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Factoring compact operator-valued functions
H. BERCOVICI, C. FOIAS, C. PEARCY, and B. SZ.-NAGY

Dedicated to the 60th anniversary of Prof. K. Tandori

1. Let $ be a separable Hilbert space and denote by L(9), 4 (D), €.(D)
and F(9) the sets of all bounded linear operators, compact operators, trace-class,
and finite-rank operators acting on §, respectively. We set C={icC: |[i|=1} and,
if X is a Banach space and 1=p=o, we denote by L?(X) the space of (classes of)
Bochner integrable functions f defined on C, with values in X, such that

2n 1/p
171 = (s [ 17 dt) <= (=), 171w = esssup 7] <=

Assume that $ is infinite dimensional. It is fairly easy to see that for any function
Ze (A4 (9)) one can find functions X, YEL*(A(H)) such that Z=Y*X in
LNA (D)), ie., Z(e")=Y(€")*X(e") almost everywhere on C.

In this paper we show that under certain conditions, the functions X and ¥ can
be chosen such that the $-valued functions X(e")h, Y(e¥)h (¢*€C, h€H) belong
to a certain prescribed functional model space. The methods used here were
developed successively in [8], [6], and [2]. Another factorization theorem for
Hilbert—Schmidt valued functions is proved in [1], where the operator-theoretic
implications of such factorizations are studied in some detail. We hope that these
factorization theorems will prove to be relevant in the study of infinite dimensional
systems.

The research in this paper was essentially completed in 1981 and partially inspired
our subsequent work.

2. We will use the notation H?(X) for the Hardy subspace of L?(X). If X=C
we write H? and L? for H?(X) and L?(%), respectively. If o is a measurable subset of
C, then L?(o, X) will denote the space of all functions f€L?(X) that vanish almost
everywhere off o. '
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2.1. Definition. A subset S of the unit ball of H? is said to be dominating for
the measurable subset ¢ of C if the closed absolutely convex hull of the set {|o|?,:
@€S} coincides with the unit ball of L'(o):

22 aco (|l x,: 9€S} = {fcLi(o): I/, = 1).
Here, as usual, y, denotes the characteristic function of the set o.

In order to provide some motivation for the preceding definition let us compare
it with the following one, suggested by one of the basic theorems of BROWN, SHIELDS
and ZELLER [4] (these authors only consider the case in which ¢=C).

2.3. Definition. A subset 4 of the unit disc D={i: |[A|<1} is said to be
dominating for the measurable subset ¢ of C if almost every point of ¢ is a nontan-
gential limit of a sequence of points in A.

To see the connection between the two definitions let us consider the functions
(2'4) p[t (Z) = (1 - I""IZ)l/Z(l _ﬁz)_l, z€ Ca #ED’

which belong to H?, and indeed to H=, and for which |p,(2)|* equals the Poisson
kernel function P,(2)=(1—|[u/D|1 —jz]"%; ||P,l,=1.

2.5. Proposition.‘lf a subset ACD is dominating for o<C, then S=
={p,: u€AyC H* is also dominating for .

(See Lemma 1.2 a) in [2].)

2.6. Lemma. Assume that $ is a separable Hilbert space, o is a measurable
subset of C, and S is a subset of the unit ball of H?, dominating for ¢. Then the closure
in L\(o, A (9)) of the set

T={2 9}l C; (finite sums): @;€S, C,€F(9), JIC;| =1}

coincides with the unit ball of L'(o, 4 (%)).

Proof. The dual space of L'(o, #($)) can be identified with L=(o, %,(9))
via the bilinear form

1 2r . .
@7 (FG)=-5- [ (F(eMG(e)dt, FEL=(o,%(9)), GeL'(o, A (S)).
0
The set X is convex and balanced, and the Hahn—Banach theorem implies that
it suffices to show that

2.8) sup {{F, G)|: G€Z} = |Fl. for FeL=(o, %\(9)).
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Since X is clearly contained in the unit ball of L'(e, #'($)), we have
KF, Ol = |Fll»|Gl, = | Fl for GeZ,

and so it remains to check the opposite inequality. The hypothesis that S is dominating
for o shows that the closure of X contains all functions of the form fK with f€L'(0),
KeA(9), Ifl1=1, |K]|=1. Let {K,}be a dense sequence in the unit ball of ' (H).
Then we have |R| =sup {itr(RK )|} for every RE,(H). Thus, if FEL™(a, 6:(9)),

we have
1F@)l, = s'unp{]tr (F(2K,)}, zeC.

(Here and in the sequel we indicate by z€C a relation that holds almost everywhere
on C.) The following calculation is justified for z€C:

|F@I = sup{jer (F()K,)[} = sup {Jjtr (F(-) K,)]|--} =

= swpsup{| [ e (R )] ferion, 171 = 1) =

= supsup {[(F, K,): fELA(o), ISl = 1) =

sup {|KF, fK)|: feL'(0), KeA(®), |fl. =1, |K| =1} =
sup{|(F, G)|: GeXZ~} = sup{|{F, G)|: GeX}.

This yields || F|.=sup {|{F, G)|: GEX}; hence (2.8) holds and the proof is com-
pleted.

IA

IIA

3. We recall now some notation pertaining to functional model spaces; cf. [7].
Let & and § be separable Hilbert spaces, and assume that @: D2 (%, &) is

contractive and analytic: [[@(A)[=1 and @(/l)zg')f@k (0.£2(F &)) for
0

A€D. Thestrong limit @(z)= Jim ©(rz), andhence 4(z2)= (I-0@)*0@))2 also

exist for z€C, are strongly measurable functions on C, and generate an analytic

Toeplitz operator To€ £ (HA(§), HX(F')) and a multiplication operator 4€ £(L3(F))
by setting, for z€C,

(Tew)(2) = O(Du(z), ucH*(F), and (4v)(z) = 4(2)v(z), vEL*(F).
Next we construct the function space
K, = HX(F)S(ALA®),
the bar indicating norm closure, and observe that

G.1) : Vu = Tou®du, ucHAF),
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. defines an isometry from the space H?(§) into the space K, . As a consequence,
® =VH*@) and H(O)=K,0606

are subspaces of &, ; H(0) is the “functional model space” associated with the
contractive analytic function 6.

All these spaces will be regarded as subspaces of the Hilbert function space
LX(Fod.

Note the following relation between the adjoints of the operator T and the
operator @€ L (LA(F), L*(§)) of multiplication by the function ©(z) on L*({):

(Tev)(2) = [0"v].(2), veEH*(F), z€C,

where we denote by [ ], the natural orthogonal projection of any (scalar- or vector-
valued) function space of type L? onto its subspace H?2. '

Let us also note that for any fixed z,C for which ©(z,) has sense,
V(zg)a = O(zo)a®A(zp)a, a€F, defines an isometry of § into F D F.

It will be of importance for us to consider elements of $H(@) of the form
Py oy (u®0), uc H*(F'). Straightforward calculation gives

Ps(e)(u@()) = (U@O)—VT;U,
and hence,
(3-2) 1Psoy(u®O)? = ull*— [ Tgu]?
where the norms are in the spaces L*(§ @& &), LX(&’), and L*(§), respectively.

If u(z)=¢(2)a, z€C, where @cH? and ac@’, let us denote Pg, (ud0)
by @oal) Thus, we have

(33) (@ 0a)(2) = (¢ (2)a®0)—V ()T (@) (2), z€C.
From (3.2) it is clear that
G4 lpoal. = ol laf.

On the other hand, we deduce from (3.3) that
(e )@ = lp(llal +][0*pal. (2], z€C.

In the special case of the functions ¢,(z)=z" (m=0, 1, ...) we have

[0 pnali (2) = 5 2" *O5a.
k=0
1z . )
Since 6k=—2-— f e M@ (e")dt is a contraction we deduce that
T g

ll0*pnal. (2 = (m+1)]a], z€C,

1) In the paper [2] the notion goa was only used for the functions ¢=p, (u€D) defined in
(2.4), and p,0a was then denoted in the shorter form poa.
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and we conclude:
(3.5) (emoa)(@)] = (m+2)]al.

Let us notice, furthermore, that for any f€§ and f'€§,

(@nod@, S'f) = (02777~ Z 20,4 (F0p), =C

Hence we see that if a runs through a sequence in §” converging weakly to 0, then
(pn0a)(z) also converges weakly to 0 in § @ F, z€C. By virtue of linearity of
¢ oa with respect to ¢ this statement extends to the finite linear combinations of the

M
functions ¢,,, that is, to all polynomials p(z)= > c,2z™.
0
Assume now that $ is a separable Hilbert space and denote by LA(A' (9, F & &))
the space of norm-square integrable functions ¥ with values ¥ (z) compact operators
in £(9, FSF). The adjoint Y* of such a function, Y*(2)=(Y(2))*, z€C, is in

LA (F T H) Since the function (poa)(z) has its values in FF
(indeed, @ oac H(O)), the function

(Y*(@oa)(2), z€C,

makes sense, is measurable, satisfies

0

2

[P (poa =5 [ 1¥*E)poa) (e di =
= o [ 17" @1 o)l di = [¥alpoals,

and, by virtue of (3.4),
(3.6) IY*(poa)ly = Y|l el.]al.

3.7. Lemma. For any given YEL}(A'(H, F & ®), o€ H?, and for any sequence
of elements a,€§ weakly tending to 0, we have

[Y*(@oa)l >0 as n—ee

Proof. As weakly convergent sequences are bounded, we may assume that
llal=1. Fix e=0 and choose a polynomial p such that |¢ —pll,<¢ (any sufficiently
large partial sum of the power series of ¢ does it). As we have already proved,
(poa,)(z) converges weakly to 0 in F @ F for z€C. Compactness of the values
of ¥ implies then that Y*(poa,)(z) converges strongly to 0 in 9, i.e.,

IY*(poa)(2)| ~0, z¢C.
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On the other hand, we deduce from (3.5) that [[(poa,)I=Mla,|l=M, for a
finite constant M, only dependent on p; and therefore,

1Y*(poa)@)| = Y (2| M,.
As ||[Y*(2)|l is square integrable by assumption, it is L'-integrable too, so we can

apply the Lebesgue dominated convergence theorem to get

1Y*(poa,)|. — 0.
In its turn, (3.6) yields, when applied to ¢ —p in place of ¢:

IY* (e —p)oay)h = 1Y *olio—plellaa] = 1Y *|.e.
So we have

IY*(@oanl = ||Y*((9—p) oa,)i +IY *@oanls = [Y*|se+o(D).

As &>0 was chosen arbitrary this concludes the proof of Lemma 3.7.
A function YE€L(A(H, F @ F)) will be said to be H(O)-oriented if YheH(O)
for every h€$. The following examples will be of particular interest.

38. Lemma. Let o€ H? and ACF (D, §'). Then there exists a H(O)-oriented
Sfunction @oACL}(F(H, F DF)) such that

(pod)(2)h = (podh)(2), z€C, heH,
and )
lg oA, = [¢]s (rank 4)V2|4].

Proof. Choose an orthonormal basis {e;}] in (ker A)* (r=rank A); then we
have Ah-——zr' (h,e;)a; for a;=Ae; and for all h€H; and hence,
1

3.9) (@oAn(@) = 3 (he)(poa)(), z<C.

Recall that each @ oa; is a vector in the space L*(F @ &) (indeed, in its subspace
$(0)), and therefore is a class of equivalent measurable functions. Choose represen-
tative functions from each of these classes, say (@ oa;)” (j=1, ..., r), which are de-
fined and finite valued at every point of C. The sum in (3.9) formed with these rep-
resentatives is linear in h(€9) and therefore yields, for every fixed z on C, a linear
operator of rank =r, which we may denote by (¢ 04)” (z). By virtue of the in-
equalities

|2t ep@oay” @ = 31tk epliooay @) =

= (51 e)P1(S @ oa)” @I =l (3 o oa)” Y™,
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and also using (3.4) we get

2z

lood) i =5 [ Wpod) @)di =

2n

= 30 [ Mgoa) @tdi = 3 loltlel* = foigrlal:

Different choices of the representatives (¢ oa;) " yield equivalent functions (¢ 04)";
denoting their equivalence class by @ o4, relation (3.9) tells us that (p o A)(2)h=
=(p oAh)(z) a.e. on C; and all the further requirements in the lemma are clearly
satisfied also. This finishes the proof of Lemma 3.8.

3.10. Lemma. The operator valued function ¢A®O (p€H?, AEF(H, F))
defined by (9pAD0)(2)h=0(2)Ah®O0 (h€$H, z€C) also belongs to L*(F(H, F O F) ),
and so does the difference

VIgpA = (pAD0)— (¢ o 4);
moreover, we have

WToAl, = |5 pASlel ol (rank Ay |4].
Proof.- The notation is motivated by the fact that, using relation (3.3), we get
(VTgoA)(2)h = (9pAB0)(2)h—(p o A)(2h =
= (¢ (2) 4h®0)—~(p 0 Ah)(2) = V (2)(TgpAh)(2), z€C.

The inequality follows by reasons analogous to those applied in the proof of
Lemma 3.8.

Remark. Since V(z) is an isometry, one easily sees that the same inequality
holds for TgpAcL}(F(9H, &) too.

We shall assume from now on that dim § = co.

3.11. Lemma. Assume that @CH* and that A,€F(H, §) (j=1,2,..)) are
such that the norms and ranks are bounded, say

[4;] =M, rank4;=N (j=1,2,..).

If, in addition, the ranges A;$ (j=1,2,...) are pairwise orthogonal in §', then
lim [7*(p 0 Al = Jim [(po A )" Y], =0

Jor every YECLX(H(9, F &F))

Proof. As (Y*(¢o0Ad)(2))*=(po0A)*Y(z), z€C, equality of the limits is
obvious, and therefore we may treat the first limit only.
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Because rank A4;=N, there exists an orthonormal sequence {e;;}¥_,c$
such that

N
A;h= 2 (h,e;)a;, for a;,=Aje;,, h€H, and j=1,2,...
n=1

It follows that
N
Y*(QD OAjh) = glv(h’ eju)Y*((P oajn)'
As |(h, e;)|=]lh] this implies that

IY*(@od)l: = 2 1Y *@oal.

Now, for fixed n, the sequence {a;,};-, is orthogonal (because a;,€4;9H) and
bounded (by M), and therefore weakly convergent to 0. Thus, by virtue of Lemma 3.7,
we have ,]Ln; Y*(¢ ca;,)|,=0. Summing for n and applying the above inequality
we obtain that }Lﬂl 1Y *(p 0o APl =0, and the proof is done.

4. We shall be keeping &, & and O fixed, with dim § =<. For every nonzero
function @€ H? the space ¢F  can be considered as a subspace of H3(§’), and hence
we can define the operator A,€Z (o, HX(F)) by

A, (pa) = Tg(pa), ac¥F’.

Note that ¢’ is also infinite dimensional, so that the following notation makes sense :

ﬂe((P) = infae((A;Aq:)l/Z)’

where o, denotes the essential spectrum. This function is in the following relation

with the function
fe (1) = inf 0,((O(w) © (W)*)V?), peD
considered in [2]: .
ne(py) = fle(n), peD.

Indeed, denoting by @(§") the set of finite codimensional subspaces of &', and apply-
ing relation (2.13) of [2], we deduce:
ne(py) = info ((4;,4,)V*)= sup inf |4, (p,a)],=

= ~y a€F
Fo€ @) 32

= sup inf |Tgp,al:= sup inf |OW)*a] =
FoCO®) Il‘laelli&l o€ 2@) l;zaelliol

= inf o, ((0 (1) (1)")"?) = ().

Re = {p€H?: 0 < 9]z = 1, n6(p) = 0}

The set
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will play an important role in the seqﬁel. Clearly,

Ro D {p,: ueD, flo(1) = 0}.

4.1. Lemma. Assume that {@;}7 CRg, and that {g;};° and {N;};" are sequences
of positive reals and positive integers, respectively. Then there exists a sequence {§};
of pairwise orthogonal subspaces of § satisfying the following conditions:

() dm@ =N, G |T3le;§l=e (G=1,2..).

Proof. Denote by E; the spectral measure of the self-adjoint operator
(A:qu,j)”z. Since ng(¢;)=0, the space E;[0, ¢](¢;§) must be infinite dimen-
sional. A straightforward inductive argument proves the existence of orthogonal
subspaces §;C& with dim §;=N; and such that ¢;F;CE;[0, &](¢;§). These
subspaces also satisfy condition (ii) so the proof is complete.

We are now almost ready to prove the factorization theorem which is our main
aim in this paper. The proof will be by stepwise approximation, and the basic step
is as follows.

4.2. Lemma. Suppose that the set Rg is dominating for the measurable set
o C. If we are given 1=>0, a function ZELMA' (D)), H(O)-oriented functions
X, Y ELZ(.}K (Sj,,‘i}_’ea%)), and a positive number @ such that

% (Z-Y*X)|1 < o,
then there exist $(O)-oriented functions X', Y'€ LA (H, F ©F)) such that
) (Z=Y*XWNa<n; and (i) [X'—X[,<o'? |Y'-Y], < o'

Proof. Fix £=>0 and o’ such that |y, (Z—Y*X)|,<w’<w. An easy appli-
cation of Lemma 2.6 shows that we can find an integer n=>0, functions ¢, @,, ...,
..., 0,€Rg, and operators C,, C,, ..., C,6F(9) such that

43) . H;(,,(Z—Y*X—j:'z'1 lo,C))|i <¢ and gucjn<w'.

Choose now a new positive number & that will also depend on n. We apply
Lemma 4.1 to produce a system {§;;: 1=i<o, 1=j=n} of pairwise orthogonal
subspaces of & such that dim §;;=rank C; and

(44 1Tole; &l <6 (I1=i<e, 1=j=n).

We can then choose isometries W,;: CI$H—~§;;, write the polar decompositions
Bi; =W;4Y* D= WJA}M Uy.
We clearly have C;=Dj};B;; and Bl =Dyl = C;iM2<w 2. In addition, the

ij

3
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spaces {B;;H: 1=i<oo, 1=j=n} and {D;$: 1=i<e, 1=j=n} are pairwise
orthogonal.

We make a final choice using Lemma 3.11: We choose integers i, i, ..
one by one in this order, such that, upon setting

o> By

ij o
we have

@5) [9*(p;oB)lL <9, [P*(@;oDp)fy <6 for ¢=X and Y (1 =j=n),

With all these choices made (we still have to say what conditions ¢ and § must
satisfy!) we define

X'=X+3(9,0B), Y =Y+ (g;oD).

From the general relation ¢ oA=(pA®0)—VTspA, where V is the isometry in
(3.1), pcH?, and ACF (9, §), wehave

IX' =X, = ||z:; <ij,-[|2+1§ 176 ¢, Bl

Since the operators B; have pairwise orthogonal ranges, we have

12 0:Bils = (2181942 = (2N CAAY=
On the other hand, using inequality (4.4) we deduce from Lemma 3.10 that

(4.6) ITe @;Bjll. = 6 (rank B,)Y*[B;| = & (rank C;V2|C;[*2.

We conclude:

"X’—X[lg = @'V +ow’i2 j’ (rank Cj)llz.
1

The same inequality obviously holds for [|[¥'—Y{,; too. It is now clear that é can
be chosen so that the inequalities (ii) of the statement aie verified (note that § is
chosen after the C;, 1=j=n).
In order to verify (i) we first note that the orthogonality of the spaces §;; implies
that
(@D)*@;B; =0 (i #)), (¢;D)*¢;B; = lo;1°Df B; = |p;1C;.
We have

Y*X' =Y*X+Y*(J ¢;0B;)+(Z ¢;0D))* X+,
. 1 1
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where

0= 2 ;"’(w,oo,-)*«piob.-) = lé(cp,-u,-eO)*((p,-B,-eO)Jr

+ 2 ((9;D;®0)* R+ 5*(¢; B;©0)) + S*R,
1
with
R = ? VTg(g;B), S= %’ VTg(@;D)).

Comparing these relations and applying the obvious inegality || LM ||, ={L|,[| M ||,
we obtain: '

It (Z—Y* X", = nxa(z—Y*X—lé |(0|?Cj”1+;n'(”Y*(%OBj)”l-f-

+(e; ODj)*Xlll)+1§ (losllDjll - IR+ 1S 2~ Il 1B;1) + | ST [ Rl

-Applying inequalities (4.3), (4.5), (4.6) and the fact that [|D;|=||B;| =||C;|'?<w,
we infer

It (Z—Y"* XY, = £+2n8+ 260 3 (rank C;}2+6%w (3 (rank C,J2)2,
1 1

and it clearly follows that (i) is verified if ¢ and & are chosen appropriately small.
The lemma is proved.

We prove now the main result of this paper, which is a rather standard self-
improvement of Lemma 4.2. It actually generalizes Theorem A of [2], case $=0.

4.7. Theorem. Suppose that the set Ry is dominating for the measurable set
ccC. If we are given a function ZELM(A(9H)), and H(O)-oriented functions
X, YeL*(A (D, Fox), then for any number w for which |y,(Z—Y*X)|,<wo,
there exist $(O)-oriented functions X', Y'€L*(A(H, F ©F)) such that

() Z()="X")(z) for almost every z€o, and

(i) X' —Xll;<w'? ¥’ =Y [ly<w2

Proof. Choose o’ such that [y, (Z—Y*X)|,<w <, and a positive number
9<1 such that (1-98Y2) " 1w'2<w¥2 Set X,=X and Y,=Y. An inductive appli-
cation of Lemma 4.2 shows the existence of $(©)-oriented functions X,, ¥, (n=1)
satisfying for n=0 the inequalities

[IXd(Z_ Y:Xn)ul <9 CD’, and “Xn-l-]._ nllz’ u Yn+l— n"2 = (snw’)llz'
These inequalities show that {X,}and {Y,} are Cauchy sequences in L*(£(9, § & &))

3‘
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and, upon setting X’'= hm X, Y'= hm Y,, we have
X' =Xl = 3 X=Xl = 3 @0)2 = (1-9) 702 < ol
n=0 n=0

and, analogously, ¥’ —Y |;<aV2. It also follows that [y, (Z—Y’*X’ )||1=0 and
this concludes the proof of our theorem.

We remind the reader of the fact from [2] that the relations in the mtroductory
part of Section 4 imply that the assumption of Theorem 4.7 concerning the set Rq
is certainly satisfied if the right essential spectrum of the model operator S(@) is
dominating for the set o.

A natural continuation of the circle of ideas in this paper takes place in [1],
where applications to invariant subspaces and reflexivity are discussed.

The authors owe to Dr. L. Kérchy for some useful suggestions he has made when
reading a draft of this paper.
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*) Tt should be remarked that the proof of Lemma 2.4 in [2], p. 249, needs some correction
because the term (w!/2rY/2+ w'/%¢+@r)e in the estimate of |[2]| contains the number » depending
on &, and therefore may not be small for ¢ small. However, this situation can be easily remedied by
requiring in the choice of the sequence {b,,}] in (2.23), that [[/(,,05,)*||,=¢/r, instead of =e.(The
term in question changes then to (2w!/?+w)e.)

Further minor corrections for the same page in [2]: in the 2nd rows from above and from below
change S for S,, and (2.19) for (2.20), respectively.



