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Birkhoff quadrature formulas based on Tchebycheff nodes

A. K. VARMA

1. In 1974 P. Turén [6] raised the following problems on Birkhoff quadrature
If in the n'™ row of a matrix 4, there are n interpolation points 1=x,,>xp,>...>

>Xm,,=—1 then Ais called “very good” if for an arbitrary set of numbers y,, and yy,
there is a uniquely determined polynomial D,(f; Ay=D,(f) of degree at most
2n—1 for which

7 D (s 4
In that case D,(f; A) can be uniquely written as

4

d? .
Dn(f; A)x=x,m = Yin =f(xkn)s (_ ) = Ykn>» k= 1,2,

s M.

U3 D= 3 fEvate; D+ 3 v 4

where y,,(x; 4), 0;,(x; A) are fundamental functions of the first and second kind
respectively.
Problem XXXVI. What is the best class of functions for which the integrals of
the polynomials

é; f (xin) :yin (x9 II) (n even)
tend to fl S ) dx?

Here the n“’ row of the IT matrix is referred to the zeros of I1,(x)= f P,_,(t)dt
where P,(x) is the Legendre polynomial of degree n.
Problem XXXVIII. Does there exist a matrix 4 satisfying

f'yi,,(x; Adx=0, i=12,..,n; n=ny?
-1
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Problem XXXIX. Determine the “good” matrices for which

1
J vulx; 4)dx|

2
i=1
is minimal.

In 1982 the author [7] was able to answer the above problems. This can be sum-
marized by the following quadrature formula exact for polynomials of degree =2n—1:

‘ _ 3 +A(=1) 22n-3) "t f(x)
S a = DG & PG

+

1 ot (1 _xm)f”(xm)
n(n 1)(" 2) (Zn 1) i=2 Pr? l(xm) )
'In the above formula x;,’s are chosen to be the zeros of IT,(x).

In 1961, the author [9] extended the results of SAXENA and SHARMA [6] of (O, 1, 3)
interpolation to Tchebycheff abscissas. We proved that if » is even, then for preassig-
ned values ¥, ¥i1, Vs (i=1,2,...,n) there exists a uniquely determined polyno-
mial £,(x) of degree =3n—1 such that

(l 1) f;u(xm) ny’ f;z(xm) JYas f;n”,(xin = Jias i= 1: 2, s

where x,;,’s are the zeros of T,(x).

The object of this paper is to obtain new quadrature formulas based on f(x;,),
' xm)s £7(x;,) where x;,’s are the zeros of T,(x). We now state the main theorems
of this paper.

Theorem l.Lét

(1.2) 1= X, = Xop =00 > Xy = —1

be the zeros of T,(x)=cosnf, cos8=x. Let f(x) be any polynomial of degree
=3n—1. Then we have

0y [ L= 210040t 3 1 Bk 575
where

(1.4) cm=(1""2")2 f = ZCHPE (f(,") ]

12n? —x2)Y 7 d 12n3

3+2@2r+1)( —x?,.)] f I (x) dx

T ’
15 B,= —E(l —xi) T, (%) + [ N 12!,2 (1—x)F
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_T 1 1 1 x:T, (x) | T, (%)
(16 A""‘?[” 3(1—2) (?_1)' WA T 4 T :
Theorem 2. Let fy(x)=1—x% then

T

o
(1.7 f (1f x)gllz dx— 2 £ G A ='73£_W°

An inieresting consequence of Theorem 2 is the following:

Corollary 1. For fy(x)=1—x?

(1.8) | lim Z",’ﬁ,(x,-,,)u,-,,(x) # 1—x% at some x€[-1,1),
n—voe =3

where u;,(x) are the fundamental polynomials of the first kind (0, 1, 3) interpolation
based on T chebych@jr nodes The explicit representation of u,,(x) is given in the next
section.

Theorem 3. There exist positive constants ¢, and ¢, independent of n such that
n
(1.9 anlnn < 3|4, =c,plnn.
i=1

Theorems 1, 2, 3 reveal an important fact that the quadrature formula obtained
by integrating the Birkhoff interpolation polynomials of (0, 1, 3) interpolation based
on Tchebycheft nodes is essentially very different from those obtained by integrating
Lagrange or Hermite interpolation. ‘

‘2, Expllclt reprosentatlon of the mterpolatory polynomials; (0 1, 3) case. In an
earher work [9] we obtained the explicit form of the polynomial R,(x) (# even posi-
tive integer) of degree. =3n—1 satisfying

(2'1) Rn(xkn) =fkns -R;(xkn) = 8kn» ‘Rn'“-(xkn) = hkm ‘ k = 13 2a o n
It is given by
(2'2) 'Rn(x) = ‘_5:; f;nuin(x)'*' Z"' ginvin(x)+ ;n’ hinwin(x),

where the polynomials Uy (x), Vin (x), Wi, (x) are umque]y determined by the followmg
conditions: :

, ” 1 for i=k
(2'3) uin(xkn) = uin(xkn) = Os uin(xkn) = { 0 -fOI' i ” k,' k = 1, 2, ey N,
, _f1 for i=k _
(2'4) vin(xkn) - v:n,(xkn) - 0’ vin(xku) — {0 for i - k, k= 19 2’ R
, . ' W 1 for i=k"
9 Wil =Wl =0, Wi = {3 B 1=K g

9.
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The explicit form of fundamental polynomials is given by

(@)
(2.6) w,(x) = a- —x5) T6r(l-:)qn 1, ;(x)

where g¢,_, ;(x) is a polynomial of degree =n~1. 1t is given by

O i) == e [ T et f (ll‘"gslzdt+c]

where ay,, ¢;, are chosen so that g,_, ;(x) is a polynomial of degree én; 1.

_Hu@
f ( t2)1/2

(b)
L L.() =1,
=12 f - (1/2)f e
2.9) o) = L0 | THS-14()

Ty (%) T, (%)

where s, 1,;(x) is a polynomial of degree =n—1. It is expressed by the formula
29 '
T,() NG F OF(
n 1, l(x) - (1 —'xz)l,z [ain f (1 12)3/2 dt+ﬂm f (1 ! 52)3,2 dt+ f ( fZ))Slzdt+ '}’i,.]
where

(2.10) F, () = Q=D O -1 @) +(r*+ Din @)

2T, (x;,) ’
—1 [ tF,(0+BulL ()
(211) Ay = F __1[ (1 __~t2)1/; dt’
- 1 -7  5x}
2.12) Bin = 2T, (x;) ( 3 1-x2, )’

mll,n ! +F 3
2y, = __[ ﬁ (1( )12)1/;"(—) dt—
(2.13)

5 Bin(lin(t)_lin(_ t))+Fin(t)_En(—' t) -
-] -5 AT+ a*.
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©)
_ (- x2)1 >, 10- x2)(x x,..) 3
(2.19)
gy O a0
where
i _ X; 5 13+2x|2,|]
hn = A [8" e
The above representation of u,(x) is new and very useful in obtaining
b (%)
[ 5o dx.
1 (1-x)R

3. Preliminaries. Here we shall prove the following lemmas.

Lemma 3.1. For k=1,2, ..., n we have

' TR o e
@a.1) S Ty G e =
(1 -x8,(x) n-ueg, = mf3_ 1
ca [0 L gg)
P 1-X%, ) 2y—1/2 nf3, 1
6y J(E)eea-erre =t Gt

(3.4)

(1= (= %) B, (%) 11 (%) 12 g 1
J -, e T =

Proof. According to a theorem of MicHELLI and RivLIN [5] if g(x) is a poly-
nomial of degree =4n—1 then

1
S e® -3 dx =

-1

(3.5 .
=] B st g 30— ) g )

where x;,’s are the zeros of 7,(x). First let

T,(x) i, (x)

0= T o)
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and note that
, _f1 if i=k%
and
3x,/(1—=x%) if i=k
g"xm) = { if ik,

on applying (3.5) we obtain (3.1). The proofs of (3.2) and (3.3) are similar, so we omit
the details. The proof of (3.4) is on the following lines. Since

fl (1 —x2)(x(;xh;c)21§n(x) ha(®) (1 yoy-178 g =
— *kn

1
(A —x)(x—x.) d L
R = ALl

___;_ f lksn(x) ((1 _ 2)1/2 x(x xIm)) dx =

-1 (1 —xin) 2)1/2

_ _1_ j- [H{E)) (2(1—x2)—(1—xxk,,)] P
: 4 ( M'

1—x%) (1—x?)2

=_.§_ f ((11 ;‘2)) l,,,.(x)(l—xz)‘l_/zdx+%_f%—x;§’ﬂl“ B2V dx..

Now applying (3.2) and (3.3) we obtain (3.4). This proves the lemma.

Lemma 3.2. For k=1,2, ..., n we have

1 o

56 N e

and - |
1

[ -»-rdr =

3.7

Xin (2+xf..)

=% ot o T (o) = f K1~y dr.

Proof. It is well known that

(39 b = 3+2 3 10700
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and

69 T = 4r ZTua(, Thaa() = @r-D[1+2 3 L]
Therefore

1 n,
(3.10 [ t@a-py2dt =22 3 or 0T, (x).
-1 r=1

But a simple computation shows that

@1 2 3 Ty () = T3 (i) =50l =38,

From (3.10), (3.11) we obtain (3.6). For the proof of (3.7) we first note from (3.8),
(3.9) .
1 1

[aoa-m-ra =231, ) [ mi00-m-ra
r=1

-1 = -1

2 nj2 1
+= X T [ TV,
r=1 —1

But
f ITe(O(1—1)~Y2dt = 0,
and
2 [ (A-2)dr=(@r—-12-1) [ Ty (01— dt =
-1 -1
= (@r—12-Qr—1)n.
Therefore
G [aeQ-m-rd= = =2' Tor-1 (i) (@r— 1P —(2r — 1),

But a simple computation shows that

2(2"—1) Top 1 (i) =

r=1

(3.13)

Xkn n Tn,(xkn) _ 3n(l+x£n) Ial(t)
1— f =

=T T2 a=xk) —

From (3.10), (3.17), (3.13) we obtain (3.7). This proves Lemma 3.2.
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4. Proof of Theorem 1. First we will show that

fl Wm(t)(l—t’)"ll"dt=—(11_22%_)2 f1 (1~ dt =
-1 -1

(4.1)
n of s x
= o = (10— ).
Since
42 T300) = (14 Tu ()2,

it follows from (2.6) and orthogonal properties of Tchebycheff polynomials

_/l'wk,,(t)(l -~ gt =
4.3) = ((1—x2)/12n%) [ (14 Teu(D)gor, i (YA~ )~V dt =

= ((1 —x§")2/12n2) fqn—l.k(t)(l _tz)—1/2 de.

On differentiating (2.7) twice it follows that
4.4) (1 =) g7,k (¥) —XGn 1,6 (%) + g1, ) = @1 T, (%) + [ia (%)
Next, we note that
1
J (=52 g1 1) —xg;_1 (¥)) (1 —x3)~ 2 dx =
4.5 - .
= [ (@ ~x)"g;_,(x))/dx) dx = 0.
~1

Therefore on using (4.4) and (4.5) we obtain

1
f -1, (X)(1—x?)"12dx =
(4.6) ) -1 1
=ap [T, DA-x)""dx+ [ K(x)1—x)=dx.

We also note that n is an even positive integer. Therefore T, (x) is an odd polynomial
of x, and it follows that

4.7 - [ T )1 =x0)~1dx = 0.

On using (4.6), (4.7).and (4.3) we obtain (4.1). We also obtain from (3.6) the second
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part of (4.1). Next we will prove that

1

J v —x)~ 2 dx =
-1

4.8)
dt.

oz 2y e 342022+ D(A-x2)) F L0
=g U-w)T ("i")+( 2 ] =y
On using (2.8), (3.1) and (4.2) we obtain

1

S oA —x) 2 dx =

-1

. 1 Y (1+ Tou(9) 50— ()
4.9 = ’z_naxin+ 2T (%) f ( 12n — )R dt =

LA f (1" =IUIPN

T2 T () ] -
Next, differentiating twice we obtain from (2.9)

@.10) (1 =x2)57-y () =572 () +5p-1(0) = 03 T/ (O + Bin U () + F ().
On using (4.5), (4.7) we obtain

4.11) f (" -1(%) dx = B, f(llzn(x) dx+ f (F,,,(JC) dx,

X PoRk %)
where §,, is given by (2.12) and F;,(x) by (2.10). From (2.10) we obtain

(x) A=) 17()=3HL() +n2 1 (2)
f x2)]/2 __1[ 2T, )= dt =

(=)7L =2l (O +n2l,(h)
i en o d’+_,f 2T i) (L= )2

d/an(( —e21;,(0) 2l +nl ()
/ Tyt G

dt =

dt =

—1 -1

_ f =210 (D +n2li, () it
-1 2Tn (xm)(l - t2)1/2

Therefore, on using (4.9), (4.11), (2.12) together with the above statement it follows

that

__Z (1-x3) [ xp)
fUm(X) (1 xz)l/z dx —'2_n3xl'n_ n? f (1_x2)1/2 dx+

o1, 1 (n2=7 5x,,, 0]
=) [Z+4n2( T 1-xf, —h ] f (1i 12)1/2

(4.12)
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From (3.7) we have
3 A0) T X  E o, 24xh [ In()
(4.13) f ( t2)1/2 — = dt = " W +‘2— nT, (xi)— i f - dr.

Now, on using (4.12) and (4.13) we obtain (4.8). Lastly, from (2.14), (3.2), (3.4), (4.1),
(4.8) and (3.7) after simplyfying we obtain

f um(x) (l x2)1/2

_T 1 1 1 (A -xD)T, (%) , Ty (Xim)
‘Z{H 30-x2) [ﬁ— ]“2n2(1—x§.)2+ Tt }

From (4.1), (4.8) and (4.14) one can prove Theorem 1.
The proofs of Theorem 2 and Theorem 3 follow easily from Theorem 1, so we
.omit the details.
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