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Empirical kernel transforms of parameter-estimated
empirical processes

LAJOS HORVATH

In honour of Professor Kdroly Tandori on his 60th birthday

1. Introduction. Let d=1 be an integer and let X,, X, ... be a sequence of
independent d-dimensional random vectors with common distribution function
F(x), x€R%. We assume that a parametric family of d-variate distribution functions
is given,

F = {F(x, 0): xER%; 0c @CR?},

and the common distribution function of the X, X, ... belongs to this family, i.e.,

there is a parameter 6,60 so that F(x)=F(x;0,)=Fy(x). The true value 8, is
unknown. Consider the estimated empirical process defined by

B.(x) = nV*(F,(x)— F(x; 6,)), xcR,

where F, is the empirical distribution function of X, ..., X, and 8,=(0,, ..., 0,,)
is some estimator of 8, based on the random sample X, ..., X,.

The weak convergence of the estimated empirical process was studied by several
authors. We will use the general strong approximation result of BURKE er al {1] in
this note. Introduce the notations 6=(6,, ...,8,) and

o =g+

0
VF(x; 0%) = VoF(x; 0)jg—o+ = (3%1 F(x; 0),..., 3TF(x; 0))
p
and let

P .
<x,y>: _Zl,xjyja x=(x15-'-axp)9 y=()’1,--~’yp),
Jj=

stand for the inner product in R?. Let a'=(a,, ..., a,)* denote the column vector
corresponding to the row vector a=(ay, ..., @,). The norm of a vector x=(xy, ..., X,)
and a matrix M={m;}} is defined by |x|=max {|x;|: 1=i=p} and

i,j=1
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202 . Lajos Horvath

| M || =max {|m;;|: 1=i,j=p}. If £, converges to zero in probability we will use the
notation &,£-0 (n—<2). A Brownian bridge BFo(x), x€R® associated with the
distribution function F is a d-variate Gaussian random field such that EBFe(x)=0
and EBFo(x) B"o(y)= Fo(x\y) — Fy(x)F(y), where x Ay=(min (xy, yy), ..., min (x4, y).

Theorem A (BURKE, M. Cs6RGO, S. Cs6RGO and REvVEsz [1], and S. CSO6RGO
[2]). Suppose that the sequence 8, satisfies the following conditions:

0] W20,—00) = =12 3 1(X;;00)+én,
j=1

where I( - ; 0,) is a measurable d-dimensional (row) vector-valued function and €,%. 0
(n— ).
(ii) El(X1;6,) = 0.

(i) M(8)=EI"(Xy; 0,)I(Xy; 6,) is a finite and nonnegative definite matrix.

(iv) The vector VyF(x; 0) is uniformly continuous in x and 6€ A, where A is the
closure of a given neighbourhood of 0,.

(v) d=1; Each component of the vector function l(x; 8,) is of bounded variation
on each finite interval.

' d=>1; The partial derivatives of each component of the vector function I, with

order not exceeding d, exist almost everywhere (with respect to the d-dimensional
Lebesgue measure) on R, and for any u=0

X & 1(x; 6o)

su — 0

lellgu jg; j,,...,Zj:,go o0xqt ... Ox}e
JiFedia=i

If the underlying probability space is rich enough, one can define a sequence of
d-dimensional Brownian bridges {Bo(x)} associated with the distribution function F,
such that

Séj}gd |ﬁn(x)—Dn(x; BO)I Ei 0 (n e °°),

where
D,(x; 80) = BFo(x)—( [1(y; 00)dBI*(3), VoF(x; 00))

Is a sequence of copies of the Durbin process.

The limiting Gaussian process of this theorem depends, in general, not only on F
but also on 6, the true, unknown value of parameter. On the other hand, the distri-
butions of the functionals of D,(x; 6,) (supremum functional, square integral func-
tional) as functions of 8, are unknown. According to the references below, Bolshev
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asked whether there is a kernel & such that the random variable

co oo

[ [ k(x »)dDy(x; 0)Di(y; 60), d =1, x,yeR:
have a prescribed distribution. This problem was investigated by HMALADZE [6],
[7] and DzapaArIDZE and NIKULIN [5]. The methods of Dzaparidze and Nikulin
are based on the orthogonal expansion of the limiting Gaussian process. In the case
d=1 and when only shift and scale parameters are estimated they proposed statis-
tics whose limit distributions are independent of the unknown parameters and depend
only on F, but these limit distributions are usually complicated and therefore it would
be hard to compute percentage points for these statistics. Using the martingale prop-
erty of B,(x) if d=1, Hmaladze proved some weak convergence results in L,
sense. Analogous results were obtained earlier by NEUHAUS [10], [11]. He proved the
weak convergence of §,(x), x€[0,1]%, d=1, in supremum metric under contiguous
alternatives.
The above question was generalized by S. CsOrRGO [2], who introduced

[k(x, ) dB.(x), x€RY, yERS,
R4 .

a kernel transform of the parameter-estimated empirical process. Here ¢=1 1is an
arbitrary integer. Assuming some regularity conditions on k, he proved that

sup | [k(x, »)dB,(x)— [k(x, y) dD,(x; 6| £~ 0, n ~eo.

yERa 'gu R2
Unfortunately, he cannot choose a kernel k and a functional & on the space of con-
tinuous functions on R? such that the random variable

h ([ k(x, y)dDi(x; 6))

has a distribution not depending on 6,.

In this note we are interested in a sequence of kernel type transformations of
B.(x), where the kernel will also depend on the sample. We are able to choose a se-
quence of kernels {k"(x,y; 6y} such that

(1.1) J K x DB dx, yels,

converges weakly to a g-dimensional standard Wiener process or to the standard
Brownian bridge on /% (or, for that matter, to any prescribed Gaussian process) if
N and n(N) go to infinity, where 77 is the unit cube.of RY. The transformations (1.1)
depend, in general, on the unknown parameter 0,, therefore we will prove, that there
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is a sequence of random kernels {k% _(x, y)} based on the sample X, ..., X, such that

N,m

[ Km(x D) B(¥) dx,  yeI?,
R4

converges weakly to a prescribed process, if N, m(N), n(N, m) go to infinity. Our
methods may be extended to some more general parametric models. Section 2 pre-
sents a general result, where the role of §,(x) is played by an arbitrary sequence of
processes X, (x). Section 3 will then specify the result for 8,(x).

2. Main theorem. The reproducing kernel Hilbert space H(R) generated by a
covariance function R(t, s) plays a fundamental role in our note. Suppose that
X(1), tel’, is a centered Gaussian process having continuous paths on 7¢ a.s. and
continuous covariance function:

EX(H=0, EX(DX(s)=R(,s), t,scl’.

It is well known, that the space % of all continuous functions 7¢—~ R with the topology
induced by the supremum norm is a separable Banach space and the collection €*
of all linear and bounded functionals on € can be identified with the space of all
(regular) measures v on the Borel subsets of 7%. If v+ and v~ denote the Hahn decom-
position of v, then [jv]|=v* (%) v~ (1% is a norm on €*. Sato [12] has shown, that
for some complete orthonormal sequence (CONS) {e;(?), i=1} in H(R) one can write

e = [R( 5)vi(ds),

where v,€%* and

@1 vi = pilo;, wEL*,
@ bl = 1,
2.3) o; = [f [R(t, s)v,-(ds)v,.(dt)]llz> 0,
F A |
29 [ [R@ )vi(ds)yv;(d) =0, i
' i

MANGANO [9] proved that

2.5) f‘—’i(f)vj(d’) = 0;j

Id

where ;=1, 06;;=0, i#/. The following lemma is a simple variant of Lemma 2.2
in [9]. :

Lemma 2.1. Let R(t, s) and G(t,s) be continuous covariance functions of two
centered Gaussian processes with a.s. continuous paths on 1°. Let N be a positive integer
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and {e;(t), i=1, t€1%} be a CONS in H(R) generated by measures {v;, i=1}. If

2.6) sup |G(t,s)—R(t,5)] =4 =1/K,,
s €I

then there exists an orthonormal set {f;, 1=i=N} of functions in H(G) generated
by the measures {»;, 1=i=N} such that

Q.7 lt;i—v) = 4K,, 1=i=N

and

2.8) sup le;(D—f;(H| = 4K;, 1=i= N,
teld

where K, K,, K; are suitably chosen polynomials of N, M, |vi|l, 1 =i=N, with
positive coefficients and M= hax,, iR(1, 5)|.

Proof. The proof follows from the construction of Mangano. He constructed
measures %;, 1=i=N, which are linear combinations of the measures v;, 1=i=N.
It is not too difficult to check that the measures and functions f;(¢), 1=i=N, con-
structed by Mangano satisfy (2.7) and (2.8) with suitably chosen functions K;, K,, K.

Let {X,(1), t€1°} be a sequence of stochastic processes such that

(2.9) sup 1X,()—Y, (O] -0 (n —),

where {Y,(1), t€1%} is a sequence of copies of a Gaussian process {Y(z; ), t€1%}
depending on a parameter 6. We suppose, that the process Y (¢; 6) has continuous
paths on 7? a.s., its covariance function is continuous for every ¢@, where @ — RP
18 a compact parameter set, and

(2.10) sup |R(t,s; O)—R(t,s; 69| -0, if 6 -6
¢, s)e12d

It is well known from functional analysis, that the kernel function R(¢, s; 6)
has a sequence of eigenvalues {1;(), i=1} and eigenfunctions {g;(¢;6), =1},
that is

20 0i(t; 0) = [ R(s, t; 0) gi(s; 0) ds,
Jd
f(pi(t; 0)o;(t; O)dt = 6;;, 2,(6) =0.
14
The sequence of Aeigenvalues and eigenfunctions determines a CONS in H(R(9)):
@11) ei(t; 0) = (4(8) 2, (t; 0).

1t follows from (2.11) that in this case

2.12) vi(ds) = (4:(0)~2g;(s; 0) ds,
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so we have
(2.13) Iv: (@) = (2:(0)) %2 M (8),

where M(6)= sup |R(t, s; 6)].
(ts)erd

Let N be given. Then the polynomials K, K; and K; of Lemma 2.1 which
depend only on N, M(0) and [v;(0)]l, 1=i=N, are continuous positive functions
of 6. Let 0<e<2 inf {1/(K; min (1/K,, 1/K5))} and define 6(6)>0 for every

0¢ O

0€® in the following way: if |6*—6]<d(), then the inequality

1 1 1
2.14 sup |R(,s; 0)—R(t,s; 6* éimix[—,——]é—
( ) (r,s)EI;“I ( ) ( )l 2 K, K; K,
holds. The existence of §(0) follows from (2.10). Let A(¢, 8) denote the open ball
with centre # and radius 6(6). Then the union [(J A(g, ) covers the set ©.
8ceo

Using the compactness of ©, we have that a finite sequence 4,(e, 0y), ..., 4,(¢, 8)
also covers ©. If 6¢A,(e, 0), 1=i=l, then we can define with Mangano’s method
an orthogonal set {f;(f), 1=j=N} in H(R(f)) generated by the measures
{#;,:(0), 1=j=N}. As we said in the proof of Lemma 2.1, these functions and
measures are linear combinations of {e;;, 1=j=N} and {v;;, 1=j=N}, where
{e;,;» 1=j=N} is an orthonormal set in H(R(#))). If the measures {v;;, 1 =j=N}
are generated by the eigenfunctions {g;;, 1=j=N} of R(t,s;6,) then x;; can
be written in the form

(2.15) %;,:(dt) = c;0;,:(0) dt,

where the ¢;;, 1=i=l, 1=j=N, are constants. It follows from the definition of 4;

and from Lemma 2.1, that if 6, 0*¢4;, then

(2.16) sup 15,4085 O~/ 65 M <e 1=j=N,
t d

J»i

(2.17) loe;,: (@) =2, (0% <e, 1=j=N.

The covariance function of the limiting process {¥(¢; 6,), t€1‘} depends on an
unknown parameter 6,, which will be estimated with a sequence of random varia-
bles 6,, such that '

(2.18) 10,— 0615~ 0 (1 o).

Let &=2"" and define the following random functions and measures: if
0,€4;(2~™;0), then {f};,, 1=j=N} denotes the corresponding orthonormal
sequence and {x};, 1=j=N} denotes the measures corresponding to {v; ;(6),
1=j=N}.

JaiN and KALLIANPUR [8] proved that if {Y (¢), t€1%} is a Gaussian process with
continuous sample paths a.s., having mean zero and continuous covariance R(t, s),
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then the sums

(2.19) ;Z'NI &o; 0

converge uniformly in 1€/ to Y(t) a.s. as N—~oo, where {@;, j=1} isa CONS in
H(R)and {¢;, =1} is a suitable sequence of independent standard normal random
variables. On the other hand, in case d=1; if G is a covariance such that there exists
a Gaussian process with this covariance and with almost all sample paths continuous,
{&5, j=1} is a sequence of independent standard normal variables, and if
{¢;, j=1} is a CONS in H(G), then the sums

(2.20)

M=

&)

J

converge uniformly a.s. in ¢€[0, 1] to a Gaussian process whose covariance is G and
almost all of whose sample paths are continuous, as N-o (Theorem 2 in [8]).
If d=1, then some further conditions on G are needed to retain this statement.

We will assume in this section, that Z is a Gaussian process with almost all
sample paths continuous, '

EZ(t)=0, EZ(HZ(s)=G(,5), t, sl g=1,

and for every sequence of standard normal random variables {{}, j=1} there is a
centered Gaussian process Z* having continuous sample paths a.s. and covariance
G such that
N

(2.21) sup| 2 &3, (0=27() Zr 0 (N~ ),

tcle j=
where {{;(¢), j=1} is a CONS in H(G).

Let X}(s) denote the empirical kernel transform of X, (¢)

@2 X = ZN [X,O0;©)x: @), if 6,64,27™,0) s€I.

If the sequence {v;;, j=1} is generated the eigenfunctions {¢;;, j=1} of R(-,0),
then the transform can be written in the form

2.23) X5©) = [X,Ok,ndt, selt,
Id
where
N
2.29) kY, m = 21' ;i (OY;(s), if 0,427 0),
i=

is a random kernel function.
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Theorem 2.2. If the underlying probability space is rich enough, then we can
define a sequence {Z,(s)} of copies of Z(s) such that we have

sup | X7 () = Z,(9)| <+ 0,
sele
if N,m(N) and n(N, m) go to infinity.

Proof. Let ¢ and § be arbitrary positive constants. The distribution of
sup |¥,(t)| is independent of n, so there is a constant M, such that we have
teld

(2.25) Plsup |Y,(1)| = My} = &/8.
teIe

Using condition (2.21) we have that

(2.26) P{sup| 2 Eiv; ()| = 3/3} < 6/4,

s€l? j=
if N=N, for every sequence of independent standard normal random variables. Set
M, = max sup ;)]
Let m=m(N) be so large that
2.27) 2" < ¢/ BNMM,).

The sequence 68, goes to 6, in probability, therefore there is a paramater subset
A;(2=™, 8,) such that

(2.28) P{6,€4,27™ 0)} = 1-9/2,
if n=n(N, m).
The transformed process X.F can be decomposed as

X0 = [(HO-%0) S U0+
+ [Y.0 ,2” V()i (d)—;,: 0 @D) + [ Y, () z": W;(8)%;,:(60) (di) =
14 Jj=1 9 - Jj=1

) = ay, (S)+a2n(s)+a3n (S),
say. We assume that 0,€4;(2-™, 0,). Using (2.9) we have that

P{Sup |a1n(s)| = 8/3’ oneAi(z—m, 01)} =
sele
= P{sup DAGEDE (t)INMz( max l]v H+2-™ = ¢/3, 0,€4, (2"" 0} = 6/8

if n=ny=max (n,(N, m), ny(N, m)). The second term also goes to zero in proba-
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bility, because it follows from (2.25), and (2.27) that
P{SEIIZ laza ()| = /3, 6,€4,27™, 0))} =
= P{M1M2N11£_?§XN (o, —2;,:(B0)]) = &/3} = 0.
The orthonormal set {f; ;(6y), 1=j=N} corresponding to the measures {x; ;(6,),
1=j=N} can be completed to a CONS {f; :(6), j=1} in H(R(8,)). The sequence
jfl' &4 of;,i(t) converges uniformly in tel* to Y,(1), as Moo, a.s. with a suit-

ably chosen sequence of independent standard normal variables {&7,, j=1}
(see Theorem 1 of JAIN and KALLIANPUR [8]). So by (2.5), as,(s) can be decomposed
as a finite sum

as,(s) = gN; E_’;llpj(s)

Using the condition (2.21), the partial sums

N
jgl &5,y (9)

converge (as N—<o) uniformly in s€1? to a separable Gaussian process denoted by
Z,(s). On the other hand, we have that

{(Zn(s)> ;va é'!,ilpj(s))’ SEI‘I} ‘i {(Z(S), jgva ﬁj!pj(s))’ SEIq}s

where
Z(s) = Zl' Eivi(s) as,
=
and == denotes equality in distribution. So it follows form (2.26) that
P {sup |ag,(s)—Z,(s)| > &/3} = 6/4.
s¢Iq

Summing up, we proved that if N=Ny(e, §), m=my(N, ¢, 6) and n=ny(N, m, ¢, 6),
then
P {sup | X (5)—Z,(s)| > ¢} =
sela

= P{Sup |/Y:(S)—ZH(S)I > &, 0,,€Ai(2_m, 6i)}+P{9n€Ai(2_ma 91)} = 6;
scIq :

which is the desired conclusion.

3. Applications. So far g=1 was arbitrary, and from now on we choose
g=1 since univariate limit processes are more convenient to handle. First we study
the estimated empirical process when d=1. Let F~1(¢; 8) denote the inverse func-
tion to F(t; 6),

F~1(t; 0) = inf {s: F(s;0) = 1}.

14
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It follows from Theorem A, that
sup |B,(F~1(t; 6,))—D,(F~(; 6o); 0)] 20 (o)
and 0=sts1 .
ED,(F(t; 6,); 6,) = 0,
ED,(F~1(t; 04); 06)D,(F ~1(s; 0o); 0o) = Ry (1, 5; 05) = tAs—ts—
—J(F7(1; 00); 00)VEF(F2(s; 00); 00)—J(F ~2(s; 00); 00)V5 F(F ~1(; 65); 0o)+
+V0F(F “1(t; 0,); 00)M(90)V3.F(F_1(5; 00); 0,),

where
t

J(t; 60) = [ 1(u; 60) dF(u; 6p).

The processes D,(F~1(t; 6p); 6,) have continuous sample functions a.s. if
Vo F(F~(t; 6y); 6,) and J(F~1(t;0,)) are continuous functions of ¢. The cova-
riance function R, (1, s; 6*) will be continuous in 8* if M(6%), J(F~(¢t; 6%); 0%)
and VpF(F~'(t; 6%); 6*) are continuous functions of 6*¢@. The random function
Ry(t, 5; 0,) is an estimate of the covariance function of the limit process. So we can
define B}, the empirical transform of B,(F~(t; 6,)) as it was defined by (2.22) or
(2.23). The sample X, ..., X, from a distribution belonging to the parametric family
& determine only the random measures (and functions) in the definition of the empir-
ical transform, so we can choose the eigenfunctions {;, j/=1} of the limit process
without restriction. For example, if

3.1 Y () =(V2 [kn)sinkns, 0=s=1,
then the limit process will be the Brownian bridge. If
(3.2 Y1(5)=s,

(3.3) Yrs1(s) = (V2 [kn)sinkns, 0=s=1

then B¥(s), 0=s=1, will converge weakly to the Wiener process.

Theorem 3.1. We suppose, that the conditions (i), (ii), (v) of Theorem A are
satisfied and

(ii)* M(O%)=EI"(X*; 0%)1(X*; 6%) is a finite, nonnegative definite matrix and
M(0*) is continuous in 6*¢ O, where P(X*<t)=F(t; 0%),

(@v)* J(F~1(1;6%); 0*) and VoF(F~(t;60%);0%) are uniformly continuous in
t, 0=t=1, and 0*cO, where @ C RP is a compact parameter set and the true value
0, is an interior point of O.

Then we can define a sequence {Z,(s)} of copies of Z(s) on the probability space of
Theorem 2.2 such that we have

sup lﬁ:(S)—Z"(S)l L. 0:
0=s5=1 .

if N,m,n go to infinity.
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Proof. It follows from the conditions of the theorem that R, (1, s; 0), 0=t¢, s=1,
0¢ O, satisfies (2.10) and |0, —0y|5~0, as n—eo. The processes D,(F~(t; 6); 0)
have continuous sample path functions a.s., so this theorem is a consequence of
Theorem 2.2.

The most important special case of this theorem is when we estimate shift and
location parameters only, i.e., the parametric family can be written in the form

F 1—0 1 2
c/s= FT ,-‘°°<00<°°,00>0, tERl B
0

The covariance function of the limit process for the shiftand location estimated empir-
ical process was computed by DARLING [3] and DursIN [4] (cf. [5]). They proved
that the covariance function of D,(F~(r; 6}, 03); 65, 65) does not depend on
(63, 6):

ED,(F~(t; 65, 63); 6, 03) D,(F ~*(s; 63, 63); 85, 03) = Ru(t, 5) =
= t/\s_ts_[111122—1122]_1[Izzwl(t)wl(s)+
+ 1w (Dwa(s)— Ire (Wl Owa()+wa(Dw, (s))] s

wi(@=f(F7@®), w.()=F'Qf(F(©),

S f ')
f( )] f(x)dx! 112 - f [f( ) ] f(x) dx,

oS (x)
Iy = x)dx—1,
and £, f* are the first and second derivatives of F assumed to exists. In this special
case we do not have to estimate R, _from the sample, so the transformation of
B.(F~(t; 0,1, 0,2)) will be non-random. If {e}, j=1} isa CONSin H(R,) generated
by the measures {v¥, j=1} then the transformation of B,(F~1(r; 6}, 62))

3y Ups Uy

where

N
r(s) = f Bu(F72(t5 O, 0)) Z05()V] (@0)
¢ j=
is also non-random, and
sup [Br()—Z, ()| <> 0 (n —~o0),
0=s=s1

where {Z,} is a sequence of copies of Z.

Finally we study the general case, when d is an arbitrary positive integer. The
transformation of the parameter estimated empirical process into the unit interval
was very simple in the one dimensional case, but in the general case it is a bit more
complicated. Let F;(x;;60) denote the j® mariginal distribution of F(x;0),
x=(xy, ..., xz). There is a d-variate distribution function H(x; 0), all the univariate

14+
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marginals of which being uniformly distributed on {0, 13, such that
F(x; 0) = H(Fy(x,;0), ..., Fa(xs; 0);0), x = (x4, ..., Xp).

Let F;* denote the left-continuous inverse of F; and define the following function
F(t; 9) = H(F]_l(tl; 0)5 R ] Fd—l(td’ 0): 6), t= (tla ey ’d)'

So the process B,(F(1; 0,)) is defined on /¢ and it follows from Theorem A, that
sup [B,(F (1; 0)=Dy(F (t; 60); 60)| =~ 0 (1 ~=).
tele

The covariance function of D,(F(t; 6,); 6,)) can be computed from the representation
of the Durbin process. We have, for t=(t,, ..., 1)), s=(sq, ..., 835), that

EDn(F(I; 0o); 00) =0,
ED,(F(t; 60); 6o) D,(F(s; 00); 0o) = Ry (t, 55 0p) =
= F(F(tAs; 65); 00)—F(F (t; 65); B6)F(F (s; 0o); 60)—
—~J(F(t; 80); 05)V5 F(F(s; 00); 00)—J(F (s; 00);00)V3 F(F (25 0,); 0p)+
HVOF(F(t; 60); 0)MOIVE F(F (s; 60); 6o):

The following theorem is a generalization of Theorem 3.1 for arbitrary d. Let B}
denote the empirical kernel-transformed empirical process defined by (2.22) or (2.23).

Theorem 3.2. We suppose, that the conditions (i), (it), (v) of Theorem A are
satisfied and

(ii)* M(0*)=EIT(X*; 09I(X*; 0% is a finite, nonnegative definite matrix and
M(0%) is continuous in 0*€O, where P{X*'<t,, ..., X*<t,}=F(t; 0%, t=(t, ...
e 1), X =(XR, L XY,

@iv)* J(F(t; 0%);8*) and V,F(F(t; 6*); 6*) are uniformly continuous in t€1*
and 0*€©, where © C R* is a compact parameter set, and 0, is an interior point of ©.

Then we can define a sequence {Z,(s), 0=s=1} of copies of Z(s) on the proba-
bility space of Theorem 2.2 such that we have
sup |B;(9)=Z,(9)] = O,

0=ss=

if Nym,n go to infinity.

The proof of this theorem is very similar to the proof of Theorem 3.1, therefore
it is omitted. These conditions are stronger than the conditions of Theorem A in
order to guarantee the applicability of Theorem 3.1.

We proved only the existence of the empirical kernel transform with nice limit-
ing properties, but so far we said nothing about the decomposition A;(e; 6;),
i=1, ..., 1, of the compact parameter set ® and hence about the concrete choice of
the ¢; ; functions and the quantities ¢;,; in (2.24). We noticed in Section 2, that the
eigenvalues and eigenfunctions of R(t,s; 6) determine a CONS in H(R(6)). Let
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A1(0), ..., Ax(0) denote the first N largest eigenvalues of R(#). We can choose a @F
neighbourhood of 6,, such that there is a positive lower bound of 2;(6),
1=j=N, 0cO*. 1t follows from (2.12) and from the continuity of K;, i=1,2,3,

that we have
Ki(Ns M(o)’ “VI(O)I], LR ] []VN(H)”) = Lia i= 19 2, 3,

if B¢ O@*. Using (2.13) we see that every 0€©* can be the centre of the balls 4;(e; 0)
and the radii of 4;(e; 0) does not already depend on 6. Therefore an arbitrary devision
of ©* will suffice if this devision is fine enough (for example, the common radius of
the balls is small enough). But because 6,20, in practice we may assume that
0,€ ©*, and hence the devision of @\ ©O* is completely arbitrary. This choice of the
A(e; 8,) will be suitable for us, if we use the first N largest eigenvalues and the cor-
responding eigenfunctions of R(6) to make the empirical kernel transformation.
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