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On the comparison of multiplier processes in Banach spaces
R. J. NESSEL and E. VAN WICKEREN

Dedicated to Professor K. Tandori on the occasion of his 60th birthday,
in friendship and high esteem

1. Introduction. This paper continues our previous investigations (cf. [3—5; 7])
on the comparison of (commutative) approximation processes in Banach spaces.
Whereas the results of [3—5] were based upon rather restrictive global divisibility
conditions, a local divisibility property was employed in [7] to estimate a given process
in terms of the particular one of best approximation. The present paper now yields
results on the general comparison of different processes, which in particular include
classical inverse approximation theorems in the applications.

Since this paper, though essentially self-contained, may indeed be considered
as a sequel to [7], we may be very brief concerning motivation for the approach and
results. In fact, in [7] we followed the multiplier approach of [3—5] and employed
global criteria for multipliers, based upon (radial) Riesz summability and correspond-
ing global BV, ,[0, e]-classes of functions. Section 2 now indicates how these con-
cepts may be localized in order to formulate counterparts to those local conditions,
important in the classical context of trigonometric analysis.

In Section 3 these localized concepts are then used to derive the general compari-
son Theorem 3.8. Here we are heavily influenced by work of H. S. Shapiro concerned
with local divisibility within the Wiener ring of Fouriet—Stieltjes transforms (see
[13, Chapter 9], also Remark 3.11 for more detailed information). Indeed, standard
“partition of unity’’ arguments are now available, even in the present abstract setting
(cf. [2; 10; 12; 17] for similar arguments in the context of Besov spaces).

In Section 4 some first illustrating applications are given, emphasizing the uni-
fying approach to the subject. In fact, we essentially confine ourselves to those con-
crete problems, already treated in [7], in order to point out the additional results now
available.

The authors would like to express their sincere gratitude to Werner
Dickmeis for his critical reading of the manuscript and many valuable suggestions.

Received May 21, 1984.



380 R. J. Nessel and E. van Wickeren

We also gratefully acknowledge that the contribution of the second-named author
was supported by Deutsche Forschungsgemeinschaft Grant No. Ne 171/5.

2. Local multipliers in Banach spaces. For a complex Hilbert space H let E be
a (countably additive, selfadjoint, bounded linear) spectral measure in R”, the Eu-
clidean n-space (n€N, the set of natural numbers) with inner product (x, y):=

= Z"' Xy, and norm |x|:={x, x)V2. If L*(R", E) is the space of complex-valued,
k=1
E-essentially bounded functions, then for each t€L=(R" E) the integral
T(r):= ./.T(,\') dE(x)
R"l

is a bounded linear operator of H into itself (for basic properties and further details
see [9, pp. 900, 1930, 2186)).

For a given orthonormal structure (H, E) let X be a complex Banach space
with norm | - | such that H and X are continuously embedded in some linear Haus-

dorff space (this hypothesis should be added in {3], see [17, p. 116]) and such that
HNX is dense in H and X, i.c.,

.1 HNX""m =g, HOAX"'=X.
Then (cf. [5]) t€L=(R", E) is called a multiplier on X if for each fE HNX
22 T@)f = [t(dE®SfEHNX, [T @©)f] = C|f]

. o

(here and in the following C denotes a constant which may have different values at
each occurrence). In view of (2.1, 2) the closure of T(7) (represented by the same sym-
bol) belongs to [X], the space of bounded linear operators of X into itself. The set
of all multipliers 7 on X is denoted by M=M(X), the corresponding set of multi-
plier operators 7'(t) by [X],,. With the natural vector operations, pointwise mul-
tiplication, and norm ’

ltlae = 1T@lexy = sup AT @SN fEHNX, | f] =1}

M is a commutative Banach algebra with unit, isometrically isomorphic (under T)
to the subspace [X],,clX].
To deal with multipliers, let us consider the Riesz factor (u€[0, <), 1€(0, =),
JEP:=NU{0}) | ’
(l—u/ty, 0=u=t
()= { 0, u=t

In the following _¢ denotes an arbitrary index set. Moreover, « o § is the composition
(in case it is defined) of the functions a and f: («xopB)(x):=a(B(x)), and a~?! the
inverse function.
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Definition 2.1. Let X be a Banach space satisfying (2.1) (with respect to a
given orthonormal structure (H, E)) and consider a family y:={{,: o€ #} of
functions ¥,(x), defined on R" with values in [0, =). If T'(r; ,0¢,) is X-measurable
in ¢>0 (this condition should be added in [7], see [5]) and if for some j¢P the
Riesz summability condition

23) FiiOW €M with  |lr; o,y = C <o
holds true, uniformly for 7>0, g€ #, then X is called R -bounded.

Local multiplier criteria may then be derived in terms of the following classes of
functions (see [11}).

Definition 2.2. For 0=a<b=o< and jEP the space BV;,[a, b] is defined
as the set of all complex-valued functions 7 which are j-times differentiable on
(a, b) such that 1 is of bounded variation on each compact subinterval of (a, b) and

b—
[ W d? )| <.
a+

Obviously, BV;,,[c,d|CBV;la;b] for O0=c=a<b=d=-. Moreover,
BV, ,.la, b} is a Banach space under the norm

b

B -1 f w | deD ()] + ZJ’L’ lim #*t® ()|
BY ; +yla,b] - — ]| k=0k! u--b— ’

a

Theorem 2.3. Let X be R} -bounded and t a complex-valued function, defined
on [0, o), such that t€BV,[a, b] for some O0=a<b=eo. Then for each 0,6 M(X)
satisfying .
- (24 g,(x) =0 for xeR" with y,(x)éla, b]

one has c,(toy,)eM(X). In fact,
2.5) log(tovdlu = Cloglaltlsy,, a0

For a proof of this theorem as well as for further details concerning these
localized concepts of BV, ,-classes and multipliers see [11].

Remark 24. For 4=0, b= condition (2.4) is empty so that the unit
g,(x)=1 for all x€R" is admissible. Thus Theorem 2.3 also includes our previous
multiplier criterion BV [0, e] oy C M(X), in particular, for every 7€BV;,[0, -]
(cf. Remark 2.8)

(2.6) HT(T ° ("//e))”[X] =:[ro (Wl = Clitlsy,.st0,=15

uniformly for #=0, g€ # (cf. [5; 15], also for fractional extensions).
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To formulate some further results concerning BV ,(a, b] (see [11; 16] for de-
tailed proofs), let Cqg[0, <) be the set of realvalued functions on [0, <o), arbitrarily
often differentiable with compact support (in notation: supp).

Proposition 2.5. One has  Cgl0, =) BV; (0, ==].  Moreover,  for
2ECH[0, ) the family {A(tu): t€(0, <)} is continuous in t with respect to the top-
ology of BV;;110, =), thus

lsl_[‘} [4(su)— 2 ()| 8y, , 10,001 = O-
As an immediate consequence of (2.6) we conclude that for 1€Cgy[0, ) and

¥, subject to (2.3), the family {A(1,(x)): 1€(0, <)} is continuous in ¢ with respect
to the topology of M, thus for each t€(0, <)

2.7 tim |T(2 0 (s¢)) =T (% 0 ()] |y = O,
uniformly for ¢ 2.

Theorem 2.6. Consider families {a,}, {b,} of numbers with 0=a,<b,=
for each o€ ¢. Suppose that the functions t,£BV;,,la,, b,] satisfy (cf. Definition
3.7) .

(28) sup “TQHBV_Hl[ae, bl <o

ecf
2.9 inf {|t,(w)|: a, < u<b,, g€ £} = 0.
Then 1/t,£BV;,4la,, b,l, uniformly for o€ f.

Remark 2.7. To illustrate condition (2.8), let DY, jeéN, be the set of real-
valued, continuous, strictly increasing functions n on [0, =) with #(0)=0,
lim n(u)=< which are (j+1)-times differentiable on (0, =) such that

u—- oo

(2.10) ® WY@ = C') O=k=j, u>0),
' (i) tim ' (u) = 0.

If ¢(0) is a (real-valued) positive function on #, then for every 7€BV;.,[a, b]
and n€DY) the functions 7,4, w):=1(¢(e)n(w)) (of Hardy-type) belong to
BV .ila,, b,) with a,=n"(a/p(0)), b,=n"*(b/e(e)), and one has, uniformly for
0€S7,
(2.11) 1Tl v, 1tae 501 = Clitly,, 21a,61-

Remark 2.8. Obviously, r;,€BV;.,[0, =], and therefore by (2.11) (take
nw)=u) r; €BV;;,[0, <], uniformly for r=0. Again by (2.11) it then follows
that for every n¢ D and positive function ¢(g) on #

1Cr5.0 wernllav; a0, =1 =ClIrsll8v, 10,35
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uniformly for ¢=0, g€ #. In view of Remark 2.4 this implies that if X is R/ -bounded,
then X is also Rj-bounded with ¥,=0(0)(n0¥,). '

3. General comparison theorems. Throughout X denotes an R}-bounded Ba-
nach space.

Definition 3.1. A family {7 },., of uniformly bounded multipliers is called
locally divisible (at the origin) of order  if (cf. [7]) there exist some 6>0 and a
family {6}, of uniformly bounded multipliers such that

3.1 To(%) = Y, (x)0,(x) in case Y, (x) =4.
If (3.1) holds true for all x€R", g€.#, then the family {z,} is said to be globally
divisible.
Proposition 3.2. Local divisibility implies the global one of the same order.
Proof. We proceed as in [7]. Let {z,} satisfy (3.1) and A€Cg[0, =) be such
that A(1)=1 for 0=r=4/2 and =0 for r=6. Since 1—Ai(t)=0 for 0=1=4/2,

the function a(z):=(1—A(?))/t belongsto BV;,,[0, «s]. Thus {ooy,}, {Loy,}cM,
uniformly for g€ # (cf. (2.6)). Moreover, on R”

]-_AO'/JQ = ‘pg(aoll’g)s Tg('loll/a) = '/jgeg(}“o‘//g),

and therefore 7,=T1,(Zoy,)+1,(1 —20y,)=y,[0,40y,)+1,(c o,)]. Hence the
assertion follows since the terms in [...] are bounded in M, uniformly for g€ #.

Remark 3.3. Let 7 be a function on [0, =) satisfying {roy,}c M, uniformly
for g€ #. Let n€DY be such that t/n€BV;,4[0, ] for some 6=0. If 1 is given
as in the previous proof, then again Aoy,&éM and (Loy,)(x)=0 for all x€R”
with ,(x)=8. Therefore 8,:=(Aoy,)((x/n) oY,)éM by Theorem 2.3 with

10,10 = CliA oy lmlt/ml sy, 0.1 = Cl A bv,, 110,17/ Bv, 1110, 525
uniformly for g€, #. But if (noy,)(x)=n(6/2)(=:9), then

(0¥ (%) 6, (x) = A(¥, (x))t(;ﬁg(x)) = (10Y,)(x)

_ so that the family {roy,} is locally divisible of order 5 oy (cf. Remark 2.8). Thus,
local BV,,-conditions (at the origin) ensure corresponding local (and therefore
global) divisibility properties.

For g=>1 let peCyl0, =) be such that (partition of unity)

62 0sp@=1, sp@ il [ @1,

0
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ca

Since f p(us)u~'du=1 for every s=>0, one has for the function
0

(3.3) v(0):=1, v(s):= fmp(us)-dui= [ p(u)fui

that v€Cqi[0, =) with v(s)=1 for O0=s=1 and v(s)=0 for s=gq.

Lemma 3.4. For s,1€[0, o) there hold true the identities

3.4 1—u(ts) = ftp(us) %,
(3.5) p(s) = p()(1—v(g9),
(3.6) 1-0() = [ [1—o(us)~p(us)] ‘i;‘.

Proof. (3.4,5) are immediate consequences of the definitions. Moreover,
~ du bl PP dr] du
Ju=s@nfe= [ [(f+ yrea S5 -

= fp(rs)$+fm [j° du] p(rs)%=l—v(s)+jop(rs)—"g.

u2

Consider the operators T(po (1)), T(vo(ny,)) which belong to [X],,, uni-
formly for =0, g€ ¢ (cf.(2.6)). By (2.7) terms like T(p o(1},) )/ are continuousin ¢
with respect to the topology of X so that the following integrals are well-defined
(in X).

Pr'opositi'on 3.5. (a): For each fecX, (>0, 0EF
37 IT(p o (Wf|| = Clr—T(wo (4 ) S,

68 U-TEowfl = [ /=T (o @fl+IT(po )l o

(39) J O k=

1

du
u

= [ /~1Go )]

u
(b):- If for each feX, p€ ¥ (theorem of Weierstrass-type)

(3.10)  Jim |7 (oo () S/~ = 0,

then one has additionally

3.11) If~T@o @ rl = [ T(p o)l ‘i—“
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Proof. In view of (2.6) assertion (3.7) is an immediate consequence of (3.5),
~ whereas (3.8) follows by (3.6). Furthermore, (3.7) delivers

S 1o @i ) || 5e = ¢ [ |~Tolqu)s|| S =

= 4C [ |/~ Twow)f| = qC [ |l/~T(oo wh)f]| 22,

thus (3.9). Concerning (3.11), the identity (3.4) implies that for fEX, O<e<t

f~T@o W) f = [ T(po (whp)f d—:+[f—T(v°(8¢/g))f]~

In view of (3.10) this yields the assertion upon letting ¢—~0+.

The following result is to be compared with the Steckin-type estimate of [7]
which now appears as an auxiliary result towards Theorem 3.8.

Theorem 3.6. If {z,},., is locally divisible of order V, then for each feX,
ecF

3.12) ITGI=C [ |T(o ) f~f H%-
Moreover, if (3.10) holds true, then
(3.13) T = C [ [T(po aap)s]min {1, 1142

Proof. Since yx(u):=up(W)=uv(u/q)p(), uv(u/q)eCyl0, =)CBV; 1[0, ],
one has the estimate (cf. (2.6))

(3.14) |7 Gco )7 = C|T(p o (o) /|
as well as the identity (cf. (3.3))

bewoud = [ dolpo @) = [ go(up) e,

the latter integral being absolutely convergent with respect to the topology of M
(cf. (2.6, 7). Consequently, since by Proposition 3.2 the family {z,} is also globally
divisible of order ¥, say 1,=y,0,, one has the representation

o) =0, [ xow) e,

25
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and therefore by (3.14)
1T = 1TCHT (0o ¥ )N +HIT @)U —T (woyd f1l =

(3.15) = C[fw “T(po(mpo))f”%-!-[|f—T(v otﬁe)f"]

Thus (3.12) follows by (3.8, 9). Finally, (3.13) is a consequence of (3.10, 11, 15) since

IlT(tg)fllsc[f 170 s ]| 2 + fllT(pO(ul//Q))fll

u®

-c j |70 o Gat) ] min f1, L} 22,

To formulate the main result, let & be the set of functions o, contmuously dif-
ferentiable and positive on (0, =) such that

lima() =0, lima()=e, «®=0 (=>0).

Obviously, DWc/ for every jEP. Moreover, if o, f€of, then aof, a—lcf,
too.

Definition 3.7. Let a€o/ and B be any function with a(t)<p(¢) for each
t=>0. A family {6,};>0 With 6,€ BV, {a(t), B(t)] is said to satisfy the Tauberian
condition of type (o, f) if

(3.16) . sup loelsy, s staer,pem <=,
> ’

3.17) inf {Jo,()|:0(t) < u < B(£), t > 0} >0.

In view of Theorem 2.6 conditions (3.16, 17) are chosen in such a way that
1/6,£BV; 1[a(?), B(2)], uniformly for ¢=0.

Theorem 3.8. Let y:={y,},. ,C/ be such that X is (R}-and) R} -bounded.
Suppose that the family {1}, , is locally divisible of order Y and that the family
{0:};>0 satisfies the Tauberian condition of type (a, B) such that for some gq=1

(3.13) SIEJB 7.(g5, ) = B(1) (1 =0),

where J,:= y;‘ oa. Let g,0y,0y, belong to M(X) such that (T(o,0y,0y,)f| is
measurable in t. If B(t)=e for all 1=0 (i.e., (3.18) is trivial), then one has the com-
parison estimate (fcX, o€ #)

st

(3.19) ITG)fl=C f L CATA AV EAOL A
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whereas in the general case P(1)= oo the additional assumption (3.10) implies

G20) TSI = C [ [T (01,001 min {1, 1/5,(0}5; () du.

Proof. First of all, a,y,64 imply 7,7 0,65 for each o€ #. Substituting
u=1/6,(t) it follows by (3.12,13) that

51 )
(3.21) TG fl=C [ T( ‘/’9 ) a0 dt,
(3.22) IT¢)f] = C f “T(po 5 (t) j“mm {1, 1/5,(D}o, (0 dt,

respectively. Let us first consider the case f(f)=<o for all 7=0. Since X is R}-
bounded, the multipliers 1—v(Y,(x)/5,()) belong to M, uniformly for ¢=0,
€ # (cf. (2.6)), and vanish (cf. (3.3)) for (y,0¥,)(x)=«(?). Thus Theorem 2.3, 6
yield

Ui g = [1—00 5 (t) /a,onOpoEM
”ﬂt,g”M =C|l-vo 5‘p€t) o lll/atllBVj+1[a(!),°°] = C,
since X is R}, -bounded, too. Hence
(323) /-1 (oL 25 f“ = CIT(0, 7,041

which establishes (3.19) in view of (3.21). To prove (3.20), one has by (3.2, 18) that
P(Y(x)/6,())=0 for (y,0¥)(x)4la(?), B(1)]. Again Theorem 2.3, 6 yield

v
He, =D 0%/0@?@ oYM
with [, ol =C. Hence

(o 3%5) = CITGonob) I,

giving (3.20) in view of (3.22).

Remark 3.9. Concerning the measurability of |T(o, quowe)f | - with respect
to u, assumed in Theorem 3.8, the proof indeed proceeds via the integrals on' the
right-hand side of (3.21, 22) (wellfdeﬁned in view of (2.7)) plus-a pointwise estimate
of the integrands (cf. (3.23)). So, if the measurability of | T(o, 0y, 0¥, )f | cannot be
assured in advance, one may replace the majorant | T(o, oy, o¥,)f| in the pointwise.

25%
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estimate (3.23) by some measurable one, e.g., by the monotone majorant
sup {|IT(a, 0y, 0¥ )fll: r=u} (cf. [13, p. 219 ff], in particular the notion of a 6-mod-
ulus, which indeed generalizes the classical modulus of continuity (4.10)).

Remark 3.10. Obviously, (3.18) is satisfied if y, is a homogeneous function
(of some fixed positive degree) and gu(t)=p(t) for some §=1. On the other hand,
if, eg., Y,(x)=¢ log(l+]x]) and y,()=e*—1 so that (y,oy)(x)=]|x] (cf.
(4.1)), then (3.18) reduces to (14+a(r))'=1+p(1).

Remark 3.11. As already mentioned, the results of this section are extensions
of corresponding ones known in the concrete situation of the (trigonometric) Fourier
spectral measure (cf. Section 4). More specifically, the estimate (3.19) of Theorem
3.8 is to be compared with {1, Corollary 2.4], whereas (3.20) is related to [13, Theorem
9.4.4.5]. Of course, the present methods of proof need different tools (cf. Section 2),
due to the abstract setting. Let us mention that one may now also formulate a coun-
terpart to {13, Theorem 9.4.4.4], based upon local divisibility (at the origin) of two
families of multipliers.

Without going into details, let us finally mention that, even in the present ab-
stract frame, the sharpness of the estimates obtained may again be discussed along
the lines outlined in [7]} (see also the literature cited there).

4. Applications. Let us recall that the approach of Section 2 to a multiplier
theory in abstract spaces subsumes many classical orthogonal expansions in the appli-
cations. Since this is already worked out in our previous papers (cf. [5; 15] and the
literature cited there), we may here concentrate ourselves to a very important special
situation, the (trigonometric) Fourier spectral measure over R

To this end, let X be one of the spaces LP(R"), 1=p<-e<o, of functions f, pth
power (Lebesgue) integrable over R" with (finite) norm

111, = (@m)="* [If)Pdx).
R
Let & be the Fourier—Plancherel transform on L2 and & ~1 the inverse transform.
For a Borel measurable set BCR" let 2, be the multiplication projection

(Zsf)(x):=f(x)
for x¢B and =0 for x¢B. Then E(B):=%"12y,% is a spectral measure for
H=L? (cf. [9, p. 1989]). Furthermore, for the spaces X mentioned above condition
(2.1) is satisfied, and (2.2) coincides with the classical definition of Fourier multipliers
€M, (R):=M(L"(R")) (cf. [14, p. 94)).
Concerning the Riesz summability condition (2.3) it is a classical result (cf. [14,
p. 114)) that

“.1) Vo) =Ix|, £={1}=@2.3) for j= @m-1)l/p—1/2|.
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Other admissible choices of ¥, used in the following are based upon the fact that (in
the Fourier spectral case) any surjective affine transformation A from R” to R™
induces an isometry from M,(R™) to M_,(R") via 6(4x), x€R", 6€M,(R™) (cf.
[2;, p. 15]). For example, take m=1, 09€R", and Ax={p, x). Then it follows by
(4.1) (on RY) that

“4.2) Yo (x) = o, )|, F=RN{0}=(23) for j=0.

Note that in all these cases condition (3.10) is satisfied (theorem of Weierstrass-type).

In the following we revisit those applications, already mentioned in [7], and point
out what kind of additional results are now available via the (localized) COncepts of
the previous sections.

4.1. Abel—Cartwright means. Let n¢DY for some j=>(n—1)|1/p—1/2| and
¢(t)>0 for t=>0. Consider the Abel—Cartwright means W (¢()n), corresponding
to the multiplier w((p(t)n(lxl)), w(u):=e™". Since wEBV;.4[0, ] for every
Jj€P, the operators W (¢(t)n) are well-defined in [LP(R")] (cf. (2.6, 11), (4.1)). The.
results of Section 3 may now be used to compare means of different orders .

Corollary 4.1. Let j=m—1|l/p—1/2] and neDP, k=1,2. Then for
every feLP(R"), t=0
1o(t)

4.3) | (@ @) f~f, = Co® [

wl|—12

( (n“(u)))

Proof. Let 1€ #=(0, ), 7,(x)=1—w(e(t)ny(}x])). Since
(1 —e™")/u€BV; 40, =],

it follows that 7, is globally divisible of order @ (#)n,(}x]) (cf. (2.6, 11), Remark 2.8,
(4.1)). Setting o,(1)=1—w(na(u)/n(ny*(s))), one has a,€ BV; [0, =], uniformly for
s=>0 (cf. (2.11)), and o, (m)=1—e"' for u=n;'(s). Hence it follows that {0},
satisfies the Tauberian condition with «(s)=472(s), B(s)= . Moreover, for y,(u)=
=07 ulp(1)), thus S,w=¢()u, one has o,(r(@(O)m(xD))=0o,(xDEM (cf.
(2.6), (4.1)). Therefore (3.19) implies (4.3) (note that the integrand depends contin-
uously upon u, analogously to Proposition 2.5, (2.7)).

In particular, n,(w)=¢(u)=w’, y=0, yields the standard Abel—Cartwright
means W, (t)(:=W(t’n,)) which subsume for y=1 the Abel—Poisson and for
7=2 the Gauss—Weierstrass means (cf. (4.12)). Corollary 4.1 then reduces to

' Corollary 4.2. For every y,6=0 one has

4.9 W, f~fl, = € [ Wadf —fl,u~""du.
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Since (1—exp {—u’})/(1—exp {—u’})€BV; [0, =] for -0<xd=y (cf:[15, p.
54 ff]), it follows by (2.6) that in these cases one has mdeed the direct estimate (cf.
8))) :
45 W, S, = CIIW.s(f)f S,

which, of course, is stronger than (4.4).

On the other hand, concerning the :shdrpness of (4.4) for 6>)’), it is shown in [6]
that for each O<pu<1/2, O<v<1 there exists an element f, , such that for e.g:
y=1, 6=2; p=1

. = O .
s {2 iy =0,
@6 tim sup WO us usls 1 _

w0t e fuv—Sunrlh _ . '
Thus an estimate of type (4.5) is impossible for 6=y, even for nonsmooth elements.i

4.2. Marchaud-type inequalities. For h€¢R" let symmetric differences of order
2r,reN, be given by . .

CX)) A7 f= 4 £, (i )X := f(x+h)—=2f(x) +f(x—h),
corresponding to the multipliers (2(cos (h, xy—1)). Let S,_1:={0eR": o= 1}

Corollary 4.3. Given r,s¢N and 1=p<oco, there exists a constant C such
that for every feL?(R"), w€S,_,, t=0

(4.8) . 421, = — f 1422, f1, min {1, (5/uy*+*} du.
Probf. To apply Theorem 3.8, consider
@9 d@):=2(1—cos ), o(u):= [ d*(ur)(1—v)do.

Obviously, d°(u)= 2 a,jcosju with a,>0, and therefore "
. _ j=0

0w =%+ Jay7 L.

Now, d(u)/u® and consequently (cf. (2.11)) d(ju)/(ju)? belong to- BV, 1[0, «] so that
in view of kn; o(u)=a,/270 there exists a=0 such that

g(;}) =a,./4=0 for u=a, aEBVj;l[a, o).
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Again by (2.11) this implies that o¢,(u):=0(u/t)€BV;,,[at, =] with

Hat”BV,“[at =] = C”a”BV]“[a ] = C”a”BV_,.H[O @]

uniformly for 7=0. Since also lo,(u)l=a,,/4 for u=a(t):=at, the family {0,},,,
satisfies the Tauberian condition with «(t)=at and B(t)=-c-.
Thus, in order to apply (3.19), set

(t, w)ef = (0, =)XS,_1, Y10 (¥) =[1[w, x)|/al*,
o) = auV’t, 1, ,(x) = & (1w, x))).

Since d(u)/(u/a)? and hence [d(x)/(u[a)’]" belong to BV;.4[0, <], it follows that
1, is globally divisible of order ¥, , (cf. (2.6, 11), (4.2)). Moreover,

. ('yt,(‘nol"t,w)(x) = Kw3 x>l>

and therefore (6,07, 0¥, o)(X)=0,({w, x)DEM,. Thus X=LP is R}- and
R:,,- bounded and. :

1/u

IT@uor,w0¥0o) fl, = || f Am,uf(x)(l—vwvn =u f |42, f1,dz.

Moreover, 8, ,(w)=y, s(@a)=w)*, & (W)=2r*v*~", and 6]} (1)=y, a,(l)-l/t
Hence with (3.19)

1jt 1/u

l45f 1, ———":IIIT(r,,m)fII,, =C uf u Of 42 flpdz 2> u® 1 du =
. g;;cﬁf fwv**-2(fr+ f) ||A§i,f[]pdzdz;‘:
=Crr [f 142,11, dzf Rl 2dv+f |4%, £, dz f v=¥2dy] =
=§ftl mfll,,d2+Ct2' f z7 A% fpdz =

=< j 142 f||,,mm{ [%]W}dz.'

Let the 2rth modulus of continuity of fE€LP(R") be defined for réN, h>0
by (f. 47))
(4.10) " @y (h, f; L’(R”)) = sup {] 4%, [ ,: w€S,_1, O0<1t<Hh}.

Then (4.8) implies the familiar Marchaud inequality (see also [1])

@.11) oy (h, f; LPR") = Ch* fw e, FL"(R"‘))u“..z"ldu.ﬂ "
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Indeed, for w€S,_,, O0<t=h !
1421, = Cloa(0. s L)+ [ oufuf; @Y= di] =
| = Qr+1)Cr fm wa(u, f; LP(R™)u~>~"du
‘
50 that (4.11) follows since w,, (¢, f; L?(R")) as well as the right-hand side are increas-

ing functions of t.

4.3. A semidiscrete difference scheme for the heat equation. Let n=1. In order
to approximate the exact solution of the heat equation (x€R, ¢=0)

dfdt u(x, t) = d*/dx? u(x, 1), u(x, 0) = f(x)€ L?(R),

given by the Gauss—Weierstrass means (cf. Section 4.1)

@.12) WoP9) () = (i) [ flx—y)erindy,

consider the initial value problem for h=0
dfdt u,(x, ) = h=2[u,(x+h, ) —2u,(x, )+ u,(x—h, )], u,(x, 0) =f(x).
This leads to the semidiscrete difference scheme (cf. [2, p. 69])
uy(x, 1) = D, (D) f(x) := T (e=€®) f(x),

the function d being given by (4.9). Thus the multiplier s, (€ M,(R), uniformly for
h,t=>0) of the remainder D,(t)—W,(¢tY?) has the representation

@.13) 2,1 (X) = e~ D _g-t* (¢ > ().

For example by the results obtained in [7] (see also [2, p. 72] for a concrete approach)
it follows that for r=h?

1D, (B f—Wa()f |, = Cwa(h, f; LP(R)).
Theorem 3.8 now enables one to derive the following inverse estimate (cf. [2, p. 79]).

Corollary 4.4 One has (cf. (4.10) with n=1)
@14 ufh f; @)= C [ 1D,GF~ W, 1, min {1, (bufy 22,

Proof. With h€ £=(0, «), 7,(x)=d?(h|x]) (cf. (4.9)) it follows as in Section
4.2 that {r,},>, is globally divisible of order (k|x])*. Consider

o(s):=e0—e=, 0,(s):=o((2n—1)s/u). .
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Since 6€BV;;[2n—1,2n+1] and for |s—2zm|=1

O'(S) — e—d(s—27!)___e—s2 = e—(s—2u)3_e—(21:—1)’ = e—l_e—-(2u—1)3 - O,

{0.}.>0 satisfies the Tauberian condition with a(w)=u, B(u)=[(2r+1)/(2r—1)]u
(cf. (2.11)). Moreover, for y,(s)=s"*/h(2r—1), thus §,(s)=(sh(2n—1))", con-
dition (3.18) holds true for ¢=[(2n+1)/(2z—1)}", and one has (cf. (4.13))

(o, 07 oY) (%) = o (|x]/1) = su-1,u-:(X)E M, (R).
Therefore by (3.20) ‘

1471, C [ IDus (e /~Wa(u™ £l min {1, (wh2r— 1)} 2.

Substituting 1/u=2z, the result follows.

Let us finally mention that one may employ the analysis outlined in [8] in order
to discuss the sharpness of (4.14) in a sense similar to (4.6).
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