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Small sum sets and the F aber gap condltlon :

ROBERT E. DRESSLER and LOUIS PIGNO’)

’ Our purpose in, thls paper 1s to andlyze sets satrsfymg a small sum set condition
m terms of the clas51cal Faber gap condmon and to prove a shape Tresult for sets of
positive upper Banach densrty]

For srmphcrtys sake we w11] take all sequences (before Theorem 4) to be
increasing sequences of non-negatlve integers. As usual, Z+ stands for the set of
positive integers. .0 Pl SR

Definition 1 (The Faber gap condition of order p). If S= {s . and pEZ*,
then §.is said to.bean F), set.if s,4,—5,> <.

Definition 2'(Lacunarity condition L,). A set S is-said to satisfy condition L,
if for every infinite sequence {n _1‘, \lim (S—n ;)| s finite. Proceeding inductively,
we say that S satisfies condmon L, if for every sequence {n , the set lim (S—n;))
satisfies condition L,_;.; : . .

Definition 3 (Generallzed Faber gap condition F ‘")) If-S is an L, set that is
not L,_; and for some fixed p every n fold iterated lim inf has no more than p ele-
ments, we say S has property F®.

Definition 4. If n=2, then aset Sis sald to be a g, set if
sup {min (4sl, |4, .y [4): Ay + Aot ... + 4, C S} <o,

Examples of ¢ n S€ts are constructed in [4] and [5] see also [3] Notice that any Q,,
set (n=£2) is an L _y'set.
Our first theorem shows that conditions F, and F} M coincide for all p.

Theorem 1. S is an F, set lfand only if S is an FQ" set..

Proof Assume only for the-sake -of notation that p=2. We will show that
S={s;};2, is'an F,set but.not an F,_, set if and only if sup [lim (S —s;)|=p,

where the sup is taken over all subsequences {s Ji.cS.
b
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First, suppose S is an F, set, but not an F,_, set. Then by the pigeon hole prin-
ciple there is a subsequence {s;};-, such that for each ¢ with 1=r=p—1, s;,,~s5;
is constant for all i. It follows that

{0, Sj341 =) Sjyre—Sjps s Siep1—Sit H{S}Z1 © S

which implies that [lim (S—s;)|=p. On the other hand, if |lim (S—s;)|>p for
some {s;}CS, theén there exist x;<xp<..<x,.; such that, for some Ne¢Z+
and each f with 1=t=p+1, x,+5,€S for all /=N. C!early ’then § is not an F,
set. ’ ' C

Now suppose sup [lim (§—s;)|=p. If S were not an F, set, then there would be
N¢Z~* and a subsequence {s 21<S such that s; . ,—s; <N for all /. An argu-
ment similar to one we used above shows that Ihm (S—s; )| >p+1 which is a contra-
diction. In addition, if {s;}2,cS and’ Xy<Xp<.. .<x, are such that for each ¢
with 1=1=p, x,+s; €S for all sufficiently large i, then 'S is not an Fo i set.

The next theorem relates the e property and the F property

Theorem 2. If S is a g, set with sup {min (|A1| |A2|) A1+A°CS}—p,
then S is an F, set.

Proof. If S were not an F, set, then there would exist N€¢Z+ and a subsequence
{s;};2,€ S such that s;, ,—s; <N for all i. As in the proof of Theorem 1, there
are infinitely many /’s such that for each ¢ w1th I=t=p, 5; (,—5; is constant for
all such /’s. Thus,

{0, 8,41 =80 S 42— Sjis o5 sj.»+p—si.-}+{5'j.~}i°?-1 cS

and so sup{min (|4,}, [4s]): 4;+A4,CS}=p+1 which is a contradiction.
Next we relate the g, (n=2) property and the.iterative property F&.

Theorem 3. Let n=3. If S is a g, set with
sup {min (|4;], [4al, ..., [4a]): A1+A2+ .+4,c S}

and S is not an L,, 2 set then S is an FI"™V set.’

Proof. Suppose S is as in the hypothesrs and that in contradlctlon of the con-
clusion, the cardinality of some n—1 fold iterated lim inf of § (with respect to se-
quences {s¥)2,, 0=k=n-2) is greater than p. Then there are y;<y,<

Yp+1€Z* such that for each with 1<tSp-t-1 y,+s("‘2)61im><
X( (hm (lim (S =57) ~sP)... —s&=9)) for all sufficiently large i. Next for each
t with 1=fsp+l, y, +s("“2)+s(" ¢lim (.. (_(S s(")) sy =5 4))
for all sufficiently large /, etc.

Finally, we have, for each ¢ with 1=t=p+1, y,+ s("‘2)+s‘" g +s(‘)+
+s(°’ES for all suﬁicrently large i. “This contradicts ‘the hypothesrs that S is On
dnd we are done. : : o



Small sum sets and the Faber gap condition 23§

Note. Theorem 3 tells us that if we have a g, set that is not L, _, then whenever
we take n—2 lim infs we have arrived at either-an F, set or a finite set. - .

The next theorem, of interest in itself, and whose proof may remind the reader
of Lukomskaya’s proof of van der Waerden’s Theorem.in [6], will help us relate
density to the F® property. We need the -following definitions.:.

Definition 5. If EcZ, then the upper Banach density of E is deﬁned by
Bd(E)—llm sup (lENIN/|1), where I ranges over all bounded mtervals inZ. =

Theorem 4. Let E={e}7,. If Bd(E)>() then for each j=0, there exists
&, M; and k; such that o S
{eij, ceey ei}+Mj}+kj (o {e;j+l, ...,.e,-jﬂ+M’,H}

with 0<M;<M; ., and, for j,#j,,
{elj y - ell +M_,}n{ell (2] et, +Mlx} = g'
In addmon there exists M =0 such that for each 7

eij+Mj—e.'
— 2 J
M®

M;+1>

Proof. Say Bd(E)=1/N, for some Ny¢Z+*. Then there cxist infinitely many
integers x, such that |EN[xg, xq+Ngl|=>Ng/2Ny=1/2. Form at most 2Met1_1
classes of such intervals [x,, xo+N,] according to the “shape” of EN[xy, xo+No].
Call such a class by the generic name C. At least one C, is infinite.

Next, choose N,€Z* such that N, divides N, and Ny/2N;>N,+1. Now there
exist infinitely many integers x; such that EN[x;, x, +N,]>N,/2N,. We take such
intervals that contain a member of some class C,. Notice that by breaking up inter-
vals of length N, into consecutive intervals of length N,, we see that, exéept for
finitely many intervals, each interval of length N, which has at least N,/2N, members
of E must contain at least one member of one class Co (for if not, all but finitely many
such intervals of length N, would have fewer than (Ny/N,)(N,/2N,)=N,/2N, memn-
bers). Since there exist infinitely many intervals of length N, which contain a member
of some C, we must-have infinitely many such intervals containing infinitely many
members of the same class C,. In addition, if we classify these intervals [x,, x,+ Ny]
according to the “shape” of EN[x;, x;+N;] we see that at least one.such class of
intervals is infinite. Call such classes of intervals of length N, by the generic name
C,. Notice that since N;/2N,>N,+1, we see that the intersection of E with any
‘member of any C, has more elements than the intersection-of E with any member of
any C,.

Now choose NgE Z+ such that N, divides N2 and- N42N°>Nl+l We repeat
the construction to obtain at least one infinite class C, of intervals of the;form
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[xz, x;+N;] all.of whose members have the same “shape” when intersected with £
and, for some class C;, each of whose members contains a member of C,. Continue
in this manner. Notice that at the j® stage, starting with j=0, only finitely many of
the.intervals [x;, x;+ N;] .which contain at least a proportion-1/2N; of elements of £
do not belong to some C;. Also, no two classes C; need be disjoint.

We thus may obtain, for each j=0, an 1nterva1 {x;, x;+N;]€C; such that the
mtervals are palrw1$e d15j0mt and such that for each _]>0 there is a k; €z with

(ENIx;, x; +N])+k C(En[x1+17xj+l+ Niul)
where since N,,,/2No=N;+1, ‘
[EN[x;, x;+ Nl < |[EO[xj 41, X114+ Njnll-
If we write {e,.j, s e,.j;'Mj}'=E N[x;, x;+N;], the proof is complete.
Corollary. If E is an L, set for some n then Bd(E)=0. ‘

Proof. If ITI(E)>O; then if e, is the smallest element of EN[x,, Xo+No]
and {n;}}7,={eo, €o+ko, €g+kotky, ...} then lim (E—n;) contains the set -

— ’ 7
B, ={0,e:—e;, 03— €5, ...,e,,—€,€,,—¢€, ...

...,eﬁl—el,eﬁ?l—e{z), vy eP—e®
where - : : . i
a EN[xg, X0+ No} = {1, ... €.}
En[xla X1+ Nl] = {eis ceen e:l}s

EN[x;, x; +N]-— {e?, .. ,e,)}

By construction Bd(B,)>0 because for each j, {¢{, ..., &’} contains at least a
proportion 1/2N, of the interval [x;, x;+N;]. ' '

~ Now, perform the construction another n—1 times to obtain a set B, w1th
Bd(B,,)>0 Clearly then E is not an L, set.

Definition 6. Let N€Z+; a subset P of Z is a parallelepiped of dimension N
if P has exactly 2¥ elements and can be represented as a sum Py+...+Py of N
two-element subsets.

It is -easy: to see that if E does not contain parallelepipeds’ of -arbitrarily large
dimension, then E is an L, set for some n. Thus, an easy.consequence of our corollary
is that if Bd(E)=0, then E contains parallelepipeds of arbitrarily large dimension;
this fact for natural density was first pointed out in [1]. It is also proved in [1] that if
E is a p-Sidon set, a A(1) set, or a UC-set, then there is a N€Z+ for which E con-
tains no parallélepiped of dimension N; see [1] and [4] for some definitions.It is also
known that such an analytically defined E cannot contain arithmetic progressions of



Small sum sets and the Faber gap condition 237

arbitrary length, hence, it also follows from the work of E. SZEMEREDI [7] that such
sets have natural density zero. On the other hand, it is quite easy to construct an L,
set containing arbitrarily long arithmetic progressions.

We conclude our paper with two examples which delineate the scope of The-
orem 3.

Example 1. Let A,={3"43%: ncZ+), A,={3"+3%: ncZ+}U{3*'+3%:
neZ+y, .. _{311:‘-{-32": n€Z+YJ..-U {3 +32"""": n¢Z+} where p, is the 1™

prime and 1—1+Z' i Let §= UA Then S is clearly not g, but since

Sc {3%": neZ+}+{32". n€Z*}, Sis a g; set.

In addition, it follows from {2, p. 76] that S'isan L, set that is not F, for any p.
An appeal to Theorem ! now confirms the following assertion: Given any natural
number p there is a sequence {n;};2., such that o> |lim (§'—n;)|>p.

Example 2. Fix g€Z*. Let {a,,}, {b,}, and {c,} be pairwise disjoint increas-
ing sequences of positive integers. Let 4]={3%} and A}={39). Let A2={3%, 3%}
and A2={3¢, 3%}. Let A3={3%, 3%, 3%} and Aj={3%, 3%, 3%}, etc. Finally, let

S= U [({301, 302, ”_,30,,} UA’]')‘I'AE].
n=1

By construction, § is L, (indeed it is F,,,). Also if {d,} is any sequence such that
d.€ A4} for each n, then {3%,3%, ..., 3%}Clim (S—d,). It follows from say [4] that

sup {min (|4y], |4, [4s]): 41+ A2+ A5 C S}

is bounded above for all ¢. Clearly ¢ could have been chosen greater than this bound;
thus sup {min (|4,], |4.}, |4s]): A+ A+ A45C S}<sup [lim (S—n;)|=g+1, for ¢
sufficiently large.
Examples 1 and 2 show that the hypothesis in Theorem 3 that Snotbean L,_,
set cannot be relaxed.
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