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Singular perturbations of singular systems

V. KOMORNIK

Let QcR? (peN) be a bounded open domain with C2-smooth boundary and
consider for €0 the system

) —edz—2"=v, vELXQ), z€H(QNHIQ).

This system is well-posed if ¢<O and n€{l,3,...}, not well-posed otherwise.
Fixing z,€ L*(Q) and a number N=0 arbitrarily, define

@ J(v, 2) = (1/2n) | 2~ 24| Tingay +(N/2) 0]l Loy
and
3) J.=inf {J(v, 2) | (v, 2) satisfies (1)}.

One can see easily (see [1]) that for any &0 there exists (at least) a pair (u,, y,)
such that

(C))] (u,, y) satisfies (1) and J(u,y,) = J,.

The purpose of this paper is to investigate the behavior of the sequences (/,), (1),
(y.) when ¢ tends to 0.

In case n=3 such investigations were done for ¢<0 by L. TARTAR (see [1]),
A. HARAUX and F. MURAT [4], {6] and for ¢>0 by A. BENSOUsSAN [3]. All these
considerations remain valid for any n€{l, 3, ...}. ’

In the present paper, develbping the method of A. Bensoussan, similar (and
even stronger) results will be proved for the case n€ {2, 4, ...}. We shall also improve
the results of Bensoussan in case n€{l, 3, ...}.

Let us consider also the system

) -2 =0, vEL3(Q), zEL¥(Q)
and put
6) - Jy=inf{J(v, 2)| (v, 2) satisfies (5)}.
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One can see easily that there exists a unique pair (ug, y,) such that

0 (uy, yo) satisfies (5) and J(uy, yo) = Jp.
Let us introduce the polynomial ,
@B)  Pun(®) =(1=x)—x¥42x" __-_____(x+1i]3 =X where M =(nN)V/E -1

of degree 2n—~2 and set e oL
©) N, = sup{N > 0linf p,.~(x) > 0}.

We shall prove the following two theorems:

Theorem 1. Suppose N<N,. Then

(10) |J.—Jol = 0,
any ll 4, — ttol 2y = O,
12) - ’ ’ I ve— Yol Laney — O.

(10) and (11) are valid for N=N,<o, too.
Theorem 2. Suppose N<N, and

(13) z4, ZEHAQN HE(Q).
Then

a“w - Me=Jol = 0(@),
(15) 4.~ toll 2@ = O (V)
(16) : . _ lly;—yollw(m =0 (';/Z')-

(14) and (15) are valid for N=N,<s, too.
Naturally, it is important to have some information on- the numbers N,:
Pfoposition. We have '

an | 0<N, == if n€{3,57,..),

(18)  N,=+4e if n=1 andif nc{2,4,6,.} -
We turn to the proof of the theorems. '

Lemma 1. We havef-oi" all N=0-
(19) S = Joto(l);
f condition (13) is satisfied, we have also
(20 J. = Jo+0(e).



Singular perturbations of singular systems 347

: .~.Proof. One can see by explicit calculation that

20 Yo = z4l(L +(nN)E D)
and: L L oo
22) Uy = —yg. .

If condition (13) is satlsﬁed then

Je = J(=edyo=5, yo) = J (= ¥5, yo) +0 () = Jo+0(8)

whence (20) follows. In the general case fix a sequence (z,, )C@(Q) such that
{12 = Yolt L2ney = 0.- Then for any fixed m .

imJ, = im J(—&4z,— 2%, z,) = J(— 2%, Z,)
and. o : .
’ -ﬁﬁjeél‘m J(—Z',;,,Zm) = J(—yg’ y()):JO; .
{19) is shown and the lemma is proved.

Now we fix for each £#0 a function 7, such that
(23) C Fo FEHAQNHN®),
(24) 47, L= AT amran-1yy = [e] 712,

17— yoll eney = fel +inf {[§ — Yol Loy 7, Y"€ HH Q)N H3(Q),
145} 2o +14 (5 onrcen-vey = |e] 72}

(25)

Furthérmore, we put

(26) . = u+y;+edy,,
(27) . y ’_yc j;c,
(28) & —(ye—zd =t Nyt

Lemma 2. We have

J, = J(—edy,~ 72, 5)+(N[2) [@tdx+ [&5,dx+eN [—a,45,+5,4(7) dx+

(29) 0 0 . "._ L 82 !

+ [ [ @ DG 20+ )4 (1= D NTL G+ Mg =12 dp .
Q0.0.- - : ’ i

Proof. We recall that if /* R—R is a C2smooth function then

(B0 fla+b) = f@+f @b+ [ 2b2f(a+iub) didyp
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.for any a, b€ R. Now using (1), (2), (4), (26), (27), (28), (30), we have the following
three relations:

N
Jz = J(uzs yz) = J(—Ed.v:_yz.'*'ﬁcs fz+y.z) = J(_EA.V:—)—)’:., .v:)""‘i’ fﬁfdx+
o
@1 +N [(—edy,— ), dx+ [(5,— 20" 5,dx+
Q 2
11
+ [ [ [ 5:@n=0G.~za+p5)* =2 dd dp dx,
Q0 0
[Go—z ' Fdx = [&F,dx—N [yt 5)dx =
(32) ] 114 . 2
) T 1
= [&Fdx—N [i-yddx+ [ [ [ 25— DNy, + A5y =2 dA dpdx,
o 2 20 0
—N [m:-7)dx+N [(—edy,— )i dx =
¢] 0
(33) =N [pedj.+a)dx+N [(—edy,— )i dx =
Q 2
=N fy"ed(i’;)dx—sN fﬂadigdx;
. Q Q

(31), (32) and (33) imply (29). .

Lemma 3. We have the following estimates for the terms of the formula (29)
when ¢ tends to O: ’

(34) J(~45,— 32, 5 = Jo+o(1),
(35) (Nj2) fa2dx =0,
Q
(36) | J&p.dx = o,
Q . _
€p) eN [—4,45,+7,4(78) dx = o(1),
0

11 : : s '
S [ [ #9H@n= D)@ 20+ P> =2+ (0~ 1) NF2(F, + 2u7,)"~*] dA dp dx =
Q0 0
(38)

11
= [ [ [ 5210n=1)00= 20+ 5 )™ >+ 01— D) Ny§(vo+ iy )'=*) di dudx +o(1).
20 0
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Proof. It follows from (23), (24), (25) that

39 1= Yol 2oy = 0 (1),
40) I Fell ey = O (D),

@1 ef4¥ ey = o(1),
42) el A(F) Lenran-1yg) = 0(1);

(2), (%), (6), (23), (39), (40) and (41) imply (34).
(35) is obvious.
Using the obvious estimate J(u,, y,)=J,=J(0,0) and (2), we obtain

43) el L2y = O(1),
(44) 1 Vel Lany = O(1);
(26), (27), (40), (41), (43) and (44) imply

45) ' 8N Loy = O (),
(46) ”)75“1.'"(9) = O(1).
Furthermore we note that

“47) Yl Lenian-vg) = o(1)

by (21), (28) and (39).
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Now (36) follows from (47) and (46), (37) follows from (41), (42), (45), (46),

finally (38) is a consequence of (39) and (46). The lemma is proved.-

Lemma 4. Putting
(48) Con = @)~ i0f py, v (),
we have
1 1
[ [ [ 253@n—1)(po—za+App )2+
20 0
49
+n(n—~1)Nyy(yo+ g ) dAdpdx = C, y [ 52 dx.
o 9

Proof. We show the stronger inequality

(50)

This is obvious if 7,(x)=0. Otherwise, putting
) . M = (N,

11 : :
ff '1[(.2""‘1)()'0“24'*'}*!1)7:)2"—24‘"(”—I)Nya()’o*‘lﬂfe)"_z]dld#“‘3Cn.Nﬁ" %,
g3
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and taking into account that

(53) 24 = (1+M)y,
by (21), after integration we see that (50) is equivalent to
(54) A Pan(¥) Z20C, .

The lemma is proved. .
Lemma 5. We have for all 0<N<N,
(55) inf pn,n(x) > 0.

We prove Lemmad 5 simultaneously with the Proposmon (i.e. with (17) and (18))
First we note that

(56)  pan(x) = (1 =2)*" = x>+ 2nx* 1) + /M) x"((x + M)" — x" — nMx"~ ).
Consider first the case when n=1 or n€{2,4, ..}. It suffices to show that
Pan(x) >0 forall 0 <N <o and xcR.

This is obvious if n=1 because then p, y(x)=1. If n€{2,4,...} then it follows
from the formula (56), taking into account that x*=0 and that the functions t-—>t2"
11" are strictly convex. - e

Consider now the case n€{3,'5,...}. One‘can see easily that o

11m mf £ Pn, N(x) > 0

whence N,=0. Now ﬁx 0<a<l -such that
(1-a)"+a"—na""1 > 0.
An easy computation shows that
MY=¥p, \(—aM) = 20" ((l—a)"+a n" " N40(1) (N —oo).
Therefore N,<e and (17).is proved.

To finish the proof of the lemma wé show that for any fixed x€R there exists
a number 0<M,=co. such that

Pan() =0 if M<M, and p,y()<0 if M>M,.
Taking into account that p, y(x) is @ polynomial of degree =1 in M and that
hm ) Pa, x(x)=0, this would follow from the concavity of the function f(M):=p, N(x)
(M >O) And f is concave because applymg the Taylor formula,

f"(M) — M- 3[36" (x+M)"+n(x+M)"’1M ( ](x+M)n. 2M;)

— oM [ ]é"‘a(—-M)"’ == [3) &30,

The lemma and the proposition are proved. ...
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Proof of Theorem 1. It follows from Lemmas 1—5 that

(57) o(1) = J,~Jo = (N[2) |2, n ¥ Tl oy — 0 (1).
If N N, then C, y=0 and therefore (57) implies (10) and
(s8) _ 1] ey = o (D).

(11) follows from (58), (26), (39) (22) and. (41) If N<N then C,, =0 and (57)
implies also

(59 . _ 17el L@y = o(D)-
(12) follows from (59), (27), (39) and the theorem is proved.

Proof of Theorem 2. In view of (13) and (21) we can put y,:=y,; then
(23), (24), (25) remain valid for |¢| sufficiently small. Furthermore, in the estimates
(39), (41), (42), (47) and therefore also in (34), (36), (37), (38) the term o(1) can be
replaced by O(s). (Moreover, in (39), (47), (36), (38) we can also write 0.) Therefore,
repeating the proof of Theorem 1, we can change the terms (1) to O(¢) in (57),
(58), (59), too. Hence the theorem follows.

Remarks. (i) In case n=3 the condition N<N, is weaker than the original
condition of Bensoussan:

(60) (0,3N)3/(1+(3N)"%) < 4/3.

Indeed, up to decimals N<N; signifies N<5207 while (60) signifies N<284].

(ii) All the results of this paper remain valid with the same proof if we replace
in (1) the condition v€L*Q) by the more general condition v€K where K is a
closed convex subset of L*(Q) such that

61 (zo/(1 +(nNYMC=DNeint K

(this is a problem with constraints).

(iii)) A more general investigation of the influence of the different constraints
is given by HARAUX and MURAT [4], [6]. A systematic study of the control of non-
linear singular systems can be found in the book of J.-L. Lions [1].

The author is grateful to Professor J.-L. Lions for proposing this problem and
also for teaching him the ideas and methods of the theory of control. The author
wishes to thank also Professors A. Haraux and F. Murat for the fruitful discussions.
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