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Characterization of operators of class C, and a formula
for their minimal function

AHARON ATZMON?®*)

Introduction

The class of operators C,, was introduced in 1964 by Sz.-NAGY and C. Foias[11)
and consists of all completely non unitary contractions on a complex Hilbert space
which are annihilated by a non-identically zero function in H*= of the unit disc.
Among the annihilating H= functions of a contraction of class C,, there exists an
inper function which divides (in =) all others ([11] or [12, p. 124]). This inner
function is determined up to a constant factor of modulus 1, and is called the minimal
function of the contractions. For results concerning the structure of contractions of
class C, we refer to [3], [13] and [14].

The first characterization of contractions of class C, was given by Sz.-Nagy
and Foias in terms of an algebraic condition on the characteristic operator func-
tion {12, p. 265]. Using this characterization, J. DAZORD [4] obtained a characteriza-
tion of C, operators in terms of a growth condition on their resolvent, which how-
ever is of an implicit form and is difficult to verify. (See Corollary 4.2.)

In this paper we give a characterization of C, operators in terms of an explicit
growth condition on their resolvent, and establish a formula for the associated
minimal function, also in terms of the resolvent (Theorem 1.1). A similar charac-
terization of C, operators whose spectrum is a thin set in a certain sense, is given
in {2]. (See Section 7.) '

The above mentioned characterization and formula for the minimal function
can also be expressed in terms of the characteristic operator function (Theorem 5.3).
The interest in obtaining such a result was pointed out by R. G. DoucLas {3, p.-190].

Our exposition is self contained in the sense that the concepts from operator
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theory that are used in the proofs of the theorems, are essentially those which appear
in their statement. So for example, except for Section 5, we do not use in our proofs
the characteristic operator functions or functional model of Sz.-Nagy and Foias.
Although resulting in longer proofs, this approach seems to be of interest and also
leads to new proofs of the characterizations of operators of class C, given in [12,
p- 265] and [4]. (See Corollary 4.2 and Corollary 5.4.) We also obtain a new proof
of the existence of a minimal function for C, operators (Theorem 1.1).

The contents of the paper are as follows: In Section 1 we introduce the con-
cept of meromorphic vector function of bounded a-characteristic and state our
main result. In Section 2 we prove some preliminary results which are needed for
the proof of the main result. Section 3, which is the principal part of the paper; is
devoted to the study of contractions with resolvent of bounded 1-characteristic.
To every such contraction T we associate a function @, in H=, which is ex-
pressed in terms of the resolvent of T, and is a minimal function of T in the case
‘that T is of class C,. We also characterize in this section the resolvents of operators
in this class, and prove the invariance of the class under certain Mobius transforma-
tions. In Section 4 we present the proof of our main result and obtain as a Corollary
‘the result of DAZORD [4]. In Section 5 we characterize contractions 7' whose char-
acteristic function 0 bas a scalar multiple, and express our main result in terms of
0;. In Section 6 we characterize contractions of class D,, that is, contractions which
are annihilated by a non-identically zero function in the disc algebra, and give the
general form of an annihilating function of such a contraction. Finally in Section 7,
we consider contractions with resolvent of bounded a-characteristic for some 0=a<l1,
and prove that they are of class D,, and have (in a certain sense) a thin spectrum.

The basic notions and facts concerning the Banach algebra H= and the func-
tional calculus of Sz.-Nagy and Foiag for completely non unitary contractions,
will be used freely in the sequel without giving always an explicit reference. For H=
we refer to [7] or [9] and for the functional calculus ’tb [12, Chapter III].

1. Definitions and main result

 Throughout this paper, 5 will denote 2 complex Hilbert space and Z(¥)
the algebra of all bounded linear operators on . For an operator T in £(X#)
we shall denote by o(7T) its spectrum, by o(T) its resolvent set, and by R,().) its
resolvent, (AI—T)~,"A€o(T). We shall also denote by L., the operator function
defined by: L()=(I—AT)R;(A), A€@(T). The term contraction will mean in the
sequel an operator 7T in £ (5¢) such that [T]=1.
The open unit disc {2€C: {1{<1} will be denoted by D and the unit circle
{).EC |Al=1} by .
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If X is a complex Banach space and“F is an X-valued meromorphic function
on D, we shall denote for every 0=t<1 by n(t, F) the number of poles of F in
the disc {AcC: |A|=¢} (counting multiplicity), and for every a=0 and 0=r<l1
we.set '

Ne ) = f (@t H=nG, Pt Pylogr
and - ° ‘

mg(r, F) = (1/2n) f 1og+ (1 = PPF(re?)] d

(where for a>0 log* a=max {loga, 0}) :
We define the a-characteristic of an X-valued meromorphic function on D to
be the function
T, (F,r)=m,(F, N+ N(F,r), 0=r<1.
If sup T, (F r)<oo, then we say that F is of bounded a-characteristic.

O=r<t’ &
~ The set ,of all X-valued meromorphic functions on D of bounded «-charac-

teristic, will be denoted by N, (X). The elements in N,(X) are called functions of
bounded characteristic. For X=C this is the classical definition of R. NEVANLINNA
[15]). Vector valued functions of bounded characteristic are considered in [2].

To simplify notations we shall denote in the sequel the set N,(#(5)) by N,
and'if T is a contraction such that the operator function A—Ry(2), A¢ Q(T)ﬂD
is meromorphic on D and is in N,; we shall say briefly that R, is in N,.

We recall that a contraction T is said to be of class G,.; if T°x~0 as n— oo,
for every x in J¢ [12, p. 72].

Our main result is the following:

Theorem 1.1. A4 contraction T is of class C,, if and only if, T is of class G,
and Ry is in Ny. Furthermore, if the last two conditions are satisfied, and {A,, Ay, ...}
is the sequence of poles of Ry in D repeated according to muItzphczty, with k of the
Ay bemg equal to zero, then T has a mzmmal functzon gwen by -

mi@)=2 T Dy~ 2/(1~,2) exp (- w(z), z€D,
where !
w(2) =oli¥l (1/2m) f ((e"+2)/(e* —2)) log | L1 (ee")] dt, " z€D,. . -
0
or alternatively,

w@= [(+d D) du(t), 2D,

where p is a positive measure on I’ which is the weak star limit as o—+1—; of the
measures (1/2m) log | L (ge")| dt, 0<g<1.

13
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Remark’l. ‘As will be shown in Lemma 2.2, ‘the assumptxon that Ry-is in
N, implies that 3 (1—|4,)<oe and therefore (cf. [7, - 54]) the above product
L]

converges uniformly on compact subsets of D to an inner H*= function. The exist-
ence of the limits which define the function w and the measure y will be established
- in Proposmon 31 :

Remark 2. It is readily venﬁed that the above formula for my can also be
written in the form

’ i A,‘—z 1% 24" o . it dt
mr(2) = IHP_Z'AI#IO T,z 00 J oarloslet(-ofe el o7

2. Preliminary results

In this section we present some pré]iminary results which are needed for the
proof of Theorem 1.1. In the sequel, T will denoté a fixed contraction in 2’(32“)
Followmg [12] we assoclate w:th T the se]f-adjomt operators

Dy =(I—T*T)/*: and Dy = (I—-TT*)*

and set 2r=D; ¥ and Zrs=Dr«3f. In addition we denote by K} the -operator
“function defined by

K7(3) = Dy Ry(N(I—AT"), i€o(T),

and by Uy the set {xe.# |Drsxl =1}

The first result of this-section which will be needed in the proof of Theorem 1.1
appears in [12, p. 263}, however it is expressed therc in terms of the characteristic
operator function, and one part of its proof depends on the functional model. In

~*_order to keep our exposition self-contained, we present below an equivalent formula-

- tion of this result, and give a-proof which is similar to that in [12] but does not
depend on the functlonal model and does not use explicitly the characteristic oper-
ator function.

Lemma 2.1. For-every 4 in- DNo(T) )
ilLr(l)ll = sup {| Ky (D) x| ; x€ Ur}

~ Proof. We assume first that Tis mvertlble, and .prove the assertion for A= 0
‘that is, we show that . . ,

IT~Y = sup {[]D,'T‘lxﬂ: x€ Ur).
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. Since D;T-*=T-Dy. [12, p. 7] this equality is equivalent to the equality }7-1||=
=|\J|| where J denotes the restriction of 7= to 2. To show this, choose x in
X and consider the orthogonal decomposition x=x,+x, where . x,€ 2. and
%€ Dfn. Using the-facts that T—* maps 2;* onto @; and maps 2 isometrically
onto 9* [12, p. 7], and that ||[J{|=1 (since T is a contraction) we obtain that

17 =22 = |7 -1 2+ T 2 xgf® = [7])2) ]

Tlns shows that }|T-=||J|, and since the reverse mequahty is obvious; we con-

clude that |T-=|J{. To prove the assertion in the general case, we assume :

that 1 is in DNg(T), and consider the operator T;=(AI—T)(I—AT)"*, which- "
is also a contraction {12, p. 14] Smce T,is mvert1b1e we have by the assertion just
provéd that .

ILrA)] =T 7Y = sup {|Dr, T x| x€ Ur,).
‘Setting S=(1'-|A|))*(/—1T)~?, we obtain by a simple computation that
WD, Tt x|? = (DY, T x, T x) = | Kp () S* x|

-and noticing that x¢€ UT if and only if S*x€Uy, we obtain the desired con- -
“clusion. ’

Lemma 22. IfFisa meromorphic function on D with values in some complex
Banach space, -with poles {2y, %5, ...} in D repeated according to multiplicity, then
the following condmons are equwalent .

(a) sup N, F) <o,
(b) Z(l-li |) <oo.
) Proof We assume that n(O F )=0. The general case can be reduced to this

one by an obvious argument. We also_assume that |1,[=|4,..,.n=1,2, ..., and

set v(t)=n(t, F); 0=t<1. Integrating by parts and taking into dccount the assump-
) uon that v(O) 0, we obtam that for every OSr<1 :

‘=21 Jog r'/l/lf.l' f (log r/t)dv(z)— j (v(t)/t)dt N(r, F).

Thxs ‘shows that condition (a).is equivalent” to the condition Z’ log l/l/l | oo -

Wthh 1s clearly equivalent to condmon (b) This completes the proof o
~ From Lemma 2.2 we obtain an equxvalent deﬁmtxon of the class ‘N, (X ):

Corollary 23. If X is a complex Banach space and F is an X-valued mero-
morphic function on 'D, with poles {iy, 2, ..:} repeated according to multiplicity,
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then F is in N (X) for some a=0,: if and only if sup m,(r, F)<o ‘and - -
R 0=r<l N -

S a-kh <,

Proof. This is an immediate consequence of Lemma 22 and the’ deﬁmtxon of
the class N, (X). : :

We recall that if {4,, 4,, ...} is a sequence in D which -satisfies condition (b)
of Lemma 2.2, and if k is the number of 4, equal to zero, then the Blaschke product

B(z) = z* H Ao/ 12D (4, —2)/(1—1 7))

converges uniformly on compact subsets of D ‘and B is an inner functnon in H g
whose zeros in D are precisely the points 2,, and each zero has multiplicity equal to
the number of times it occurs in the sequence {7, p. 54].

If T is a contraction such that Ry is in N, for some «=0, then by Corollary 2.3
the sequence of poles of Ry in D (repeated according to multiplicity). satisfies con-
dition (b) of Lemma 2.2, and therefore by the above observation the Blaschke
product associated with this sequence is a well: defined inner function in H~. We
shall denote in the sequel this function by By.

Lemma 2.4. If T is a contraction with resolvent in N, for some ' =0, - then
the function logl|By(2)Ly(2)| is subharmomc m D.

Proof. Since the zeros of By coincide w1th the poles. of R; in D, including
multiplicity, the operator function B;(z)K;(z) is holomorphic in D, and therefore
[7, p. 34], for every x,y€s#, the function log [(Br(2)Kr(2)x, y)l is subharmomc
in D. Hence, since by Lemma 2.1,

log | Br(2) Lr(2)] = sup {tog [(Br(2) Kr(2)x, y)|: x€ Uy, |y} =1}

for all z'GD'ﬂ o(T), it follows that the function log ||B;(z) Ly(7)|j is subharmonic
in ‘DNe(T), and therefore since it is continuous in D and D\g(T) is a dlserete
set, it follows by simple argument that it is also subharmonic in D,

We shall also need in the sequel the following elementary result .whii‘il:) ap:
pears in [12, p. 263). For the sake of completeness, ‘we include the proof.

Lemma 2.5. If T is a contraction then for every 2 in Dﬂg(Ti '
q —Iil)ler(l)[l = LY =T1+2(1-AD[R (D).
Proof. Assume that 2 is.in DNo(T). Since RT(A) (I-IT)“‘LT(A) we
have that | Ry(Di=I(I—IT) Ly (D), and since’ T is a contraction, :

TII=IT)Y —|| zzmus' |).|"—1/(l—-|).l).
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and consequently (1—|[A]))[|Ry(D)]|=[Ly(A)|l. The second inequality is an immediate
consequence of the identity Ly(1)=2I+(1—|A[®)Rr(4) which follows by a simple
computation.

We shall also need in the sequel the fact that the class C,. is invariant under
certain Mobius transformation. This is given by:

Lemma 2.6. If T is a contraction of class C,. and «€D, then the operator
T,=(l—-T)(I—a&T) * is also of class C,..

Proof. Since T is a contraction T, is also a contraction, and therefore the
sequence of self-adjoint operators T:"T" is decreasing; hence converges strongly
to some self-adjoint operator L. The assertion that 7, is of class G, is clearly equiv-
alent to the assertion that L=0. To prove this, notice that 7T;LT,=L, hence
@ —~T*L(@I—T)={I—aT*)L(I—&T) and therefore T*LT=L. This implies that
T*LT"=L for every positive integer n, so that for every x€s we have that

ILx] = |LI|T"x], n=0,12,...,

and consequently, since T is of class C,., we conclude that L=0. This completes
the proof.,

3. Contractions with resolvent in N;

We begin by showing that the limits in the definitions of the function w and
the measure y in the statement of Theorem 1.1; actually exist for every contraction
with resolvent in N;. This enables us to associate with every such contraction T a
function ¢ in H*, which by virtue of Theorem 1.1, is a minimal function when T
is of class C,.

Proposition 3.1, If T is a contraction with resolvent in Ny; then the measures
(1/2r)log | Ly (0e™)|l dt, 0=0<1, converge as o-—~1—; in the weak star topology
to a positive measure u on I'. Furthermore, if w and @y are the holomorphic functions
on D defined by

w(@) = [((e"+2/(*~2)du(r), zeD
r

and
¢r(2) = Br(2) exp(—w(2)), z€D
then
w(z) = el_igl_ (1/2m) f ((e*+2)/(e* —2)) log | Ly (ge")| dt, z€D
and

ler(DLr( =1, zeD.
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In addition, the function @y has the following minimality property: If f is a function in
‘H* which satisfies the condition
I/@Lr(2)| =1, z€D
then there exists a function h in H* such that |h|.=1 and f=ho;.
Proof. Since By is in H” and. B, #£0, we have that

2
[ |log|Br(ee®)||d6, 0 <o <1,
. [1]

is bounded as ¢—1 (cf. [10, p. 90]) and therefore noticing that | Ly(A)|=1, Ae DN
Ne(T) (since T is a contraction), we obtain from the assumption that Ry is in N
and Lemma 2.5, that

2n

[ llog |Br(ee®) Ly(e)]|d6, 0 <o =<1,

[t}
is also bounded as g¢—1. Combining this with the fact that by Lemma 2.4 the
function log|Br(z) Ly(2)|l is subharmonic in D, we infer (cf. [6] or [7, p. 38]) that
the measures :

(1/2m)log | Br(ge") Ly(ee)| dt, 0<g¢ <1,
converge as ¢—1—, in the weak star topology to a measure u on I', and the function

u(2) = [Re(("+2)/(e"—2)du()), zED
J

is the least harmonic majorant of the function log||Br(z)Lr(2)] in D. Since B;
is a Blaschke product, we have that [7, p. 56]

en

lim- [ flog|Br(ee)|| 40 = lim (- [ log|Br(ee®)|df) =0

and therefore u is also the weak star limit as g¢-—1—, of the measures
(1/2n) log || Ly (ge®))| dt, 0=¢<1. Thus remembering that {|L;(A)|=1, A€ DNo(T),
we obtain that y is a positive measure, and since for every z€D the function ”—
—(e"+2)/(e"—2) is continuous on I', we also have that

w(z) = lim (1/2m) f " ((e*+2)j(e* — 2)) log | Lr(ee™)] dt, z€D.

It is also clear that u(z)=Re w(z), z€ D, ;and therefore from the above mentioned
majorant property of u, we obtain that

log | Br(2) L1 (2)| = Rew(2), 26D

N
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which is equivalent to the desired inequality,
ler(2Lr(2)] =1, z€D.

To prove the last assertion, assume that f is a function in H* that satisfies the
condition || f(z) Ly (2)| =1, z€DNg(T). We may clearly assume that f=0. Since
Ly =1, z€DNp(T), it follows by continuity that |f(z)|=1, z€D. Consider
the factorization f=B-.g, where B is the Blaschke product formed by the zeros of
fin D. Then g isin H* and O<|g(2)|=1, z€D, [9, p. 66]. Using the hypothesis on
fand Lemma 2.5 we obtain that

(A—1zD|fIIRr (D] =1, zeDNe(T).

This implies that every pole of Ry in D, is a zero of f whose multiplicity is not
less than the order of the pole. Thus B=B, - By, where B, is also a Blaschke product
Using again the hypothesis on f we obtain that

log | B(2) L1 (2)| =—log|g(2)l, z€DNea(T)

and by continuity this inequality also holds for all z€D. Since g(z)#0, Vz€D,
the function —log |g(z)| is harmonic in D, hence is a harmonic majorant of the
function log||B(z)Ly(z)] in D. But by Lemma 2.4 and the above factorization of
B, this function is subharmonic in D, and therefore (by [7, p. 38] or [6]) its least
harmonic majorant %, in D is given by

w(@)= Tim (1/2n) [ Re((e+2)/(e"~2)log |B(ee") Ly (ee] di, z€D

and since B is a Blaschke product it follows by the argument already used in the
proof of the first part of the proposition that

w(@ = Jim (120) [ Re((€"+2)(e"~2)log |Lr(ee")] dt = Rew(2)

for all z€D. Combining all these facts we obtain that
Rew(z) =—log|g(z)|, z€D
hence the holomorphic function
h(z) = B,(2)g(2) exp(w(2)), z€D

satisfies the conditions |h(2)|=1, z€D and f=he,. This éonciqdeé the proof of
the proposition.

Remark. It is clear that lirlrl I Ly (ee®)ll=1, uniformly on every compact
subset of I'\o¢(T), and therefore the closed support of the measure u defined in
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Proposition 3.1 is contained in I'Ne (7). Hence in particular, if the set I'Na(T)
has linear measure zero, u is a singular measure, and ¢ is an inner function.
We can now characterize contractions with resolvent in N,.

Theorem 3.2. If T is a contraction then the following conditions are equiv-
alent :

(@) Ryisin N,.

(b) Ry is a meromorphic operator function on D which admits a representation

of the form
R (A) = GW/e(), r2eDNe(T)

where @ is a function in H™ whose zeros in D coincide with the poles of Ry (including
multiplicity) and G is a holomorphic operator function on D, which satisfies the con-
dition

sup(1—|2D[GA)] < <.

€D

(c) The set DN o(T) is not empty, and there exists a function f#0 in H™
such that

sup  (1=[AD|SA)[Rr (D] <--.
2EDNT)

Proof. (a)=(b): If R, is in N;, then the zero.s of the function ¢ (associated
with T by Proposition 3.1) coincide with the poles of Ry, including multiplicity,
and therefore the meromorphic function ¢, Ry extends to a holomorphic operator
function on D, which we denote by G. It follows from Proposition 3.1 and Lemma
25 that (1—|ADIGA)I=1 for A€DNg(T), and by continuity this inequality
holds also for all A€ D. Hence condition (b) is satisfied with ¢=¢; and G=¢Ry.

(b)=(c): This is obvious.

(c)=>(a): Assume that condition (c) holds for some function f#0 in H™,
and denote for every A€o(T) by d(2) the distance of A from ¢(7’). Since for every
A€0(T) we have the inequality (d())'=|Rr(WIl, (cf. [5, p. 567)) it follows from
the assumption on f that for some constant M =0

|f(D)] = Md()/(1—-1A]), AeDNe(T)

and therefore by continuity, f vanishes on Do (T). Consequently, since f is holo-
morphic and f#0, the set DNo(T) is discrete, and therefore by condition (c),
all the singularities of R, in Dare poles, and the order of each pole does not exceed
its multiplicity as a zero of f. Thus Ry is meromorphic on D, and by the Blaschke
condition satisfied by the zeros of a function in H* [7, p. 53]; we obtain that the
sequence of poles of Ry in D satisfies condition (b) of Lemma 2.2. Condition (c)
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also implies that there exists a constant K>0 such that

27

jflog"' ﬂ(l—r)R;(re‘”)ﬂ do = f llog | f(re®)| | d6+ K

1]

for all 0=r<1. Since f€H* and f#O0, the expression on the right hand side of
the above inequality is dominated by a positive constant which does not depend on
7 [10; p. 90]. Thus by Corollary 2.3 we conclude that Ry is in N,, and the proof of
the theorem is complete. .

We conclude this section with a result that describes the action of certain Mdbius
transformations on contractions with resolvent in N,;. This result will be required
for the proof of Theorem 1.1.

Proposition 3.3. Let T be a contraction with resolvent in'N,. Fix a€D and
consider the function q(z)=(a—2z)/(1—&z), z€D. Then the contraction T,=q(T) has
also resolvent in Ny, and there exists a constant ¢ of modulus 1, such that

¢r,(2) = cor(q(2)), z€D.
Proof. A simplecomputation showsthat A< o(7T,) if and only if ¢g(2)€¢(T) and
Ry, () = @—-1D)"*(I-&T)R(q(3), A€e(T).

Thus, using the representation of Ry given by part (b) of Theorem 3.2, we obtain
that
R, () = Gi(D/p1(D, A€DNe(T)

where ¢,(A)=@1—1)"1¢(g(4) and G,(A)=(1-aT)G(q(4)) for every 1€ D. Hence
remembering that
sup (1~ DG <=
and using the estimate
(1—[AD/(1—-1g(M)) = 4/ ~]a)), 2€D

(see [7, p. 3, formula 1.5]) we obtain that
sup(1—|AD[G (D)) <=
AeD

and therefore by Theorem 3.2, RT¢ is in N,

We turn now to the proof of the second assertion. A direct computation shows
that for every AeDNo(T)

- Ly, ()= (1—ad)(@—1)"1Ly(q(%)
and therefore || Ly (A))=||Ly(g(4))|} Hence using the fact that by Proposition 31,
lor(DLr (Dl =1, AeDNe(T)
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we obtain that also
ler(¢(DLr, D] =1, AeDNe(T)

and therefore by the minimality property of the function or, thérg: exists a func-
tion g in H*, such that [ g||..=1 and

or.() = gMor(q()), A€D.

Changing the roles of T, and T and noticing that g(g(4))=4, YAED, we obtain
in the same way, that there exists a function h in H*, such that {A}_=1 and

o) = h(Dor, (4(M). A€D

or(9() = b(gM))or, (A, A€D.

Hence by the maximum principle-. g=c, where ¢ is a constant of modulus 1. This '
concludes the proof.

and therefore -

4. Proof of the main result

For the proof of Theorem 1.1. we require one more preliminary result.

Lemma 4.1. Let T be a completely non unitary contraction such that Ry is in
N,. Then setting @=q@y, we have that

(1 -ADle @M Ry (W] =3, AeDNe(T).
Proof. For every A€D consider the holomorphic function h, on D defined by

hi(2) =(e(2)—o ) (z—N"L, zED, z=#A

Itis easily verified that h,€ H* and ||hl||”§2/(1 —1|AD, and therefore also |\h,(T)|| =
=2/(1—|A]). Since

(M) —oN)I=(T—-ADh(T), 2€D’
it follows that

(@)~ ) Ry (A) = —h,(T), 1€DN ()
and consequently
(e (D)~ ¢<A)1)Rr<1)u =1-h seDOCT.
This implies the desired conclusion by virtue of Lemma 2.5 and Proposition 3.1.

Proof'of Theorem 1.1. We assume first that T is an invertiblé contractiorr
of class C,. with resolvent.in N,, and prove that T is annihilated by ¢r. For this,
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we set ¢=¢r, and consider the operator function
F() =To(T)Rr(Y), 2ee(T).

Observe that since T is of class C,,., it is completely non unitary, and therefore ¢ (T)
is well defined. The singularities of F in D, which are the poles of Ry, are removable,
since by Lemma 4.1 we have for every O<r<1, that

sup {| F)||: 2€e(T), |A| <r} <ee.

Thus F is holomorphic in D, and therefore using the assumption that 7 is invertible
we obtain from the Taylor expansion of R, around z=0, that

F(@) =~ 3 p()T"¥", i€D

the series converging in the operator norm. Combining this with the Laurent expan-
sion of Ry for |z|>1, we obtain that for every re®®cD,

F(ré®)—F(r—1") = — 2”' ritlo(TYT —"e®

n=—oco

the series converging again in the operator norm. On the other hand, using the
resolvent identity

Ry (D) —Rr(X) = (X' =) Ry (DR (), 4, 1€e(T)
we obtain that for every re’®€D
F(re®)y—F(r—1e) = er-1(1—-r) F(ré®) Ry (r 1)
and therefore by Lemma 4.1, we obtain that for every x€s# and re®cD
- ||(F@re®) — F(r—2e?)x|| = 6r 72| Rp (r~1e)x].

Hence applying the Parseval identity for Hilbert space valued functions on I', we
obtain that for every x€s#

n=—

fw o lo(@)T="x|* = (127) [ |[(F(re®)=F(r—e"))x|[*d0 =

= 36r=2(1/2m) f2 " [Rp(r~1e®)x]2d0 = 36 5’ r | T x|2.

(The proof of this inequality was inspired by the methods in [16].) Since T is a con-
traction
[T "e@)x] = [T~ "to(T)x|, n=0,1,2,...,



204 Aharon Atzmon

and therefore

lo@xF=01-r) 3 rH[T-"e(T)x]

N=—co

Combining this with the preceeding estimate we obtain that
le()x]* = 36(1—r%) 3 | T"x]".
n=0

But the assumption that T is of class C,. implies that the expression on the right
hand side of the above inequality tends to zero as r—~1—, and consequently,
@(T)x=0. Since this holds for every x€#, we conclude that ¢(T)=0. To prove
the same result for T not necessarily invertible; assume again that T is of class C,.
and that R; is in N,. Choose a€DNg(T), and consider the function ¢(z)=
=(a—z)/(1—-az), z€D, and the invertible contraction 7,=¢(T). By Lemma 2.6
and Proposition 3.3, T, is also of class C,. and has resolvent in N;, and therefore
by what has just been proved, we have that ¢,(T)=0 where ¢, denotes the func-
tion ¢y . But by Proposition 3.3, ¢,=cpoq where ¢ is a constant of modulus 1,
and therefore using the fact that gog(A)=4; VA€ED, we obtain that ¢p=c"1@,0q
and consequently ¢ (T)=c"1¢,(T.)=0. This establishes the assertion in the gen-
eral case.

We show next that ¢, is a minimal function of 7. For this assume that fis a
function in H* such that || fl.=1 and f(T)=0. To prove that ¢ divides f in
H=, consider for every A€D, the holomorphic function g, on D defined by

81(2) = (F@Q-fM)(1-TDf (@) (z—H"2(1~12), z€D, z 5 A
Since || fl..=1 also |g,l|..=1 and therefore also [ g,(T)]|=1. Using the identity

21— FfAf(2) = (f@Q—f @)1 -T2 (z—H
and the assumption that f(T')=0, we obtain that for every A¢DNo(T),

IfDLrD] = [g2(D] = 1.

Consequently, by Proposition 3.1, there exists a function h¢ H™ such that [|h]|_=1
and f=he,. Hence ¢, divides every function in H* which annihilates T. We show
now that ¢y is an inner function. For this, set again ¢=¢, and consider the can-
onical factorization ¢=¢, @, where ¢, and ¢, are the outer and inner factors of
o, respectively. Then ¢,(T)¢:(T)=0, and therefore using the fact that ¢, (T) has
zero kernel since @, is outer [12, p. 118], we obtain that also ¢,(7)=0. Hence by
the result just proved, we have that

a7 = lea(@) - (D)~ =1, for all ieD.
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On the other hand since ||}l =1 also [¢,]l.=1, and therefore by the maximum
principle ¢,=c, where c is a constant of modulus 1. Thus ¢ is an inner function,
and consequently is a minimal function of T (Since ¢(0) is real we actually have
that ¢=1, so that ¢=¢,.)

Finally to prove the remaining assertion of the theorem; assume that T is a con-
traction of class C,. Then by [12, p. 123] T is of class C,.. (For a proof of this fact
which is independent of dilation theory see [8].) To show that Ry is in N,, con-
sider a function f#0 in H*= such that f(T)=0. For every A€D, consider the
holomorphic function f; on D defined by

£ = (f@D~fD)z—D", 2€D, z# A

Then | fl.=2ll fll./(1—|A]) and therefore also | f,(D)l=2{ fil../(1—|4]). Since
f(T)=0 we have that f,(T)(AI—T)=f(A)1, hence if f(2)>0 then Ac¢DNo(T),
and therefore since fZ0; the set- DNg(T) is not empty. It also follows from the
preceeding facts that

1/ Ry W] = [ A(D] = 211 fl=/(1 12D,

for all A in DNg(T). Thus R; satisfies condition (c) of Theorem 3.2 and there-
fore by that theorem Ry is in N;. This concludes the proof of Theorem 1.1.

Remark 1. Observe that we obtained above also a proof of the existence of
a minimal function for a contraction of class C, which is different from the proof
of this fact given in [12, p. 124]. Still another proof of this fact appears in [3, p. 188],

Remark 2. It follows from Proposition 3.1 and the proof of Theorem 1.1,
that if T is a contraction of class C, then a function f in H* annihilates T, if
and only if, it satisfies the condition

sup | f)ILr (D] <e
2€DNeT)
which by virtue of Lemma 2.5 is also equivalent to the condition
sup  (1=[ADISDIIRr )]} < .
A€DNT) -

An immediate consequence of Theorem 1.1 and Theorem 3.2 is the following:

Corollary 4.2 (DAzoRD {4]). 4 contraction T is of class C,, if and only if,
T is of class C,., and there exists a function f#£0 in H* such that

sup (1—|AD|fA)|[Rp(A)] <<=
A€DNT)



206 - Aharon Atzmon

5. Contractions whose characteristic fanction has a scalar multiple

In this section we express the preceeding results in terms of the characteristic
operator function associated with a contraction. We recall that [12, Chapter VI]
if T is a contraction then its characteristic function is the holomorphic operator
function 8 on D, whose value at every A€D is the bounded linear operator 6(1)
from the Hilbert space 2y to the Hilbert space 9+, which is defined by the relation

07(1) Dy = Dyu(I-AT*) Y (AI=T).

For every A€g(T) the operator 6;(4) is invertible and its inverse 8,(2)~! is the
bounded linear operator from 2y« to 2 which satisfies the equality

07(A) "1 Dye = Dp(AI=T)~Y(I—AT*) = K1 (A)

(Kr is the operator function defined in Section 2). Thus from Lemma 2.1 we obtain
for every A€o(T) the equality ||Ly(A)]|=[0r(4)", which is also proved in [12,
p. 264). This implies by Lemma 2.5, that R; is meromorphic in D if and only if
07! is meromorphic in D, and in this case these two functions have the same poles
in D with the same orders (see also [12, p. 264]). Thus using Lemma 2.5 we obtain:

Proposition 5.1. If T is a contraction then Ry is in Ny, if and only if, 07" is
of bounded characteristic (as a function from DN g(T) into the Banach space of all
bounded linear operators from D to Pr).

We recall {12, p. 264] that a function fZ0 in H> is called a scalar multiple
of @y, if there exists a holomorphic operator function Q on D whose values are
bounded linear operators from %+ to 2y with norm not exceeding 1, such that for
every A€D

QM)0r(A) =f(DL and 8:(DQA) =f(V)],
where I, and I, are the identity operators on 2, and Z,* respectively.
The above equalities are clearly equivalent to the equality .
0 (D)~ = M)A

for every A€D such that f(1)0. Thus from [2, Th. 2.1] and Proposxtlon 5.1 we
obtain

-Theorem 5.2. If T is a contraction then the foIIowmg conditions are equwalent
(@) Ryisin Ny, .

(b) 07" is of bounded characteristic,

(¢) 67 has a scalar miltiple.
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Remark. It follows from Theorem 5.2, Proposition 3.1 and the identity
10-(A)~ Y =Ly (DI, AeDNo(T), that if 8; has a scalar multiple £, then ¢, is also
a scalar multiple of 8y, and there exists a function s in H* such that ||4]|_=1 and
f=ho;. Thus @, divides every other scalar multiple of 8; and therefore can be
called a minimal scalar multiple of 8.

Finally, from Theorem 1.1, Theorem 5.2 and the equality [|0+(A)~ Y =] Ly (D],
A€DNe(T), we obtain a characterization of operators of class C, and a formula
for their minimal function expressed in terms of the characteristic function:

Theorem 5.3. A contraction T is of class C, if and only if T is of class C,.
and one of the three equivalent conditions of Theorem 5.2 is satisfied. Furthermore,
if T is of class C, it has a minimal function given by

my(z) = Br(z) exp(—w(2)), z€D
where
w(z)= lim (1/27) [ ((*+2)/(e*~2)log |6-(ec®) | dt, z€D
0

or alternatively

w@ = [+ —2)du(), z€D

where
p=w* lim (1/2m)log |67 (ce*) ™| dt.

An immediate consequence of Theorem 5.3 is

Corollary 5.4 (Sz.-Nacy and Foias (12, p. 265]). A4 contraction T is of class
C, if and only if T is of class C,. and 01 has a scalar multiple.

6. Contractions which are annihilated by functions in the disc algebra

Let A denote the disc algebra, that is the Banach algebra of all continuous func-
tions on the closed unit disc D which are holomorphic in D, equipped with the
supremum norm. In view of the von Neumann inequality {12, p. 32] and the fact
that the polynomials are dense in A4, there exists for every contraction T a norm
continuous multiplicative homomorphism of the Banach algebra A4 into the Banach
algebra Z(s#’), which extends the mapping p—p(T) where p is a polynomial (see

also [3, p. 167] and [8]). It is easily verified that if f(z)= 2’ a,z" is a function in A4;
then the operator f(T) which corresponds to f by this homomorphlsm is given by
f(T)f=..1_‘.[P_ 'é') a,r"T" (where the convergence of the series and the limit are in
the operatar norm). It is also clear that if T is completely non unitary, then this
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homomorphism is the restriction to A4 of the homomorphism from H* into Z(:#)
given by [12, p. 117, Theorem 2.3].

Following [8] we shall say that a contraction T is of class D, if there exists a
function f#O0 in A such that f(T)=0.

The characterization of contractions of class D, is given by:

Theorem 6.1. A contraction T is of class Dy, if and only if Ry is in N, and the
set a(T)NI has linear measure zero.

Proof. We assume first that T is a contraction such that R; is in N, and
o(T)NT has linear measure zero, and show that T is of class D,. Since the set
o(T)NTI has linear measure zero, there exists by a Theorem of Fatou [9, p. 80] a
function g0 in 4 such that g=0 on ¢(T)NI. (One can also choose by that
theorem, g to be outer and so that it vanishes only on ¢(T)NTI.) Consider the func-
tion f=ger. We claim that fis in 4 and that f(T)=0. By the remark following
the proof of Propositon 3.1, the closed support of the measure g which is associated
with ¢4, is contained in ¢(T)NI, and therefore since this set has linear measure
zero (by assumption) y is a singular measure and ¢y is an inner function. Since the
accumulation points of the zeros of By are also contained in ¢(T)NT; it follows
[9, p. 68] that ¢ is continuous on D\ (¢ (T)NT). Therefore, since g=0 on ¢(T)NT,
the function f extends to a continuous function on D which vanishes on o (T)NT.
Thus fis in A. :

To show that f(T)=0, consider the canonical decomposition T=T,HT;
[12, p. 9] where T, and T, are the unitary and completely non unitary parts of T
respectively. Since f(T)=f(T,)®f(T), we have to show that f(T)=0 and f(T})=0.
The fact that T, is unitary implies that o(To)co(T)NTI, and therefore, since f=0
on o(T)NT, it follows from the spectral theorem for unitary operators that f(7,)=0.
To show that also f(T;)=0, observe first that for every A€o(T)

R;(A) = R;,()®R;,(A) and o(T)ND = o(TYND.

This implies that Ry, is also in N, and Br=B; . Also, using the facts that for
every A€e(T), Ly(A)=Ly (DS Ly,(2) and ||Ly (D=1 (since T, is unitary) and
remembering that Ly (A)|=1; A€e(T;)ND, we obtain that

1Ly (W} = L1, D], A€e(T)ND = o(TYND,

and combining this with the equality Br=B, we infer that @r=¢, . Since
the set o(T)NI has linear measure zero, the same is trae for its subset o(T)NT,
and therefore, since T; is completely non unitary, it follows [12, p. 84, Proposition 6.7]
that T, is of class C,.. Thus by Theorem 1.1, T; is annihilated by @, and since
@r,=¢r we also have that f(7,)=0. This proves that T is of class D,.
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To prove the converse assume that T is a contraction of class D,. Then by
{1, Corollary 4] or [8], the set o(T)NI" has linear measure zero. The proof that
Ry is in N, is exactly the same as the proof of the last part of Theorem 1.1. The
only additional fact to observe is, that if fis a function in 4, then for every A¢D
the holomorphic function on D defined by

£ =(f@)—fD)(z—N7, zD, z#4
is also in A. This concludes the proof of the theorem.

 The preceeding proof shows that if T is a contraction of class D,, then for
every function g in A that vanishes on. o(T)NI, the function f=ger is also in
Aand f(T)=0. We show next that this is the general form of a function in 4 which
annihilates 7.

Proposition 6.2. If T is a contraction of class D, and f is a function in A,
then f(T)=0, if and only if there exists a function g in A that vanishes on o(T)NI
such that f=gey.

Proof. In view of the preceeding observation it remains to show that every
function in A4 which annihilates T, is of the above form. To show this assume that
fis a function in A4 such that f(T)=0. Then also f(T;)=0, where T, denotes as
before the completely non unitary part of T. Therefore by Theorem 1.1, there exists
a function g in H* such that f=ge, , and since by the proof of Theorem 6.1,
@r,=¢r, we have that f=gor. Since ¢ is an inner function which (as observed
in the proof of Theorem 6.1) is continuous on D\(¢(T)NI); and since as shown
in the proof of [1, Th. 4], f/=0 on o¢(T), it follows that g extends to a continuous
function on D, which vanishes on o (T)N\I'. This completes the proof of the prop-
osition.

Remark. As observed in [8], it follows from the characterization of closed
ideals in the algebra A4 [9, p. 85] that every contraction T of class D, determines
uniquely a closed set KcI' of linear measure zero, and an inner function ¢, such
that a function f in A annihilates T, if and only if f=g¢, where g is a function
in A that vanishes on K. Proposition 6.2 gives an independent proof of this fact
and also provides the more precise information that K=¢(T)NI' and ¢=¢;.

7. Contractions with resolvent in N, for some 0=a<1

According to [2, Theorem 1.2] a contraction 7 has resolvent of bounded char-
acteristic, if and only if, T is of class D, and o(T) is a thin set, that is, in addition
to the Blaschke condition satisfied by the countable set o(T)ND, also the con-

14
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dition
2n
[ (log 1/d(e®, o(T))) d6 <>
[1]
holds (where for A€C, d(4, o(T)) denotes the distance of 4 from o(T)).

For contractions with resolvent in N, for some 0<a<1, we only have a partial
result:

Theorem 7.1. Assume that T is a contraction such that Ry is in N, for some
O<a<1. Then T is of class D, and
2r
[ (log* 1/d(e®, a(T))*~*d6 <<=
(1]
Sor every 6=0.

Proof. We prove first the second assertion of the theorem. To simplify nota-
tions we set d(1)=d(1, 6(T)), for every 1€C. Remembering that [5, p. 567]

(@d@)~* = [Re W), A€e(T)

and using the assumption that R; is in N,, we obtain that there exists a constant
M =0 such that

fn(log(l —r)¢ld(ré)dé =M, 0=r<1.

For every =0, consider the set
E, = {6€[0, 2n): d(e®) = 1}

and denote its Lebesgue measure by m(t). Thus m is the distribution function of
the function 8—d(e”), 0€[0, 2r). Noticing that

d(re®) = (1-r)+d(e"), e%rl, 0=r<l1,
we obtain from the preceeding inequality that for every O<¢=1,

m()log 120~ = [(log#/d((1—-1)eD)do =M
E,

and therefore since a<1 we deduce that there exists a positive constant ¢ such that
m() =c+logl/H™?, 0<t<2m.

It is also clear that m(t)=2rn for ¢=2n. Thus using the well known propeérties
of the distribution function (cf. [10, p. 65]) we obtain by integrating by parts and
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using the estimate above, that for every =0

fﬂ (log* 1/d(e?))'~%dO = ft (2+1og 1/d ()2 d0 =

= fu QR+log1/) 2 dm(?) = 2n+c(1—90) f”(2+ log 1/0~1-%(1/f) dt.

Since §=>0, the last integral converges, and the assertion is established.
To prove that T is of class D,, denote for every e®¢I' by d,(e®) the distance
of e from the set I'Na(T), and fix 0<&<1. Then by the assertion just proved,

2 .
f (log* 1/d, ()12 d0 <<
0

and this clearly implies that the set I'\o(T) has linear measure zero. Thus by
Theorem 6.1, T is of class D.
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