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On the product of certain permutable subgroups
KERESZTELY CORRADI and PETER Z. HERMANN

Dedicated to Professor K. Tandori on his 60th birthday

1t is well-known that the finite p-nilpotent groups form a Fitting class; in par-
ticular, for N,, N;<«G and N,, N, p-nilpotent, (N,, N,) is also p-nilpotent. In [1}
there was defined 4 (p, g) (generalizing the concept of p-nilpotence) as the class of
finite groups, in which for every p-subgroup P, [N(P)/C(P)] is not divisible by the
prime g. By the theorem in [1], # (p, g) is a Fitting class for any primes ps¢. In
this paper we prove a stronger result:

Theorem. Let G be a finite group and H,, H,=G. Assume that H,H,=G
(ie. HHH,=H,H,) and HM=G(t=1, 2) for every q-subgroup M. Then H,, H,¢
€N (p,q) implies H,H,&N (p, q).

For the proof we need the following lemmas, dealing with the permutability of
subgroups of a group G. (Throughout in the text, p and ¢ are distinct fixed primes.)

Lemma 1. Suppose that H=G and HM=MH for any q-subgroup M. Let
-S' be a subgroup of G then (HNS)YD=D(HNS) for any g-subgroup D in S.

Proof. (HNS)D=HDNS=SNDH=D(SNH).

Lemma 2. Assume H,K,L,T=G and L=HNK. If G=HK=LT then
T=(TNH)(TNK).

Proof. H=GNH=LTNH=L(TNH), similarly K=L(TNK), hence
G=HK=L(TNH)L(TNK)=L(TNH)Y(TNK), thus T=TNL(TNH}TNK)=
=(INLYTNHYTNK)=(TNH)(TNK).

Lemma 3. If R<G, |G:R|=q then RD=DR for any g-subgroup D.
Proof. It can be assumed that Dz R. Let z be an element in D\ R then
R{z)=G={(z)R, hence RD=G=DR.
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Lemma 4. (see KEGEL [4] or [2, p. 677)). Let A and B be subgroups of the finite
group G. Suppose that for all x¢G, AB*=B*4; if AB#G, then at least one of A and
B is contained in a normal subgroup of G, different from G.

Proof of the theorem. By induction; suppose it were false and let G be a
counterexample for which f(G, H,, H,):=|G|+|{H,: HNH,|,+|H,: H\(VHy|,+
+|G: H)|+|G: H,| is minimal. So G=H,H, and there is-a subgroup U=U,U,
in G with a normal Sylow p-subgroup U, and cyclic Sylow g-subgroups like U,
such that all subgroups of U except U are (p-)nilpotent. (For the standard properties
of such U-s we will use see [2, chapter 1V.] or [3]). As U=(U?: r€U), each
H,U=UH,.

(%) For any subgroup X=G and H,=X (for at least one t) X=XNG=
=XNH,H.=H,(XNH,), hence by Lemma 1, X=G or X€A4 (p, ¢). In particular,
HU=G (t=12). N

Suppose U,=H,, then UJ"V:=(U}:s¢eH,NU)=HNU, so HNU=
=Z(U)U,; thus for a suitable wcU we get Uy% H,, hence H,<H,U;, yielding
1=|H U}" H,||(1Uq|, |G- H,[)l(qu{, |[U)=1, a contradiction, which gives

® U £H (=12

(2) Either (i) ¢=|G: H,| and U,= ﬂ H? (for at least one ), or

(i) T:=(Q:Q¢€Syl, (G))=G and (HlﬂHz)T-#G
If T<G then (H;NH)T=G would yield by Lemma 2 that

= (TNH)(TNHYEAN (p, )

by the minimality of G and Lemma 1, contrary to U=T; so (H,(NH)T <G in
this case.

Now assume T=G. Suppose H,Q<G for both ¢ and all Q€Syl (G), then
HE <G for each t by Lemma 4, hence HS, HS€ A (p, q) by (x); so

G =HfHIeN (p,q)

by [1], a contradiction. Thus we can assume H;Q=G (with a Q¢Syl, (G)). Then
with a suitable Q,<Q we get |G: H Q,|=¢g. By Lemma 3 and f(G, H,0Q,, H)=
=f(G, Hy, H)—(|G: Hy|—q) we see that |G: Hy|=¢q. Let x¢G, then G=H,U*
by (1), thus |U*: HiNU¥=|G: Hy|=q, so U;=H,, as required.

3 If HU,<G then HNU=1 and |U]|=q: HU,<G implies HUE
€N (p, q), thus HNU=Z(U) by (1). D:=(H, ﬂU)G—(HﬂU)””'—(HﬂU)"'f
=H, hence DNU=HNU=Z(U), thus U/DNUGAH(p,q). If D=1, then
— all conditions of the theorem remaining valid for G/D, H,D/D, H,D/D —
G/DEAN(p, q), contrary to UD/D=G|D; so D=1. Let D,=(®(U))", then D,=
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=(@(U))"=(®(U,))"=H,®(U,), hence D,NU=H,(U)NU=(H,NU)P(U,)=
=®(U)=Z(U). Thus we get (factorizing by D,) D;=1.
Now, by (2), we separate two cases.

Case 1: U,=N:= QGH{‘, |G: Hy|=q.

Case 1/a: NHy<G. As G=H,U=NH,U,, 1%|G: NH,| is a power of ¢ and
NHe A (p, ¢) by Lemma 1. Then f(G, H,, NH)=f(G, H,, H,) with equality iff
N=H,. Thus |G: H,| is a power of g, consequently H,=H,<G with |G: H,|=q.
As f(G, H,, H)=f(G, H,, Hy), H,=H, is of index q. So U,=M:=NN () H.

Let U,=ReSyl, (M), then G=MNg;(R), so by Lemma 2, NG(R)=NH1(R)IxVEHi(R).
Thus Ng(R)EAN (p, ) by Lemma 1, if No(R)<G. If so, then for Q,€Syl, (Cz(R))
there exists a Sylow g-subgroup Q, of M such that (Q; normalizes Q,, hence)
010:€5yL,(G). Let Uy=(b), then beT=((Q,0))": X€GY=(Ce(R\M)°=C4(R)M,
thus b=bchy with be€Ce(R)SCo(U,) and by€M. So by€Ny(U)NCo(U),
and for any u in U,, u’=u’». Hence 1=u""=ub%, yielding with a suitable power
bk, a g-subgroup (b%), that normalizes but does not centralize the p-subgroup U,
contrary to M=H,€/ (p,q); thus R<G. For t=1,2 let S,€Syl, (H), then
8¢, S§=Cg(R). Let SeSyl, (G); there exist elements e, f in G with S%, S{=S.
S£C;(R) and |S: S¢|=g=|S: S| (because of [G: Hy|=q=|G: H,|), so
Se=SI. ef'=g,g, (with gcH,) and SHe=HE:NH,; as f(G, HS; Hi=Hy)=
=f(G, H,, Hg)_t21’2|H,: H,(NH,|,, we get that [H,\H,|,=|H,|,=|H,|,, contrary

to |Hy N Hy|=|H;|[Hy| |G| =¢7*H].

Case 1/b: NH,=G. As NU=NUNNH,=N(NUNH,), NU=G by Lemma 1.
Thus NU,=G, G/N is cyclic, so H,<1G. Suppose H,U,=G, then H,=H,<G
with a |G: Hy|=q, so by induction, H,=H,. Let E=() H;, then G=H,E

xX€EG 4

by [1] and U,=E, producing Case l/a with (H,, E, H,) instead of (H,, N, H,).
Thus H,U,#G. H,<1G by [1], so L:=UqG<G by Lemma 4.

H,NL<G, [L: HiNL|=q, L§.¥ (p, q), hence L=(H,NL)(H,NL) by Lem-
ma 1, which yields H,NL=H,NL. Suppose (LN H,)H,<G, then (as G=H,U=
=H,L), |G: (LNHy) Hy|=q, f(G, H,, (LNH,) H;)=f(G, Hy, Hy). Thus H, is of
index ¢ in G, G=H,U,, which is not the case; so G=(LNH)H, We get
G/LNH ~H,/LNH,NH,=H,/LNHy,~G|L, L=H,, a contradiction.

Case 2: T=(Q: Q€Syl,(G))#G. Having eliminated Case 1 we may assume by
(2) and (3) that H,NU=1(t=1,2) and ]ﬁqlzq for any U, being of the same type
as U. Also by (2), (H,NH)T<G.

As UNH,=1, |T: TNH|=|0|; let Q€Syl, (G), then by Lemma 1,
(TNHY)Q*=Q*(TNH,) for any x€G. T#(TNH)Q, hence by Lemma 4, there
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exist W,2T (1=1,2) with TNH,=W, U,£W, yields W4 (p,q) and the
existence of V,<aT with W,=V, and |T: V,|=¢q (+=1,2). Sl U,%xV,, so
Vi, Vo647 (p, @)- By |T: Vil=q, T¢AH (p,q) and (1}, V1=V, )

On the other hand, V,=V,NT=V, (TNH)U=(TNH)¥,NU)=(TNH)U,;
thus

@) (TNHYU,=(TNH,)U,, consequently |TNH,|=|TNH,.

() |G: T| is a power of p, hence for any A=B=G, |B: A|,=|BNT: ANT|,:

Let P be a Sylow p-subgroup of G then (|G: TP|,|G: H{NH,|)=(|G: TP|,
|[U»=1, thus G=(H,NH)TP, so TP=(TPNH)(TPNH, by Lemma 2. By
U=TP, TP=G.

Let Q,€Syl, (H,NT) for 1=1, 2, thenby(4), Q,=0Qf forsomeg. Let g=g,g,
with g€H,; as Qu=(TNH#MN(TNH,), f(G,H, Hf=H)=|G|+|G: Hy|+
+1G: Hy|+|Hf: HEO\Hyl,+|Hy: HEOH), = |G| +|G: Hy|+|G: Hy|+|TNHE::
TOHENHy|,+|TNHy: TNHENH,|, by (5. But |TNHf: TNHENHy|,=
=1=|TNH: TNHENH,|, as Q,=TNH{2(\H,, so by the minimality of
f(G, H,, Hy), we have |H,: HiN\H,|,=|H,: HiNH,|,=1.

On the other hand, |H,: Hi\NH,y|,=|G: H,|,=|U|,=¢=|G: H,|,=|H;:
H,"H,|,, the final contradiction.
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