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Integrability of Rees—Stanojevi¢ sums

S. ZAHID ALI ZAINI and SABIR HASAN

1. A sequence {a,} of positive numbers is called quasi-monotone if n~%a,0
for some B, or equivalently, if a,,; = a,(1+o/n).

RaAM [3] defined that a sequence {a,} of numbers satisfies condmon (S*) if
a,—~0 as k—oo and there exists a sequence {4,} such that {4,} is quasi-monotone,

)] . 2 Ay <<
k=0
and
16)) |da,| = 4, for all k.

Condition (S*) is weaker than the condition (S) of Sidon introduced -in [4].
REEs and STANOJEVIC [2] (see also GARRETT and STANOJEVIC [1]) introduced the
modified cosine sums

a.n 2. () =(1)2) Z’Aak—}- 2’ Z'Aa cos kx

k=1 j=k

and obtained a necessary and sufficient condition for the integrability of the limit
of (1.1).

Rawm [3] proved the following theorem in whlch he showed that condition (S%)
is sufficient for the integrability of the limit of (1.1).

Theorem A. Let the sequence {a,} satisfy condition (S*). Then
g(x) = lim 2"' [(1/2)da,+ 3 4a;cos kx]
n-co K21 i=k

exists for x€(0, n}, and g(x)€ L(0, 7).
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We say that a sequence {a,} of numbers satisfies condition (S**) if {a,} is a null
sequence and

3) nda, = O(1) (n —~<).

We claim that our condition ($**) includes a more general class of sequences
{a,} than that of Ram’s condition (§*).
E xample. The sequence
(—1)+t

a, = Tog-(-m (Il =1, 2, )

does not satisfy the conditions (S*) of Ram as |da,|=(nlog(n+1)") and so
> |da,|=. This in fact contradicts conditions (1) and (2) of (S*). On the other
hand this sequence satisfies the condition (3) of (S**).

The object of this paper is to show that condition (S**) is sufficient for the
.integrability of the limit of (1.1).

Theorem. Let the sequence {a,} satisfy condition (S**). Then
g(9) = lim 3'[(1/2)4a,+ 3 Aa;cos kx]
indadl =51 Jj=k
exists for x€(0, ), and g(x)€L(0, n).
2. We require the following lemma for the proof of -our theorem.
Lemma. Let {a,} be a null sequence and nda,=O0(1), n—os. Then
2 (n+14%a, <.

Proof. Applying Abel’s transformation, we find

n n n—1
2 da,= 2 1-da,= D (m+1)4%a,+(n+1)4a,,
m=0 m=0 m=0
and since (n+1)4a,~0 but J da,=ay-a,~a, as a,—~0, n—~co, then
m=0
n—1
2 (m+1)4%a,, — ay,
m=0
i.e. the series 2 (m+1)43%,, converges.
m=0

3. Proof of the Theorem. We have

g, (x) = 2" [(1/2) da,+ é:: 4a;cos kx] =

= tg; (1/2) 4a, +k§ da; cos kx—a, 1D, (x)+(1/2)a,,,.
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Using Abel’s transformation, we obtain

g, (%) = g" (/) da+ S 4a(Dy(x)+1/2)+ ay(Dy(x)+1/2)—
@.1) - k=

n—1

~a,1D,(x)—a,+(1/2)a, 1 = k;; 4a, Dy (x)+ a,D,(X) — a, 4, D, (X).

Applying again Abel’s transformation, we have

n—2
(4'2) &n (x) = 2 (k+])Aeaka(x)+nAan—lFn—l(x)+anDn(x)_an+an(x)3
k=1
where D,(x) and F,(x) denotes the Dirichlet and Fejér kernels respectively.
If x#0 (mod2r), then since a,—0, the last two terms of the right hand
side of (4.2) tends to zero as n-<. Moreover, at xz0 (mod 2n) F,(x) always

remains finite as n—o and since nda,—0 therefore nda,_,F,_;(x)—0 as n—-co.
Since F(x)=o(1/(k+1)x?) if x20 and 3 (k+1)4%, is convergent then

the series Zw (k+ 1) 4%a, F,(x) converges. Hence for x#0 (mod 2r)
k=1
g() = lim g,(x) = 2 (k+1)4*a,Fi(x).

The integrability of g(x) follows from the lemma; indeed, we have

fg(x) dx = kg (k+1)A2akka(x) dx = (n/2) é (k+1)42a, < o

since f F,(x) dx=mn/2.
1]

Corollary. Let {a,} be a null sequence and nda,=o(l), n—~e. Then

(/) 3 da, sin (k+1/2)x = h(0)/x
k=1
converges for x€(0,n), and h(x)/x€L(0, ).
Proof. From (4.1) we have

g(x) = kg’ dayDy(x) = (kz.z da; sin (k +1/2)x|/2 sin (x/2) = h(x)/2 sin (x/2).

According to the theorem, g(x) exists for xz0, and g(x)€L[0, n] if nda,=o(1),
which implies our result.
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