] be of type [ ] Then
u 0 0
T=}0 T; «]|,
0 0 T;

where [(()] 3,1,] is of class C_; and Ty is of class C ,. Hence by the uniqueness of the
canonical triangulation, we have T,=U®T; and T,=T, (cf.[8], p. 73). Note that

the characteristic functions of T, and Ty coincide. Therefore the characteristic func-
tion of 7 also admits a scalar multiple. If we can show that T’ ~T;@T;, then T=
=UT ~UT,T,=T,dT,. Hence without loss of generality, we may assume that
T is c.n.u. As remarked before, we can consider the functional model of T. Let
be an outer scalar multiple of &, (cf. [8], p. 217) and let {§, Dy, 2(A)} be a contractive
analytic function such that Q©,=6l, and ©,Q=0l;. Define the operator S:
H,~H, by Suo0)=P(0a(—4 Q@*u)) for u®0c¢H,. Note that
0(—4;9263u) is orthogonal to H, and therefore P(OEB(—ATQ@;‘u)) is indeed
in H;.
We first check that T,8—ST,=6(T,)X. Note that for u®0€H,, we have
T,(u@0) = (e ud0)— (O w4, w) —(Ou’ V') =
= (€' U—Orw—0,u")D(—A;w—1") =(e*u—Orw— Opu") B0
for some w¢H?*(D;) and O,u' ®v'¢H,, where the last equality follows from the
fact that T,(u®0)€H,. Moreover, X(u®0)=0,u"®v’. Hence
(T:S—ST)(uad0) =

=T, P(0B(— 4720 u))—S(("u—Orw—0,u")H0) =

= P(0®(—e" 47 Q05u))—P(0D(— 47 QO (e u—Orw—0,u))) =

= P(O@(‘ATQ@;@TW—ATQ@)zkggu,)) - P(O@(—ATJW"‘ATQU,)).
On the other hand,

(M) Xud0) = s(TN(O,u" D) = P(0O,u' D) = P(OQu'Bo’) =
= P(0®(6v' — 41 Qu)).

Since —Arw—v"=0, we obtain that T,5—ST,=J(T)X as asserted.

5(Ty) S (V-5
Let Y= [ ]H HoH, and Z=[) ;0

is the operator which appears in the triangulation of § (1) with respect to H,®HH,:

]:HIGBHZ—»H, where V'
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H(TYV

0 o(Ty)

statement is proved.
() YT=(T\eTyY.

[5(T,) S][o TJ [<5(T1)T1 5(T,)X+ST2]_

o(T) = ] We complete the proof in several steps. In each step the first

Yr

0
(ii) Z(T,®T.)=TZ. Since

oLl 3P T

il R S R

RN v

] [T1 (T T,V +X5(T2)]
6(T) To(Ty I’
we have S(TYX+VT,=T\V+X6(T,). From T,5—ST,=46(T)X we obtain that
T.S—ST,+VT,=T,V+X3(T,). A simple computation using this relation shows
that Z(T,©T)=TZ.
(iii) ZY=6(T).
[I V- S] [é(Tl) S] [5(T1) S+V -—S
o a1 (T
(iv) YZ=46(T,&®T,). Since

[5(T1) S] [I V—-S] B [5(T1) 5(T1)(V—S)+S5(T2)]
0 sl o 8(T>) ’
to complete the proof, it suffices to show that &(7)(V —S)+S6(T,)=0. Note that
YT=(T,@T,)Y implies that Y§(T)=$6 (T1 ®T,)Y. But
[5 (1) ] [6 (1) ] [5 (TY? (T)V +S6(Ty)
o(Ty) o(Ty)

= o(T).

Yo(T) =

n 8T) O Hacr,) s] [6(T1)° 5(T)S
0 (T (T 1

We conclude that STV +S6(T,)=06(T1)S as asserted.
(v) Y and Z are quasi-affinities. Since d is outer, 6(T3) and §(T,) are quasi-af-
finities (cf. [8], p. 118). It can be easily checked that ¥ and Z are also- quasi-affinities.
It is interesting to contrast the preceding result with [14], Theorem 1, where
the problem when T is similar to T, T, was considered. Here we make a weaker

(T BTYY = [
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assumption to obtain a (necessarily) weaker conclusion. Indeed, the intertwining
operators Y and Z constructed here are closely related to the invertible intertwining
operator appearing in the proof of [14], Theorem 1.

Corollary 2.2. Let T=[(])11 g] be as in Theorem 2.1. Assume that T is
2

cnu. Then Lat T=Lat(T,07T,), Lat”"T=Lat"(T\®&T,) and Hyperlat T'=Hy-
perlat (T, Ty,).

Proof. Let Y and Z be the operators constructed in the proof of Theorem 2.1.
For K¢Lat T and L¢Lat(T,8T,), consider the mappings K—~YK and L—ZL.
It is easily checked that they are inverses to each other and preserve the lattice oper-
ations. Hence Lat T'=Lat(T;&7T,). To complete the proof, it suffices to show that
(i) K€Lat” T implies that YKcLat” (T,®T,) and (i) K€Hyperlat T implies that
YKcHyperlat (T,@®T,). Then by a symmetric argument we also obtain that L€
€Lat” (Ty®T,) and LcHyperlat (T,®T,) imply that ZL€Lat”T and ZL¢€
€Hyperlat T, respectively.

To prove (i), let S€{T,&T,}". We first check that ZSY¢€ {T'}". Indeed, YVZ¢
e{T@T,} for any Ve{T}. Hence ZSYVZ=ZYVZS=6(T)WZS=V(T)ZS=
=VZo(TyeT,)S=VZSo(T1&T,)=VZSYZ. 1t follows that ZSYV=VZSY,
and therefore ZSY€{T}" as asserted. Since K¢cLat” T, we have ZSYKCK.
Hence YZSYKCYK. But YZSYK=6(T,&®T,)SYK=SY5(T)K=SYK. We con-
clude that SYKCSYK which shows that YK¢Lat” (T 1®0T,). An analogous but
easier argument than above shows that (ii) is also true. This completes the proof.
T, X
0T,
invariant subspaces K, and K, of T such that K,V K,=H, K,NK,={0}, T|K; is of
class Cy, and T|K; is of class C.,. Moreover, K, and K, can be chosen such that
K,=H, and T|Ky~T,.

Corollary 2.3. Let T= ] be as in Theorem 2.1. Then there exist bi-

Proof. As in the proof of Theorem 2.1, we may assume that T"is c.n.u. Let Y '
and Z be the operators constructed there, and let K, =Z(H,®0) and K,=Z(0D H,).
Then K,, K,€Lat"T,K;VK;=H and K;NK,={0} by Corollary 2.2. From the
definition of Z, it is easily seen that K;=H,. On the other hand, since Z|0¢ H,:
O®H;~K, and Y|K,:K,~0@H, are quasi-affinities which intertwine 08T,
and T|K,, we have T|K,~T,. Moreover, it is easy to check that in this case T|K,
must also be of class C 4, completing the proof.

We remark that if T =[T1 X,] is the type [C°‘ * ] canonical triangulation
0 T, 0 C,.

of the contraction T and if the characteristic function of T; admits a scalar multiple,
then, by considering T*, we obtain results analogous to Theorem 2.1 and Corol-
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laries 2.2. and 2.3. Also note that weak contractions and C; . contractions with dy < oo
(cf. Lemma 3.2. below) are among the operators satisfying the assumption of The-
orem 2.1. When applied to weak contractions, Theorem 2.1 yields the following result
which has been obtained before in [15].

Corollary 2.4. Let T be a c.n.u. weak contraction and let Ty and Ty be its C,,
and C, parts. Then T,~T®T;.

Ty X] and T =[§1 ’;,,,] be the triangulations of types
2

Proof. Let T= 0 T,

[C'l *1 ang [Co * ], respectively. Since the characteristic functions of T;
0 C, 0 C,.

and T admit scalar multiples (cf. [8], p. 325 and p. 217), by Theorem 2.1 and the
remark above we have T,®T,~T~T;®T,. Note that T, and T are of class C,,
and T, and Tj are of class C,, it is routine to check that T;~T, and T,~T; (cf.
proof of [15], Theorem 1). Hence T~T,@7; as asserted.

Note that Corollary 2.2, generalizes the corresponding results for Lat”7T and
Hyperlat T when T is a c.n.u. weak contraction with finite defect indices (cf. [18],
Corollary 4.2. and [17], Theorem 3). Indeed, in this case Lat"T=Lat”"(T,®T,)=
Lat"T,®Lat"T,>=Lat"T,@Lat"T;=Lat”(T,®T,;) and similarly for Hyperlat T,
where T, denotes the C, part of T.

As for Corollary 2.3, it generalizes the C,—C,, decomposition for c.n.u. weak
contractions (cf. [8], pp. 331—332). To verify this, we have to show that, in the con-
text of Corollary 2.3, if T is a c.n.u. weak contraction, then T'|K; is the C, part of T
Since T|K,~T, is of class C;, we have K,SH;={x€¢H:T"x—~0 as n—}. On
the other hand, since T,~T|H;=T, (cf. proof of Corollary 2.4), we have T|K;~
~T7. Note that ¢(T})Sa(T) (cf. [8], p. 332). Hence T is a weak C, contraction.
Let W:H;—~K, be a quasi-affinity intertwining 77 and T|K, and let V:K,—~H;
be the restriction of the identity operator. Then VW is an injection in {T;}. We

- infer from [1], Corollary 2.8 that ¥'W is a quasi-affinity. It follows that K,=H;
whence T|K, is the C, part of T.

3. C,. contractions. In this section we restrict ourselves to C,. contractions with
at least one defect index finite. We will show that they are completely injection-similar
to isometries and characterize various algebras of operators associated with them. We
start with the following lemma.

Lemma 3.1. Let T be a c.nu. C,. contraction with dy=dr.<o. Then T is
of class Cy;.

Proof. Since T is of class C,., its characteristic function {D;, Dps, O1(1)}
is a *-outer function. Hence @1(1)*: Dy.~D, has dense range for all A in D (cf.
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[8], p. 191). We conclude from the assumption dy=dr.<<o that det ©;%0. By
[8], Theorem VII. 6. 3 we infer that T is of class Cy,. )

Lemma 3.2. Let T be a C,. contraction with dr<o and let T= gl ;]
2

be of type [gl C*f ] Then Ty and T, are of classes Cy, and C,, respectively.
.0 .

Proof. Obviously, T, is of class Cy;. As in the proof of Theorem 2.1, we may

assume that 7" is c.n.u.. Let T2=[Ts *] be the triangulation of type [C"' * ]
0 T, 0 C,.

Note that T, is of class C,,. Indeed, since T, is of class C.,, we have Ty"=

T*n

= [* T*n

C. and thus of class Co. We have

]—»0 strongly. It follows that T3"—0 strongly. Hence T, is of class

T, * *
T = 0 T3 *
) 0 0 T,

Let T'= [0 Ta] with the corresponding regular factorization ©,,=0;60,,

where {Dr., Dps, O (1)} is factored as the product of {Dr., F, ©,(1)} and {§F,
Dy, O3(A)}. Since T, and T are of classes Cy; and Cy, the purely contractive parts
of ©, and @; are outer and inner from both sides, respectively (cf. [8], p. 257). We
deduce that dim D;.=dim § and dim F=dim Dz, (cf. [8], p. 192). It follows
that dim ®; =dim Dy, that is, dp=d;.. Note that T’ is of class C,.
and dp =d;< . Hence by Lemma 3.1, T" is of class Cy,. This implies that T is of
class C.,, contradicting the fact that T, is of class Cy,. We conclude that T, itself
must be of class C,. and therefore of class Cy,.

If T is a C,. contraction with d;<<e, then as shown above T; is of class Cy;
and has finite defect indices. Hence its characteristic function admits a scalar mul-
tiple (cf. [8], p. 318) and therefore Theorem 2.1 is applicable. In particular, we have
the following corollary..

Corollary 3.3. Let T and S be C,. contractions with finite defect indices and let

T= [0 Tz] and S= [0 Sz] be the triangulations of type [O C. ] Then T~ S if
and Only lj‘ TINSI and T2~S2.

Proof. The conclusion follows easily from the preceding remark and [22],
Theorem 6. .
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Lemma 34. Let T=U®..®U,®S, on 'H=LE)®..0LE,)®H],
where 0=p, q=-co, L[;'s are Borel subsets of the unit circle satisfying E,2FE,2...2
DE,#@,U; denotes the operator of multiplication by " on L*(E)),i=1,...,p,
and S, denotes the unilateral shift on H 2. Then pp=p+gq.

Proof. Let U=U®...®U,. It is well known that ,uU—p and Ms, =4
Hence pyp=py+ s, =p+4. On the other hand, for almost all e* in E,, consider
H,={h(e"): heH}. “Obviously, H,=C'*. We assume that N=p; <o for other-
wise the assertion is trivial. Let K={h;, ..., hy} bea set of vectors in H such that
H= {7 T*K. Then H={p,(T)hy+...+py(T)hy: p1, ..., py polynomials}~. We de-

k=0
duce that H,= {p,(€") hy(€®)+ ... +pn(€hy(e™): Py, ..., py Polynomials)~ for almost
all ¢" in E,, that is, H, is spanned by the set of N vectors {hy(e"), ..., hy(e")}.
Hence we must have p+g¢g=N, and thus pu;=N=p+q.

Now we are ready to show the complete injection-similarity of C;. contractions
with isometries. The next theorem not only generalizes [20], Theorem 2.1 but the
proof is much simpler.

Theorem 3.5. Let T be a C,. contraction with dp<o. Then T is completely

injection-similar to an isometry. If T is c.n.u., then U@ S,,,_,,2T< UdS,_,, where
m=dgs, n=dy, U denotes the operator of multiplication by " on A;L?and S, _,
denotes the unilateral shift on H:_,. In particular, p+m—n=p,=p+2(m—n),
where p=ug.

Proof. We may assume that T is c.n.u.. Let T= ] be the triangulation

[0 T,

of type ] with the corresponding factorization @;=0,0;. By the remark

o e
before Corollary 3.3, we have T~T,®T,. Note that T, being of class Cy, is
quasi-similar to U on 4,L:=A,L%, where 4,=(—0FO)* (cf. [8], pp. 71—T72).
On the other hand, since the characteristic function of T, is the purely contractive
part of @,, we infer that dy,=n—r and dpg=m—r for some r with 0=r=n.

Hence for the Cy, contraction T, we have S,-,<T5<S,-, (cf. [7], Theorem 3).

We conclude that U S, _, <T< UdS,,_,. Finally we verify the assertion concern-
ing pr. Note that T<U® S,,—, implies that pr=pves, ,=p+m—n by Lemma

3.4. On the other hand, we have pr=pror,=pr,+pr,=p+2(m—n) (cf. [10],
Theorem 2). This completes the proof.

Unfortunately, we are yet unable to show the uniqueness of the isometry com-
pletely injection-similar to T" although its unitary part is indeed unique. This follows
from the following lemma.
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Lemma 3.6. For j=1,2, let V;=U;®S; be an isometry, where U; is a uni-
i
tary operator and S| is a unilateral shift. If Vy~V,, then U ==U,,.

Proof. Assume, that V;=U;®S; is acting on H;=K;®L;,j=1,2. Let X:
H,~H, and Y: H,—H, be the injections which intertwine V; and V,. We claim that
XK,SK,. Indeed, for any x in K; and n=0,x=Uly, for some y,€K,. Hence
Xx=XUly,=XV1y,=ViXy,CVIH, for any n=0. It follows that Xx€ () V' H,=

i n=0
=K,, as asserted. Similarly, we have YK,EK;. Thus U,~ U,. We conclude that
U, and U, are unitarily equivalent to direct summands of each other (cf. [3], Lemma
4.1). By the third test problem in [5], this implies that U,z U,.

1
We conjecture that if V;~V, and puy, oo then V,=V,.
The next two theorems characterize those Cj. contractions which are cyclic or
have commutative commutants. Analogous results have been obtained before for
C., contractions (cf. [23], Theorems 1.3 and 1.5).

Theorem 3.7. Let T be a c.n.u. Cy. contraction with dp<eo. Then the follow-
ing statements are equivalent:

(1) T is cyclic;

(2) Tisof classCyy and T~My or T'is of class Cyy and T~ S, where M, denotes
the operator of multiplication by e" on L2(E), E being a Borel subset of the unit circle,
and S denotes the simple unilateral shift.

The proof is the same as the one for [20], Theorem 3.2.

Corollary 3.8, Let T be a c.nu. Cy. contraction with dp<eo. If T is cyclic,
so is T* but not conversely.

Proof. If T is cyclic, then T~M, or T~S. Hence T*~M5% or T*~S*.
In either case, T* is cyclic. The converse example is given by T=S®S (cf. [4],
Problem 126).

Theorem 3.9. Let T be a c.nu. Cy. contraction with dy< e, Then the follow-
ing statements are equivalent:

M) {Ty={1}";

(2) T is of class Cyy and T~My or T is of class Cyy and dp—dp=1.

Proof. (2)=(1). If T is of class Cy; and T~My, then obviously T is cyclic.
Hence (1) follows from [9], Theorem 1, On the other hand, if T is of class C,, and
dry—d,=1, then (1) follows from [23], Theorem 1.5.

X
1)=@2). Let T= [(];1 | on H=H,®H, be the triangulation of type
2 .
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[(C)'lé ] As proved in Theorem 3.5, T,~U, the operator of multiplication by
-0

e*on A; L2, and T,<S,,_,, where m=dy, and n=d;. We consider the following
two cases:

(i) If m=n, then T=T; is of class C,; by Lemma 3.1. Note that there are
quasi-affinities Y: H—~4,;L% and Z: AL}~ H which intertwine T and U and such
that YZ=6(U) and ZY=48(T) for some outer function 4 (cf. [21], Lemma 2.1).
It is easily verified that {T}={T}" implies that {U} ={U}". Therefore U is cyclic
(cf. [6], §3) and so T~M  for some Borel subset E.

(i) If m#n, then there exist finitely many operators Z;: H2_,~A;L? which
intertwine S,,_, and U and such that V ran Z,:FL?, (cf. [2], pp. 299—300). Hence

there exist Y;: Hy,~H, which intertwine T, and T, and such that \/ ran Y;=H,.

On the other hand, using Theorem 2.1 and the assumption {T} ={T}" we infer
that {T,®T,} ={T1®T,}". Thus any operator Y: H,—~H, which intertwines T,
and T, must be 0. We conclude from above that H,= {0}, that is, T is of class Cy.
Moreover, {T} ={T}” implies that m—n=1 (cf. [23], Theorem 1.5).

Corollary 3.10. Let T be a c.n.u. Cy. contraction with dr<eo. If T is cyclic,
then {T}Y ={T}" but not conversely.

Proof. The converse example is given in [10], pp. 321—322.

We remark that Corollaries 3.8 and 3.10 have been obtained before by Sz.-NaGy
and Foias [9], Theorem 1 and [6].

In the final part of this paper, we determine when a C,. contraction satisfies the
double commutant property. Since a c.n.u. C,. contraction T with d;< e is comple-
tely injection-similar to an isometry with an absolutely continuous unitary part, to
motivate we first consider for such isometries. The next lemma partially generalizes
[12], Theorem 3.3. ‘

Lemma 3.11. Let V=U®S be an isometry on H=H,® H,, where U is a
unitary operator and S is a unilateral shift. Assume that U is absolutely continuous.
Then the following statements are equivalent:

(1) §#0;

(2) V is not unitary;

@) VY ={e(V): pcH"}.

Proof. (1)«<(2). Trivial.

v 1)=>(3). Let Te{V}". Then T=T,&T, where T,€{U}" and T,c{S}".
Since S#0, there exists @€ H = such that T,=¢(S). As before, there are (possibly

infinitely many) operators Z;: H,—~H, which intertwine S and U and such.that
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V ran Z;=H, (cf. [2], pp. 299—300). Hence ¢ (U)Z;=Z;0(S)=2Z,T, for all i.
On the other hand, since Y,-E[g gi]E{V}’, we have TY,=Y;T. A simple compu-

tation shows that T,Z,=Z;T,. Thus T,Z;=¢(U)Z; for all i. We conclude that
T1=¢(U) and hence T=¢(V).

B3)=(1). If §=0, then V=U is a unitary operator. Hence {V}'={y(¥):
Yy€L=}, which is certainly not equal to {@(V): €H>}.

Next we show that C,. contractions share similar properties. We need the follow-
ing lemma.
T, X

Lemma 3.12. Let T be a contraction on H and let T= [0 T

on H =H,®H,
be the triangulation of type [0 C ] Then H, is hyperinvariant for T.
-0

Proof. Note that Hy={x€H: T*"x—~0} (cf. [8], p. 73). For S€{T}, we have
T*S*x=S*T*x—~0 as n—o for any x¢H,. This shows that S*H,CH,. It
follows that SH,C H,;, whence H, is hyperinvariant for T.

Theorem 3.13. Let T be a c.nu. C,. contraction with dp<oo. Let m=dy,
and n=dy. Then the following statements are equivalent:
(1) m#n;
(2) T is not of class Cyq;;
. O {1V ={e((T): peH™}.

Proof. (1)<(2). This follows from Lemma 3.1 and the fact that Cy, contrac-
tions have equal defect indices.

(1)=(3). As in the proof of Theorem 3.9, if m>#n then there exist finitely many
operators Y;: H,~H, which intertwine T, and 7; and such that V ran Y;,=H,.

Let We{T}". By Lemma 3.12, W= [O W] on H=H1®H2. Obviously,
2

Woc{T.}. We check that actually W,€ {T,}". Let R€{T,}, and let ¥ and Z be the
operators constructed in the proof of Theorem 2.1. It is easily seen that Z(I/@ R)Y¢
€{T}. Hence Z(I®RYW=WZ(IDR)Y. A simple computation shows that
O(T)RW =W S (T)R=6(T)W,R. Since &(T,) is an injection, we have RW,=
=W,R whence W€ {T,}" as asserted. Thus there exists ¢€H*= such that W,=
=¢(T,) (cf. [13], Theorem 1). We have o (T))Y;=Y;¢(T,)=Y;W, for all i. On the

other hand, since X,-E[g é,i]E{T}’, we have WX;=X,W. It follows that W,Y,=
=YW, whence W,Y;=¢(T)Y; for all i. We conclude that W,;=¢(T,). Thus W

s o (Ty) * ] o(Ty) *
is triangulated as [ But we also have T [ ] Hence
e 0 oy *M=lo" " oy

10*
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W—o()= [8 g]e {T'}", say. To complete the proof, it suffices to show that @=0.
To this end, let S: H,—~H, be the operator defined in the proof of Theorem 2.1 and

let A= 5(Tl) S] It is clear that A€{T). Hence A(W—o(T))=(W —¢(T))A.

A simple computation shows that (7,)Q=0. Since 6(7})is an injection, we conclude
that 0=0, completing the proof.

(3)=(2). If T is of class Cy;, then {T}" has been given in [19], Lemma 2. We
will show that it is not the same as {¢(T): ¢€ H=}. Note that T is quasi-similar to
the operator U=U,®...®U, on K=I%E\)®...®L*E,), where 0=p=n, E;=
={e": rank 47(e")=j} are Borel subsets of the unit circle satisfying E;2E,2...2
2E,#0 and U; denotes the operator of multiplication by e" on L¥(E),j=1,2,.

. p (cf. [16], Theorem 2). Let =det @1 and Q be the algebraic adjoint of @T
Since 820, there exists some >0 such that F={e“cE,: |6(¢")|=¢} has positive
Lebesgue measure. Let G C F be such that G and F\G both have positive Lebesgue
measure. Let

0 0

V=P 1
_XGKATQ X

It is easily checked that V€ {T}” (cf. [19], Lemma 2). If ¥V =¢(T) for some @€cH>,
then y;=¢ on A7 L. In particular, y;=¢ a.e. on E;. This is certainly impossible.
We conclude that {T}' = {o(T): p€ H=}.

Corollary 3.14. Let T be a c.nu. C,. contraction with dy<dp.=e. If T is
cyclic, then {T}Y ={o(T): € H~}.

Proof. This follows from Corollary 3.10 and Theorem 3.13.

The preceding corollary has been obtained before in [11], Lemma 1.

Corollary 3.15. Let T be a c.nu. Cy. contraction with dp<oo. Then the fol-
lowing statements are equivalent:

M (T} =AlgT;

() either d #dp or dp=dp. and O (e") is isometric for " in a set of positive
Lebesgue measure.

. Proof. The assertion foliows from Theorem 3.13 and [18], Theorem 3.8.
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