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Does a given subfield of characteristic zero imply any restriction
to the endomorphism monoids of fields?

PETER PROHLE

Introduction

E. Noereer asked whether the Galois groups of normal extensions of the
field of rationals can be prescribed. SAFAREVIC showed that each solvable group
occures as a Galois group. J. pE Groor [9] proved that the automorphism groups
of rings can be prescribed. More detail: For each group there exists a suitable ring
the automorphism group of which is isomorphic to the given group. So J. de Groot
asked whether the automorphism groups of fields can be prescribed, too. After a
negative result due to Krull, and after a partial solution due to W. Kuyk [13] the
question was answered by E. FRIED—J. KOLLAR [5]. As a corollary of a much
stronger result it was shown that: To each group G there exists a field F of a given
characteristic different from 2, where G is isomorphic to the automorphism group
of F. Each field given by the construction in [5] is'a transcendental extension of its

_own prime field. It came also to light that the procedure used in [5] is unfit for handling
the extensions of algebraically closed fields. So has been raised the question for-
mulated in the title above. The answer to the analogous question is affirmative
with respect to the class of graphs by L. BABAI—J. NESETRIL {2], to the class of
bounded lattices by M. E. ApAaMs—J. SICHLER [1], to the class of unary’ algebras
by J. KoLLAR [11, 12] and to the class of integral domains of characteristic zero
by E. Friep [4]. This paper presents a solution in the case of fields of characteristic
zero and in the case of non-unary algebras.
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The results

If the only endomorphism of a structure is the identity, then the structure
is called rigid. A monoid is called right cancellative, if xz=yz implies x=y.

Theorem 1. Each field of characteristic zero is embeddable into a rigid one.

Theorem 2. Let F be a given field of characteristic zero. Then a monoid M
is isomorphic to the endomorphism monoid of a field containing F as a subfield iff
M is right cancellative.

A functor F: A—B which is injective on every Hom,, (a, a”) is called faithful.
If, in addition, F is also injective on the class of all objects of A we call it an
embedding. F is full if every morphism d: F(a)— F(a”) of B has the form d=F(c)
for some morphism ¢: a—a” from A. A concrete category is a category A4 together
with a fixed faithful functor U: A—~SET, where SET is the category of all sets
and all mappings. A category of structures will always be considered as a concrete
category whose faithful functor is the usuval “underlying set” functor.

Let Fields, Alg () and Rel(¢) denote the category whose objects are the
fields of characteristic zero, the algebras of the given similarity type ¢ and the rela-
tional structures of type #, and whose morphisms are the 1-preserving ring homo-
morphisms, the usuzal homomorphisms and the weak homomorphisms. Let C be
a concrete category, then InjC denotes the subcategory of those. morphisms of
C, which are carried by injective mappings. For acOb (C), Ext (a, C) denotes
the full subcategory of those objects of C, which have g as a subobject.

Let 4 and B be concrete categories and let U: A—~SET and V: B—-SET
be their corresponding “underlying set” functors. A full embedding F: A—B is
called an extension if there is a monotransformation from U into VoF. Fis a
strong embedding if HoU=V oF for some faithful functor H: SET--SET, here
H is called the carrier of F. It is easy to see that a functor H: SET—~SET is faithful
iff there is a monotransformation from the identity functor on SET into the functor
H. Thus every strong embedding is also an extension.

Theorem 3. Let F be a given fleld of characteristic zero. Then 1Inj Alg(¢)
has a strong embedding into Ext (F, Fields) and InjRel (t) has an extension into
Ext (F, Fields), for each similarity type t.

Theorem 4. Let A be an algebra of similarity type t, where t contains at least
one at least binary operation. Then the following statements are equivalent:

(a) A has no one-element subalgebra;

(b) A is embeddable into a rigid algebra of similarity type t;

(c) Alg(s) has a strong embedding into Ext(A, Alg(t)) and Rel(s) has an
extension into Ext (A, Alg (¢)), for each similarity type s.
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Review of the technique

For the basic notions and for the customary technique see the textbook of
G. GRrATZER {8], of S. MACLANE [14], of A. PULTR—V. TRNKOVA {15] and of B. L.vAN
DER WAERDEN [19], and the paper of P. VopeNkA—A. PULTR—Z. HEDRLIN [18]. For
the technique of rings and fields see E. FRrieD [3, 4], E. FriIED—J. KOLLAR [5],
E. FRIED—]J. SICHLER [6, 7] and J. KOLLAR [10].

To prove Theorem 1 we want to mark the elements of the given ﬁeld by special
extensions. Namely, two elements can be transposed by an automorphism only if
they have isomorphic marks. If we want to mark a subset 4 of an integral domain
I, then it is enough to use the following process of extension due to E. Friep [3]:
First take the algebraic closure of 1. Then take the polynomial ring in one variable
over this algebraic closure. Finally add the reciprocial of the polynomials of the
form (y—a) where a runs over the given subset 4. It can be shown that each auto-
morphism fixes the variable y, and the set 4 is permuted only. Of course, this state-
ment holds only for some carefully chosen sets 4, see [3]. In the case of fields we
must take the whole quotient field of the polynomial ring. But we may try to add
the square roots of the polynomials in question (the square roots of the polynomi-
als of the form (y—a). It is easy to see that this modification is insufficient: the
variable y can be moved by the endomorphisms. On the other hand there are a lot of
flip-flops : namely the conjugates of the roots can be permuted. To prevent the mo-
tion of the variable y we take an odd prime p and we make the element y p-high by
adding its p-th roots. So we get a bigger field. If the unit element is the only p-high
element of the original smaller field, then this extension really denotes the set A:
But it is easy to show that if the smaller field contains an algebraically closed field —
this is the general case — then this extension doesn’t mark the set 4. Therefore we
add not only the square roots of the polynomials (y—a), but also the square
roots of (y—1), (y—a't).

If we want to embed an uncountable algebraically closed field into a rigid
field (see Theorem 1), then this rigid field must have a greater cardinality than the
original algebraically closed field. We also see that the construction above doesn’t
change the cardinality of the fields, even if we iterate that process for other odd
primes. For the simple reason that we may enlarge the cardinalities the final form
of the extension we will use in the proofs is just the special extension F(E, Y, p, q)/F,
the definition of which can be found in the first part of the main lemma.
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The investigation of the special extension

;, -Main lemma (first part). Let F-be a field of characteristic zero, Y be a set
disjoint to F, E be a subset of FXY, and pand q be two different primes. We use the
following notations for y€Y: oy=y,

Ap)=1{a: {a,y)€E} and B(y)={l,a,a': <a,y)€E}-
Then the following property uniquely determines a field denoted by F(E,Y, p;q):
F (E Y, D, q) is the extens'zon of F generated by the set

. R={y, t(b,y): i€w, beB(); yEY),

where -
(@) Yisan aIgebrazcaIIy independent system over F,
® GeyY =y, . for i€w and y€¥,

< @) (1B ) ==y—b-, for bEB(y) and yc<Y.
- We shall use the following occasional symbolic nomenclature:

" F(E,Y,p,q) ~ special extension
" F(E, Y, p, @)\.F the skin of the extension

Y . the variables of the skin
(F,E Y) the bipartite graph of the skin
"R the roots of the skin,

Let F(E,Y,p,q) and F "(E",Y", p,q) betwo spemal extensions. A mapping
f F U Y—»F ”UY” is said to be a pre-morphism if f is injective, f | isan embedding
of F into F”, and f is a homomorphism. of the bipartite graph (F, E, Y) into
(F",E",Y”"). A mapping f: FUR—-F”UR” is said to be a pre-homomorphism
if flpuy is a pre-morphism, f(¥)=,(f(»)) and f(2(,»)=t(f®).f()) for
i€w, b€ B(y) and y€Y. A field homomorphism of F(E, Y, p, g) into F'(E”, Y ”, p, q)
sending the subfield F into the subfield F” and the set R into R” is called a special
homomorphism. If the two special extensions in question are the same, then we
can use the expression “endo” instead of “homo”.

Main lemma (second part). Let us take two special extensions: F(E, Y, p, q)
and F”(E”,Y",p,q), where each of the sets A(y) and A”(y") is an algebraically
independent system over the prime field, for y€Y and y"€Y” respectively. Then

(@) For each special homomorphism h of F(E,Y,p,q) into F'(E*,Y",p,q)
the restriction of h to FUY is a pre-morphism, and the restriction of hto FUR isa
pre-homomorphism.

(b) Each pre-morphism has a unique extension which is a special homomorphism.

(c) The category whose objects are the special extensions and whose morphisms
are the special homomorphisms is naturally equivalent to the category whose objects
are the special extensions and whose morphisms are the pre-morphisms.
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Abel’s theorem. A polynomial (x*—b) of prime degree k over a ﬁeld L is
reducible if, and only if, b is a k™-power in L. . :

A simplé proof can be found in the texbook of L. REDEL [16.]'.

Lemma 1. Let L be a field of characteristic zero..Take the simple algebraic
extension L(t), where (xX"—1") is an irreducible polynomial in the polynomial ring
L[x], and n is a prime. Let m be an integer greater than 1. Then the m™-power of an
element of L(t) belongs to the subfield L iff the element is of the form c-t*, where
¢€L,0=k<n and nlkm. If in addition (m, n) 1 then an element of L has an m
root in L(t) iff it has one in L. :

Proof. Let K be the smallest algebraic extension of L contammg all’ the n
roots of unity. The degree of the extension K/L 1s less than n. So the 1rreduc1b111ty
of (x"—1") over L implies that 7* is never an n'-power in K. Consequently by
Abel’s theorem (x"-—-?") is irreducible over K. So any element b of K(f) can be
uniquely written in the form by+b; 2+ by 124 --- - +b,,,1 -1 where all the coeffi-
cients belong to K. Obv10usly L(t)SK(t), and an element b of K(z) belongs to
L(z) iff each of the coefficients of b belongs to L. Let u be a primitive n'P-root of
unity. The mapping #—u-¢ induces a relative automorphism of the extension
K(t)/K, where the image of b is: bg+by-u-t+by-ud-12+...... +b,_y el

If b"cL, then this image of b must be v-b, where v is a suitable m'-root
of unity. The uniqueness of the coefficients of »-b gives the following equations:
b;(t/ —v)=0 for O=i<n. If b0, then there is an index k for which b,0. Con-
sequently .2*—~v=0, and b;=0 for ixk. So b=b,-¢*, where bEL(t) unphes
bic L. Further nlkm, since ¥ =v"=1. (m,n)=1 yields k=0.

Lemma 2 Let K be a transcendental extension of L such that K is an algebrazc
extension of finite degree with respect to the simple transcendental extension L(y).
Let s be a prime. An element is called s-high in a field, if the element has an s'-th root
in the field for each j€w. Then each s-high element of K belongs to L.

Proof. Let x¢ K\ L. Then y is algebraic over L(x), so K is an algebraic exten-
sion of finite degree with respect to L(x). Suppose, that x is s-high. Let ;x be an
s-th root of x. Consider the infinite chain L(x)=L(x)sSL(x)=...=L(x)=...
of fields. As the degree of K/L(x) is finite, there exists an index n such that L(,x)=
=L(,41x). So the transcendental element ,x has an s®-root in L(,x), but that is
1mp0551ble So any s-high element must belong to L.

Lemma 3. Let Fbe a Jield of charactenstzc zero. Let p and q be two different
primes. Suppose that K is an extension of F generated by the set {iz, t,: i€w, v€V},
where: . - v ' . :

(a) oz is transcendental over F,

2’
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() G412 =iz, i€,

(c) the elements T,=(t,)* are polynomials from the polynomial ring F[yz], such
that they are mutually prime, and none of them is a constant, nor is divisible by oz, nor
has multiple factor.

Denote the subfield F({iz, t,: i<j, vEW)) of Kby F(j,W), for WSV and
j=1,2,...,n,---,@. Then the field K has the following properties:

(1) The polynomial (x°—;z) isirreducible over F(i+1, W), for WSV and icow.

(2) The polynomial (x‘ T,) is irreducible over F(j, W), for WSV, veV\W
and 1sj=w.

(3) If the ¢*-power of an element of F(j, W) belongs to the subfield F(k, 8),
where WSV and k=j=w, then the element can be written in the form

e(f6Ne(@) IT

where c€F, f and g are mutually prime polynomials over F and both of them have
leading coefficients 1, i=k, W’ is a suitable finite subset of W, and 0<n,,<q for
weWw”’.

(4) K is a transcendental extension of F. '

(5) Each s-high element of K beIongs to F whenever s is-a prime different from
pandq.

(9) Each p-high element of K is of the form c-(;2)", where c is a p-high element
of F, ic®w and m is an integer.

Proor. Proposition 1 of E. Friep [3] and Propositions 16, 23 and 24 of
E. Friep—J. KOLLAR [5] essentially cover the case g=2 of the above lemma.

First step: we prove the properties (2) and (3) in the case of finite W and j=k=1.
We prove by induction on the size of the set W.

F(1,9) is the quotient field of the polynomial ring F[,z], therefore the property
(3) is true in the case of W =0 and j=k=1. If the property (3) is true for W and
j=k=1, thén t,€F(1, W) would imply an equality of the form

: gq(oz)'Tv___cq'fq(OZ)' IL(TW ) if UGV\W'
wE

However, this contradicts one of the conditions on the polynomials T,. Hence,
t,4F(1, W) yields the property (2), by Abel’s theorem, for the case of the same
W and j=1. Now suppose, that both of the properties (2) and (3) are true for a
finite W and j=k=1. Let veV\W beF(1, WU {v)) and bIEF(1,0). As (x*—T,)
is irreducible over F(1, W) by the assumption; b=c-(t,)” by the Lemma 1. Here
cE€F(1; W) and c%€F(1,9),. so the form of ¢ is known by the assumption. Con-
sequently, b has the desired form, too. So we get the property (3) for the mdex set
WU {p} and j=k=1.
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Second step: we prove the property (1) in the case of finite W and i=0, by
induction on the size of the set W.

By Abel’s theorem it is enough to show that oz has no p'P-root in F(1,; W).
The existence of a p'P-root of oz in F(1,9) would imply a polynomial equation
£2(42) - oz=¢P - fP(;2), where f and g are mutually prime, which is a contradiction.
Lemma 1 gives the inductional step of the proof, as we have seen the irreducibility
of (x1—T,) over F(1, W) for finite W.

Third step: we prove the properties (1) and (2).

If we replace the elements z; 42, 5z, ... With ;z, ;412, i422, ... ; then the con-
ditions in Lemma 3 remain satisfied. So the polynomials (x*—T,) and (x*—;z)
are irreducible over F(i+1, W) for finite W=V, v€V\W and i€w. The reduci-
bility of a polynomial over a field L needs only a finitely many coefliciences from L,
therefore a reducible polynomial is also reducible over a suitable finitely generated
subfield of L. So we get the properties (1) and (2) by an indirect proof.

Fourth step: we prove the property (3). '

As the polynomial (x?—;z) is irreducible over F(i+1, W) for i€w, Lemma 1
shows that if the g™-power of an element of F(i+2, W) belongs to F(i+1, W);
then the element also belongs to F(i+1, W). So, if an element of - F(1,0) has a
¢'*-root in F(w, W), then this g™-root belongs to F(l; W). However, ;z can
get the réle of (z. Consequently we get the property (3) for finite j, k and W. Finally
each element of F(j, W) belongs to a field F(i+1, W’) for suitable finite W/ S W
and i<j.

Fifth step: we prove the property (4).

Let x be an algebraic element of K over F. Let L=F(x). The element oz is
transcendental over L, since x is algebraic. All the other conditions of Lemma 3
are also satisfied with respect to L instead of F. Therefore, the system
1,2, @)% ... ... , (1,)7* forms a basis of the field extension L= L(w, W U {v})/L(w, W),
for v€V\W, satisfying the .following property: an element of L belongs to
F(w, W U {v})) iff the coefficients of the element with respect to this basis belong
to F(w, W). Consequently, x¢F(w, WU {v}) implies x€ F(w, W), since the coeffi-
cients of x must-belong to F(w, W) and x€éL<L(w;W). So x€F(w,®). There-
fore x€ F(;z) for a suitable i€w, But F(iz) is a pure transcendental extension of
F,so x€F.

Sixth step: we prove the property (5).

Let x be s-high in K. Clearly, x€ F(i, W) for a suitable i€ and a finite W=V.
Using Lemma 1 and properties (1) and (2) we get that x is s-high in F(i, W), too.
Now we can apply Lemma 2 for F(@i, W), so x€F.

Seventh step: we prove the property (6).

Let x be a p-high element of K. Then x¢ F(w, W) for a suitable finite W V.
By Lemma 1 and by the property (2) x is p-high in the subfield F(w, W), too.



22 - Péter Prahle

So it is enough to prove the following statement by induction on the size of the set
W: For finite WSV the p-high elements of F(w, W) are of the form c¢-(3)™.

-1f W=9, then x€ F(i+1, 8)=F() for suitable icw. So x=(z2)"-(f(2)/g(:2),
where m is an integer, ;z{f(;z) and ;z{g(z). Here (f(z)/g(z)) must be p-high
in F(w, ®). Suppose that there exists an element y€ F(w, O)\ F(i+1, 0) such that
yPe F(i+1,0) and some p’-th power of y is( f(;2)/g(;2)). Let k=max{n: y¢ F(n+1, 8)}.
By Lemma 1 and by the property (1) y=(y+12)" - ((;2)/v(;2)), where u and v are poly-
nomials over F, and O<b<p. Now, we arrive at the equation

WP @) 20 = f(2) (26

in the polynomial ring F{,z]. Consider the powers of the irreducible factor ,z in that
equation. As ;z is irreducible in F{;z], therefore z{f(;z) implies (iz, f(z))=1 -in
Flz]. So (izf(2))=1 in F[z], too. Consequently ,z{f(;z), and by a similar
argument ,z{g(:z). The exponent of ,z in (2)* 7" - (u(2))” -g(;z) is congruent
to b-p’~ modulo p’, while the exponent of ,z in f(;z)-(v(;2))®" is divisible by p/.
This is a contradiction, and so, in opposit our assumption, the quotient (f(;z)/g(z))
must be p-high even in F(i+1,9). Therefore by Lemma 2 (f(2)/g(2))€F, con-
sequently x has the form c¢-(;z)™, what we had to prove.

Now we suppose that there existsa w€l¥, and the statement is true for W\ {w}.
Let L=F(w, W\{w}) and K=F(w, W). By the property (2) the degree of the
extension K/L is q. Let N(d) denote the norm of d with respect to K/L for deK.
Only the following property of the norm will be used: N is a multiplicative mapping
from K into L such that N(d)=d? for.dcL. For the details see L. REDEI [16]
and B. L. vAN DER WAERDEN [19]. N(x) is p-high in L, as x is p-high in K. So the
element y=x%N(x) is p-high in K. Clearly y€ F(i+1, W) for a suitable icw.
Suppose that there exists an element u€F(w, W)\F(@+1,W) such that
uPcF(i+1,W) and y is a p’-th power of u. Let k=max {n:u¢F(n+1, W)}. By
Lemma 1 and by property (1) u=h-(..12)’, where h€ F(k+1, W) and O<b<p.
N@)=N(h)-(NG412)’=NH) - (:+,2)"% So Nwé¢F(k+1, W), as N(h)e F(k+1, W)
and pfbg. However, N(y) is the p’-th power of N(u), and N(y)=N(xYN(x))=
=(N(x))¥ N(N(x))=1. This is a contradiction, because by the property (4)
N@)¢F(k+1,W) implies that N(u) is a transcendental element, while its p’-th
power should be 1. Therefore, in opposit our assumption, y must be p-high even
in F(@i+1, W). Consequently, by Lemma 2 ycF, and therefore y-N(x) is a
p-high element of L. So by the inductional hypothesis y - N(x) has the form ¢.(;2)™.
Using the property (3), we get:

¢c-("=y-Nx)=x"=d". (f"(.Z)/g"(.Z)) H (T, ).

This implies, that n,=0, g(;z)=1, glm and f(;z)= (,z)("'"‘) So x also has the
desired form: x=d. (z)('""')
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Proof of the first part of the main lemma. First of all we fix a well
ordering (Y; <) of the variables. For y€Y let - -

F, = F({u, t(b,u): i€w, b€B(4), ucY and u < y})

K, = F,({iy, t(b,y): i€, beB())).

The special extension F(E,Y, p,q) must be the union of the ascending cham of
the subfields K,, so it is enough to prove the unique existence of the subfields F,
and K, by transﬁmte induction on y€(¥, <).

If y€Y is the least element of (Y, <); then F, must be F. If y is not the least
element of (¥, <); then F, must be U{K,: u€Y, u<y}, where the subfields K,
form an ascending chain. Finally we show that K|, uniquely exists; whenever F, does.

Now, y is transcendental over F,, because y is transcendental over
F({u: ucY, u<y}) and F, is an algebraic extension of F({u: ucY, u<y}). By
the conditions for i, (;+1¥)’=;y. The elements y—b=(t(b,y))? are polynomials
from the polynomial ring F,[y] for b€B(y), where none of them is a constant,
none of them is divisible by y, none of them has a multiple factor and they are
mutually prime. So Lemma 3 can be used for the extension K, of F,. By the pro-
perty (1) F,(;4+,y) must be the simple algebraic extension of F,(;y) by the root of
the ureduclble polynomial (x?—;y) for i€w. Further Fy({y: i€w}) must be
the union of the ascending chain ,

=F0)sFW=F)=.....= F,Qy) =..

Now we fix a well ordering (B(y), <). Let F;%:Fﬁ (1(5, »)), where F<=

=F,({t(c,y): c€B()), c<b}) for beB(y). Clearly K, must be the union of the
ascending chain of the subfields F , S0 itis enough to prove the unique existence

of the subfields F< and Fz = by transﬁmte induction on b€(B(y), <). If bEB(y)
is the least element of (B (), <) then F - must be F,. If b is not the least element
of (B(»), <), then F = must be U {Fi c€B(y), c<b}; where the subfields F,sc
form an ascending chain. Finally by the property (2) F % must be the simple algebraic
extension of F 5 by the root of the irreducible polynomial (x?—(y—b)).

and

To prove the second part of the main lemma, we need the following four sub-
lemmas. The first three sublemmas have a common condition: Let us take a special
extension F(E, Y, p,q), where each set A(y) is an algebraically mdependent system
of elements over the prime field, for ycY. :

Sublemma 1. Let Q(x) denote the following sentence: There exists a non-zero
element u in F and an element w in F(E; Y, p, )\ F, where w is p-high in F(E, Y, p, ),
(w—u) is the g™-power of an element v of F(E,Y,p,q), and x=ulw. Then Q(x)
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is equivalent to the following: -The bipartite graph of the skin has an edge (a,y) such
that x€{(1/y), (aly), (a/y)}-

Proof. First of all we fix a well ordering (Y; <) of the variables. Now we
use the same notation as in the proof of the first part of the main lemma. Suppose
that x is an element satisfying Q(x). Set y=min {z: w€K,}. Lemma 3 will be
used for the special extension K/F,. As K, is algebraically closed with respect to
F(E;Y,p,q); wis p-high in K, and (w—u)€K, yields v€K,. So w=e-(p),
where e is a non-zero p-high element of F,, i€w and k is a non-zero integer. It can
be supposed, that plk occurs only if i=0. Further

. q
v= c'(G(i.V)/H(xJ’))‘ V(oy —byfs - (op—bofe- ... - (oy— Dby
where 0#c€F,, G and H are mutually prime polynomials over F, both of which
have leading coefficients 1, n€w, by, b,, ..., b, are different elements from B(p);
and O<k;<gq for j=1,2,...,n. Set t=;y. According to the sign of k we get
one of the following equations in the polynomial ring F,[¢]:

HI@)-(e-f—w) = - GU(t) - (= b)) - ... - (% —b,) if k=0
Hi@®-(e— (™ -u)=c2- G-t - (' =b)-...-(#*'~b,) if k<0.

By the assumption none of the elements e, u, by, bs, ..., b, is zero. Therefore each
of the binomials occurring in the equations is a proper binomial, consequently none
of them has multiple factor. In both cases G%(¢) divides the binomial standing on
the left side; so G?(¢)=1. In the first case a similar argament shows that H?(¢t)=1.
In the second case we get only that Hi(¢)|¢~*. But ezl yields that r~*|HY(z),
so Hi(t)=t"* Consequently gk if k<0. Now, in both cases the degree of the
left side is |k|, and the degree of the right side is n-p’. So n=0 and i=0, since
k#0 and i#0 would imply p1’ k. Now n=1, since the quotient of any different
elements of B(y) is never an n'-root of unity. The second case is impossible as

glk=—n=-—1. So the only possible case is the following: e:y—u=c?.(y—b).
Consequently, we have that x=u/(e-y)=>b,/y. The other direction of the equivalence
is trivial,

Sublemma 2. Let E(a,y) denote the following sentence: The two elements
a and y are transcendental over the prime field, Q(1/y), Q(aly) and Q(a'Vy) (the
notation is in Sublemma 1). Then E(a,y) is equivalent to the following: (a;y) is
an edge of the bipartite graph of the skin.

Proof. Let the elements a and y satisfy E(a,y). Then, by Sublemma 1 there
are variables y, and elements b,€B(y;) such that &*/y=b,/y, for k=0,1; 11.
The equation (a/y)*=(1/y)*°-(a''/y) implies that:

bY/it = (b3 ¥s%) (bua/y1y)-
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As the elements b, are different from zero, each of these three variables y; is alge-
braically dependent of the other two over F. So, by the structure of the variables
we get that y,=y,=y,,, and therefore b}'=b’-b,;. Here the algebraic independ-
ence of A(y) implies the existence of a suitable c€A4(y) such that {b,, b, by,}<
& {1, ¢; c*'}. Further b,, b, and b,, are different elements, because the three quotients
(1/), (aly) and (a'/y) are also different. Consequently (b,, by, by;,) is a permuta-
tion of (1, ¢, c™). So, we have to solve the equation 11i=10j+k where {,J, k)
is a permutation of (0, 1;11). The only solution is: i=1; j=0, k=11. So, we
arrive at the equations 1/y=1/y,, aly=c/y, and a'Y/y=c'l/y,. Consequently y=y,
is a variable, and a=c€B(y,)=B(y). The other direction of the equivalence is
trivially true.

Sublemma 3. Let V(y) denote the following sentence: y=0 and Q(1/y)
hold, and for all a and z from F(E,Y,p,q) E(a,z) implies that the both of (a/z)
and (a*/z) are different from (1/y). Then V(y) is equivalent to the following: y is
a variable of the skin.

Proof. Let y be an element satisfying ¥ (y). By Sublemma 1 1/y=bfu, where
u is a suitable variable of the skin and b€B(u). If A(u)=9, then B(u)={1}, and
then b=1. If A(x)>%0, then for a€c A(u), E(a,u) and E(a™, u) hold, and there-
fore both of (afy) and (a'Y/y) are different from (b/y). So (even in the case of
A(u)#9), the only possibility is b=1. Consequently, in both cases y=u is a
variable. The other direction of the equivalence is trivially true.

Sublemma 4. Under the condition of the second part of the main lemma suppose
that a given homomorphism h of F(E,Y,p,q) into F(E”,Y”,p,q) maps the
subfield F into F”. Let Q"(x"), E”(a",%"), V"(y") and A”(y”") be defined similarly
for F(E",Y",p,q) as Q(x), E(a,y), V(¥) and A(y) are for F(E,Y,p,q). Then
the following implications hold:

@) If h(x)¢F” and Q(x) holds, then Q”(h(x)).

() If h(»)4F” and E(a,y) holds, then E”(h(a), h(y)).

©) If h(Y)4F” and V(y) holds, then Q"(1/h(y)).

) If h(»)4F” and V(y) holds, then V"(h(y)), whenever none of the sets
A(y) and A”(y") is empty.

Note: in particular, each of these implications holds if & is a special homo-
morphism.

Proof. (a) The validity of Q(x) is demonstrated by suitable elements u, v
and w. The image of these elements demonstrate the validity of Q”(h(x)), since
h(w)¢ F” by the assumption h(x)§F”.
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(b) We have only to use the definition of E(a,y) and the m]phcatlon (a) of
the present sublemma.

(c) We can use the implication (a), since ¥ (y) implies Q(1/y).

(d) If none of the sets A(y) is empty, then V' (y) is equivalent to the formula
Ja(E(a; y)). Using this equivalence and the implication (b) we get the 1mphca-
tion (d).

Proof of the second part of the main lemma. (a) Let y be an arbitrary
variable from Y. Using Sublemma 1 and the implication (c) of Sublemma 4 we get
h(y)=x/b, where x€Y” and b€B(x). But h(y)€R” implies that b=1. Con-
sequently, each special homomorphism maps the set ¥ into ¥ ”. Clearly the restric-
tion h|p,y 1saninjective mappinginto F”UY”, and h|p is a field homomorphism
of F into F”. The implication (b) of Sublemma 4 shows that h|, , is a homo-
morphism of the bipartite graph (F, E,Y) into (F”, E”,Y"”). So the restriction
hlgyy is a pre-morphism. By

(BB, YD) = k((t(b, »)))) = h(y—b) = h(») ~h(b) = (1(h(b), K())’,

we have (h(t(b, y))/t(h(b), h(»))'=1 for beB(y).

Both h(t(b,y)) and #(h(b), h(y)) belong to R”, which clearly implies that
they are equal. Now we prove that h(y)=/(h(y)) for i€w. We proceed by induc-
tion on i. The case i=0 is clear.

(h(x+1y))p h((;+1J’)p) h(;y) = (h()’)) (i+1(h(J’)))",

therefore (h(;413)/:+1(B(»))’=1. The quotient of two different elements from R”
is never a p™-root of unity, s0 A(;4;¥)=;+,(h(»)). Summarizing, we have proven
that hlp,p is a pre-homomorphism.

(b) The uniqueness of the required extension is clear, since the set R generates
the field extension F(E, Y, p, q)/F, further the restriction to FUR of any possible
extension must be a pre-homomorphism, and this pre-homomorphism is uniquely
determined by the given pre-morphism. So the only problem is the existence of the
extension.

Let K be the subfield of F"(E”,Y”, p,q) generated by the range of the pre-
homomorphism generated by the given pre-morphism. By the first part of the main
lemma there is an isomorphism T from F(E, Y, p, q) onto K; which is an extension
of the given pre-morphism. Further, there exists the natural embedding U from
Kinto F”(E”,Y”, p,q). The composition TU is just the special homomorphism
we need.

(c) The restriction of the special homomorphisms to the subset FUY, as
an operation, is an identity preserving and composition preserving bijection between
the monoid of the special homomorphisms and that of the pre-morphisms.
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The investigation of n-partite graphs

In the following n>1 denotes an integer. An (n+1)-tuple (V,, Vs, ..., V,, E)
will be called an n-partite graph iff the sets V,,¥,, ..., ¥, are disjoint and .E is a
subset of the union of the direct products ¥;XV; where 1=i<j=n. Let ¥ denote
the union of the underlying sets ¥,,V,,...; V,, and let ¥” be the union of the
sets V1,V,, ..., V,. A mapping f: V-¥V" will be called a homomorphism of
V1, Vs, ..., V,, E) into the n-partite graph (V1, V5, ..., V,, E”) iff fis injective;
V, is mapped into V7 for i=1,2,...,n, and (u,v)€E implies {f(u), f(v))€E".
Let Inj PG (n) denote the category whose objects are the n-partite graphs and
whose morphisms are the homomorphisms defined above.

By the second part of the main lemma the structure of the monoid of the special
endomorphisms is essentionally determined by the structure of the bipartite graph
of the skin. If we iterate the special extension for different primes »n times, then the
special endomorphisms of that iterated extension can be described by the (n+1)-
partite graph generated by the bipartite graphs of the skins.

Let N be a subset of {(i,j): 1=i<j=n}. Ann-partite graph (¥}, V,, ..., V,, E)
is said to be a unary n-partite graph of type N iff EN(V;XV;)=0 for (i,j)¢N
and (ENW, XV ))?={(v, u): u€V;, v€V;, {u,v)cE} is a mapping of ¥; into ¥,
for {i,j)eN. Let InjUPG (n, N) denote the full subcategory of Inj PG (n) gen-
erated by the unary n-partite graphs of type N.

Inj PG (n) cannot have a strong embedding into any category of algebras, as
in the category Inj PG (n) there are morphisms which are not isomorphisms while
they are carried by injective mappings. In order to get a strongly algebraic sub-
category of Inj PG (n) which is “binding withirespect to right-cancellative categories”™
we investigate the category Inj UPG (n, N).

The following four claims offer a simple proof of the existence of arbitrary large
rigid relational structures of bounded type (see P. VOPENKA—A. PULTR—Z. HEDRLIN
[18]). The only fact which is not so trivial and will be used in the proof is that there
are systems of almost disjoint sets which are large with respect to the underlying
set. The n-partite graphs become simple relational structures by adding the unary
relations V4, ¥V, ..., V,. The n-partite graphs of the claims are rigid only with
respect to their injective endomorphisms; but we can arrange that all the endomor-
phisms become injective by adding a further binary relation which is a full graph
without loops.

Claim 1. There exists a rigid 4-partite graph of cardinality (2)*, if k is a
strongly inaccessible cardinal.

Proof. Let A be a set of cardinality k. As the cardinal k is strongly inaccessible
there exists a set B of cardinality 2* such that B is an almost disjoint system of sub-
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sets of A (see S. SHELAH [17]). This means that the cardinality of the intersection
of any two different elements from B is less than the cardinality of A4, while the
cardinality of any element from B is equal to the cardinality of 4. Further, there
exists a set C of cardinality (2¥)* such that C is an almost disjoint system of sub-
sets of B. Set

E" = {{x,y), (2, 1): x€4, yEB, x¢€y, zEB, t€C, 2€1).

A B C

[ 4

(=Y,

Let the equivalence relation Q be the transitive hull of the following relation over
C: two elements, u and v; are in relation iff there exist endomorphisms g and & of
(4,B,C, E”) such that g(u)=h(v). It is clear from the construction that each
endomorphism of the 3-partite graph (4, B, C, E”) is determined by the action
on the elements of 4. So (4, B, C, E”) has at most 2 endomorphisms. Therefore

" the cardinality of the factor set D=C/Q is (2)*. Let us fix a surjective mapping
s: D—>A. Set

E=E"U{{s(2), z), {x,y): z€D, x€C, y€D, x€y}.

A B
@ m
: p—4

Since each of the equivalence classes; induced by the relation Q, is mapped into
itself by any endomorphism of (4, B, C, E”), therefore each element of D is fixed
by the endomorphisms of the 4-partite graph (4, B,C, D, E). So we get that
(4,B,C, D, E) is a rigid 4-partite graph, and it is of cardinality (2*)*, as it was
stated.

C 0=0/Q

Claim 2. There exists a rigid (n+2)-partite graph of cardinality 2%, if there
exists a rigid n-partite graph of cardinality k=w.
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Proof. Let (V;,Vs, ..., V,; E) be a rigid n-partite graph. Take two disjoint
copies 4 and B of the power set of V. Set

E” = EU{{v,a), {v,b), (x,y): v€EV, ac A4, bEB, vca, vEb,
and ¥V is the disjoint union of x and y where

x€A and y€B).

5 V.-.VIA... Vn A~PV) B~P{V)
JjQ‘ v a

a { b
{rk j k j t 7- o

It is"clear that (V,, Vs, ..., V,; 4, B, E”) is a rigid (n+2)-partite graph of car-
dinality 2/, if |V|=w.

Claim 3. Let (Vy,Va, ..., V,; E) be a rigid n-partite graph of cardinality
k=w. Let further (V15 Va5 -5 o4 s ,E) be a rigid n,-partite graph of cardinality

k, for v€V. Then there exists a rigid (n+2)-partite graph of cardindlity Jk,.
o€V
Proof. Set A=U {(E: v€V}, M={V;: v€V, 1=i=n,} and B=UM. |[V|=

=|M| since |V| is infinite. Let us fix a bijection f: V' —M. Set
E” = EU{(a, b), {a, c), {d,v): ac4, b, c,dEB, vEV, a = (b, c), def(v)}.

A B Y
ﬂf(V)
[ ™
Sw—a.y/
Nk
-— —
n

Clearly (4,B,Vy; Vs, ..., Vs, E”) is a.rigid (n+2)-partite graph of cardinality
2 ks
vEV .

Claim 4. For each cardinal number k there exists a natural number n such
that there exists a rigid n-partite graph of cardinality greater than k. .
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Proof. The proof is indirect. Let k=inf {k”: each rigid n-partite graph has
less than k” elements for arbitrary n}. By Claim 1 k& is greater than (2°)*;, and k&
must be a regular strong limit by Claims 3 and 2. Further, k cannot be a strongly
inaccessible cardinal by Claim 1.

Claim 5. For each cardinal number k there exists a natural number n and a
type N such that there exists a rigid unary n-partite graph of type N having cardinality
greater than k.

Proof. Let (V;; Vs, ...; Vi, E) be an arbitrary m-partite gaph. Set E;=
=ENW;XV;) for 1<1<j<m Further, let

= (o (o  o)€E).

R N 7/ “'E/j:E“Mx‘fi)'

V15V eois Vins Exgoo . By Egg. . Eppyy ..y Egy_1ym3 E”) is a unary [m+(2 J-partlte

graph having the same endomorphism monoid as (¥, ¥V, .. V,,,,E) Claim 4
finishes the proof.

Proposition 1. Let M be a right cancellative monoid. Then there exists a
natural number n such that there exists a unary n-partite graph such that its endo-
morphism monoid is isomorphic to M.

Proof. By Claim 5 we can take a rigid unary m-partite graph V1 Vas coes Vs E)
such that |V |=|M|, and ¥ is infinite. So we can fix an injective mapping f: MV,
where the index i is suitably chosen. Now we take three disjoint copies 4, B and C
of the set M, and let

E” = EU{(v,a), {a,d), {b,d), {c,d): vEV, a€4, b€B,
c€C, dEMXM, v=f(a), b=a-c, d = (a,c)}.

An isomorphism between M and the endomorphism monoid of the unary (m+4)-
partite graph (Vy,Vas ...s Vs A, B,C, MXM,E”) can be constructed on
the basis of the following arguments. .
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Vi oo AWM BuM o (oM MXM

Let h be any endomorphism of the (m+4)-partite graph. The construction yields
that any element of the set ¥ U4 is fixed by h. Suppose that h(e)=c, where e
denotes the unit element of M being in the copy C. So the action of 4 on the set
B is nothing else but the right multiplication by the element c. Further, the element
(x, YYEMXM has to be mapped into the element (x,y-c). Consequently & acts
on the set C as the right multiplication by c.

Proposition 2. For each similarity type t there is a natural number n and
a type N such that there exists an extension of InjRel(t) into Inj UPG (n, N).
" Proof. Let ¢: W--Ordinal Numbers be a given similarity type. By Claim 5
there is a rigid unary m-partite graph (V,,V,, ..., ¥, E) such that |V|=|W];
Vi=t, for weW, and V is infinite. Clearly there is an index i such that we can
fix an injective mapping f: W—V; and injective mappings f,: t,~V,; for weWw.
Now we define an extension F of Inj Rel (¢) into Inj UPG (m+3, N) for a suitable
type N. Let (S, R) be a relational structure of similarity type ¢. This means that
R, is a t,,-ary relation over § for wéW. Let

A =U{{w}xR,: weWw}, B=U{{w}xR,Xt,: weW}
E” = EU{{u, 1), (r,b), {v,b), {5, b): ucV, veV, scS,
" r€A, bEB, u=f(w), v =f,(k), b =(r, k), where r€R,, k€1,

and s is the k™ component of r}.

and

Let the unary (m+ 3)-partite graph (¥, V3, ..., ¥V, S, 4, B, E ”) be the image of
(S, R) under F.
LI Vi .' * e ’ S A . B
. - r

u-Fly i) <L k> \RXE,

4
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Let h: (S, R)—~(S”, R”) be an injective homomorphism. We define the morphism
F(h): F(S, R)~F(S", R”) as follows:

F(h)y =idly, F(h)|s=h,
F(h)|wxr,, = idl@ Xh¢)g, for weW,
F(Blwixr xt,, = id|w X Bz Xid|,, for wcH.

The operation F is clearly an extension if we can show that the functor F is full,
In more detail it is enough to prove that for each morphism g: F(S, R)—~F(S”, R")
the restriction gl is a morphism of Inj Rel (¢) and F(gls)=g. As (V1, V35 -..s Vs E)
is rigid, gly=id|,. So the subset {w}XR,, of 4 is mapped into the subset {w}X R,
of 4”. Similarly the subset {w}X R, Xt, of Bis mapped into the subset {w}X R}, X¢,,
of B”. Further we see that

glexryxt, = 8liwixr,, Xidle,,
and

glwxr,, = idlpy X gtIr, for wew.

Consequently, gl is a homomorphism of (S, R) into (S”, R”). The remaining
part of the proof is trivial.

Proposition 3. For each similarity type t there is a natural number n and a type
N such that there exists a strong embedding of Inj Alg(t) into Inj UPG (n, N).

Proof. Let ¢: W-Ordinal Numbers be a given similarity type. By Claim 5
there is a rigid unary m-partite graph (¥, V5, ..., V,, E) of type M and there is
an index i such that there is an injective mapping s: W~V and there are injective

mappings s,: t,~V; for weW. Now we define a functor H: SET—~SET. For
an arbitrary set 4 let

B, =U{{w}xA4%): weW} and C,=U{{w}x4®xt,: weW}.

Let H(A)=VUAUB,UC,. If h: A= A" is a mapping between sets, then the
mapping H(h): H(4)-~H(A") is defined as follows:

H(h)lV = idIV, H(h)lA = h’
H®)|p, = U {id|py X ht: weWw },
H(h)|c, = U {id|py X htid], ,: weWw ).

Obviously, the functor H defined above is faithful. Set n=m+3 and N=MU
U{@E m+2), (m+1, m+2), G, n), {m+1,n), (m+2,n)}. Now we define a strong
embedding F of InjAlg(¢t) into InjUPG (n, N) carried by the faithful functor
H. Let (A4, F) be an algebra of type ¢. This means that F,, is a ,-ary operation

4
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over A for weW. Set

E” = EU{(s(w), (w, 7)), (F,, (1), (w, 1)), {s,,(k), (w, , k),
{rk), w, , k), {{w, r), {w, r, k)) where (w,r.k)C,

and r(k) is the k* component of r}.

Let the unary n-partite graph (Vy; Vs, ..., Vi, 4, B, C,; E”) of type .N be the
image of (4, F) under F. The underlying functor # uniquely. determines the action
of F on the morphisms.

Yi

To show that the functor F defined above is full the only non-trivial step is to prové

the fact that F is a strong embedding, which is similar to the proof of Proposi-
tion 2. ' '

The constructions

Main lemma (third part). Let F be a given field of characteristic zero. Let
n=1 be an integer and N be a type. Then there exists a strong embedding of
Inj UPG (n, N) into Ext(F, Fields). (The definitions can be found before Theo-
rem 3 and before the Claim 1.)

Proof. Bythe Claim 5 thereis a rigid unary k-partite graph (W,, W, ..., W,; U)
and an injective mapping s: F,—~W; for a fixed index j where F, denotes the alge-
braic closure of F, and |W;|=>|F,|. Let us further fix a sequence 7, g, py, P1, Pas ---
«.es D5 ... Of different primes. Now we are able to define the underlying functor of
the desired strong embedding. In order to avoid the complicated notations we define

.only the strong embedding, and later we give a simple argument to show that the
strong embedding must be carried by a faithful endofunctor of SET.

The functor G: Inj UPG (n; N)—Ext (F, Fields)- is defined as follows. Let
V1> Vas ...; V,y E) be a unary n-partite graph. We define an ascending chain of
fields Fo=F,=F,=...=F;=...,i€w, by induction oni. Let F;,,=F,(E, Y}, p;; 9),

3
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where the bipartite graphs (F;, E;, ¥;) are the following:
[go = {x}’ .
0= 0;
for i=1,2,..k;

Yl' _= Wia
E; = UN(F; XW),

|Yy41 = Fy ‘where F; is.a new copy of F,,

w1 = {(f%.1"), ((f).f"): f¢F, and f’ corresponds to f};

Yii14: =V,

for i=12,...,n;
Epi14i = EN(Fyy14:XV)),

Yiinieosa =W; where W, is a new copy of W},

winssram = {(W, w)): w,€W; corresponds to weW;), for icw;

Yisnsssa = WjXR; where R, is the set of the roots of the i skin
Eiansara = {(rs (W, 1)), {w;, (W, T)): TER;, w,EW}; corresponds to weW;}

for icw.

We define the image of (V,, Vs, ..., V,, E) under G as the union of the above defined
ascending chain of fields. Let h: (V,, V3, ..., V,, E)-(V;, V3, ..., V., E”) be a
morphism from the’ category Inj UPG (n, N). We define an ascending chain of
homomorphisms hy=h = =h=..., i€w, where h;:F;—~ F]. Let h; be the identity of
F;fori=0,1,2,...,k+2. Using the second part of the main lemma we get a unique
extension A ,,.; Of By q4; such that hk+z+,-|,,‘=h|,,‘ for i=1,2,...,n. Using the
second part of the main lemma again we get an extension 7,139 Of Byypiata
and an extension Ay, 445 Of Mpynig+m Such that By, ... is the identity
.00 Yyip424+9 and hk+n+4+2”}’“_“_84_2‘=id|Yk+n+,+ﬂXhi+1|R,' Let; finally, G(h) be
the union of the ascending chain of the homomorphisms defined above. G is
clearly a functor and an embedding. So we have to prove that G is full and a strong
embedding.
By the first part of the main lemma, if an element w is either r-high or p;-high
in a field GV, Vs, ..., V,, E), then either weF, or. we(F,,\\F;)UF,; respec-
tively. The subfield F; can be defined as the set of those elements of
GV, Vys ..., V,, E) which are algebraic over the set of s-high elements where s
“runs over {r, poy, ..., p;~1}. Therefore, each homomorphism of G(¥Vy, Vs, ..., V,, E)
into G(Vy, V3, ...,V,, E”) maps the subfield F; into the subfield F;; for icw.
Consider the subset {(w,r): weW;} of Y,,,+s+u for arbitrary given r¢R; The
cardinality of this set is greater than F; and each element of this set is py, ,+342-high.
" Therefore, at least one of these variables cannot be mapped into the subfield
. F{, p1s4+9- Using the implication (b) of Sublemma 4 for this variable, we get that
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the subset R; is mapped into the subset R?, for i€w. Summarizing, we have proven
that the restriction. of each homomorphism of GV, V,;...,V,, E) into
GV, Vy,...V,,E”) to the subfield F,,, is a special homomorphism of
F(E;, Y;,p;»q) into F/(E/,Y/,p;i,q). So we may use the second part of the
main lemma for the subfields F,(E;, Y;, p;; q), for i€w. An obvious combinatorial
argument finishes the proof of the fullness. :

:“Now we prove that G is a strong embedding. Let F(E,Y,p,q) and
FY(E”,Y",p,q) be two special extensions such that the additive groups of F and
F” are isomorphic, and all the sets 4(y) and 4”(y”) have the same cardinality.
The first part of the main lemma gives that each mapping of Y into Y ” naturally
induces a group homomorphism of the additive group of F(E, Y;p,q) into the
additive group of F”(E”,Y”,p,q). As the n-partite graphs contained in the con-
structed fields are unary n-partite graphs of a fixed type, the iteration of the above
argument gives that each mapping of the underlying set of a .unary »n-partite graph
into another one naturally induces a group homomorphism between the additive
groups of the corresponding fields. This is, however, a much stronger property than
that the embedding G is strong.

Proof of Theorem 2. Combining the third part of the main lemma and
Proposition 1 we get the theorem.

Proof of Theorem 1. It follows from Theorem 2, as the one-element monoid
is right cancellative.

Proof of Theorem 3. Using the third part of the main lemma and Proposi-
tions 2 and 3 we arrive at Theorem 3.

Proof of Theorem 4. The implications (c)=>(b) and (b)=>(a) are obvious,
it is enough to prove that (a)=(c). By the fundamental theorem of binding categories
(a review of the results can be found in the textbook of A. PULTR—V. TRNKOVA
[15)) it is enough to give a strong embedding of the category of 2-unary algebras
into the category Ext (4, Alg (7)) whenever 4 is an algebra of similarity type #
having no one-element subalgebra.

Let A=(X, m,...) where m is an at least binary operation. In the following
the polynomial m(x,y, ...,»y) will be denoted simply by multiplication: xy=
=m(x, ¥, ..., y). Now take a set Y disjoint to X such that |Y|>|X|, and |Y|=8.
Let us fix an injective mapping i: X—~Y. Let (Y, R) be arigid, connected, undirected
graph having no loops (for the existence of such a graph see P. VOPENKA—A. PULTR—
Z. HEDRLIN [18]). Take two further copies X; and X, of X, where x,€X, and x,€X;
denotes the element corresponding to x€X. Let us take three further elements: u,
» and w not belonging to ZUXUX,UX,UY.

Now we define a faithful endofunctor H of the category SET. For an arbitrary

kid
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set Z let H(Z) be the disjoint union of the sets Z, X, X, X,, Y, {u}, {v}, and {w}.
For an arbitrary mapping h: Z—~Z” let H(h) be the extension of h to H(Z) acting
identically on H(Z)\Z.

Finally, we define a strong embedding F of the category of the 2-unary algebras
into the category Ext(4, Alg(s)) such that the carrier of F is H. Let (Z;g, h)
be an arbitrary 2-unary algebra. Let the underlying set of F(Z;g, h) be H(Z).
Recall, that xy .denotes m(x,y, ..., y). The operations of F(Z; g, h) are defined
as follows: Let A=(X,m,...) be a subalgebra of F(Z;g,h). For y€Y and
b, ccY, b#c, set : '

Yy =u,

bc=b and cb=c if (b,c)ER,

bc=c and chb=b if (b,c)¢R.
For x€X (and for the corresponding x;€X; and x,€X,) set

' X X =X, XpXy = i(X),
where i: XY is defined before.

uu=v, vv=w.
For z€Z set
zv=u, uz=g(2), vz=h(2).

Otherwise the polynomial m(x, y, ..., y) is defined by

wg=v if g€H(Z), and the value of wq has not been defined yet,
pg=w if p,qcH(Z), p#w, and the value of pqg has not been defined yet.

In all the remaining cases let m be the projection to the first variable. All the opera-
tions are the projections to the first variable on the places where they haven’t been
defined yet.

The action of F on the morphisms is uniquely determined by the underlying
functor H, which completes the definition of the functor F.

F is clearly a functor, an embedding and carried by H; so the only non- tnv1a1
property to prove is that F is full. This can be proved in the following nine steps:

(1) There is no one-element subalgebra of F(Z; g, h) by the conditions on A4
and by the definition of m.

(2) Each two-element subset of Y is a subalgebra, consequently the restriction
of any homomorphism of F(Z;g, h) to Y is always injective.

(3 (3c¢(b=bc))=>be XUY, therefore Y is always mapped into XUY by any
homomorphism.

(4) There must be a y€Y such that y.is mapped into Y, since |X |<]Y| con-
sequently u is fixed, for u=yy for all yc¥.- :

(5) v and w are fixed together with u.
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(6) Y is mapped into itself since it can be defined as the collection of those
elements whose square is equal to # with respect to the multiplication.

(7) Y is mapped into itself in such a way that it is an injective strong endo-
morphism of the rigid graph (Y, R), by the definition of the multlphcanon There-
fore the set Y is fixed elementwise by any homomorphism. -

(8) For x€X, x,x,=i(x); therefore either the images of x, and x, belong to
Y, and consequently the image of x also belongs to Y, or the elements x; and x;
are fixed, and consequently the element x is also fixed. Thus, each x€X, and there-
fore each product xx is in XUY, consequently none of the elements of X can go
into Y. Therefore the set X is mapped into itself. This means that only the second
case is possible: the sets X, X;, and X, are fixed elementwise.

(9) Z is mapped into itself, since Z can be defined as the collection of those
elements s for which sv=u. This mapping of Z is also an endomorphism of the
2-unary algebra (Z; g, h) because of the definition of the multiplication by u
and by v.

Hence the proof of Theorem 4 is finished.
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