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One-sided convergence conditions for Lagrange interpolation
based on the Jacobi roots

P. VERTESI
To Professor B. Székefalvi-Nagy for his 70th birthduy

1. Indroduction., We investigate the Lagrange interpolation for continuous
functions on the Jacobi abscissas. By conditions of new type uniform convergence
theorem will be established on the whole interval [—1, 1].

2. Notations and preliminary results. Let «, > —1, say, a=f, and let
Q@D —1=x8P, <xE < x&h, <. <xfpP <3P <xh =1

be the roots of the Jacobi polynomial P*P(x) (n=1,2, ...; see e.g. G. SZeGO [3]).
Let us denote by ’

@2) LEOfx) = 3 fGEDIEN (), n=1,2, ..,
k=1

the Lagrange interpolatory polynomials of degree =n—1 based on the nodes
.1, ie., [%f(x) is the k-th fundamental polynomial of the Lagrange inter-
polation (n=1,2,...). If f€C (f is continuous on [—1,1]) then L*A(f, x) ge-
nerally do not tend uniformly to f(x) in[—1, 1] (if n— ). However, if we suppose
To(lnd™) if —1l<a=-1/2

2) o(fn= {o(t“+1/2) if —12=a=<1)2
when t—0, or

b) fEBC if —1<a<1/2,
then
(23 lim | L& (f, 9—f ()] = 0

(see [3], 14.4 and P. VERTESI [4], respectively). Here (/) is the modulus of
continuity of f in [—1, 1], BC={f; f€C and is of bounded variation on [—1, 1]}
and [g()la,5y= sup [g()]; || -]l stands for | -flg—1,-
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»

In this note a general convergence criterion is proved, from which, among
others, the above mentioned theorems can be deduced.

3. Results. 3.1. We say that f¢C satisfies the one-sided Dini—Lipschitz
condition (shortly f€sDL) if

e(h)
[In k]’

where ¢(h)=0 (h=0) and }}._{’(}3(”)=O- This definition was introduced by G. P.
NEeval {2]. He proved that for any fixed «, > —1 and [a, b] C (-1, 1),

lim LD (f, ) = f®)lpa,y = 0 if fesDL.

3.1 SG+h)—f(x) =

—l=x=x+h=1,

3.2. According to (3.1) and L. V. ZizrasviLI [7] we shall define the next 6-modulus
for a bounded function defined on [—1, 1] as follows:

(3.2 o(f,0= Sup [fx+h)—f(x), t=0.

—1=x=x+4+h=1

It is easy to see the next properties.

D 0=46(f, H)=w(/f, 1),

2) d(f,)y=0(f,T) if 0=¢=T,

3) :hf{;l of, 1)=0 if feC,

4) 6(f,1)=0 for any 0=t={, (1,>0) if f€C, and is monotgne decreasing,

5) 8(f,nt)=né(f, t), 6(f, 2)=(A+1)0(f,t) where n is a positive integer,
2 is a positive real number,

6) 5(fi+/e )=0(f1, 1)+ (S, 0).

Moreover, by definition
3.3) SO —f(x+h)+(f, ) =0, O0=h=1t

Finally, illustrating 1) let us remark that, e.g., for g(x)=(x+1)"2—(x+1)"/*
we have ¢, f'2=6(f, t)=c,"’® but ci'*=w(f, t)=c, "
3.3. By these definitions we can prove

Theorem 3.1. Let —1<y=max («, f)<1/2 be fixed. If feC and

o(ln?]™) if —-l<yp=-1/2
3.4) o(f, 0= {0(,y+1/2) if —12<y<l1)2
then
G5 lim L9 (f5 x)—fCl = 0.

3.4. To obtain (3.5) from 2a) we remark that from 2a) (by 3.2.1)) we get
(3.4); moreover if f€BC then f=f,—f, where f; and f; are monotone decreasing,
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i.e., 6(f1,1)=6(f2,t)=0. Hence by Theorem 3.1 we have (3.5). These mean,
Theorem 3.1 includes the statements of 2, indeed.

3.5. If y=1/2, (3.4) generally does not involve (3.5) even if 6(f, t)=0. More
exactly if y=min («, ) then we have

Theorem 3.2. If y=1/2 or, if y=1/2 and u=1J2, then there exists a contin-
wous monotone decreasing function g for which (3.5) does not hold.

3.6. Remarks. a) Theorems corresponding to Theorems 3.1 and 3.2 can be
obtained for continuous monotone increasing functions g considering that now
(—g) is monotone decreasing.

b) It is worthwhile to state the next

Corollary 3.3. If —1<y=<1/2 then for any fEBC we have (3.5). On the
other hand, if y=1/2 or, if y=1/2 and p=1/2, then (3.5) does not hold for a certain
gEBC.

c) It is easy to prove Theorem 3.1 if —1=f=0a~<1/2. Further, we can prove
the corresponding theorems if we consider the Lagrange polynomials based on
{xl@mn_ L {x@ntl or (x&PY4tY, respectively. Omitting the details we refer to
[4] and [6].

4. Proofs. 4.1. Proof of Theorem 3.1. By f=f(x), fi=f(x;) and l;=I(x),
2[f)—LED(fi )] =2 Z )=l (x) =
(4.1) =
= (f—f:)lﬁgl (f—ﬂ)(lk+1k+1)+k§ (fe=LesD) berr+ (=S 1
To estimate the sums first we prove

Lemma 4.1. Let —1<a,ﬁ’and e, 1=>=0 be fixed. If k=M,, }=n—¢;
then for any x€[—1-+n,1] we have

@D " W+HEL®] = 00l @ |+ e

uniformly in x and k. Here \|l(x)|=max (|l(x)], [li1(x)]), and M, depends
on o and f.

To obtain (4.2) we shall use the next relations. If x,,=x%#=cos 9",
0=k=n+1 (with x,=1, x,,,=—1), then :

(4.3) 9@ _g@n N%, k=01, ..., n;

4.4) lPrSa’ﬂ) ()} ~ [9—9jl'9j—“_1/2n1/2 ~ |x—xj|.9j‘“‘3/2n1/2
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uniformly in x€[—1+47, 1]; moreover, with P*P)(x)=P,(x),

(4.5) P.(x) =(~ 1)1\--11/2 1+0(k™

T R GEE FRGER
2 [sm —2—] (cos —2—)

uniformly in k if k=M, and 0<3,=n—¢,

4.6) [Pi(x)| ~ k=232 px+2) 0= =n—s

@7 PO (x) = (— 1y PP (—x).

(Here x;=cos §; is the nearest root to x (j=j(n)); for the symbol ““~”, which
may depend on «, f, & and n, see [3], 1.1; the sources of (4.3)—(4.6) can be found

in [4]; (¢>0 and n>0 are arbitrary fixed values).)
If |k—jj=1, we can write

(4.8) L)+l ()= Pn(x){[P:’. () (e —x)) [Py (1) (6 — X 40 _1}~

It is easy to see that

{ } _ P, (x)+ Py (X 41) X~ Xg+1
) Pr(x) Pr(x D (X =X 41)  Pr(x)(x—x) (X —Xp41)

) 9 a+3/2 9 B+3/2
If k=M,, $,=n—¢, then by(4.5) and K(3)=2 [sm ——J (cos —)

= ]1+ ]2.

5 3 we obtain

after a simple calculation, that

’ ’ l/ n
IPn(xk)+Pll(xk+])’ = —E

if k is big enough. Te, if k=M, and Y, =n—c then I,~[kP(x)(x—x)]*
On the other hand, by (4.3), |(te—Xes1)/(x—Xesn)l ~K[(k +7)([k—j|+ D], so
L~kE{(k+/)((k—jl+DIP(x)| [x—x,|}7*. Now, using (4.8), we obtain (4.2) if
lk—j|=1, k=M,, $,=n—e. (We used that |P(x)(X—x)|~|P(X;s1)(x—Xps1)]-)
The statement is obvious if |k—j[=1.

By (4.2) we get as in [4]: If Y =min (2;1.5—a), then

Vn
~kK(S)

[L+O k™K ) —[L+ O (k"N K(3,)
K39 K(9+1)

iv

sing | i2) 1

+9) S R = 0m oz

n T
uniformly in  x€{—1+4,,1]}

(see, e.g., [4], 4.10, where |f—fi| [kk~!| (which, by (4.2), is analogous to
=Sl e+ 11]) is estimated).
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4.2. By (3.3) the second sum of (4.1) can be written as follows (3, =8(f, X, — Xk +1)s
L=f,=0 if k+#1,2,...,n):

_ﬁc+1)lk+1

) n—1
= lk§ (.f;c_—ﬁz—l_ék),lk+1l

n—1 .
+ 2 Glhaal =
=1

Sl +2 Z Sellonl = 5 el |+
T80 V) [ NNERTANG) O LS 0 0
| 3| > G| tst=td|# 3 i+
k=j4+mli=j+m i=j+m

n—1
+2k21 Sillisa| = Ky + Ko+ K+ Ko+ K5+ K,

where 1=m=m@)=n will be determined later.
4.3. To estimate K; we need

Lemma 4.2, Let —l<a, B and n=>0 be fixed. Then

. .
(4.10) ST (9] = 0(1)[ln 2m 4+ m+2)

k=j—m
uniformly in x€[—1+n, 1] and m, 1=m=n.
If n=0(m), (4.10).is well known ([3], 14.4). So let m=o(n).
a) If j=m, we obtain
jtm Jiz 2j

121 2+ 2+ Z = Ji+Jpt Js.

k=j—m k=1 k=jf2 k=2j

k=[a]
By (. 3)—(4 6), L(x)=0()k*+3 j*+1%(k+j)(|k—j]+ 1))}, which implies
Ji=0(), J,=0(1)YIn2j=0(1)In2m and J3=0Q)(m/[j)*t=0(1)(1 +m*+?).
b) If m=j<2m, we have

[b]
[Here and later Z' stands for 2

j+m
> =Jit+Jl+ 2
k=j—m k=2j

which can be estimated as above.
¢) Finally, if j 22m, we have

Z’ ()| = 0() 2 (lk—J|+1)‘1—0(ln2m)

k=j—m k=j—m
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4.4. So by Lemma 4.2 we have

@1 k= 0[o(£ 4] tn2mtmerm,

4.5. To estimate K, and K; we prove

Lemma4.3. Let —1<a,f and n>0 be fixed. Then

. 1 r(a, n
@) SheP @+, = o (14+2E2,
@1 3 igm i@l = o (1+760),
k=j—m
iz In 2m
@149 Sl )+, = o)
k=1
n in2m r(a, n
@.19) Z e @+ 1) = o (2 -j‘—,—))
=j+m

uniformly in xc[—14n,1} and m, 1=m=n. Here

V2w s 12,
Inwv if u=1/2.

A. Indeed, to prove (4.12) we write the sum as follows:

r(u,v) = {

n M;—-1 cn n .
S..=5 .+ 3.4 3 .=hLthLh+l, O<c=<1)
k=1 k=1 k=M, k=cn+1 .

By (4.2)—(4.6), if 1=k=n—1, then

k= 172 ' k2+5/2
FE(k )|k~ J|+1) PRk Rk —jT+ D2
e., L=0(j~*"%%. For I, we can write (if, say, 2j-<cn),

(4.16) |lk(x)+lk+1(x)| =0()

iz Y ol 1 r(a,n
L= 3+ 2+ 3 —ow[lr+E)

k=M, k=j2+1 k=2j+1

If, say, n=2¢, then by (4.7),

n® n kp+1/2 n*— —1/2
0(1) 1+1/ 2 nf+2 _0 ]) a+1/2'

k=

~

By these estimations we obtain (4.12). Similar arguments apply for the other cases
including the estimation of the n-th term. Now we sketch-the remaining three
formulae. :
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B. To prove (4.13), we write

J .l+m
= 2 —J1+J2.

k=j—m k=j—m k= J+1

Here J,< 5’ , which can be estimated by O(1) (see /,, above). Now, by (4.12),
we can su;;:)se that m=o(n). To estimate Jz, we prgceed as follows.

a) First let m=2j. If n=0(j), then > =3 for arbitrary ¢=0 if n is
big enough. But this sum can be estimated bky JO( l)k, 1Jf @ is small enough. On the

Jj+m 3j

other hand, if j=o(n), then 2 2, which again can be estimated by O(1).
: K=j k=
Jj+m

J 2j m
b) If m=2j, then we have 2 = 21+ 2>, which can be estimated by

k=j k=2j
o)1 +r(x, m) J"'”z) (see the prev1ous estimations for /I, and 13)
Jjl2 j-m

C. To obtain (4.14), we argue as follows. If m= J/2 then 2 =3+ 2,

=1 k=1 k=j/2

which can be estimated by O(j*1n2/)=0(m™'In 2m) (see (4. 16) and the above
con51derat10ns) On the other hand, if J=m=j[2, we can estimate as follows:

O™ =0(m™) (see(4.16)).

il [\4‘-
il

D. Now we estimate > .
k=j+m
a) First let m=2j. Then, if, say, 3j<cn (0<c=<1), we can write

n 3j n

Z = Z + 2 =J3+J4.
k=j+m  k=jt+m k=3j+1
Here J;=0(j '(In2j—In2m))=0(m~*In2m) (see (4.16)), moreover J,=
=O(r(a, n)j~*~"*) (see the corresponding parts of /, and I,).
) b) If m=2j, then

n 2m n
D = 2D+ 2 =Js+ 4.
k=j+m k=m k=2m

By (4. 16), J5=0(m“‘1/2"°“1/2) Further, if, say, 3m<cn (0<c<1), we can write
Jo= Z‘ + Z’ =J,+1;. Here by (4.16) J,=O(r(x, m)j~*~"%),. moreover using

k=2m k=cn+1

the estimation for 7;, finally we get (4.15).
“The remaining cases can be treated analogously. Thus we have proved
Lemma 4.2. :
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4.6. Let us estimate K,. By 4.2 and (4.14), using the fact that ||cxl— lﬂ”é e+ B,
we get '

2 lﬁ:+1"f1| lesr+bso| =

j—m—1

(4.17) K, = kZ (_fl_f;cﬂ)(“kﬂl“'lknl)

- Jj—m-1 1n2m
S2f1° 3 st haal = 1710(227]
Similarly, - ‘
W S - In2m r(a,n) o
@y KA S bl = 171002+ L),
=j+m

4.7. To estimate K, and K, we remark that for any a>—1, ()=
-——0(1)k“‘3/2j‘°“1/2(k+j)‘1(|k—j|-i—1)‘1 if x€[—14n,1] and 9,=n—g, which
can be obtained using the above arguments. lLe., if j—m=2, we have

(G —my 3" - oW1,

4.19) Kg—O(l)mlﬁ-fj-mﬂl—

If 0<j —m<2, then K,=0(1)j"*"**m ‘lw(f n~)=0()| flm™. For K; we
have by (4.7) '

_p_o
(420) KS - 0(1) a+1/2 |f;1 f:y+m| = _O—Q;llz/llzﬂ'

4.8. Now we estimate |[f(x) FEIL)|=K, (see (4.1)). By L(x)=
= Ok j* 2k + )k —7 1+ D], ‘

@21 K= 0o, &) —te = 0wo(£ L) 5 = 0(1)w[ﬁ ).

Using similar estimations we get that

def

(4.22) @)=l ()] = O(n=37).

4.9. Summarizing the estimations (4.1), (4.9), (4.11) and (4 17)—(4 22), we have
that for x€[—1+n,1] and —1l<a<1/2,

(4.23)
L2 ) ~f 0l = 00| S0 4) 50 (/1) an2m b mesve ey

(ln 2m ne2

(B2 (1 4) S meten ]

Here O(1) does not depend on f. Now let m(n) tend to infinity (with n) so.that,
say, lim mw(%)=0. Using that for o> —-;—, S i(x)|=0(r**?) and that
k=1

n-ee



Convergence conditions for Lagrange interpolation 427

6(f, ) o(1/n****), we obtain the statement for xé€[—1+n,1] in virtue of
So ( ] i~V=o(l) (sce [4], 32). If —l<a=—1/2, we can use the relations
i=1 . N

2’ L()|=0(nn) and o(f, 1/n)=0(1/In n). Now by (4.7) we obtaln the theorem
for the whole 1nterva1 [—1, 1] R
' 4.10. Proof of Theorem 3.2. First let a=1/2+2@,‘ ¢>0 and ) ﬁ>—1,
say, Furthermore, let w(f) be a modulus of continuity with lim o(tTl=cs;
wy(t):=t w(t), and C(wy)={f;€C and w(f’, t)<a(f)w(t)} We quote P VERTESI
[5], Theorem 8.1: There exists a functlon h€C(w,) for which

(2, 8) -

n* +1/2 W, _1_
n

If wy(t)=1'*¢, then by (4.24), |L,(h, 1)—h()|=n*t2¥n"1-=n2 (n=n,, n,,...)
ie., E@o |L,(h; 1)]=ce. On the other hand, h€Lip 1, from where h€ BC, i.e., h=h,—h,,
where hy, h,€C and are monotone decreasing. But then, say, '}___ﬁ;; |LAhy, 1)] = oo.

4.11. Now let a=8=1/2. To obtain Theorem 3.2, we use the next statement
(see H. Haun [1]): If for the arbitrary fixed interpolatory matrix {x,,} (k=1,2,...,n
n=1,2,..) in [—1, 1], the interpolatory polynomials L,(f, x) converge for every
function f of bounded variation at any point where f is continuous, then if
te[—1, 1] and differs from the nodes x;,, we have

(4.24)

n—oco

=1 forany a,f>—1.::

(4.25) lim 3 L, =0 if r<x
: B=00 xen<t
(4.26) '}l_rn D ha(x)=0 if t=x

We shall see that, e.g., (4.25) does not hold if a=f=1/2, x=1 and t=0.
Indeed, if n=4s, then by [3], (4.1.7) and x=cos 3,

a/2,1/2)  qye-1 sin(n+1)3  sin? 9, _
x,é,ol ’ (= xk2<0 =1 (n+1)sin 3 (cos—cos ) ls—o

= Zo (- l)k 1(1+xk)_(x25+1_x2x+2)+(x25+3_x2$+i)+"'+(x4s—l_x4s) =1—x,=
x,‘<
ST 2—}/5
— S ———
45+1 2

Le., there exists an feBC for which (3.5) does not hold. As in 4.10, we get the
proper monotone decreasing function.

4.12. Finally, if a=1/2 and B=>1/2, then by (4.7) and the argument of 4.10
we obtain the statement.

= 1—cos
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