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A note on radical and semisimple classes of topological rings 

L. MÁRKI*', R. MLITZ and R. WIEGANDT*' 

To the memory of András Huhn 

In this note we apply the general Kurosh—Amitsur radical theory presented 
in [5] to categories of topological rings and deduce characterizations for radical and 
semisimple classes which go, partly, far beyond the point to which Arnautov and 
Vodinchar developed these aspects of the radical theory of topological rings. Further-
more, we carry over a characterization of semisimple classes of supernilpotent radi-
cals to the topological case. 

1. Let TopR denote the category of Hausdorff topological (associative) rings 
and all continuous homomorphisms, and ^ be a universal class in TopR, i.e., a sub-
category such that: 

(i) if denotes the class of objects of and B<iA (i.e., B is an 
ideal of A endowed with the subspace topology) with canonical embedding <p: B --A, 
then Be<£° and (pe<%; 

(ii) if \J/: A-»C is a surjective morphism in TopR, and the topology 
of C agrees with the quotient topology corresponding to \p, then arid ipd^. 

In addition, we assume that every morphism in % admits a unique factorization 
into the composition of a surjective morphism and a morphism which is a subspace 
embedding; in other words, if we denote by & the class of all surjective morphisms 
and by Jt the class of all subspace embeddings in then # admits a unique JÍ) 
factorization. Whenever we shall speak of a factorobject ij/: A—C or a subobject 
(p:B->-A of an this means that ij/^é or cpdJt, respectively. We assume 
also that for every its factorobjects form a complete lattice and its subobjects 
an inductive set, the latter in the sense that ány ascending chain of subobjects has 

Received April 1, 1986. 

Research partially supported by Hungarian National Foundation for Scientific Research 
grant no. 1813. 

10 



146 L. Marki, R. Mlitz and R. Wiegandt 

a least upper bound. By a trivial object we mean a one-element ring 0, which is 
necessarily in Then # satisfies all the axioms imposed on the category in [5]. 

2. In accordance with the terminology in [5], by a radical we mean a mapping 
Q which assings to every a factorobject gA: A^g(A) such that 

(gl) for every <p: A—C from S, there is a g(<p)\ g(A)~g(C) in S which 
makes the diagram 

<p 
A C 

aA t'C 

e(jD—e(C) 

commutative; 
(iQ2) 8elA) = h(A) for all Ae&>; 
(Q3) Qa=LA if and only if for all Q^BOA, Q(B)^0. 
This notion of radical is formulated in terms of the factorization in <6. However, 

at least if # is the category of all topological rings and all continuous homomorphisms, 
then the notion of radical is in fact independent of the factorization. To show this, 
notice that this category admits two extremal factorizations: (surjective homomor-
phisms with quotient topology, continuous monomorphisms) and (continuous 
epimorphisms, extremal monomorphisms with subspace embedding). By Remark 5 
to the definition of M-radicals in [5], it suffices to exhibit that these two factoriza-
tions admit the same radicals. In view of the considerations there, any gA obtained 
in the factorization with the larger class of epimorphisms is an epimorphism of the 
stricter sense — that is, QA is necessarily a surjective homomorphism with the quotient 
topology on G(A). Furthermore, if we have an M-system in the larger sense, i.e., 
an ideal / with a topology which is maybe finer than the subspace topology, then 
firstly, the embedding i of this ideal is algebraically an extremal monomorphism, 
and secondly, if we consider its factorization in the other sense, then we obtain an 

\ / 
V-

object K which is the same ideal / with the subspace topology, hence its embedding 
x is a monomorphism of the strictest sense. Thus from a radical ideal in the first 
factorization we obtain a radical ideal in the second one. By this we have the inde-
pendence we wanted to show. 
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For a radical Q, we denote the radical and the semisimple classes by Re and 
Sc , respectively, i.e., 

Rc = Q(A) = 0}, Se = { A W : QA = U -

We know that each of the radical, the radical class, and the semisimple class deter-
mines the other two. 

It follows from (gl) that every radical class Re is <?-closed, i.e., if q>: A —CdS 
and J £ R g then C€R e . 

P ropos i t i on 1. Let A be a ring with two topologies a and T, <X̂ T, in c6°. 
Then (A, i)fRe implies (A, Re and (A, a)eSc implies (A, r)6 Se. 

Proof . The first claim follows from the <?-closedness of Re, and implies by 
(¡>3) the second one. 

For an arbitrary subclass and any we put RA=J? (B<iA, 86R) 
endowed with the subspace topology. Clearly, RA<iA. 

In view of [5] Proposition 4.2 and the characterization II. 1—2 of radical classes 
in ARNAUTOV and VODINCHAR [ 4 ] , our radicals are the same as those in [ 4 ] . (Notice 
that our definition makes no allusion to the closedness of the largest radical ideal!) 
Therefore REA is the kernel of Qa (hence a closed ideal of A) and Re/4€Re. Thus 
every radical in # is attainable in the sense of [5]. [5] Theorem 3.1 and Proposition 
4.1 yield now the following characterization of radicals. 

P ropos i t i on 2. A mapping Q which assigns to each a factorobject 
(QA, Q(A)) is a radical if and only if it satisfies conditions (¿>1), (Q2), and 

(o3*) for every there is an ideal I-a A such that Q{I)=0, Qa is the 
canonical factor A-+A/I (where I denotes the closure of I ) and for all J*AA, 
Q(J) = 0 implies J<G'I. 

Remark . Notice that in condition (g3*) it is not required that the ideal I be 
closed; however, it can always be chosen to be closed, as was shown above. 

3. From [5] we obtain now three characterizations of radical classes. The first 
of them is a simple transcription of [5] Proposition 3.4, the latter two follow from 
Remark 3.7, which is easily seen to apply in our case. Therefore we shall give no 
proof here. Characterization ( I ) is just the definition of radical classes in ARNAUTOV 
and VODINCHAR [ 4 ] . Notice that the closedness of the largest radical ideal is imposed 
only in characterization (I). 

Theorem 3. A class R g ' i f 3 is a radical class if and only if it satisfies 
(I) (R2) R is S-closed, 
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(R4) in every A£<g° there is an ideal R(/4) such that R(4)ÇR and 
7gR(v4) for all I-&A, 76 R, 

(R5) R(^/RÔ4))=0, 
and R(/4) in (R4) is closed in A ; or 

(II) (R2), (R4), and 
(R3) if I^A, 7€R and then A£R; or 

(III) (R2), (R3), and 
(R4') in every object, thé union of any chain of ideals from R belongs to R. 

4. Let S be a subclass of which is closed under subdirect products (the 
topology on a subdirect product is the subspace topology of the product topology; 
of course, we consider only those subdirect products which are in Then every 

has a largest factorobject in S; we denote by S(v4) the kernel ideal belonging 
to this factor (then S(^4) is necessarily closed). 

By Theorem 1 in ARNAUTOV [ 3 ] every radical in ^ has the A — D — S property, 
i.e., for any radical class R and any B*aA, we have RB^aA. Con-
sequently, every semisimple class in # is hereditary (with respect to ideals). 

We also have the obvious characterization (see ARNAUTOV and VODINCHAR [ 4 ] ) : 

is a semisimple class if and only if, for all 

<=> \/B<iA\ B # 0 =>- B has a non-zero factor in S. 

Theorem 3.6 from [5] translates into the following: 

A class S G <8° is a semisimple class if and only if 
(S3) S is closed under subdirect products, 
(S40 S is regular, i.e., if A£S and then B has anon-zerofactor in S, 
(56) if \j/'. A-*-B is a surjective continuous homomorphism with Ker ij/£S and 

B£S then 
(57) S(S(A))<aA for all A£<&°. 

In fact, here (S7) follows from the other conditions, and (S3) can be weakened 
to the coinductive property 

(S30 if (4) is a descending chain of closed ideals in A£<£° such that A/IadS 
for all a, then AID/«€S. 

Theo rem 4. A class is a semisimple class if and only if it satisfies 
(S30, (S47) and (S6). 

Lemma 5. Suppose that SQ<8° satisfies (S3'), (S4'), (S6). If 7 < i ^ é S and 
7 2=0, then also 7€S. • 

Proof;; At first we shall prove the validity of the weaker statement: if /-=i^€S 
and A2=0, then 7€S. By condition (S30 Zorn's lemma is applicable, so there 
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exists a closed ideal / of / which is minimal with respect to the property / / /£ S. 
If J9*0 then J<\A because A2=0, hence by (S4') there is a closed ideal K-aJ 
such that O^J/KeS. Again we have K-=aI, K is closed in /, and so ( I /K ) / ( J fK ) s= 
s ; / / / €S holds, hence condition (S6) yields I/Kd S. By the minimality of / it follows 
now K=J, i.e., JjK=0, a contradiction. Thus / = 0 and /£ S. 

Now we turn to the proof of the general case of Lemma 5, and choose J again 
as before. If J<iA then, as above, we conclude /€ S. Suppose therefore that J is 
not an ideal of A. Then there exists an element a (LA such that, say, aJ%J. Now 
we have 0 ̂  (aJ + / ) / /< ] / / / £ S and ( / / / )2=0, hence the foregoing consideration 
yields that ( a J + / ) / / £ S. Furthermore, it is easy to check that the mapping 

cp: J — (aJ+J)/J defined by j aj+J 

is a continuous surjective homomorphism (J and (aJ +J)/J have the subspace 
topology induced by / and / / / , respectively) and that Ker cp is a closed ideal not 
only of J but also of I. Also, the algebraic isomorphism //Ker (a / + / ) / / is 
easily seen to be continuous, therefore / /Ker cpdS by (S6) Now (//Ker cp)/(//Ker cp) 
^ / / / € S, hence by (S6) we conclude that //Ker (p£S. Then by the minimality of J 
we have / = K e r cp and so aJ+J=J, a contradiction. Hence J*cA, and the lemma 
is proven. 

P roo f of Theorem 4. We have already seen that the conditions (S3'), (S4'), 
(S6) are necessary. In view of an observation made at the beginning of section 4, 
the sufficiency will be proven if we exhibit that the converse of (S4") holds. So, let 
A€ be such that every non-zero ideal of A has a non-zero factor in S. Then by 
(S3') and (S4') there exists a closed ideal I<iA such that A/I£S and / is minimal 
with respect to this property. We shall show that 1=0 and so A£S. Assume that 
Z^O. Applying (S4') to /<1A and (S3') to I, we obtain a closed ideal J<xl such 
that 0 / / /€ S and J is minimal with respect to this property. We claim that J*aA. 
Assume that this is not the case and that a J ^ J for an element a (LA. Then we 
have, as in Lemma 5, a continuous surjective homomorphism 

(p: J-(aJ+J)/J 

with Ker <po/, and by Lemma 5 we have ( a J + / ) / / € S . Now we proceed exactly 
as in the proof of the general case in Lemma 5, and arrive at J<\A. Then (S6) 
together with (A/J)l(I/J)=A/l£S and / / / £ S yields A/J£S. By the minimality 
of I we have now / = / , contrary to the assumption I/J^O. Thus the case 7 ^ 0 
is impossible, and the proof of the theorem is complete. 

Remark . If all rings in <€ are compact or linearly compact in the narrow 
sense, then by ANH [2] we also know that S is a semisimple class if and only if it 
satisfies (S6), is hereditary, and is closed under inverse limits. 
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5. We also have the following characterization for pairs of corresponding 
radical and semisimple classes, which is a transcription of [5] Theorem 3.5. 

Theo rem 6. A pair (R, S) of subclasses of is a pair of corresponding 
radical and semisimple classes if and only if 

(a) R f l S = {0}, 
(J}") if A£ R then A has no non-zero factors from S, 
(y) if A(iS then A has no non-zero ideals from R, 
(<5) each has a closed ideal I such that /£R and A\l£ S. 

6. Finally we are going to characterize semisimple classes of supernilpotent 
radicals. 

Lemma 7. Let A be a topological ring and I<iA (not necessarily closed). 
Further, let K be an ideal of A which is maximal relative to IC\K~0. Then IC\K 
is contained in the annihilator of I in A. 

Proof . If K is closed then there is nothing to prove. If K is not closed then let 
ad TDK be any non-zero element. Now every neighbourhood Ua of a such that 
0(fi/a contains an element x£K, so we have 

Ix + xl Q IK+KIQ IC\K = 0. 

Hence each neighbourhood of a contains a two-sided annihilator of I. By the con-
tinuity of multiplication also a annihilates I. Since a was arbitrary, we are done. 

Co ro l l a ry 8. Let S be a regular class of topological rings which contains no 
non-trivial zero-rings. If 7<i A and /£ S, then any ideal K of A which is maximal 

/ relative to If)K=0, is closed in A. 

Proof . If K is not closed then by Lemma 7 0 ^ / f l K g a n n x / . Hence IC\K 
is a zero-ring, and at the same time an ideal of I. Since S is regular, a non-trivial 
homomorphic image of / 0 K is in S, a contradiction. 

Recall that a radical class is said to be supernilpotent if it is hereditary and 
contains all nilpotent rings, and that a class C of (topological) rings is said to be 
closed under essential extensions if A£C whenever C contains an essential ideal 
of A. 

Theorem 9. A class is the semisimple class of a supernilpotent radical 
if and only if S is regular, closed under subdirect products and essential extensions, 
and consists of semiprime rings. 

¿L Proof . The standard proof for the discrete case (see ANPERSON and WIEGANDT 

[I]) works, as the ideal AT in the Corollary is closed. . . . . . . . . 
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In [ 4 ] ARNAUTOV and VODINCHAR proved the following strong result: in the 
universal class of all (Hausdorff) topological rings a hereditary radical class is either 
supernilpotent or subidempotent (that is, it consists of idempotent rings). This 
gives rise to the following 

Problem. Characterize the semisimple classes of hereditary radicals of top-
ological rings (by characterizing the semisimple classes of subidempotent radicals 
and using the above quoted result of Arnautov and Vodinchar). 

Acknowledgement. The authors thank Dr's K. Beidar, S. Glavatsky and A. 
Mikhalev for correcting an error in the formulation of condition (S6). 
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