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On the Riesz summability of eigenfunction expansions
S. A. ALIMOV and I. JOO

Dedicated to Professor Béla Szd8kefalvi-Nagy on the occasion of his 70°" birthday

Let Q be an arbitrary bounded domain in RY (N=3) having C*=-smooth
boundary, and ¢ an arbitrary non-negative function from the class L,(€). Consider
the Schrédinger operator

L=L(x,D)=—A+qx)-.

Denote I. an arbitrary positive selfadjoint extension of the operator L from the
domain C;(2) with discrete spectrum. According to a theorem of K. O. FRIEDRICHS
[1,2] there exists such a selfadjoint extension. Lelt 0<A,=A;=... denote the
sequence of the eigenvalues of the operator L andlet {u,};> be the complete ortho-
normal system of the corresponding eigenfunctions in Ly(Q). For any s=0 and
f€Ly,(Q), consider the s-th Riesz means of the spectral expansion of f:

Bfw= 3 (-2 ¢ wue.

"<,Q,

1t is assumed in this work that the potential ¢ is spherically symmetric. Namely,
let a€C*(0, ) be a non-negative function satisfying

W Ma® @] = €6t (1> 0; k=0,1...,[N/2)
for some 7>0. If N=3, then it is assumed that t>1/2, In particular, we have
¥)) a()=C,rrt (=0

The constant C, depends only on 7. Now assume that the potential ¢ has the form

a(|x—x,)

lx—x| ° xeQ,

q(x) =

where x,€Q is an arbitrary but fixed point.
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Denote by L(Q) the set of those elements of LL(RY) for which supp fc@.
It is well known that C*(®) is dense in f,’p(Q) with respect to the norm of L!(R")
(cf. [14], 4.3.2/1(b)).

We shall prove the following theorems.

Theorem 1. Ler p=1,5=0,1>0,/+s=(N—-1)/2, pl=N. Then for any
SeL(),
) lim £3 /() = f(x), x€Q.

Theorem 2. Let s=0,1=0, [+s=(N—1)/2. Then for any fcLYQ),
@ _ lim E5f(x) = 0, x€Q\supp /.

Remark. For ¢=0, Theorem 1 was proved in [10] and it was extended in [5],
for an arbitrary elliptic operator with smooth coefficiénts. Earlier, the case of
¢=0, s=0, when [ is an integer was settled by V. A. IL’IN [8]. In {10] it is proved
that if J+s<(N—1)/2, p=c and ¢=0, then (3) does not hold for any fEiL(Q).

For the proof of the Theorems we have to estimate the eigenfunctions u,.
We use the method of V. A. IL’IN [9] and to this we need a mean value formula
for the functions u,. Thereafter, the theorems follow by applying HORMANDER’s
Tauber type theorem [7). To this it is necessary to estimate the Fourier coefficients
of functions from Liouville classes using interpolation theorems and to-estimate-the
resolvent of the operator L outside of an angular domain, which contains the
spectrum {2,}.

1. The mean value formula and its application

Define
1
wt, r)——ﬂl ler( )[Jle 1(DYNpe—1 (D — YNI) 1D Inj2—1(M}
(f) = min (1, =My

where J, and Y, denote the v-th Bessel and Neumann function [6], respectively.

Lemma 1.1. The estimate

1.1 P2 [ o @|W i, |2 =a () di = Cup~" o (ur)

1]

holds for every r=0 and p=0.
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Proof. Using well known asymptotic formulas (cf. [6], 7.2.1 (2), (4); 7.13.1
(3), (@) it follows

(1.2) W, R = C—s, if t=1,
Ver

(1.3) W, = G, if 0<tr=1=r

_r
tN/2—1‘/; ?
. V21
(L4) W, nl =G [_t] , iIf O=<t=pr=1.
If ru=1 then, by (1.4), it follows

G C,

4 - d T— - 17“I<C0C,'r -1 .
I= CO‘)fa(t)dt:CoC,dff T == = 2 p o),

where I denotes the left hand side of (1.1). If ru>1, then we use the decomposi-

1 r
tion I=j + f=11+12 and apply to the estimation of /; and I,, (1.3) and (1.2);
0 1/u

respectively. It follows

1p 1p

1
L= Cort Ve [ ()M —— Mg (1) dt = Co(rp)@ =P [ a@adr=
F Vru ;
CC. _,
= " uo(w),
_ . T _
L= Cr=V2 [ (N2 = — 21 (1) dt =
i Viu Var

= Co(rp)(l"”)/z(l/u)‘ f Fa(0 dt = w(ru) f 1T dr = %;L”'w(w}.

1u 1p

Lemma 1.2. For every r=0, y,>C,,
(1'5) f uy (x0+ 7.9) de =u, (xO) [CN (r.un)1 _N/ZJN/2— 1 (rlun) +a (7', I'ln)]’
[}
(1.6) |oe(r, un)| = comst p " w0 (rp,),

where p,=V4,, Cy=2"*-I'(N/2). Here f f(xo+r0)dB denotes the integration with

]
respect to the normalized Lebesgue measure over the sphere of radius v and centred
in Xx,.
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Proof. Recall the mean value formula of E. C. TrrcuMarsH (cf. [13]; p. 232)
stating
[ tn(xa+78) d0 = 1, (x0) Cy (rpg N2 o () +
o .

+ f ( f q(xo+ t0) u, (xq+ 16) dB)(t/r)N/z'ltW(tu,,, ru,) dt.
1] ]

In the case of our spherically symmetrical potential we get
S #a(xo+76) B = 1, (x6) oy (ritn) =2 o1 (ritn) +
]

41N f ([ tnxo+120) AO)W (11, i) N2 ~2a (1) dt,

0 [

i.e.; the function v*(r, u,)= f u,(xo+r0)db satisfies the integral equation
]

v* 7 1) = Uy, (%0)Cx ("ﬂn)l —N/2'IN/2—1 (rps) +

+ =N ok (1 g )W (1, rig) eV 2 a(f) dt
0

of Volterra type (cf. [2]). Define

0o (7s Hn) = Up(X0) Cy (r)* ~M2J yjoy (1),
vy 1) = PN [oy (6 W G, )N a(r) dt.
0

The estimates |v,(r; 1) |=const w(ru)[c,/u]* (r=0, p>0) follow by induction on k.
On the other hand, it is easy to see that

04 (ry 1) = 1 (500 (s 1)+ 4 () S 0Ty ).

Hence (1.5) and (1.6) follow for the function

a(r, ) 3 0lr, )
Lemma 1.3. We have
1.7 2> (P =Gt (u= ).
lna—nl=1 ’

The constant Cy does not depend on y.
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Proof. We use the method of V. A. IL'IN [8, 9]. Consider the function

wz—]ﬁr/;;;f(f") if R<r<2R
din =1 _if ré(R,2R),
where 0<2R-<dist (x,, 0Q), #=|x—x,|, £=0. Calculate the Fourier coefficients
of d(r, p) with respect to the system {u,}. Taking into consideration (1.5), we obtain

dy=d, () = [ dx—o () dx =

rN/2—1

= 2 7R Inia-a(rp) ([ tnlo+76) dO)rN -t dr =
R [}

‘ 7 - 2R
= pM2y, (x,) [CN f . l(ru)lewlz(_I“)_rdr-f-f Injz-1(rw)a(r, ;t,,)r"/2dr].
R

It is proved in [8] that

1
|f Inje-1(r) Inye- l(r/,t,,)rdrl =c- =z’
if {u—p,|=1 and u is large enough, where the constant ¢ does not depend on pu.
Hence

Tpes
K, (5 f Tusea(r) LD 1 ) = .y ),

if |u—p,l=1 and u=p,. On the other hand, using (1.6); we obtain

rh/2 drl =

2R » 2
| [ Tnja-r G, p)r''2 dr] = const i
R

2R
1
= const ;N8| [ Ty 1 () Vr dr| = O[u; - -—)-
| K Vu
Summarising our estimates, we get

4,0 = const i, xol[ 1+ 0| = const e,

if |u,—p|=1 and p is large enough. Hence the desired estimate (1.7) follows
by applying the Parseval equality and the relation

J1d(x—x|, pIFdx = 0@~
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2. Estimates for the Fourier coefficients of functions from Liouville spaces

Lemma2.1. Let k be a natural number and a=(xy, ..., oy) a multiindex
such that 0=|a|<k =Nj2. Then for every =0, there exists a constant Cy;=C¢)
for which

(2.1) ||lx"xole_(k_Ial)Daf(x)"L,(n) = Glfl 21(0))
holds for all feW¥(Q).

Proof. The estimate follows immediately using classical imbedding theorems
and the Hoélder inequality.

Lemma 2.2. For every natural number k, 0=k =NJ2, the estimate
22 IZ*2f 1., = Csllf g
holds for every feW¥(Q). The constant Cy does not depend on f.

Proof. According to the spectral theorem, we have to prove the estimate

< 4k 2
23) Zl Zal(fs u)|” = const || flyy -

By definition, W¥(®) is the closure of Cg () in the space Wi(R). Hence it is
enough to prove (2.3) for functions from the class Cy(2). If k=2m, then we have

Sl = WA= a1,

for every f€Cg (). In this case we use Lemma 2.1 and the following simple facts:
for any natural number 1=m =N/2, we can write
249 A—g"=A"+ 2 C, (0D

|a] =2m—2
where the functions C,, ,(x) belong to C=(2\ {x,}) and (for each multiindex pf)
we have
2.5) |D? C,, .(x)| = const |x—x,|l*l+*-2m~1A1,

These facts follow easily by induction on m. For the sake of simplicity, in this
section we assume x,=0. In the case k=2m, (2.3) follows immediately. If
k=2m+1, then we have

(2.6) 5 IS unlt = IV (A— g f 12, — Vg (A=) S 1,

For the estimation of the first term on the right hand side we use (2.4):
V(A—q)mf = VA"'f—}- | 2 [(VCm,a)Daf"l_ Cm,aVDaf]s

a|=2m—2
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so it is enough to prove the estimate
x| =*+D2 1|, = const || fll g,

for every natural number k, 0=k =N/2, but this is the statement of Lemma 2.1.
To estimate the second term on the right hand side of (2.6), we use (2.4). It follows:
Va@—orf=Vaaf+ 2 VaCnoDf

Hence, taking into account the trivial estimates

i(VE A’”f)(x)] = const |x| =1+ A" f (x)| = const [ ]2 |x[*/2- &= 1D D* £ (x)]

and
(V4 o DF)(@)] = comst x| =1+ x|/ ++-2m D% (x)] = const [xfo2=¢=leb,

the desired result follows by applying Lemma 2.1.

Lemma 2.3. For any real number s,0=s=N/2, we have

@7 NL"2f N, = Cellfll.4
for every fE[D,;(Q). The constant Cg does not depend on f.

Proof. We use Lemma 2.2 and apply Theorem 4.3.2/2 of [14] for # =Ly(Q2);
W =WNA(Q), 4=LNR2 Using the notations of [14], we obtain (L,; W}), ;=LY
for I=[N/2), s=0I. (Here A°=L°? [%=1[5) Hence (2.7) follows.

Lemma 2.4. There exists o>N/4 such that
(2.8) Cr(Q)cdom (L)
Proof. Let m={N/4]. Applying (2.4) we have
Lrf=Af+ 3 Cu Df, fECr(Q),

la]=2m—2

and
|L™ £ (x)] = const |x|"~2", |VL™f(x)| = const |x|*"2m~1,

Hence, VL"feL, if (1—2m—1)p>—N, ie., Njp=>2m—1+1. It follows L"feW?
if feCy(Q). By the classical imbedding theorem Wi ,W3 if 6—N/2=1-Njp
(cf.[12], Ch. 6). It follows: L™fci’ forevery 6<N/2—2m-t. Thus, using Lemma
2.3, we get L™t9%cL,, ie., fedom (L™*%*) for every feCy (). Choose
0= Nj2—2m+t—¢, where €=0 is small enough; then m+6/2=m+Nf4—m+
+1/2—¢/2=N/4 + (t—¢)/2, and if e<1, then we have o‘li—fm+6/2>N/4.
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3. Estimation of the Green function

Let R(%, L) denote the resolvent of the operator L, i.e., R(Z, L)=(L—A)™!
and G,=R(u? L)=(L—p2I)~1. Let O<ey<n/2 be an arbitrary small real number
and define

Zy={26C: gy = arg z = m—¢gy}-

Set y=ﬂ with Im =0, ie., O=argu=mn.

The aim of the present paragraph is to investigate (estimate) the Green func-
tion of the operator L—2I, i.e., the kernel function of the resolvent (L—AI)-1.
Using the method of E. E. Levr (cf. [7], [13]) first we construct a fundamental solu-
tion E(x, y, ) of the operator L—A11, i.e., a function for which

(—A+q(x)- —p*N)E(x, p, p) = (x—p) (x, y€Q).

In case of g=0, the fundamental solution Ey(x; y, #) which decreases exponentially
for Im u=0 is the following:

Ey(x, y, ) = Cy(u/r)"* T Hih_ (ri)

(cf. [13], (13.7.2)). Here H(®(z) denotes the v-th Hankel function of first order.
Obviously, the exponentially decreasing fundamental solution E is the solution
of the integral equation

E(xs Y, ﬂ) = Eo(xs Vs Au)_ fEO(x’ u, #)E(u’ Y, /J)q(u) du.
Q
Now define

Ek(x’ s ﬂ) 4 EO(xs Y, I*l)_ fEO(x’ u, ”’)Ek-—l(u, Vs ”)q(u) du,
Q2
A

Foxs v, W= Eg(x, 3, 1)y Fulx, v ) Ep(x, 3, ) —Eeca (%, v, 1) (k=1,2,..),
and ko= [(N—2)/z]. Obviously,

G.1) Emnm=§amxm

if the series is uniformly convergent. Furthermore,

3.2 Fo(x, p, 1) = — [ Eo(%, u, ) Fusy (4 , 1) q() du
2

Qur first aim is to prove that the series (3.1) has good convergence properties. To
this we must estimate the functions Fy. If p>N/(N—2+1), then p'<N/Q2—1)
(1/p+1/p’=1) and hence, taking into account that, according to our assumption
on ¢,

g(x) = a(lx—xo[)lx —xo| 7 = e fx—xo| "2+ €L, (),
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we obtain the following estimate for Fj:

(3.3) |FuCx, y, O = gl [ 1EoCx u, DIP|Feoy(u, y, p)IP du
for every p>N/(N-—-2+7). ?
Lemma 3.1. If k=k,, then for any 5¢(0, 1),
(3.9) [F(x, y, )| = Colx—yp—N+kbe—ebdllel - (x, yeQ, peZzy).
Here C, and a are positive constants not depending on x;y and p.
Proof. For k=0 we have F,=E,, and (3.4) follows from
(3.5 |E(x, ¥, i = Coluf x—yp* Ve~ (x, yeQ; 0 =% =2).

Here C, and « are positive constants, uc€Z,. This estimate is immediate from
(6] (7.2.1 (2) and (5); 7.3.1 (1)). Suppose, (3.4) is fulfilled for k—1 in place of k.
Using (3.3) and the fact that |x—p|=|x—u|+|ju—y| implies e~ **—ullklg—alu—yllrl <
=e~*Ik we obtain by the induction hypothesis that

|F(x, y, }P = conste=tx—llal f'x—y|C-Npy— y|@=N-C-295 gy =
2]

= const e~?Ix-yllulp|x__ y|@-N-ké)p
Thus (3.4) follows by induction.
Lemma 3.2. If k=k,, then for every »€(0, 1),

(3.6) |Fe(x, y, )] = CoeIx=2lel(CH | =)e=ko~1 (x, yeQ; p€Zy).
The constants Cy and C* do not depend on x,y and p.

Proof. Let k=ky+1. Choose 6¢€(0, 7) such that N-—-2<(k,+1)3. Accord-
ing to the definition of k,, this is possible. Then choose p (>N/(N—2+71)) so that
1/p=(N—2)/N+4/N, apply (3.3) and (3.5) for x=0 and (3.4) for k=ky; re-
spectively. Using the notation (N—2—ky0)p=¢ it follows that

| Fe(x, y, WP = const e—*lx—vlelp fix—u\""'"lu—y\"du.
2]

According to the definition of k,, we have kyg=N—-2<(k,+1)r and hence
keo<N-2, ie., &=0. Furthermore, according to the choice of & we have
e=(N—2—kyd) p=po((N—2)/6— ko)< pS(ko+1—ke)=pS. A result of Titchmarsh’s
book ([13], 22.1) states that, in this case,

flx—ul”””]u-—yl”“du < oo,
2

Thus (3.6) is proved for k=ky+1. Then (3.6) follows by induction on k.
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It follows from (3.6) that the series in (3.1) converges for every x, y€Q, if u is
large enough, and hence shifting the spectrum of the operator L we obtain

Lemma 3.3. Forany x,y€Q and pc€Z,, we have the estimate
€N) [ECx, y, )] = Colx— plr~Ne—=lx=rikl,
Let E'(x,y, u)défE(y, x, ) (the formal adjoint of F). A standard calcula-
tion shows that for any feW?2(Q) with p>N/2 and supp fC Q, the equality
Qf E'(x, 7, DILG, D)=~ f() dy = f(x), x€Q

holds. Let @, and @, be two domains in RY for which x,£Q,, Q,cQ; and
Q,c Q. Let n€Cy(RQ) be such that n(x)=1 if x€Q,. Define

H(x, y, ) = EN(x, p, ) -1 (»)
and

K(x, p, 1) 2(V,n )V, EXx, 3, @)+, (D)) E(x, ¥, ).
Obviously,

(L@, D)—pdH(x, y, 1) = n(0(L(y, D)—p2)E* (x, y, 1)—
—2(VnV,E*(x, y, ) — (A E* (x, y, p).

Furthermore, K(x, y, u)=0 if y€Q and hence, using (3.7), we get

(3.8) IK(x, y, w] = conste=cll  (x€Q,, yEQ, peZ,).
It is easy to verify that for every feW2'°(Q) (p>Nj2) the equality
(39 [A(L—2Df1(x) = [f- K1), x€Q

holds, where the operation ~ is defined by

@NX) = f 9 (6 S dy.
On the other hand, for any f€Cy(Q) we have (L—AI)7ife W2'5(Q) if p=>Nj2
and g€L,(Q). Now apply (3.9) for (L—AI)7Y (f€C5(R)) instead of f. It follows
Af) = 6,/ —RG, /() (fECi (R x€Q) |
and hence, by continuous extension we get
Lemma 3.4. For every f€Ly(Q),
(3.10) G, f(x)—Hf(x) = KG, f(x), x€Q,.

Using the equality (3.10) and the estimates (3.7) and (3.11) we obtain by an easy
calculation
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Lemma 3.5. Let 0=I/=(N—1)/2 and 0=c<1/2. Then for any fELl(Q)
for which f(x)=0 whenever |x—x,|=r we have

pl-N/2
|uf®

Lemma 3.6. Let o>N/4. Then for any fe€L,(Q2) and on each compact set
K C Q we have the estimate

(3.12) “E—”f”l%(lc) = Cro(K) |l Loy -

Proof. First remark that the following fact is easily proved by induction
on k: Let N/A=m+4, where m is a natural number and 0=6<1 (i.e. 6=0, 1/4,
2/4, 3/4). Then for every feL,(Q) and 0=k =m (k is a natural number) we have

(B13) L *f e, o = const | flye (¥ CC 9, 1/p = 1/2~2k/N).

(3.11) 16, fG) = const T e~ (rlul)) Sy (n€Zo).

Thereafter, we prove (3.12) for some d<e<1 if o=m+e. Define

oo

def SIN 7T

A= — of 1—¢H, dt;
then, using
- - sinme A -
-0 —_ —-_m—e __ z—-£ tl -1 —m
L L =— [ @+ L e

0

([14], 1.15.1 (1)) we obtain L="=H,L-"+K,L=™. Obviously,

"Kei’_mf”L.,,(K) = const [[ /| Loy
and

|H(x, y, )| = const |x— y|2-Ne—alx=»1IVil

hence |H/(x, y)|=const |x—y|*~". By Holder’s inequality
1H, gl k) = const gL,y (KCQccQ g=L"f)
if 1/p<2¢/N, ie., ¢>N/[2p; Aon the other hand, by (3.13),
IL="Fll oy = const [ fllyeys 1/ = 1/2—2m/N.
But e=>0=N/4—m=(N/2)(1/2—2m/N)=(N/2)(1/p), ie., e=>N/2p.

Corollary 1. For every o= N|4 the estimate

(.14 > (> = Cu(K),  x€K

holds uniformly on- every compact subset K Q.
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Proof. By the spectral theorem, for any f€L,(Q) we have
L-re 3 (f w35,
n=1

and hence, using Lemma 3.6, the estimate

= const ('é; ga u,,)lz]l/2

5 (fs uun (x) 27

follows, which implies the statement.
Corollary 2. For any 6>N/4 and fedom (L°), the series

(.15) ,_E(f 1)1 (%)

converges absolutely and uniformly on every compact set KC Q.

Proof. - Using (3.14) the statement of Corollary 2 follows from

ntp Y2 ntp 12
310 wori) (3 o)

k=n

the estimates

1A

ntp
2 1 wu(x)| = (
k=n

k=n

n+p 12
= const ( 2 uk)|2,1,§"] -0 (n,p— <)

k=n

Corollary 3. For every f€Cy () the spectral expansion E,f(x) tends to
f(x) as A—eo, uniformly on every compact set KC .
Proof. This follows immediately from Corollary 2, using Lemma 2.4.

4. Localization and convergence of the Riesz means

In this section we prove Theorem 1 only, because the proof of Theorem 2 goes

-

on by the same argument.
Lemma 4.1. Suppose 0=1=[N/2], h=0, t=0. Then we have

(4.1) ol B~ @ ()] = Coall Fllgg (1 + VR) @+ RN =271

where
o= E f(x) = 2 s w0, felh(@).

Proof. (4.1) follows from Lemma 1.3 immediately.
Using the method of [4] and the estimate (4.1), the following statement follows

by applying Hérmander’s Tauber type theorem (cf. [7]).
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Lemma 4.2. Suppose 0=I<NJ2, feI}(Q) and f(x)=0 if |x—xo|=r. Then
we have the following estimate for every s=0:

4.2) |ES f(x0)| = const || ] 3 A/DN=D(1 47 Y 7)-12-s,
Lemma 4.3. Let s=0,1=0, p>1 and ’

4.3) s+l=(W-1)/2, O<I-N/p=<1.

Then for every f€ i,i,(Q),

@4) |E$ f(xo)] = const [ .

Proof. 1° First suppose that fEf,:,(Q) is such that f(x,)=0. Let 0=¢€C(2)
be a function for which supp ¢ (1/4,1) and ¢@(#/2)+¢(t)=1(/2<t<1). Taking
into consideration that € is bounded, there exists a natural number k* such that
for any fel!(Q) and x€Q we have

J(x) =f(x)k_2_'k* e2*r), r=|x—x.
Denote
fe@) =f®)e el (@) (k=—kY.
Obviously fi(x)=0 if |x—x|=c27%, and by Lemma (4.2) it follows
|ES fi(xo)| = const || fllg AN (14 2=k Y2y,

/

Hence, using (4.3) and the estimate | f;/| .1 =const 27*¥/2=1P)] 7| i, (cf. [4],
Lemma 1.1) we obtain

|E$ fi(x0)] = const 2"“”12-‘\”’*1’2“3)(]/I)(N-l)/z"—s”f”,_i’ = const 2==ND) | f|| . .
Consequently ‘
B3 (x| = const /- 3 2751-M1P = const | .
2°. Now suppose f(xo)=0. Let g€Cy(Q) such that g(xp)=1. Denote
J1(x)=f(x)—f(xp)g(x). According to 1° we have
4.5) |E3 1 (xo)| = const || fiL: -

By Corollary 3 of Lemma 3.6, the expansion Ejg(x,) is bounded, and hence
|E5 f(x0)g (x)|=const | f(x,)|. Using the imbedding theorem L,c,L_ if /—N/p>0
we get

(4.6) |E5(f (x0)g (x))| = const || f|s .
From _(4.5)' and (4.6) we obtain (4.4). Thus Lemma 4.3 is proved.

2
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Proof of Theorem 1. Theorem 1 follows from Lemma 4.3, using the facts
that, according to Corollary 3 of Lemma 3.6, it is true for every f€Cg(€2), and the
set C3(Q) is dense in L!.

Proof of Theorem 2. This theorem follows from Lemma 4.2 by the same
argument as that of the proof of Theorem 1.
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