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On ipproximation by Euler means of orthogonal series

HANS SCHWINN

1. Introdﬁdion

Let {o,(x)} be an orthonormal system on the.interval [0 1). We consider
orthogonal series

(1) 36 on(x), with 32 <o
n=0

n=0

and their Euler mean.élof order g, 0<g<l1, ((E, q)-ineans)

@ L) = 2( Jat-arae (=01,..),

where s,(x)= 2’ ¢, 0,(x). Our main’interest is directed to the rate of convergence
v=0

of strong (E, g)-means

@ @@={3(i)ea-on@-—ren @=o01, )

on [0,1] with O0<g<1 and 9=0; f(x)is connected with the gwen ‘series (l) by
the Riesz—Fischer theorem.
To this end we assume

@ 3 c222(n) <oo,

n=0

where {A(n)} should be a nondecreasing sequence of positive real numbers tending
to infinity which satisfies for a suitable 5, 0<d<1, the following condition

5 A = CA([dn) (n=1,2,...).

Let the class 4 consist of all such sequences {1(n)}. For (E q)-means V. I. KoLsapa
[3] proved :
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Theorem A. (2) Let {A(n)}cA and O<q<l. If 3 c2A%(n) log? n<-co, then
n=2

1. (X)—f(x) = 0x(1/A(n))
holds true almost everywhere (a.e.).
(b) Let {A(n)}c A. If the sequence {u(n)} of positive numbers sati.s_‘ﬁes the con-

dition A(n)= o(u(n)) then there exists an orthogonal series Z'c qa,,(x) with
f c22%(n) log® n<o and
" B () () —f ()} ===.

Here we prove for strong (E, g)-means

Theorem 1. Let {A(M))A and O<g<l. If 3 GA¥n)y<oo, then
1)~ f () =0,(A(w)) ae. implies "

P (x) = o (1/A(n)) a.e.
Jor every y=0. :

We show that the conditions in Theorem 1 are not redundant:

Remark 1. For any method (E, q), 0<g=<1, there exists an orthogonal series
S e, (x) with 3 E2n)<os, {A(n)}€A, such that -
n=0 n=0

N (x) = 0 (1/A(m) ae. (v =1). _
ARcmark 2. For any method (E, q), 0<g<1, there exists an orthogonal series
) W (%), 2’ Ci<co, with [1,(x)—f(x)|=0,(1/A(m)) a.e. ({A(m)}€ A) and
T (x) o,(1/A(n)) ae. (y=>0).

The proof of the remarks will be found in Section 4.

The condition #,(x)—f(x)=0,((A()~) in our theorem may be substltuted
by a condition concerning the rate of approximation of certain partial sums, as fol-
lows from the next theorem. For this purpose we consider sequences of natural
numbers {m;} with a gap condition

). Cafmy < mpg—my< BYVm., O <o < f <o)

Theorem 2. Lét the sequences {m;} and {m} satisfy a gap condition (6) and
let {A(m)}eA. If 2'.0 cﬁ,lz(n)<oo, then for partial sums and (E, q)-means, 0<q=<1;
of the series €1) - -

(@) $a, (D) —f(X)=0,(1/A(m)) ae. zmplzes s,,,;(x)-—f(x) 0, (VA(m})) ae.;

(b) t, (x) —f(x)=0,(1/A(m})) a.e. implies 1,(x)—f(x)=0,(1/A(n)) ae.;

©) s, (x)—f(x) 0.(1/A(m;)) a.e. holdsif and only if t,(x)—f(x)=o0,(1/A(n)) a.e.

"Ma
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As an immediate consequence of the last theorem we get a result comparing
(E, g)-means with different orders, proved by E. MARTIN [5] for a subclass of 4:

Corollary. Let {A(m}eA. If 5; CiA¥(n)<os, then for (E,q)-means 19(x)
and (E, p)-means fP(x), 0<p, q<l, of the series (1) it holds:

1D (x) —f(x) = 0,(1/A(n)) a.e. implies 157 (x) —f(x) = 0,(1/A(n)) a.e.

2. Lemmas

For the proof of our theorems we require some auxiliary results. In the fol-
lowing we assume a method (F,q) with a fixed order g, O0<g<1, and we put
fi=min {k€N: n=gk}. Obviously [gh]=n holds. Now it is possible to define
the sequences {n;} and {#;} by the following relations '

V) mo=1, my=n+[{a] (=01,..).
We put for brevity

n
ey = (V) qv(l _q)n—v (V = n)

and consider the differences

£ (X) — Sggmy () ='k§° dp 91 (%)
with :

k-1
2 en (1=k=gn),
v=0

2 e (gn<k=mn),
v=k
0

(k=0 or k= n.

dnk =

‘The following estimates can be found in L. KANTOROWITSCH [1] (Lemma 1), resp.
H. ScawinN [7] (p. 20).

Lemma 1. Let O0<q'<q<l. Then we have
(@ ex=dyg+n =A@/ O<k=g'n; s>0);
(b) > dix=B (k=12 ).

A =k=A,

“With regard to some structural properties of A, V. 1. KoLjapa {3) (Lemma 1) proved
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Lemma 2. Let {A(m)}€ A.
.(a) -There exists a constant p=>0 with 2(n)=0(n").
(b) For every &', 0<&' <1, it yields 7.(n)=Cj A([6'n]).

Lemma 3. Let the coefficients of the series (1) satisfy condition (4) with {A(n)}€ A,
and with respect to (E,q), 0<q=<1, let the. sequences {n}, {i;} be defined as in (7).
Then
' 15, () =5, (x) = 0,(1/A(71)) a.e.

Proof. This lemma is evident if we show
o 1 o b;
Z=3 j 2 (1) = 80, (I dx = 3 22() 3 déikcz <ee,

With the a1d of Lemma 2 (a) we have A(n)= O(n”) Choosmg s=p+1 in Lemma ]
(a), we get (0<q <g=<l1) . _ ,

Si= 20 3 dad=00 34

i=1

_=,g| -
"MB
A
8

Finally, with Lemma 1 (b) and Lemma 2 (b), we get

o= 3@ 3 dad=c CiZ 3 dudi®)=sCiB 3 dir®) <=
i=1 k=[gR)+1 i=1k=[gm)+1 k=1

which proves together with- 3, << the convergence of J.

Using the sequence {n;} defined in (7) we construct the following sequence of
functions :

or(x) = (1/(n+n;4,—2nm; +l)) Z'(Sk(x) s,,‘(x)) (m=n<mn,;i=0,1,..).

_..n‘

The next lemma wh1ch is an analogue of a result of G. SuNoucHI [9] can be found
in [8}:

" .Lemma 4. For any-y=0, -

1 24y —1 : -
S {020=m) S 15— ()t (P} dx =
o Il=-'lli

) I . :
=A@ 3 & (i=0,1,.)

n=n;+1

Lemma 5. Condmon (4) with {A(m)}e A implies
' a*(x)="o (I/) (n) a.e:
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Proof. We consider
4;(x) ;== max o} (x)*

Ll PO

and get on account of o} (x) 0 when applymg the Cauchy lnequahty

a@={ 2 |a:(x)—a_1(x)|}2§(nm " 2 (a::(x) a"_1<x))2

n=n;+ n=n+

Using the relations A(n,4,)=C*1(n) (cf. (5), Lcmrna2(b)) and n,,—~nm<n+
+ 14, —20,=2(n; 4, — 1) if m=n<ng,,, we get

f 224 4i(x)dx =
= 022 (n)(n; 41— .) 2 (1/(”+'1.+1 —2n)") __Z' (k471 —2n)%c; =
=0, " zie(h).

k=n;+1
l oo
Thus . f 2 A¥(n;41)4;(x) dx << and B. Levi’s theorem leads us to
. 6 .i=0
Ao ()| = A(mi40) | max Ia ) =o0.(1) ae.
(m=n=<n;,,) which proves our lcmma.

Dependent on the order g of (E, q) and with the aid of sequence {#;} (cf. (7))
we introduce a sequence {1(n)} by the definition

I =i) (m,=n-<ny,; i=.01,..).

Then .the method (E,q) transforms {(l(n))‘l}, resp. {(A(W)"'} with the fol-
lowing properties:

Lemma 6. Let {A(n)}cA and y>0. Then
@ ,50 ea(1/27(k)) = O(1/27(m)),

) 3 eu(1/7 () = O(E (M)
©) ep=0(1/A(m). -
Proof. (a) On account of Lemma 2(a) A(n)=0(n*); choosing s=py in
Lemma 1 (a) we get with (5) and with 0<g’'<q
27(n) Z' eu(1/27 (k) = 27 ({277 (1) dy gy a1 +277(g’ m . nk} o).

(b) By the relation l(n)<I(n) O(A(n)) this case is equwalent to (a). ()
follows s:mllarly



288 PO H. Schwinn

3. Proof of the theorems

Proof of Theorem 1. With the aid of sequence {n;} (cf. (7)) depending on
the method (E,q)=(e,) we consider with j(k)=i if n;=k<n;,, the following
estimation

ATV (X)) = CH{A (M ey)so(x) —f(X)]" +
+ 47 (n) ké; el sk (x) — Snyex0 @) —of () +4'(n) ké; enloy "+ -
+ A7 (n) ,_2" €t [Sn;00 () —f D} = CHH{TP () +7M () + 1™ (x) + 1V ()}

With the aid of Lemma 6 (¢), Lemma 5 and Lemma 6 (a) we get a.e.
@® T (x) = 0. (1); ™ (x) = 0.(1).

With regard to the assumptions of the theorem and Lemma 3 at first |s, (x)—f(x)|=
=8, () =15, )+ |1, () ~f ()| =0,((A(A))™?) is true and with Lemma 6 (b)

9 M (x) = o, (1) a.e..
To prove ™ (x)=0,(1) a.e., in the following for the sake of brevity, we puf'

61 (%) = 5(X) = S, (X) — 0% (%)

We notice at first that it suffices to consider exponents y=2; if y<2 it follows
according to Holder’s inequality that '

(10) {3 enlb QY ={ 3 e 3 e 5, (O

Since Z"'e,,,,=1, 1P(x)=0,(1) with y=2 implies this relation for 0<y<2, too.
k=0 )

In the next step we divide %7 (x) and consider now with y=2, 0<q’<gq,
, ’ lg/n)
7,(x) = A (nlk;; enklak(x)ly' -
Lemma-1 (a) and Lemma 2 (a) lead us to

. . Fiey Co M-t -
&) = 0EMAGI) 2 (Uei—m) S 18P
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and with Lemma 4 using {3 a,}"?=3 a}/? (a,=0; p=1) we get with s=(p+1)y+1
f () dx = 0Qm) 5 f (LIRS Iy dx =
=o(/nd) 3 .

=)

1 o0 oo
This shows that [ 3 {r,(x)}*" dx=0(1) 3 <o, ie.
¢ n=1 k=0

an 1,(x) =0.(1) ae..

In the last step of the proof it remains to consider

G =20 S enlb N
=[¢nl+1

With the aid of (5) and estimation e, =0 (n~v?) (cf. A. RENYI [6], p 127) it holds

2@=00) 3 (@RNE)G .
k=[gn]+1

Using Lemma 4 and the facts that {#;} satisfies a gap condition (6) and n,+1# o),
we obtain by y=2

/ {kg (VK@Y dx = [ é} {:;;’;().’(k)/}/f)|6,‘(x)|7}2/7 dx =
o ! Agyq—1
D Z2E) [{020m—m) 2 15} dx =

—0(1)2;2(11,) 2 = 0(1)k§c512(k)<w.

In the same way as 1. J. MADDOX [4] did we conclude that 7, (x)=o0,(1) a.e. which

finally shows together with (11) that ™(x)=0,(1) a.e.. Considering in addition
(8) and (9), the proof of Theorem 1 is complete.

Proof of Theorem 2. (a) It is easy to see that the number of the members
in {m}} between two adjacent m, and m,,, is bounded, if both sequences satisfy
. (6). Defining k(i) by myg=m}<myqy.,, we get with Lemma 3

3 f 12000 (50 09— s O x =

my.

=0 Zrm) 3 d=00 Fdrk <o

k=mf+1

19
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ie. S (x)— ey (x)=0,((A(m}))™Y) a.e., which together with Sty X)—f(x)=
= ,(().(m*)) 1) a.e. proves the assertion.
(b) We have to prove

1 (%) = max |t,,(x)—t,,,, ()| = 0,(1/A(m;4y))  ae..

m;<n<m;

Similarly to [7] (p. 25) we get w1th the aid of theVCa'uchy inequality and taking into
account condition (6)

wi(x) = { Z V(t (x)—t,- x(x))"}"z{ Z' 1/"}"2

V"l‘

= O {(m;+1/Vm;) v=2+1 (L () =ty (PP

By virtue of the identity #,(x)—f_;()= > (k/v)ewcen(x) (cf. K. KNoPP,
k=1
G. G. LORENTZ [2D) and m; ,=0(m;)

(12) S #mis)pix) dx = 02 (m)) Ve 2’ Z((k/v)em)z

(] v=m+

With an arbitrarily chosen ¢’, 0<g’<q, we divide the inner sums and con51der
the terms (cf.'Lemma 2 (a), Lemma 1 (a), s-p+3/2)

22(m) Vm; _%' 2 ((k/vyeu) ek =

13)
= 0M)ymPEmm; s Zc§=0(l)——12— > .
‘ k=1 ' mj =1

Next, using the estimation (k/v)e,k=(;;_—_ i) 7 ¥q)”—k=0(v‘1/2) (cf. A. RENYI
[6], p. 127) and the conditions nt;,.,=0(m;) and (5), we get

Emyfm S 3 ((ewfd =

—m,-}-l k=[g'm]+1

miy;—1 myyy—1 v—1 )
=c"S arw "3 (iZl)eo-or
) _k=1 v=max (m;, k)

and this together with (13) yields (cf. (12))

J 2R =00 S Almd 3 b+

o0 Farme 3(121)a-0= 00 Farom 3w -
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which proves p;(x) =0,((A(m;+,))"*)a.e.. Together with the assumption [tm, (X) —f(x)| =
=0,((4(m;))™1) a.e. the statement of the theorem is evident.
(c) This is a consequence of Lemma 3 and of the assertions (a) and (b).

4. Proof of the ;emarks

Remark 1 follows easily from Theorem A and the relation (an'alogous to (10))

lta@)~f)| = 1P (x) = 17 (x) (> 1).

Proof of Remark 2. (a) We construct at first for a given (E,q) the fol-
lowing sequence {n}}: With fixed &, 0<g—e<g, we take at first n, such that
ni(g—e)>1. Assumingthat nj, ..., n;_, are determined we choose n; as the smallest

number which satisfies (g--&)n} =n}_,+Vn;_; .

(b) Putting vk=[]/;f/4] we define our orthogonal system {i,(x)} with the
aid of the Rademacher functions r,(x)=sign (sin (2"rx)), 0=x=1, n=0,1, ....
To this end we consider the sets

1O =[0,1—1/27%), 1@ =[1—1/2%, 1—1/2%+1],
IO = (1 —Y2%+, 1—1/2%%%),  [® = [1-1/2%+2 1]
(k=0, 1, ...). Let us further denote, for an arbitrary interval =(a, b) (or /={a, b]),
S D =f((x—a)[(b—a)) (x€T).

Then we define {i,(x)} in the following way:

Vo) =r;(x), O0=n=nj, resp. mi+dv, <n=nf,, k=01,..;
and if nf <n=n{+4v, we distinguish four cases: if n=nf+4j+1 (0=j<v):
(22— D) 2r, (x)  (x€ K?),
@5 H)Y2r 0 0o ) (x€LD),

@)Pry (e B)  (x€ 1),
(2"")112"j+1(X; I (x€ I®);

if n=n+4j+2 O =j<v):

— Yoy (x) (XEI® resp. x€IM),
boas) (I resp. xEIO);

if n=nf+4j+3 0=j<w):

—¥,_2(x) (x€I® resp. x€I{?),
Ya-o(X)  (xELD resp. x€I®);

(142) )=

(14b) =1

(14 =1

19*
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if n=n4+4j (Il=j=yv):
Yao3(x) (XELO resp. x€IP),
—Yn_g(x) (x€IM® resp. x€ID).

We note that for ny<n, m=nf+4v,, [=0,...,3

) he@=]

1/4 n*+4' m,nén*+4'+1
[ Yn )W () dx ={ 4 4 < £+a(j+1)
i 0 otherwise
and for O<n=nj resp. ni+4v,<n=n;, ,, 0=m<os,
. 1 n=m
f%@%Mﬁz{
° 0

n#m.

It is then easy to see that {{,(x)} is.an orthonormal system on- [0, 1].
Finally we define the coefficients ¢, with an arbitrarily chosen a>1/4:

{ 0 O=n=nf resp. mi+dv,<n=ng,,, k=0,1,..,
Cp =

M) nf<n=nft+dvy, k=0,1,....

Because of the relation ny, /nf=1/(g—¢)>1,.

o oo, e +4v oo
2 c?, — 2 (nt)—zu Zv | = 0(1) 2' (,1:)—2¢+112 <o,
n=0 k=0 n=ng +1 k=0 .

(c) To prove the statement of Remark 2 we consider the partial sums s,,(x)

of the series .";e'; Ca¥a(x). If m>nf +4v, we have on I (cf. (14a)—(14d))

(153) Sm (x) = sn,:o-é- 4vkoi(x) =f(X),
Mty =m=rm,, rtesp. m=ni+2j (1 =j=2), x€[,
Iesp. _ _
(15b) Sm(X) = Sy yay, (O +() ™2 (27 Q2 — D)o, (x),
m=nm+4j+1 0=j<v; k=>k), x<ID,
Tesp.
(15¢) Sm(X) = Snx 40, (%) —~(@) @%@ — D)2 r o (),

m=ng+4j+3 0 =j < v,k >k, xE.Ik(:).-

Consequently {s,(x)} converges on [0, 1] and f(X)=5s 4y, (x) if x€I® (k=0, 1, ...).
Let us now consider. £,(x) on I{¥; we assume nf<n=n},, (k>ko) and get with
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(152)—(15¢)
D=1 = 3 eum(on(0)~/(5) =
";on me_ vy '
= m2='0 €m (sm (x) _f (x)) + _ Z 1 enm(sm(x) - s":o +_4v,‘o(x)) + .
+ Z en, n: +2j+1 (sm (x) - s”:o + 4v,‘° (x)) = tlg) (X) + t.fz) (x) + tr(ns) (x)

J10=5j<2)(n—ny)

It follows immediately as a consequence of Lemma 1 (with s sufficiently large),
regarding n_,+4v,_,<(g—¢)-n;

16) KD () = 0,(1=; 1D (x) = 0,(1%)  (xE L),

Putting now u(n)=min {(n—n;)/4,v,} and d(m)=1 if n=nf+4j+1 (0=j<v)
resp. 6(n)=0 for all other n, nf<n=n; _,, we find with (15b), (15¢)

u(m)—1
*_ *
1513) x) = (%) “(zn" 2/(2"" - 1))1/2 { J.é; Tr¥ej+1 (x) (en,n,’: +4j+1 En,n? +4j+3) +

+o(n)r, (Xen} (x€LD)

which leads with respect to the formerly used estimation e, =0(n"V2?) and to
. the relations e, <e, ys1 (k=g(n+1)—1) resp. ey>e,41 (k=g(m+1)—1) to

1.(.3) (x) = O(n"‘){Zo Ien,n,‘*+4j+1_en.n,:+4j+3l+l/ﬁ}=
J:
=01 = o(n) (xEID).
Together with (16) we finally get

an 1,(x) = o.(1/n) (x€[0, 1)).

(d) On the other hand let us consider for 7, with [g- 7 ]=n} the means

fiy, e +av,
D0 = { 3 enomlsnC)—S1 2 {3 "en, mlsn) @I
= m=n
Taking into account equations (15a)—(15¢) we find on an arbitrarily chosen l,g’)
for k=k,

v, —2
15, (%) = C{(mf)™™ 2('] €ronzraiin) ] A€ (x€ID).
J:

Regarding the estimation e,=C(q)nV* if gn=k=gn+Vn (cf. A. RENVI[6],
p. 31), the last relation yields because of w,=Vri/[4: P (x)=C*(@) ™" ae.
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(€L, ie.
(18) " (x) # 0. (1/n® a.e. (x€[O0, 1)).
Now we may define 1(n)=n". The statement of Remark 2 is proved by (17) and (18).

I should like to thank Prof. Dr. K. Endl and Prof. Dr. L. Leindler for their
kind interest and support of this paper.
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