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On strong approximation by logarithmic means
of Fourier series

W. LENSKI

Dedicated to Professor K. Tandori on his 60th birthday

Introduction. Let L2 (1<p<<) be the class of all real-valued functions f,
2n-periodic, Lebesgue-integrable with p-th power over (-, ).
Consider the Fourier series

S[f1= #——Fé’; (a,(f) cos vx+b,(f) sin vx),

and denote by S)(x;f) and of(x;f) the partial sums and (C, a)-means of S[f],
respectively, thus, e.g., :

k
oi(x; f) = Ai SATSG N @1 k=0,1,2,..),

where 4= (k —I*c- a] .
DEOKINANDAN [1] proved the following theorem: If f€L: , and for a fixed 4,

the condition

39 _ _ 2 . .
flf(x+u)+ft(x u)—2s| dt=o(loglt) as t—-0+
t
holds, then
oo gk
(%) : ZL'ISk(X;f)—S|2=o{log ) as r—1-—.
=1 k ' 1—r

In this paper we shall generalize and extend this theorem by taking the functions
JeLf (l<p=<o) and replacing the partial sums S;(x; f) in (%) by (C, a)-means
with negative a. More precisely, we shall estimate the quantity

15 o, P = (s 3 blote -]
S T og D kO ’
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as a measure of this deviation we introduce the function

1 51 Ve
lo . — I — 14
Wx £ (5 > f)p,q = sup {logplq (h*-l + 1) 'f t kox (I)I dt} s

O<h=d

where ¢.(1)=0.(6;/)=f(x+1)+/(x—1)=2f(x).
We shall show that our results cannot be improved for some classes of functions,
too.

An analogous problem in the case of Riesz means was raised by LEINDLER [4]
and solved by Totik [5].

By C;() (j=1,2,3,...) we signify positive constants depending on the indi-
cated parameters, only.

Statements of results. First, we give the estimate for a=0.

Theorem 1. If fELl (1<p=q<<), then

B (53 0, 15 = Cu(p, w5 )
P

Sor n=1,2,3, ... and Ge(0, m).

q

An interesting case is if p=g=4g. Then this result cannot be improved in the
following sense.

Let LP(2) be the subclass of LE , generated by a nonnegative and nondecreasing
function Q defined on {0, =), with Q(0+)=0 and Q(¢)>0 for any t<m, consist-
ing of all functions g€ L% such that

1 5 QR(D) ]"”P}
— — lo, . co
M, = My(x) = sup {w,,s ©; ). [log(5—1+1) J—=—4 j==

and let
L3 (@) = {g: M, < M, g€ L?(Q), M=constant= 0}.

Theorem 2. If t=1Q(t) is a nonincreasing function of t, then there exists an
absolute constant C, (<Cy(p,p)) such that

| ~ QP (D
f

—-1/p
oG ] 7 dt] }§MC1(p,p)

MC, = sup {H,}”(x; O,f)p(

FELE(D)

for n=1,2,3, ... and 1<p<eoo,

For a€(—1/2,0), we have the following result.
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Theorem 3. Let feL: , 1/1+a)=p=-—1/a and —12=a<0; then

H*8(x; o, f); = C(p, g, @) sup {W‘;"(—lz—; f] }

1/Q+a)y=p=p pa

for n=1,2,3,... and p=q=—1Ja, G€(0,q).

For a=—1/2 Theorem 3 gives the following improvement of Deokinandan’s
result.

Corollary. If fe¢L3 , then :
Hi(e; —112, g = G2, 2, - 112w (L 7]
2,2
for n=1,2,3,... and g€(0,2).

In the special case p=g=g=1/(1+a) (—1/2=0-<0) there holds a theorem of
the same type as Theorem 2:

Theorem 4. If t~1Q(t) is a nonincreasing function of t, then we can define
the constant C,(a) less than Cy(p, q,2) so that the following inequalities

MCy (@) = sup {Hlog(x. a, f) ( j- Q"(t) dtJ—llp} = MCy(p. p. )
4 ——/EL&«n n s ] P 10g(n-k1) - LAV 2N 2

are true, whenever —12=a<0, p=1/(14+a) and n=1,2,3,....
In connection with the above theorem we formulate a statement.

Remark. Using the method of ToTik [6] we can prove analogously that the
estimate obtained in Theorem 3, for p=¢=g=1/(1 +a), is the best possible in the
sense considered in [6], because the logarithmic method satisfies the desired condition.

Auxiliary results. Let us start with the following inequality of Hardy—Little-
wood—Polya (H—L—P).

Theorem A. If g=1 and —1/2=0<0 such that —1=oaq, then -

{S ( Z”' (_"';}'_l)li—q_°l ld,,,l]q}llq = sin(ir— o) {,.,Z:l Idrzl"}ll"

n=1 \m=1

for any sequence {d,} of real numbers.

This inequality can be deduced from the general inequality of H—L—P ([3]
Theorem 318, p. 227) but, in our special case, it is easier to give the direct proof.
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Namely, -
Z(Zrar= ) = 22 G 0a) =
o b e R N O

where a<f<0 and 1/g+1/¢’=1. Hence, by Holder inequality, the left-hand side

of our inequality does not exceed

S’{S’ |d,.|2 (%]H(a—m[kgﬂ%(%)—w]q/q'}=

n=1 tm=1 m(m +n)

_ 2.,, {ldml" S 1 (ﬂ)u(«z—m[ - 1 (k]—ﬁq'Jq/qr} -

m ,cim+n\n k=1

xﬂq'

S B S () e

_ |d,,,|‘1( © p—+az-po) )[ ° ba )q/«_
=2 m f 14y dy (;[1+xdx -
< ldul

it : g
= Sin (r(14+ag—Bq))(sin (—npg"))* ,,gl m’

if 0<l4+ag—pg<1 and 0<—Bg'<1 (cf. [3], (9.2.1-2) p. 228).
Taking P=a/g’, we obtain that 1+ag—pg=1+a and sin (n(l+a))=
=sin (—na); whence we have our inequality with the desired constant.
We require the following inequality, too.

Theorem B (3], Theorem 346, p. 255). If =1 and p>1,

then

2 n=8D2 = Cy(B, p) _S’ n=5(nd,)?

Jor any positive sequence {d,} and D,=d,+d,+...+d,.

The following two theorems of Hardy and Littlewood will be needed, too.

Theorem C ([7] Theorem 5.20, Ch. XII). If h€ L] and r=s=r (r'z=2), then

1/s b
{'“0(”)| + 3 @40 (0, (0P +b, B} = cor{ f morar,

where A=1/s+1/r—1 and 1jr+1/r=1.
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Theorem D ([2] Theorem 10, p. 369). If l<p=q and [t Yo, (t)PcL]
then

2n°

i/p

oo 1 /g . g ~ t P
{3 Lises n-rom 2o of f 2004l
k=1 (1]
Proof of Theorem 1. The relation
4 oE
5 N=f@) == [ 0.0 d1,
(1]
where D, (¢) denote the Dirichlet’s kernel, gives

1 \ 1/q
{log(n+1) kZIkISk(x n f(x)l} =

1 n 211/q
= {log(n—}-l)k A OD() dt } +
1 7y1/q ‘
+{log(n+1) 2k f ¢ Dt } =tk
Since
- |D,(D)] = k+1/2 < 2k,
we have .

1/n

2 1 n L 1/q
L=2 f l(px(t)ldt{log(n-{-l)k k } =

2n 2 i 4 1n Al
= logll"(n+1);0f |(Px(t)|dt {m] I(px(t)l dl} .

We observe

{ ?wa(t)l d’}l/pé{%"(fnlfl’x(t)l”dt} {]’"Iq’x(t)l }

1/n

and, further
2u 1p

) [ lo.Pdr| =

sup :
O<u=l/n /4 (_
2ulog T +1

u 1/p
) [ lox@Pal +
0

=2"Y sup
O<us1jn m(
ulog 5 +1

1 t
+ sup f !(px( )l dl
a<u=1/n 2P/ [ + 1)

19
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Hence, because

log(2u+] log3 l)lg( +1] if O<u=s '1—, n=1,213,..),

we obtain
i/p
sup f ool ar| =
O<u=1ifn u log”/" ( + 1]
1 v 1/p
= sup '1— f |¢x(t)lpdt =
0<v=2/n v logp/q [_+ 1] 0
v
1 1/p
0<2u=2[n 2u log”/q[ +1 )
—1/q : 3 He
=282 [ le.pdi| +
og?2 O<u=1/n u logp/q [_+ 1] 0
u
-1/q r P i
N [log; B 1] sup 1 f l(Px(t)l dt
log 0<u=1/n log?/® [l.}. 1) u !
u
Therefore

L

[IA

4 10g3 ]1/‘1 —llp}_1 log(1 . ) log(l J
;{[logZ -1 2 RN L s g =G, v n s

To estimate of the second integral we apply Theorem D. Then

P a

I _Z{__l__ jl| f" D (t)dtr}l/q—
2 allogn+1) & k " P=U) P -

IIA

1/q
~ oz 2 150 /-7 O

k= 1

= C7(p’ q){logp/q(n +1)

[ Lot Ll d,}""

= ¢ ) f;

£ o0 1

ng/q (n + 1) A

where f*(t)=f(x) for te(—1/n,1/n) and f*(t)=f(x+t) otherwise.
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Summing the above estimates we have the desired result with the constant
Cs(p, )=Cs(p, 9+ Co(p, 9)-

Proof of Theorem 2. Since, for feL%(9),

w!‘og(%; f] <M{log(n~l-l) f Qp(t) dt} ’

pp

we have the first inequality, immediately.
To prove the second one, let us consider the function

0= mﬁi—])ki {Q [%]—Q [ﬁ]} cos k(t—x).

By our assumption, # 'Qu)=(Au)"'Q(Au) if A<1. Arguing as in [6], we see that

o (5 ) = MQ(D),

(i 2),, =l f S

which gives f,€LE(Q).
Hence, in view of

M T
55 10109 = g 2 ()

and

we obtain
Yp
o o M L 2l
fes}.‘j{ﬁﬂ) Hyo (e 0, f)p = %t (x; 0, £, = 4(8n+1) {log(n+1) kglv k =
. Y e
- _M 1 1 T f)p_(“_Tl_]du = M{ ! i) dt}w
= 4@z +1) log(n+1) 8 ; u+1 log(n+1) 5/ ¢ )

Thus Theorem 2 is established.

Proof of Theorem 3. Since

o3 N—F@ == [ 0. OKD b,

where K%(t) denotes the (C, o)-kernel, and
K3 ()] = 2n,

19*
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the proof reduces to estimate the second term in the following expression

(3L peron] =
log(n+1) S k" * -

1 01 1/n q\1l/g
= {—— 2% ;of %(t)Kk(t)dtl} +
i 94 1/q
{W]—)k % I f‘Px(f)Kk(t)df } =N+,
Here
2 1 b 1
J=—= {—————— 2k xtdt} = Gy(p, wL"“(—; ] ,
lOg(n+1)k lk{ f(p() l 8(p q) n fp,q
by the same argument as before.
Using the following form of the kernel
, sin {(k+1/2+a/2)t—-’3;} | _
K = gy me 5 e -
(2 sin 5] 2A§ sin > -
sin {(k+1/2+a/2) z—”—“}
2 1 S et |
= —Nive - — _%IA‘, sin k—v+—2- =
A (2 sin -2—) ’ 2A% Sin—- -
sin {(k+1/2+a/2)z—%} .
= R t 14a Aa ZAll*i-an k(t)
A (2 sm.EJ
we obtain
q)1/q
,,sin((k+1/2+a/2)t—ﬂ]
B s S 2o dd § +
2= T 1+a x '
log(n+1) %3 & | ln A (2 sin _J
2
1 ay\lgq
e 2 il ,f 1 2 A o0 | =
) 1/q
2n ,,(p,(r)cos(lza t—%‘f)
sin kt dt +

- e—
= log(n +1) ; Ag A [2 sin LJl+a
2
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9} 1/q
1 n 2/11? u¢x(t)8in(1_2’-at—n_a)
+ log (n+1) i< 2 k| A f T )ire cos kt dt +

ln 2 sin —

2

1 n 111 N N a\1g
———— a—1 Copey _
+{log(n+1) kZ; k A; "Z An+1 k(o, f ) f (0)} } 121+J22+J23.

The terms Jy,, Jo,, J53 will be estimated separately. First we consider the sum Jy,
In view of

Co(@)k* = A3 = Cro(k* (@ #—1,-2, .., k=1,2,..)
([71 (1.15) Ch. IIT) we have

/g
Jp= GGl Skt (3 kY0 S-S O]

Co(a) =
_ Cyla—1) 1 L = ke o i ay1/q
TGy {]og(n-l'—l) kgl (v;; (v+ k) 1S,-1(0; /)~ ((O)I) } :

Further, by Theorems A and D,

— Cila—1) n 1 * * ()4 e -
sy = 28 mkmﬂmeM21&x0f>f@d =

] * *
_ 2Y97Co(o—1) { 1 215,00, =) ]llq li a(fM—1*(0) _
= Co(a) sin (—na) | \log (n+1) /&4 v Tos i (n+ 1) =

219 Cpo(a—1) mwv“” Vi 4 _
= E@sinCm {[ log"/“(n+1) f d’] T Tog i (n ¥ 1) 1,[ <] dt} =

- 21/4C10(0(—1)7t(c7(p, q)+ 1) 1 T l‘/’x(t)lp 1p
= Cy () sin (— na) {logPl‘l(n+1) 17/ df} .

The estimates for J,; and J,, are similar, so we shall examine in detail the

term J, only. Then we can apply Theorem C with A=1/g+a=0, s=g¢, r=1/(1+a),
r'=—1Ja and

. (14 an
“’x(’)s"‘( 2 ’”T) . 1
h(f):: (2Sin_z]l+a if lE[';;, 7I>,
) 2

0 otherwise,
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and obtain

2 1
=T {log(n+1)k

k-e-va L fh(t)sml\tdt

}llq

-1/q —a—1/q NYg <
C()log (n+1){2|k by (m)%}

1
CG[I-}-a)

=— " log™Yi(n+1 h(DYA+D gy 1+a <
G108 ){_fnl @) )

1 1+a |
_ 26 (r=) e — [l b
- Co(e) logH10+2(n+1) ; :

Thus our proof is completed, Theorem 3 holds with the

1y Cs (—1 ) ntte
2 qu(a—l)n:(C7(p, CI)'*'I) l+a

constant  C3(p, ¢, ) = Cs(p, )+ Co (@) sin(—ra) Co()2~ 1% °

Proof of Theorem 4. The first estimate may be proved similarly as before.
To prove the second one let us consider the function £, too. By the identity

k
aiti(x; ) =:4—;1—;f ;(’)A:ai‘(x; /) (cf. [7] Theorem 1.21, Ch. III),

applying Theorem B, we get
S lotts N1 =
= Ci(o) z"k-u+a<«+1»|k,4;(a;(x; N—@r =
. k=1

=z CRp' () Cy

W00 N =

C“(a+1) . 2 1
CH@Cs(1+q(+1), q) ¥Si k

e 3 Ao —f(x))[

= Cule q) kg;I Iai,c-”(X; =)
Hence, since .
M

Si(x; f)—fi(x) = 4(8n+1) (k+1
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we have

sup Hi®(x; o, hja+a = H% (x5 o, fya+a =
SELE (D)

=Cn (“’ 1-1+a]{log(:11+1) kznl’ ok s f")_f“(x)lu(lm} -

1/(1+a)}1+a

B 1 1 nl] 1k N
- C“[“’ 1+a){log(n+1) k:ZJIAz“ v:ZoA"‘”(S“(x’ £)~1x9)

l/(l+a)}1+a

B 1 1 1] 1 M ( ]
“C“[“’ 1+a]{10g(n+1)k Lk (AT ZA" “4(8n+1)Q v+1

- M 1 { 1 n ]_ 1/ 42) [ 1 )}1+a
= 4(8n+1) Cu (a, 1+oz] log(n+1) kgkg k+1 )

Hence, the desired inequality follows with the constant

Cy(a) = C2C11(Ot, 1/(1 +“))

as in the proof of Theorem 2.
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