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Spectral properties of elementary operators

L. A. FIALKOW?

1. Introduction. Let $ denote an infinite dimensional complex Hilbert space
and let £($) denote the algebra of all bounded linear operators on $. For an
integer N=1, let A=(4,,...,Ay) and B=(B,, ..., By) denote N-tuples of
mutually commuting operators in 2($). The elementary operator R=R(4, B)
acting on 2($) is defined by R(X)=4,XB,+...+AyXBy (X€L(H)). Spectral,
metric, and algebraic properties of elementary operators have been studied from
a variety of viewpoints [11,[2], [5], [7], [14], [18], [20], [22]. In particular, the generalized
derivation T(A, B) defined by T(X)==AX—XB, has been analyzed in considerable
detail, and various characterizations have been given for the cases when a genera-
lized derivation has dense range [11], or is surjective, bounded below [6], [8],
Fredholm [9], or semi- Fredholm [10]. Analogous results are also known for the
restriction of a generalized derivation to a norm ideal in 2(9) [8], [12].

In the present note we extend several results concerning generalized derivations
to an arbitrary elementary operator 9% and its restriction Ry to a norm ideal J.
Descriptions of the right and left spectra of R were determined by R. HARTE [16]
(cf. [5]) and in section 2 we obtain qualitative refinements of these results; we show
that R—A is right invertible in £(2($)) (and thus surjective) if its range contains
each rank one operator, and is left invertible (hence bounded below) if its restriction
to the set of rank one operators is bounded below. These results allow us to relate
spectral properties of R to those of Ry (Theorem 2.3, Theorem 2.8). We also
characterize the case when RR—4 has dense range, extending the characterization
given for T in [11]. A

In section 3 we specialize to study the elementary multiplication operator
©=6(4, B) defined by S(X)=AXB. The essential spectrum and index function
of & was determined in [12] and here we describe the semi-Fredholm domain of
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& and conditions for &—/ to have index equal to +<o or —e. Analogous
results are given for the semi-Fredholm domain of &4. These results complement
(but are independent of) the characterization of the semi-Fredholm domain of
T given in [9] and {10], and we believe they will prove helpful in studying the semi-
Fredholm domain and index function of a general elementary operator.

We conclude this section with some preliminary results and notation. Let
A denote a complex Banach algebra with identity 1, and let AN denote an N-fold
copy of U. For a=(ay, ..., ay)€ U™, the joint left spectrum of a in the sense
of R. HARTE [15] is defined by o,(a)= {ex=(y, ..., ay)€ C®: there exists no N-tuple
(Bys - bYEAM  such that by(a—o)+... +by(ay—ay)=1}; the joint right
spectrum of a, 6,(a), is defined analogously, and the joint spectrum of a is defined
by a(a)=0,(a)Uc,(a) [15]. For ac¥U, L, and R, denote, respectively, the left
and right multiplication operators on U induced by a, i.e. L,(xX)=ax and R,(x)=
=xa(x€¥W). For a=(ay,...,a)cUY, we set L,=(L,,..,L,) and R,=
=(R,y> > R, ). When A=2(9), A=(4,, ..., ANEAM and I is a norm ideal
in 2(9), wedefine L, | I=(Ly |3 - L, |3). In this case the left joint spectrum
of A may be described in more detail as follows.

Lemma 1.1. [15, Theorem 2.5] The following are equivalent.
i) a€o,(4);
N
i) > (A4;—a)* (4i—a;) is not invertible;
i=1

1ii) There exists a sequence of unit vectors {x,}C$ such that

N
E{fg %I](Ai_ai)xkll =0.

Let K(9) denote the ideal of all compact operators in £(H) and let A(H)=
=2(9H)/R(H) denote the Calkin algebra; for T 2(9), T denotes the image of T in
A(H) under the canonical projection. For an N-tuple of operators T =(T, ..., Ty),
we set T=(Ti, ..., Ty) and denote the [left] [right] joint essential spectrum of T by
[ale(T)] [are(T)] ae(T)s le O"e(T)=0'1(T), O',e(T)=0',(T), and ae(T)=6(T)'
The following result is contained in [24, Corollary 2.5, Theorem 2.6].

Lemma 1.2. The following are equivalent.
l) aEale(T);
N
i) > (Ti—a)*(T;—a,) is not Fredholm;
i1

iii) There exists an orthonormal sequence {e,}r=,C$ such that

N
lim > ||(T;—a)e,| = 0.
Ll =1 :
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For Te2(H)™, let 0,(T)={acC™: there exists a unit vector x€$ such that
(T;—0;)x=0, 1=i=N}, the joint point spectrum of 7. Lemmas 1.1 and 1.2 readily
imply that o,(T)=0,,(T)Uc,(T). For TeL(H)™ and ac C™, let T*=(T}, ..., T)
and &=(&,, ..., &). Analogues of the preceding results for right spectra follow
from the identity o, (T)=[c,(TH*={acC™:acq,(T*)}; in particular, o,(T)=
=06,.(T)Uo,(T*)*.

Let (3, |l|-]]) denote a norm ideal in £($) in the sense of [21]. Clearly J is
R-invariant and R, the restriction of R to J, isin L(J). If J=C, (I1=p=)
(the Schatten p-ideal [21]), we denote Ry by R,. For x, y€9H, x®y denotes the
rank one operator defined by (x®y)h=(h, y)x. J; denotes the set of all rank one
operators in {(9); if F€&, then |||F|||=[F]| [21]. -

Let X denote a complex Banach space and let £(X) denote the algebra of
bounded linear operators on X. For T€g(X), let ker (T) and R(T) denote
the kernel and range of T; we set nul(7)=dim (ker (T)) and def(T)=
=dim (X/R(T)~) (where R(T)~ denotes the norm closure of R(T)). T is semi-
Fredholm if R(T) is closed and either nul (T)<< or def (T)<e<o; in this case,
the index of T is defined by ind (T)=nul (T)—def (T) [17). T is Fredholm if
R(T) is closed and both nul (T) and def(T) are finite; o, (T)={16C: T—1 is
not Fredholm} is the essential spectrum of 7. The semi-Fredholm domain of
T isdefined by ggp(T)={A€C: T—4 issemi-Fredholm}; we denote the complement
C\osi(T) by osp(T). For a=(ay,...,ay) and B=(By, ..., By) in C™ we set
aof=a,Bi+...+ayBy, and for o, 9 C™, let cog={xoB: aca, fcg}. If N =1,
we abbreviate cog by o6¢. In [I12] it is proved that o¢.(S(4, B))=0.(Sy=
=0(4, B)=0c(A)s(B)Ua(A)o.(B). In the sequel we will prove that os:(S)=
=05r(Sg)=[01(A)0,(B)U0,(4)0,(B))N[0,(4)01.(B)Ug,.(4)0,(B)] (Corollary 3.12,
Theorem 3.14).

2. Spectral properties of elementary operators. In this section we present several
equivalent descriptions of the left and right spectra of elementary operators and we
describe the elementary operators with dense range. The following result will be
used to show that an elementary operator is surjective if its range contains each rank
one operator: the proof is motivated by that of [8, Theorem 2.1].

Lemma 2.1. If A€o,(A)oo,(B), then the range of R—1 does not contain
every rank one operator.

Proof. Let a€o,(4) and B€a,;(B) be such that A=aof. We consider several
cases for the location of o and B.

i} €0, (A)\G,.(4), BEc,(B)\0,.(B). In this case there exist unit vectors
e and f in $ such that (4;—a)*f=(B;—Pfle=0 (1=i=n). Let Yx=
=(x,e)f (x€9). If XecL(H) satisfies (R—D)(X)=7Y, then 1=(Te f)=
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= ‘ZN; [((4i—a)XBie, f)+(: X(B—B)e, f)]= ZN: (XBje, (4;—a)*f)=0, a contra-
diction; thus the rank one operator Y is not in the range of R—A4.

ii) a€6,.(4), P€o,(B). (Clearly, we may assume that max {||B}>0.) The
following argument is based on J. G. Stampfli’s proof that the range of an inner
derivation contains no nontrivial unitarily invariant subset of 2(9) [23, Theorem 2];
we prove a similar result for R—A. Let Y be an operator in £(9) that is not
a scalar multiple of the identity. We will construct a unitary operator U such that
U*YU is not in the range of ®—A. Let {h,},—, denote an orthonormal segence
such that (Yh,, h,)#0 for n,m=1 [19, Theorem 2]. Let J6,=(Yhs,, h3,+1) for
nzl. Let {f,};—, and {g,},~, denote orthonormal sequences in § such that the

N
following properties are satisfied: i) 3 [(Bi—B)full = [0nl/m (m = 1); ii)
i=1

N
DM 4;—0)Y gl <|0l/m; 1il) (f,, 8.)=0 for 1=n, m; iv) the subspace spanned
i=1

by all of the vectors f, and g, (n=1) has an infinite dimensional orthocomplement
in §. Using iii) and iv) we may define a unitary operator U which satisfies Uf,=h,,
and Ug,=hg,,, m=1). If Xc2(9H) satisfies (R—A)(X)=U*YU, then

0 = |5n| = I(Yh3ns h3n+1)| = |(YUf;n Ugn)' = |(U*YUf;n gn)l =

= | 2 (42D XB, . )+ (X B—B) s 82)]| =
= X1 fmax (1) +max {1 15/

Thus || X || =n/(max {||B)|}+max {|o;|}) for every n=1, so U*YU is not in the
range of R—A. The proof is completed by taking Y to be a rank one operator.
iil) a€0,(4)\0,.(4), fE01.(B). If BCo,(B) we may use the same proof as in
part i). We may thus assume that p¢o,(B). Let {e,},—, denote an orthonormal
N N
sequence such that 0< 3 [[(B;—B)e,ll<1/n® (n=1), and set §,=n 3 ||(B;— Be.l-
i=1 i=1

Let f be a unit vector such that (4;,—«,)*f=0 (1=i=n). Since 0<J,<l1/n, we
may define a rank one operator Y by the relations Ye,=4,f (n=1) and Yx=0
if (x,e,)=0 for each n. If XcQ(H) satisfies (R—1)(X)=Y, then

5n = (Yem.f) = igN; [((Ai—ai)XBien’f)+(aiX(Bi—ﬂi)emf)] =

N

= gl' (aiX(Bi—ﬁi)en’f) (n = 1).

. ) N
Thus 03, S(max [ X1 Z1Bi-Bdel) and so |XI=njmax {luf} (=1,
This contradiction shows that Y is not in the range of R—A1.
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IV) aEO'”_,(A) Beal(B)\ale(B) SlnCC aEa,e(A*) and BEU (B*)\are(B*)a then
iii) implies that there exists a rank one operator Y such that [Z'B X *A*]

—d@ofX*=Y* has no solution. Then (R—1)(X)=Y has no solution and the
proof is complete.

Lemma 2.2. i) 0,(R|3J)co,(4)o0,(B);
ii) 6,(R)Ca,(A)oo,(B).

Proof. Part ii) is contained in [16, Theorem 3.4]. The proof of i) is similar.
The argument is essentially that used in the proof of [5, Lemma 3]. We first note that
6,(Ls |3, Ry | 3)0,(4)Xa,(B). Indeed, suppose (a, ﬂ)ECNXCN and «¢a,(A4).
There exists an N-tuple of operators (R, ..., Ry) such that ‘2’ (4;—a)R;=1,

N i=1
and thus -Z;(L“ | I—a)(Lr | J)=1€8(3), so that («,B)¢a,(Ly|3J, Rs|3).
The proof for the case when f¢o,(B) is similar, For z=(z,...,zy) and w=

=(Wy, ..., Wy) we define the 2N-variable polynomial p by p(z, w)=p(z,, ..., zy,

s W)= 22 w;. Since (L, |3, Rz|J) is a commutative 2N-tuple in Q(S),
the spectral mappmg theorem for right spectra [15], [16, Theorem 1.2] implies that

0,(RIF) = 0,(p(L4l3, RslI)) = P(0.(LAI3, RelI)) < p(0,(4)X0,(B)) =
= 0,(4)00,(B).

Theorem 2.3. For AcC and R=NR(A, B), the following are equivalent:
1) R—1 is surjective;
i) The range of R—2A contains each rank one operator;
iii) A¢0,(A4)o0(B);
iv) R—A is right invertible in 2(2(9));
v) Ry—A is right invertible for some norm ideal J;
vi) Ry—4 is surjective for some norm ideal J;
vii) Ry—4 is right invertible in L(3) for every norm ideal J;
viii) Rq— 4 is surjective for every norm ideal 3.

Proof. i)=»ii) isclear, ii)=1iii) follows from Lemma 2.1, iii)=iv) follows from
Lemma 2.2, and iv)=1i) is clear, so i)—iv) are equivalent. Lemma 2.1 implies that
vi)=ii)=iii) and Lemma 2.2 implies that iii)=v)=vi), so iii), v) and vi) are equi-
valent. Similarly, we have vii)=viii)=ii)=iii)=>vi).

We next begin our consideration of elementary operators with dense range.

18
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Corresponding to (4, B) we define an operator R(A4, B) on the Calkin algebra
~ — N o~
A(H) by ‘R(f)=‘R(X)=l§A:YBi (XeL(9)).

Lemma 2.4. 6,(R)C6,.(4)00,(B).

Proof. The proof is similar to that of Lemma 2.2 ; as before, ¢,(Lz, Rg)C
C0o,.(A)X0e,.(B). Let p(z,w)=p(zy, ..., 2y, W1, ---s Wy)=21W1 +...+2zywy. Since
R=p(L;, Rp) and (Lg, Rp) is a commutative 2N-tuple of elements of L(U(H)),
the spectral mapping theorem for right spectra [15] implies that

G, (9i) = U,(P (LK’ RE)) = p(ar (LZa RB)) C
c p(are (A) Xo-le (B)) = Oy (A) 00 (B)

Recall that C% ~C,; a trace class operator K corresponds to the functional
Jx€CEL defined by fx(X)=tr (KX) [21]. Under this identification S.(4, B)*=
= €,(B, A). Indeed, for X¢C. and K€C, we have G.(4,B)*(fx)(X)=
=tr (KAXB)=tr (BKAX)=fpx4(X). Recall also that C;=~L(9), where T€L(H)
corresponds to the functional f;€CY defined by fr(K)=tr(TK). For KeC,
and T€R(H), S,(B, H*(f1)(K)=tr (TBKA)=tr (ATBK)=f,75(K), and therefore
S,(B, A)* = ©(4, B). By linearity, we see that R.(4, B)* = R,(B, 4) and
R.(B, A)*=R(4, B).

Theorem 2.5. The following are equivalent for A€C.
1) R(A, B)—A has norm dense range;
i) Ado,.(4)oc.(B) and R,(B, A) is injective;
iii) For ¢>0 and Yc(H), there exists X€L(H) such thar (R-1)(X)-Y
is a compact operator with norm less than e.

Proof. We first prove ii)=iii). Suppose ii) is satisfied, let &=0, and let

Y bein £($). Lemma 2.4 shows that 8—4 is surjective; thus there exists X€2($)
and KeK($H) such that (R—-A)(X)—Y =K. Since R, (B, A)—1 is injective,
R..(4, B)~— A has dense range. Thus there exists {K,}K($) such that |(R—1)(K,)—
—K|[|-0. Now (R—A)X—-K,)—Y=K-(R—AK,)EK®), and for sufficiently
large n, |[K—(R-A)(K,)|<e.

Clearly iii)=i), so it suffices to prove that i)=ii). If R(4, B)—A has dense
range, then duality implies that R,(B, 4A)—A 1is injective. Suppose Ai€g,.(A)o
o0, (B); it suffices to prove that the range of R(4, B)—1 is not dense. Let
0€o,.(A) and ﬁEa,e(B?v satisfy A=aof. Let {e,} and {f;} denote orthonormal

N

sequences.such that 2 [[(4;,—a)*e,| -0 (n—><c) and J (B,—B)f,ll =0 (n—-<o).
i=1 i=1



Spectral properties of elementary operators
Let Y denote an operator in £($H) such that Yf,=e, (n=1). For Xc2(9),

IR=DEO=YI = | 3 (A=) XBrt 8, X (B fs e0) = (Vi €

= “ig (XBif;n (Ai—“t)*en)'l‘(“iX(Bi_ﬁi)fm en)] '"1~ =

N N
= 1— 10 max (181} 3 14— 0" eut) - max it | S 108~ 1),
and thus [[(R—2)(X)—Y | =1. The proof is complete.
We conclude this section with an analogue of Theorem 2.3 for left spectra of
elementary operators.
Lemma 2.6. If A€o, (A)oc,(B), then (R—7)|&: and (Ry;—-1)|§ are
not bounded below.

Proof. Let a€a,(4) and B€o,(B) be such that A=aof. There exist sequences
of unit vectors {x.}, {y}<9 such that

N N
lim (4 —a)xl = lim 3 1(B—B)*w =0.
Now

(R - D x @yl =

= 11— 5@ B+l @2 (BB =

N
= ig; [1(4; = o) (e ® ¥, Bill + ol floei(x, @ ¥,) (B — B
For t€9, (|t|=1, we have

[1(4;— ) (x, ® y,) B t]| =
Thus

= [[(4;—a) (B;t, v xill = I Bill |yl (4 — o) x, ]l

N
izl I(4;— ) (X, @y ) Bill =0 (k —<);
similarly,

ZI@R B =0 (k +=)

Since |||xx @ yill|=l1xc @il =1, it follows that neither (Rq—2) | & nor (R—2) | &
is bounded below.

18*
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Lemma 2.7. 1) 6,(R)Co(4)o0,(B);
i) ¢;(Ry)c0oy(4)oa,(B).

Proof. The proof is similar to the proof of Lemma 2.2, but using the spectral
mapping theorem for left spectra [16].

Theorem 2.8. For A€C the following are equivalent.
1) R—2A is left invertible;
1) R—2A is bounded below;

i) (R—2) [ &, is bounded below;

iv) A¢o,(A)o0,(B);
v) Ry—4 is left invertible in £(3) for some norm ideal J;
vi) Ry—A is bounded below for some norm ideal J;

vii) Ry—4 is left invertible for every norm ideal 3;

_ viil): Ry—A is bounded below for every norm ideal 3.

Proof. The implications i)=ii)=ili) are trivial; iii)=iv) follows from Lemma
2.6, and Lemma 2.7 implies that iv)=i); thus i}—iv) are equivalent. The implica-
tions v)=>vi)=iv)=v) and vii)=viii)=iv)=vii) also follow by application of
Lemmas 2.6 and 2.7.

Corollary 2.9. For each norm ideal 3, -
o(R4(4, B)) = 6(R(4, B)) = 0,(4)o0,(B)Us,(4)o0,(B).
Proof. The result follows from Theorem 2.3 and Theorem 2.8.

Remark. The identity for o(R) given above is due to R. HARTE [16]; our
contribution is the identity ¢ (R)=0(R). A special case of the latter identity for the
Hilbert—Schmidt ideal C, was obtained by R.. CURTO [5, Lemma 3}. The main
result of [5] presents a new description of ¢(R) in terms of Taylor joint spectra.

3. The semi-Fredholm domain of 5. In the present section we describe the
semi-Fredholm domain and index function of &5 and &. To this end we define
the following sets: } , .

oy = 0,(4, B) = 01(A)0,.(B)Uo, (4)0,(B);
0, = on(4, B) = 0,(4)0,.(B)Ug,.(4)0,(B).

It follows from [12, Lemma 3.2] that if )€, and 6'3—’11 is semi-Fredholm, then
ind (85—2)=+o; [12, Lemma 3.3] implies that if A€o, and S4—41 is semi--
Fredholm, then ind (83—4)=—<. Thus 6,N6,Cos5s(S5) and in the sequel
we prove the reverse inclusion. We begin with the following special case.

. Proposition 3:1. If A€C\g,, then ©4(4, B)—A is semi-Fredholm with
ind (63(/1, B)—1)> —eo.
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Proof. If A€C\g,(4)s,(B), then Theorem 2.3 implies that S5—41 is sur-
jective, so the result is clear in this case. We may thus assume that A€e,(4)o,(B)\&,;.
We require the following preliminary lemmas.

Lemma 3.2. If a€o,(A), f€o,(B) and afdo, then a is isolated in o¢,(A)
or B isisolated in o,(B).

Proof. Since af¢o,, then x€a,(4)\7,.(4) and f€o,(B)\0o.(B). Suppose
that o« is not isolated in ¢,(4) and f is not isolated in ¢,(B). Since a¢o,.(4),
[10, Lemma 3.6 (i)] implies that a€U=int (6,(4)). Similarly, since f¢o,(B) and
B is not isolated in o,(B), then [10, Lemma 3.6 (ii)] implies that B¢ B=int (o,(B)).
U and B are nonempty, open, bounded subsets of the plane, so [12, Lemma 2.11]
implies that there exists #=0 such that

1) ta€bdry (U) and B/t B, or

i) o€l and f/tcbdry (B).

It follows from [10, Lemma 3.6] that bdry (M)Co,(4) and bdry (B)ce(B).
In case i), ta€bdry (W)Co,.(4) and B/te B~ co,(B), so A=af=(ta)(B/t)€0,.(A4)-
-0,(B)Co,;, whichis a contradiction. In case ii), ta€ UCo,(4) and B/tcbdry(B)c
co.(B), so .A=(tx)(B/t)€o,(A)o.(B)Ca,, also a contradiction; the proof is
now complete.

Lemma 3.3. If A€o, (A)o,(B)\0G,, then A#0 and X={(a, f)€a,(4A)X
Xa,(B): af=2} is finite. ' ‘

Proof. If 0¢o,(A)s,(B), either 0€o(4) or 0€o;(B), so 0€c,(A4)s,(B)
or 0¢o,.(A)5,(B), and so 0O€o,;; thus A=0.

Assume that X is infinite and let {(«,, 8,)};>, be a sequence of distinct points
of X. It follows readily that the a,’s are distinct and the f,’s are distinct. There
exists a convergent subsequence (oc,,k, B,,k)—»(a, B), and clearly aco(4), fEoy(B),
and af=A. Since « is not isolatedin ¢(B) and f is not isolated in ¢,(B), we
have a contradiction to Lemma 3.2.

We return to the proof of Proposition 3.1 and consider A€g,(A4)o,(B)\og,;.
Lemma 3.2 and Lemma 3.3 imply that 10 and that there exist integers p and
n, p=n=0, p=0, distinct nonzero points a, ..., 2,€6,(4)\0,.(4), and distinct
nonzero points B, ..., B,€0;(B)\6..(B) such that the following properties are
satisfied: '

1) {(@, B)€o,(A)X0,(B): af=A}={(o: BI}-1;

2) if n=0, then o; isisolated in g,(4), 1 =i=n;

3) if p>n, then B, isisolated in o,(B), n+1=i=p. '

If each B, isolatedin o,(B) we may take n=0 and delete {(ay, B1), ..., (@5 B)}s
likewise, if each «; is isolated in 6,(4), we may take p=n and delete {(o,+1, Bys1)s
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.os (25, B)}. We assume in the sequel that 1=n<p, for the other cases require
only obvious modifications of the argument for this case.

Let $, and 9, denote copies of § with 4€2(H,) and BCL(H,). We identify
L(9) with 2(9,, H,) and consider &(4, B) as an operator on £(9,, $,). [10,
Corollary 2.4] implies that there exists an orthogonal decomposition $; =M, P ...
...®M, and operators A,€2(M,) (0=i=n) such that:

4) M, is finite dimensional (1=i=n);
5) o(dy={a;} (A=i=n);

6) Ur(AO)n {al’ tery an}=g;

7) A is similar to A'=A4,0A4,0...8A4,.

An application of [10, Corollary 2.3] implies that there is an orthogonal de-
composition H;=RK,,:®...®K,4; and operators BEL(K) (m+1=i=p+1)
such that:

8) &, is finite dimensional, n+1=i=p;
9) o(B)={B:}, n+1=i=p;

10) aI(Bp+l)n {»Bn-f-la Tery ﬁp}=g;

11) B issimilar to B'=B,.1®...®B,,,.

[12, Proposition 2.5} implies that to complete the proof it suffices to prove that
S4(4’, B)—A is semi-Fredholm with ind (€4(4’, B')—1)> —<=. The argument is
formally similar to that in the proof of [12, Theorem 3.1] so we give the outline and
refer the reader to [12] for certain details.

Relative to the above decompositions of $; and 9H,, let (X;)osizn,n+15j=p+1
denote the operator matrix of an operator X€2(9H)=2(9H;, $1). A calculation
(using 7) and 11)) shows that the row i, column j entry of the matrix of §"(X)=
=A'XB'—)X is equal to 4,X;;B;—2X;;, 0si=n, n+1=jsp+1. For Xc2(9),
let R(X) be defined by the matrix which modifies the first row and last column of
S’(X) as follows: '

(Ao—an+1)X0,n+lﬂn+1'" (Ao““p)Xo,p.Bp AoXo,p+1Bp+1“)~Xo,p+1
ale,p+1(Bp+1_ﬁl)
[4;X;;B;—a;B; X1 :
ann,p+1(Bp+1_ﬂn)
We first prove that R |J is semi-Fredholm with ind (R |J)> —<. Let R;;
be the operator on £(8;, H,) defined by the row i, column j entry of R(X),
0=i=n, nt+l=sj=p+1. It follows from 1), 6), 7), 10), and 11) above that
14 0,(Ay)0,(B,+,), so Theorem 2.3 implies that R, ,.,=S (4o, B,4y)—4 is sur-
jective; in particular, ind (R,,,+1)=0. Let 1=i=n and n+l1=j=p. Since
o(4)={x;} (1=i=n) and o(B)={f;} (n+1=,=p), it follows that A=w;B,;¢
§0(4,)0(B;), and thus R;;=&(4;, B;)—4 is invertible for 1=i=n and n+1=
=j=p [4].
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We next consider the operators R, ; (n+1=j=p) defined by R, ;(X)=
=(dy—a)XB; (XER(K;, Ho)). Since a;€0,(4)\0,.(4), 7) implies that «;¢ o,.(4,),
and thus A,—a; is semi-Fredholm and ind (4y—a;)> —eo. Since dim (&;)<eo,
[10, Lemma 3.5] implies that R, ; 1is semi-Fredholm with ind (R, ;) =
=ind (4,—a;) dim (])> — 0. Similarly, since $; is finite dimensional and
ﬂiQa,e(Bp+1) (1=i=n), then [10, Lemma 3.5] and [12, Lemma 2.6] imply that
R; ,+1 is semi-Fredholm with ind (R;, ,+,)=ind ((B,+:—B,)*) dim (§;)> — <.

It now follows exactly as in the proof of [12, Theorem 3.1] that R|J is semi-
Fredholm with

. p 0 n . .
lnd (,RIS) = . Z"-llnd (Ro’j) + Z]'. lnd (-Ri,p+1) + lnd (RO,p+1) > — oo,
Jj=n iI=
Let K;cL(R;) be invertible (n+1=j=p) and let M;c2(M,) be invertible
(I=i=n). For X€3J, X=(X,;), define T(X) by the matrix

AoXo,ns1 Kny (Bas1—Bns D Kni1 ... Ao Xo , K (B, - B)K, 0
0 0 MY (A — )My Xy p a1 Bpin
0 0 M (A, —a) M, X, ps1Bp et

Since B;—p; (n+1=j=p) and A4,—«; (1=i=n) are nilpotent, appropriate
choices of the K;’s and M/s insure that Q=R |J+T is semi-Fredholm with
ind (Q)=ind (R | J)= — <. The matrix of Q(X) (X€3J) is of the form

Ao Xom 1K BrirKns1—2AXons1. .- Ao Xop, K7 * B K, — X0 Ao Xo.ps1Bpi1—2X0, 541
M AM X, 1By01— A X041

[A4: X;B;—AX,)] : :
Mn-lAnMan.p+pr+l"an.»+1

It now follows as in [12, Theorem 3.1] that &(A4’, B)—1 is semi-Fredholm with
ind (©4(4’, B')—A)=ind (@)> — =, so the proof is complete.

Corollary 3.4. &4(4, B)—2 is semi-Fredholm with ind (Gq—A)> —eo if
and only if 1€C\o, (4, B).

Proof. The result follows from [12, Lemma 3.3] and Proposition 3.1.

Corollary 3.5. &4(4, B)—4 is semi-Fredholm with ind (S5—2)=+< if
and only if 2€o(4, B)\o, (4, B).

Proof. Apply [12, Theorem 3.1] and Corollary 3.4.
We now consider the case when 1¢C\ (0, (4, B).

Proposition 3.6. If A€C\o,, then ©5—A is semi-Fredholm with
ind (85— A)<+ .
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The proof is completely analogous to that of Proposition 3.1; for this reason
we omit the details and merely mention the necessary preliminary results.

Lemma 3.7. If a€o,(A4), f€a,(B) and af¢a,, then a is isolated in o,(A)
or B isisolated in o,(B).

Proof. The proof is similar to that of Lemma 3.2. '
Using Lemma 3.7, the proof of the next result is based on that of Lemma 3.3.

Lemma 3.8. If AEUK(A)Gr(B)\UIr(As B)a then '2'¢0 and {(aa ﬁ)eal(A)X
Xo,(B): af=2} is finite.

Using the preceding two lemmas, the proof of Proposition 3.6 follows the
argument in the proof of Proposition 3.1, except that instead of using Theorem 2.3,
we now use Theorem 2.8 to show that &(4,, B,+,)—4 is bounded below.

Corollary 3.9. S&4(4, B)—A is semi-Fredholm with ind (Sq—A)<+c if
and only if 1€¢C\g (4, B).

Proof.. The result follows from [12, Lemma 3.2] and Proposition 3.6.

Corollary 3.10. &5—A is semi-Fredholm with ind(Sq—1)=—o if and
only if A€o(A4, B)\o,(4, B).

Proof. The result follows from Corollary 3.9 and [12, Theorem 3.1].

An immediate consequence of Corollary 3.4 and Corollary 3.9 is the following
description of the semi-Fredholm domain of &j.

Theorem 3.11. Sy—A is semi-Fredholm if and only if A€ C\(g,,Nay,).
Corollary 3.12. 65(Sy)=0,Na,,.

For the case when G5—A is Fredholm, a formula for ind (€;—4) is given
in [12, Theorem 3.8]. The latter result, when combined with Corollary 3.5 and
Corollary 3.10, thus gives a complete description of ind (€5—1) for A€gsr(Sy).

Example 3.13. Consider the case when J is the ideal of all Hilbert—Schmidt

" operators endowed with its (separable) Hilbert space structure [4]. In this case

€4(4, B) is again a Hilbert space operator; we will show that if 4 and B* are

quasitriangular, then so is S5 By a theorem of C. ApostoL, C. Folas, and

D. VoicuLescu [3], an operator T on a separable Hilbert space is quasitriangular
if and only if ind (T—A)=0 .for every A€gsp(T).

Suppose 4 and B* are quasitriangular; thus ind (4—24)=0 (1€gsr(4)) and
ind (B—2)=0 (A€ o55(B)). It follows directly from the index formula of [12, Theorem
3.8] that ind (S3—2)=0 for every A€C\0.(S5). To complete the proof it thus
suffices to verify that the case ind (85—4)=—<= cannot occur. :
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Suppose to the contrary that ind (€5—4)= —; from Corollary 3.10 we have
2€(0.(A)a(B)Ue (4)0.(B)N\(0:(4) 0, (B) U (4)5,(B)).

We consider the case A€o.(A)o(B) and let a€o.(4) and Pco(B) satisfy aff=4.
If B¢o,(B), then a4a,.(4) and thus ind (4—a)= — =, a contradiction. There-
fore Bea(B)\g,(B), so ind (B—pB)=0, which is also a contradiction. The case
when A€o(A4)s.(B) can be handled similarly, so we omit the details.

We note that the converse of this example is false. [12] contains an example of
operators 4 and B such that A4, 4%, B, and B* are non-quasitriangular but
©4(4, B) is biquasitriangular, i.e. &5 and S4* are both quasitriangular.

Systematic revision of the proofs of this section (replacing the norm ideal
J by £(9)) yields a description of the semi-Fredholm domain of &(4, B).

‘"Theorem 3.14. i) 65(€)=0,0,;
i) ©—21 is semi-Fredholm with ind (8—A)<+o if and only if 26C\oy,;
iil) €—21 is semi-Fredholm with ind (€—A)> —o if and only if A€C\o,.

This result, together with [12, Theorem 3.9], completes the description of
ind (8 —1) (X€sr(S)). More generally, the present results, together with those of
[9], [10] and [12], completely describe the semi-Fredholm domain and index function
of the operators T, T, S, and S4. Corresponding results for arbitrary elementary
operators R, or the operators R4, appear to be unknown at present. Some partial
results are known for the general case.In [12, Theorem 3.14] it is proved that

N
0.(R)C 3 (a(4)0.(B)Uc.(4)0o(B)) (and similarly for the operator R). By
i=1

combining the techniques of [9], [10], [12] with the multi-variate techniques used in
section 2, it is possible to prove the following result for the general case. The proof,
and applications, will appear elsewhere. For n-tuples of operators A4 and B, let
G,,(A, B)=U['E(A)OO',(B) UGI(A)Oo-re(B) and let arl(A9 B) =are(A)OUl(B) U G,(A)O
og,.(B). Let J be an arbitrary norm ideal.

Theorem 3.15. 1) ¢.(4)oa(B)Ua(4)oc (B)Ca.(Ry);

ii) If 2€0,(4, B) and Ry—A is semi-Fredholm, then ind (Rg—A)=+ oo}
i) If A€o, (4, B) and ‘R — /. is semi-Fredholm, then ind (R l)-—oo
i¥) 01, (4, B)10,4(4, B)Casp(3hy. |

We note that parts ii}—iv) are valid for elementary operators with arbitrary
(non-commutative) coefficient sequences. A similar result holds for the operator R.
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