Acta Sci. Math., 47 (1984), 41—54

A characterization of quasi-varieties
in equality-free langnages
P. ECSEDI-TOTH

1. The result

1.1. By a type t, we mean an ordered quintuple 1=(%, %, €, t,, t;) where
R, F,¥ arc pairwise disjoint sets, € is not empty, {,: Z—w, t;: F—~w. By
a structure of type #, an ordered quadruplet {4, (R, ¢, (Fy)rec 5> {Co)ecyy is meant
where 4 is a nonvoid set and R,cP(“2™4), F,: ¢sU4-4,C €A, for every re&,
feF, c€%. (For any set B,P(B) stands for the power set of B; and if n€w,
then "B denotes the n-th Cartesian power of B.) We shall use German capitals
for denoting structures. If 2 is a structure of type 7, then the universe A, the
relations R,, the functions F, and the constants C. of U will also be denoted
by |}, R, FE, C™®, respectively.

1.2. For ic{0,1}, let UA; = (A, (R, ca, (FDres, (Checey be two structures
for a fixed type t=(R, F, ¥, 14, 5). We define

Uy NAy = (AN AL (RINRY e s FPNEP ey (Chec e N{Chc €)-

The meet of A, and U, in notation, A, 0 A, is then defined as being identical
to W,N A, iff W,N A, is itself a structure of type ¢.

Obviously, the meet of structures is a partial operation.

A class K of structures with the same type ¢ is closed under finite meets iff
for every U, U, €K, if A N A, exists, then it is in K.

1.3. Our result is the following preservation theorem: If X is a set of equality-
free sentences and K is the class of all models of X, then K is closed under finite
meets iff X is equivalent to a set of universal equality-free Horn sentences (Theorem
2.14).
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We note, that as a simple example will show, this theorem fails to hold for
X with equality.

From this result we shall derive a characterization of quasi-varieties in equality-
free languages. To be more specific, we shall prove, that if X is an arbitrary class
of structures for an equality-free language, then K is a quasi-variety (i.e. K is
axiomatizable by universal equality-free Horn sentences) iff K is closed under
finite meets, ultraproducts and equality-free elementary equivalence.

1.4. Model theorists are generally uninterested in equality-free languages,
since their expressive power is restricted in comparison with languages containing
equality, and, on the other hand, several results and methods developed in the model
theory for general first order languages apply directly to the equality-free case.

Recently, however, equality-free languages play a role in theoretical, as well as
in practical computer science. For example, computability can be formalized in
equality-free languages as was noticed by R. Hill and proved in general by
H. AnNDRrREKA and 1. NEMETI [1]. R. Kowatski [7] used this observation to show how
equality-free languages can be considered as programming languages. On this basis,
a practical programming language PROLOG was implemented by A. COLMERAUER
et al [3]. A special case of our Lemma 2.13 was used by R. HiLL [6] to prove a
completeness theorem for a particularly efficient deduction systemi. Also, M. H.
vaN EMDEN and R. KowaLsK1 [4] investigated logically based programming languages
by means of a special instance (for Herbrandian models) of the “easy direction”
of the preservation theorem above, and questioned whether the converse was true.
Our result shows that, generally, the answer is in the negative if equality is present
in the language, but is affirmative if the equality is excluded. These applications
make the belief plausible, that studying equality-free languages has some theoretical
and practical value. This paper takes a step in this direction. Although motivations
come from computer science, the preservation theorem mentioned above and its
proof are purely model theoretic in character.

Acknowledgement. The author is indebted to E. Fried for his encouragement
and to H. Andréka and 1. Németi for their patience in correcting errors in an earlier
version of the paper.

2. The proof

2.1. From now on, we shall fix an arbitrary type f. When we are speaking of
an arbitrary structure without a closer indication of its type, then we shall always
mean that it is a structure of the fixed type ¢.

2.2, Let A=A}, (R®), 2, (Ff™;e55 (C™ ) be an arbitrary structure.
Let us supposs, that 4 is a congruence relation on U (in the sense of [5, Definition



Quasi-varieties in equality-free languages 43

0.2.20, p. 73.1). We say, that 4 is a universal congruence relation on U, if

() (Vre®) (va, b2 |U)) [(vi < 15(r) (@, bye4 ~ (@ER™ — beRE)]

where a;, b; denote the i-th component of a, b, respectively, for all i<t,(r).

If A is a universal congruence on U, then the quotient structure W[A=
=(|W/A], (REDy a0y (FEID) s (CEDY ) of U over A can be defined in
the traditional manner: for all a€|¥|, let a/Ad={b|bc|U|A{(a, b)cA4} and set

@ |2/4| = {a]4|ac|U};

for all fe#, such that t (f)=n+1 and for arbitrary ay, ..., a,€||, we define
©F Ef"P (a4, ..., af4) = (Ff"(ay, ... a))/4;

for all c€¥, let

@ CcD — ™4

and finally, for all r€# such that t,(r)=n+1 and for every a,, ..., a,€|U|, we
define

o) (aof4, ..., aJAYERT?D iff (ay, ...,a,ycR™®.

A being an universal congruence on A, the definition of A/A is correct and
obviously, it is a structure of type .

Proposition 2.3. Let ¥ be an arbitrary structure and suppose, that 4 is
a universal congruence on W. Then W=W/A, where elementary equivalence is meant
in the equality-free sense.

Proof. Let V' be theset of variables and k: V' — || be an arbitrary assignment
relative to . We define k: V—|U/4| for all vV, by

(6) k(@) = k(v)/A.

We shall prove by a straight-forward induction, that for arbitrary (equality-free)
formula ¢ and k:V-|¥|,

Q) A = plk] iff A/ = olk]

Since A4 is a congruence on A, it is easily seen, that for any term 7 and
k: V-,
®8) T[k}/A = tWD[E].
(The notations used here are standard and can be found e.g. in [2, 1.3.1, 1.3.2,
1.3.3, pp. 22—23 and 1.3.13, 1.3.14, 1.3.15, pp. 27—28}.)

Indeed, if 7€V or t€%, then (6) or (4) is the same as (8). Let 7 be of the form
[y ..., T,) for some fe &, such that 7,.(f)=n+1 where 7; is a term for which
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(8) holds, for all i<tz(f). Then,
“Pk)A = (F @Sk, .., 15 kD)4 2 FF (0 (KY/4, ..., 7 [k)j4)
W) pID (DR, .., 1o k) = O E].
(Here, and everywhere below (i.h.) stands for “by the induction hypothesis™.)
Turning to the proof of (7), we proceed similarly. Let ¢ be a prime formula

of the form r(to, ..., 7,), where r€%,t5(r)=n+1 and for all i<it,(r), 7; is
a term. Then

AL okl U = r(zo, ..., ) [k] < &P, ..., tPKDeR® &
B OWY4, ..., kYA RS E VR, ..., WORY R o
o WA = r(tg, ..., 1) [kl © U/ = olk].
If ¢ is of the form —y and (7)is true for i, then

A gkl o A = Yk U e pik] D wd e g o
o U4 = Y[k o U/4 = o[k

Obviously, the induction goes through for =y, AY,.
Finally, let us suppose, that ¢ is of the form Jovy, where v€V and (7) is
true for . Then,

9) A = @[kl A = vy (k] < (there exists an assignment k’:V — ||
®) such that for all weV, k’(w) = k(w), provided v = w and A = Y[k']).

By the induction hypothesis, WEy([k”] iff W/A=y[k”] for arbitrary
k”: V—|¥|; moreover, for k and k’ in (9), we have k(w)=k’(w), for all weV
such that vs%w. Thus (9) is equivalent to the assertion

(there exists an assignment k’: ¥V —|/4|
such that for all weV if vsw then k(w)=k’(w) and /A=y [k]),

which, in turn, is equivalent to /4 = Joy [k]. g

This lemma has been proposed to me by H. Andréka and I. Németi to replace
my original stronger but much less true assertion. .

It is easy to construct a simple counterexample, using the obvious fact that an
equation can hold in the quotient structure even if it is false in the initial one, which
shows that Proposition 2.3 does not generalize for languages with equality.

24. Let X be an arbitrary set and consider the absolutely free algebra Fry ¢
of type ¢ generated by the set XU®% (cf. [5, Definition 0.4.19 (i), Remarks 0.4.20,
pp. 130—131}).
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Let A be any structure of type . It is well-known that, for arbitrary
h: XU%~ || such that for all ¢€%, h(c)=C™ holds, there exists a unique homo-
morphism % from Fry ., into A for which hSh (cf. Definition 0.4.23., Theorem
0.4.24, Theorem 0.4.27 (i), pp. 131—132, in [5]).

We define the free structure &r, W induced by h and A as follows. Let

10 ® |8, | = [Brxyel-

(ii) Forevery r€#, suchthat t4(r)=n+1 and for-arbitrary ay, ..., a,€|Ft, U,
let
(1 1) <a0’ R ] an>€-R£ﬁrh ® lﬁ‘ <E (ao), ' H E(an)> GRD("H)’

where h is the unique extension of 4 to a homomorphism from Fry , into .
(iii) For every f€ & suchthat #;(f)=n-1 and for arbitrary a,, ..., a,€|&r, A,

let

(12) FF*®(a,, ..., a) = F&XU9(q,, ... a,).

(iv) Finally, for all c€%, let
13) CEF® = cFxu?,

It is obvious, that the homomorphism h from Fry ,, into 2 is a homo-
morphism as well from r, A into A. Moreover, the relation

(14) 45 = {(a, b)la, b€|Fu, A Ah(a) = h(B)}

is a universal congruence on $r,A. Thus, §r, A is correctly defined and is
a structure of type ¢. Additionally, &, has the following useful property.

Lemma 2.5. Let U be an arbitrary structure, X be a set and h: XU%—|U|
be such that h(c)=C® for all c€%. If h isonto, then Fr, U= where elementary
equivalence is meant in the equality-free sense.

Proof. Since 4;, defined by (14) is a universal congruence on §r, 2, we have
from Proposition 2.3 that §r, U=gr, W/4;. On the other hand, Fr,U/4;=A by
the isomorphism g defined as g(a/4;)=h(a). Hence, §r, W/4,=A, which yields
to the assertion.

An important consequence of this lemma is formulated as follows.

Corollary 2.6. Let K#@ be any class of structures which is closed under
equality-free elementary equivalence. Let W, BEK. Then, there exist WA, B'cK
such that the following conditions are satisfied: A=W, B=B’ and the meet W N B’
‘exists. (Elementary equivalence is meant in the equality-free sense.)
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Proof. Let X be a set with cardinality large enough such that card XU%¥)=
=card (|UA|U|B|). Define h: XU~ |U| and hy,: XU¥—|B| in such a way that
both h, and h, are onto and for all €%, h(c)=C®™ and hyc)=C®. Let

=gr, A and B'=Fr, B. By Lemma 2.5, A=A’ and B=VB". Since K is
closed under equality—freé elementary equivalence, we have W¢K and B¢K.
It remains to establish that A N B’ exists.
Obviously,

0 (1B = [, 4| N[, B 2 [Frxyel N [Brxuel = Brxyel 2 XUS,
hence, the universe of W A B’ is not empty. Similarly, for all f€ &

F(QI ) m F(m) F(‘O}'hlm ﬂ F(ﬁt" B) (12) F(ﬁfxug’) n F(&'Xu(g) F(Efxulg)

hence the set theoretic meet of the functions rendered to f in U’ and B, re-
spectively, is again a function.
For all c€%,

CE.%) _ Cgi's:;,l‘ll) (1=3) CE&XU@ (1___3) CE-%:"ZB) _ ng'),

thus the meet of the two sequences (C®7), ., and (C®7) ., is the sequence
<C£8fx u (g)>c €e-

Finally, for any rc¢ 4, the meet of the two relations R®™ and R®? is again
a relation with arity 74(r).

Hence W NBW’ is a structure of type ¢, whence A NV’ exists.

This corollary shows that the property “a class K of structures is closed
under finite meets” is not trivial in the case when K is the class of all models of
a set of sentences.

2.7. We shall need the well-known preservation theorem under submodels
(cf. [2], Theorem 3.2.2, p. 124, or Theorem 5.2.4, p. 228) in a somewhat stronger
form: i.e. for equality-free languages. (Insufficiency of the original form for our
purposes in the proof of Lemma 2.11, below, was pointed out to me by H. Andréka
and I. Németi.) Before formulating the stronger version some preparation is
required.

Let A be an arbitrary structure and let I be the diagram of W (cf. [2], p
68). Let
I'y={¢ | €I’ and ¢ does not contain the equality symbol}.

The set I'y will be called the equality-free diagram of .

Lemma 2.8. Let A and B be two structures. If the equality- free diagram
I'y holds in B, then there exist two structures W and B’ of the diagram types
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of W and B, respectively, such that the following conditions hold: NCW, B'CB
and W =B’ in the equality-free sense.

Proof. For all a€|U|, let ¢, be a completely new constant symbol. Let
W=(U, a),¢)q and let B’ be that submodel of B which is generated by the set
{C® | ac|U]} where ¢, is the new constant symbol for a€l¥|. Clearly, ASH’
and B'CB; moreover it follows that B’ =TI,.

Let ¢ be an equality-free sentence. We prove by induction on the construction
~ of ¢, that
(15) Weo iff BEao.

Let ¢ be a prime sentence of the form #(z, ..., 7,), where 1tg,...,1, are
terms in which no variables occur, r€Z, t,(r)=n+1. If Wi=r(ty, ..., 1,), then
HTgs ooos Tp)€L g, thus B =r(1g, ..., T,). Similarly, if Wir(zg, ..., 1,), then’
—r(Tg, --.» )€l and so B’ &= 11z, ..., T,), 160 B KT, ...y T,)-

It is obvious, that the induction goes through for the cases Y and Y AY,.

Let ¢ be a sentence of the form Juf. If A'=¢, then there exists k: ¥~ ||
such that W =y[k]. It follows, that the sentence Y*, obtained from ¥ by sub-
stituting every occurrence of » by ¢, holdsin A’. By the induction hypothesis,
(15) is true for y*, hence B'=y*. Let k’: V-|B’| be such that k'(v)=C£fZ)
(and arbitrary otherwise). Then, B’E=y[k’]l. Hence, there is a k": V~|®B’]| for
which B’ =y[k’], whence B’=3Jw).
=~ Conversely, let us suppose, that B’=3vy. Then there exists an assignment
k’: V-|®B’|, such that B’'=y[k’]. By the definition of B’, there exists a term 1,
in which no variables occur, such that k’(v)=1"®" and so, the sentence ¥, obtained
again from ¢ by substituting v everywhere by the term 7, holds in 8B’. By the
induction hypothesis, we have €’ =y*. But then, there exists a k: V—~|¥%’| such
that k(v)=1® and thus W =yY[k]. So, there is an assignment k:V'—|A’| for
which U’ =y[k], whence U’ = Jvy.

We quote Lemma 3.2.1 from [2], p. 124.

Lemma 2.9. Let X be a consistent set of sentences in an arbitrary first order
language L and let I' be a set of sentences in L which is closed under finite dis-
junctions. Then, the following two assertions are equivalent:

(i) X has a set of axioms Z, such that 2, ST,

(i) If W is a model of X and every sentence @€l holding in W holds in B,
then B is a model of X.

It is easy to check that the proof of this lemma in [2], p. 124, does not depend
on the presence or lack of-equality, hence we can use it for equality-free languages,
as well. :



48 P. Ecsedi-Toth

The next assertion is the stronger form of the preservation theorem concerning
submodels.

Lemma 2.10. Let X be a set of sentences in an arbitrary equality-free lan-
guage L. Then, the following two conditions are equivalent:

(1) X is preserved under submodels,

(ii) Z has a set of equality-free universal axioms.

Proof. Itisimmediate that (ii) entails (i.) To prove the converse, let us suppose
that X is preserved under submodels, and let 2 be a model of Z. Let B be such
that every equality-free universal sentence holding in % holds in B. Then every
existential equality-free sentence true in B is true in W. For if this is not the case,
i.e. there exists an existential equality-free sentence, say ¢, such that B=¢ and
U@, then A= —1¢. But ¢ is a universal equality-free sentence, thus, by
assumption B 7.

Consider the theory X2'=XUTIy, where Iy is the equality-free diagram of
B. X’ is consistent (provided X is such), since for any finite set

{86(bos s By), ooy Om(bgs ..., b)}E Ty,

the existential equality-free sentence

Y = (3% --. 3%)(06(x0s -5 XA .. NO (X, -5 Xy))

is true in B, hence in A, too. Thus, ¥ is consistent with X. By compactnesss
2’ isconsistent, and has a model €. Sowehave €=2 and €=I'y. By Lemma 2.8
there exist structures B’, €’ such that €2C’, BEB’ and B'=C’ in the equality-
free sense. X is preserved under submodels, thus € =2 and so B'=2. Again,
by the preservation property of Z, B 2.

Let I' be the set of all sentences, which are equivalent to universal equality-free
sentences. Obviously, I' is closed under finite disjunctions. Thus, the conditions
of Lemma 2.9 (ii) are satisfied, and we obtain from Lemma 2.9 (i), that ¥ has a set
of universal equality-free axioms.

This proof follows closely the proof of Theorem 3.2.2 in [2], p. 128. The only
difference, that we use the equality-free diagram of B in place of the diagram of
B in the original proof.

Lemma 2.11. Let L be an equality-free language and X be a set of sentences
in L. If X is preserved under finite meets, then X has a set of universal axioms
in L.

Proof. Let us suppose, that Z is preserved under finite meets, i.e. if A=2
and BE2Z, then ANB=2, provided the meet exists. In contrary to the assertion,
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let us assume, that no set of universal equality-free axioms exists for Z. Then X is
consistent and by Lemma 2.10, there exist & and B such that BCWA, U=, B
hold. Let us define A’ as follows. We set first

2] = [B]U (2] — B x {1]}).

Let h:|U|—|W| be a mapping such that
(16) . h(b)y=>b for all be|B|,
an h(a)={(a, |U|) for all ac|A[—|B|.
Clearly, h is one-one and onto, hence we can define:
(18) R™ = [ay, ..., @) | oy --.r @€ |W|ACH(@y), -.., h~1(a,)) € R}
for all r€#, such that t4(r)=n+1;
(19) Ef Gy, s ay) = h(F (1 (@y), ..., h~Y(ay))
for all fc&, to(f)=n+1 and g, ..., 4, |;
(20) . c = h(C®).

It follows from (16), (17), (18), (19), (20), that A’ is isomorphic to U - (by A) and
so W =A. Thus, we have A =2. Themeet of A and WA’ exists by the construction
and ANA' =Y.

We obtain that X is not preserved under finite meets, a contradiction.

Lemma 2.12. Let L be an equality-free language and X be a set of sentences
in L. If X is preserved under finite meets, then X has a set of axioms consisting
of universal equality-free Horn sentences.

Proof. Leét us suppose that X is preserved under finite meets, but, in contrary
to the assertion, Z has no set of axioms consisting of universal equality-free Horn
sentences. By Lemma 2.11, however, % has a set I' of universal equaﬁty—free
axioms. It follows from the indirect assﬁr'nption that 2, hence I' is consistent.
Again, by the absurd hypothesis, there exists (at least one) sentence @€I' such that
¢ is equivalent to a sentence of the form

e . v AR V)
u=1 \i=1 i=1

.where z,n€w and forall u. (1=u=z), 5,, m,€w; moreover each. p,,;, q;, (1=i=s,,
l=j=m,) is a prime formula in which at most x,, ..., x, can occur; and ¢ is

4
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not equivalent to any sentence of the form

(22) (%o - 3 A (K £~ 41

where n, z, 5,, py» 4, arejustasin (21)and j=1, ..., m,. For the sake of simplicity,
let us suppose that z=1 and m,=2. Let U be a structure such that A =¢, but

U (Vo Vi) (A s~ @) and Wi (v v (A i~ @),

(Such a structure U exists by (21) and (22), and by the fact that I' is consistent.)
Then, for some ky: V—|U| and k,: V—|A|, we have

= (iZ\1 pi —~ q1] (k] and U x (i/j1 pi— 42] [k2).

Let B be a completely new set of constant symbols such that card (BU¥)=
=card (|]U]). Let by, ...,b,éB be r+1 distinct elements. We can define the
mappings hy: BU%—~|U| and hy: BUZ—~|U| in such a way that both h; and
h, are onto and the following conditions hold: h;(c)=hy(c)=C® for all cc¥,
and hy(b)=ki(x), hy(b)=k.(x;) for all I€{0,1,...,n}. Let Ay =Fr, A and
‘212=8-t,,2ﬂl. By Lemma 2.5, W, ==, in the equality-free sense and thus

QIl = ¢, '912 = @,
(23) ' A - (ié\lpi - %J (K], Uy ¥ (Al b~ qz) [kl

where k[: V||, ky: V-~|2,| such that k;(x;)=b,=k;(x;) for all 1€{0,1,...,n}
(and arbitrary otherwise). Notice, that |U,|=|U,| and {by, ..., b,}<S|,], hence
the definitions of k; and k; are correct. We may assume that k;=k;. Moreover,
using an analogous argument to the proof of Corollary 2.6, it is easily seen that
AN A, exists. :

It follows from (23) and from k[=k; that

0% e (A p - 4V 1)

hence U, N W;k=¢, contradicting the assumptibn that X is preserved under finite
meets.

. Using a simple induction, one obtains contradlctlons in a similar way for all
Z=1 and m,=2. : C
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-~ We remark that this lemma is false if equality is present in the language. For
example, let v
I = {(¥xVVz) (x = yVx = 2)}.

Clearly, X is consistent and is preserved under finite meets, for any structure U is
a model of Z iff card |A|=2.

The following assertion is the converse of the lemma above, and establishes
the easy direction of our preservation theorem. It is true, however, for arbitrary
first order languages with equality.

Lemma 2.13. Let L be an arbitrary first order language and £ be a consistent
set of sentences. If X has a set of axioms consisting of universal Horn sentences,
then X is preserved under finite meets.

Proof. It suffices to prove that every universal Horn sentence ¢ is preserved
under finite meets. We proceed by induction on the construction of ¢.
" Let ¢ be a quantifier-free basic Horn formula and assume that the free variables
of ¢ areamong {x,, ..., x,,}- By definition, ¢ is equivalent to one of the following
two forms:

or

9 %o - Vo) (A 2s + ),
25) (Vo ... VXn) [‘I iZ\IPi) ,

where p;(1=i=s) and gq are prime formulac and s€w. (As usual, we allow
5=0, in which case ¢ is equivalent either to ¢ or is inconsistent; the latter possi-
bility is, however, ruled out by the conditions.)

For illustration, we consider the case when ¢ is equivalent to a sentence of
the form (24); the other one can be treated similarly.

Let %A, and A; be two structures such that A, N A; exists and both structures
are models of ¢, i.e.

26) e (v vx) (A~ a) G=0.D.

Let k: V|, AA,] be arbitrary and distinguish the following two subcases:
@7 _ Uy DA, = q[k],
28) ' W N YA, = g[k].

If (27) holds, then by propositional logic, we have immediately that

@) 0%, = (A 7~ )1

4*
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If (28) is the case, then by the definition of the meet, it follows that for some
J€{0, 1}, U;k=q[k’] where Kk": V—~[U;| is such that Kk'(x)=k(x;) for all
{0, 1, ..., m}. From (26), we have that '

U; = _/_\lp,[k'].
Again, by the definition of the meet, it follows, that

g
AU, & A pilk]

thus, by propositional logic:
() % 0% = (A pi -+ g 1
Putting (29) and (30) together, we obtain that for arbitrary k, (26) entails that

%0 = (A 5~ g ]

which is equivalent to

>0

W DA, = (VXg ... me)( pi —~ q},

i=1

hence Uy N A, is a model of ¢.

It is clear, that the induction goes through for conjunctions of quantifier-free
basic Horn formulae. ‘

Let us suppose now, that ¢ is equivalent to a sentence of the form (Vyx)y,
where  is a conjunction of quantifier-free basic Horn formulae. Assume that
Wo = (VxW, A =(vx) and that A, N Y; exists.

Then, for arbitrary ko: V—|,| and. ky: VU], -

Uy =Ykl and U, = Y[k,
respectively. It follows that for arbitrary k: V—|, N A,|, we have

W MU = Y[£]
and thus W, N A =(Vx)Y.
Applying a trivial induction on the number of universal quantifiers (in the
prenex form of ¢), the lemma is established. '

We note that the proof does not depend on the form of prime formulae oocurriﬂg
in @, hence the assertion is true for languages with equality, too.

Theorem 2.14. Let L be an equality-freé first order language; let X be a set
of sentences in L and assume that K is the class of models for X. Then, the following
two assertions are equivalent: o
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(1) K is closed under finite meets.
(ii) X is equivalent to a set of universal equality-free Horn sentences (in L).

Proof. (i) entails (ii), by Lemma 2.12. The converse follows from Lemma 2.13,
provided X is consistent. If X is inconsistent, then (i) trivially holds by definition.

We note that this theorem does not generalize to arbitrary first order languages.
More precisely, (i) does not entail (i) if equality is present in the language, as was
shown by the counterexample after Lemma 2.12. The converse implication (11)=>(1)
is, however, true in general.

2.16. Let L be an arbitrary equality-free language and K be a class of
structures for L. K is an elementary class in L iff there exists a set X of sentences
in L such that

K = {H|A = Z}.
If X consists of universal equality-free Horn sentences, then, K is said to be a quasi-
variety in L.

The following assertion is a version of the well-known theorem of Lo$ (cf. [2],

Theorem 4.1.12, p. 173) for equality-free languages.

Lemma 2.17. Let L be an arbitrary equality-free first order language and
K be a class of structures for L. Then, K is an elementary class in L iff K is
closed under equality-free elementary equivalence and ultraproducts.

Proof. Completely the same as the proof of Theorem 4.1.12 in [2}, p. 173.

Corollary 2.18. Let L be an arbitrary equality-free first order language
and K be a class of structures for L. Then the following two assertions are equi-
valent.

() K is closed under finite meets, ultraproducts and equality-free elementary
equivalence. '

(ii) K Is a quasi-variety in L.

Proof. Immediate by Theorem 2.15 and Lemma 2.17.
We note that this corollary does not generalize for languages with equality;
more precisely (i) does not imply (ii) if the equality is present (cf. the counterexample

. after Lemma 2.12). The converse, however, holds for arbitrary first order languages,
by Lemma 2.13 and Lemma 2.17.
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