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Concrete characterization of partial endomorphism semigroups 
of graphs 

V. A. MOLCANOV 

Algebraic and elementary properties of partial endomorphism semigroups of 
graphs were studied by L. M. POPOVA [1,2], Ju. M. VAZENIN [3] and A. M. KAL-
MANOVIC [4—6]. For these semigroups it is interesting to study the concrete char-
acterization problem [7]: under which conditions is a partial transformation semi-
group E equal to the partial endomorphism semigroup E(G) of some graph G1 

In the present paper we investigate this problem. The necessary and sufficient 
conditions for a partial transformation semigroup E to be equal to the partial endo-
morphism semigroup E(G) of some graph G will be obtained in Theorem 2. We 
construct all kinds of such graphs in Theorem 1. At the end of the paper we apply 
our results to describe (in Theorem 3) graphs with equal partial endomorphisms 
and to investigate (in Theorem 4) the question: how are graphs determined by their 
partial endomorphism semigroups? Numerous other applications of Theorems 1 
and 2 are briefly stated in [8]. 

1. Definitions, preliminary results 

Let X be an arbitrary set with l-X] >1, and let q be a binary relation on X, 
x£X,Ac:X. We put X2=XxX; 

q~1 = {(x, y): ( j , x)€ e}; dom q = {x: ( 3 y ) £ e } ; 

qx = {y: and qA = {y\ 
A one-valued binary relation fczX2 is called a partial transformation of X 

(shortly p. transformation). If xGdom/, then f x denotes the image of x under f . 
A p. transformation / i s called 3-bounded, if | do m/ |< 3 . We write > if 

dom f={a, b) and fa — c, fb = d. The Cartesian power / 2 of / is the p. trans-

Received May 27, 1983. 



350 V. A. MolCanov 

formation of XZ such that f2(x, j> )=(fx , f y ) for x,y£domf The identity trans-
formation of a set A is denoted by AA. We denote by W(X) the symmetric semi-
group of all /».transformations on a set X. 

By a graph we mean a structure G=(X, e), where X is a non-empty set and 
gcz X2. The elements of X and q are called vertices and edges, respectively. The 
edge (x, x)£g is called a loop. We denote G~1=(X, q'1). 

A p.transformation / of X is called a partial endomorphism (shortly p.endo-
morphism) of the graph G, if /2q(zq, i.e. (x, y)£g implies ( f x , f y ) £ e for any 
x, j>gdom/. The /j.endomorphisms of G form a semigroup E(G) (under the com-
position), which is called the p.endomorphism semigroup of the graph G. E3(G) 
denotes the 3-bounded /».endomorphism semigroup of G. 

Let £ be a /».transformation semigroup on a set X. The canonical relations of 
E are defined by the formulas: 

T £ u {/:/€£}; P £ U{/ 2 : f£E}; 

A {x€X: X2 c p-^x, x)}; B £ X\A; 

P^ABU{(x,y)€X'\Ax: txXry a p(x, >>)}; 

R M: JAU{(x, y)£X*\Ax: ( r ' x x i ~ l y ) \ A x c p^ix, y)}; 

Z = P(~)R; Q' £X*\(PUR) 
and 

Q^OPQ'^RMiP-'Q^P). 
The intersections of any binary relation a on A" with the relations A2, (.¿X.B)U 

U (BxA) and B2 are denoted by the same symbol but with indices 1, 2 and 3, respec-
tively, i.e. cr1=a(~)A2, cr^ai]((AXB)U(BxA)) and a3=aDB2. 

We denote { /££ : |dom/ |<3} by E s . 
In the following lemmas the canonical relations of /».transformation semi-

groups will be investigated. 

Lemma 1. If E contains all 3-bounded identity p. transformations of X, then 
(i) T is a quasi-order1) on X, (ii) p is a quasi-order on X2 and (iii) the canonical rela-
tions of E and E3 are equal. 

Lemma 2. If (Q3=Z3=&), then P1(Ra) is non-empty. 
Lemma 3. If ia=X for all a£B then the following conditions hold: 

(i) if J M 0 and Zl7±Q then R^A2, P1^As\Aa and P2UQ2^0; 
(ii) if Z 2 * 0 then P2=R2=(AXB)\J(BXA)\ 

(iii) if and Z3?i& then Pa=B\ R3=B*\AB and R2DQ.2^0. 

>) A quasi-order on A" is a reflexive and transitive binary relation on X. 
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The proofs of these lemmas easily follow from the definitions. 
Now suppose that E—E(G) for some graph G—(X, q). Then , the canonical 

relations of E satisfy the following properties. 

L e m m a 4. Let G be a graph such that E(G)^W(X). Then 

(ii) 
(iii) q 0 d x = Aa 

and 
(iv) ficieNe-^UGT1^). 

P r o o f , (i)—(iii) are obvious. It follows from the definition of Q that PC\Q'— 
=RClg'=0. Hence e ' c ( e \ 0 - 1 ) U ( e ~ 1 \ e ) - Let (x, y)£Q. By definition there 

exists a (u,v)£Q' such that either y^E and (x,.y)$P or £ £ and 

( x , T h e n either ^ is a p.endomorphism of G and (x, y)€i?Ui>_1 or 

(x a P• er>domorphism of G and (x, Since (u, v)d(o\Q~1)V> 
U (q~v\q), the vertices x, y are joined by one edge of G. Therefore Qc (q\q~*) U 

U G r N e ) , i.e. (iv) holds. 

L e m m a 5. If the canonical relations of E=E(G) satisfy Z1—Q (resp. Z 3 =0J then 
Ri=(Q^Q'x)i and P=X*\(q{Jq-1) (resp. R=qHe"1 and PA=(X*\(Q\J q~%). 

P r o o f . Suppose that Z x = 0 . By Lemma 2, 2 ^ 0 or P l 5^0. If (x, 
then, by Lemma 4, x and y are joined by one edge of G. If (a, b)^.P1 then, by the 

definition, ^ a ] ^ - On the other hand, (a, whence ^ for some 

u,v£X. Then (a, Therefore (x,j>)<ieU if (x,y)£P, and (x, y)£qD 
f i g - 1 , if (x, y)£Ri. Using Lemma 4, we obtain that P i = ( i ? n e _ 1 ) i and 
P = A r 2 \ ( g U ¿>-1). By the analogy the second statement of the lemma is proved. 

L e m m a 6. If the canonical relations of E=E(G) satisfy i M 0 and Z2=Q=& 
then the following conditions hold: 

(i) if Z 1 ? i 0 then R1=(Qf)Q-1)1 and either P2=(XZ\(q\Jq-% or P 2 = 
= ( ( e \ e " 1 ) U ( r 1 \ e ) ) 2 ; 

(ii) if Z3?i0 then PS={X*\(qUq~% and either / ^ ( t e N e ^ M e " 1 ^ ) ) * 
or Rz=(ene-\. 

P r o o f . Suppose that g = Z 2 = 0 and B, Then, by Lemma 3, P 2 ^ 0 . 

Let (a, b)£Pr\(AXB). Hence (a,b)$R and, by the definition, (* for 
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some xÇT~1a and yÇ.t~1b. Then (a, ÎO^eHe -1» whence (a, 6 ) € ( e \ e - 1 ) U 

Ufo-'Xe) or (a, &)<£(? Uf?"1. Since J ) , £ fyiE for any (c,d)£PCl(AxB), 

we obtain by Lemma 4 that either P a = ( ( 0 \ e - 1 ) U (e _ 1 \£) )z or P2=(X2\(q U e_1))2 • 

Moreover, (x,y)$P and, by Lemma4, (*, j>)€eUe_1. Since ^j, ^ Ç.E for 
any (u,v)£Rlt we obtain that /?i=((?n£>-1)i- Thus (i) holds; (ii) can be proved in 
the same manner. 

2. Main results 

Let E be a /».transformation semigroup on a set X. Using the canonical rela-
tions of E we define the following conditions Uk and binary relations Dk l on E: 

U^(A = X & Z ^ 0); 
i=l 

U3 ¿L(Q3 * 0); Ut £(Q3 = 0 & Qx * 0); 

U6 = z3 = 0 & (Z2 * 0 V = 0)); 

C / 7 ^ ( g = Z1 = 0 & Z 2 ? i0 ) ; 

PS = ( Z , * 0 & G = Z I = Z2 = 0); 

U9 £(.Zx * 0 & A^X & Q = Z2 = Z3 = 0); 

tfio = ( Ô = Z2 = 0 & Z t 0 & Z3 jt 0); 

l \ i = 0 , 

A . 1 = ^ ; D ^ î L à x x , 

D^^Dll-, D2,5£x*\B\ D2>6£X*\Ab-, 

Da.1=P(a,b) and Z> 3 , 2=A7 Ï for (a,b)€Q3; 

Diyl ={(R\Q)yjb))\P and for ( a , * » ) ^ ; 

I>5,i=(Jî\i>)Uiî(a,b)U (T and Z)s,2 =2>i7Î for (a, 

and either a=P(d,c), if there exists (c,d)6(ôn04X-B))\J?(a, &), or cr=0 other-
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wise; 

D6.1 = *; DBi1£R\B\ d8>2 ^R\(BXX), 

Da,3=r>f,l; Z>9,1 =R, D„,22L(AXX)VR, 

Ao,3=^(^004X2?)), AO,4 = A-0Î2, AO,5 = ^ 3 -
The sufficient conditions for a 3-bounded p . transformation semigroup to be 

equal to the 3-bounded p . endomorphism semigroup of some graph will be given in 
the following 

Theorem 1. Let E be a 3-bounded p. transformation semigroup on a set X 
and let the canonical relations of E satisfy the following conditions: 

(Tl) for any aÇB and x£X; 

(T2) "¡J, (J ^ E imply (x,y)ÇP or (u, v^R; 

and 

(fe ïH-Ê ft* 
for any (Xi,y,)€Q 0"=1,3) such that (xk, xk+1), 0>*, yk+(k=U 2). 

Then the following conditions hold: 
(i) E satisfies the one of the conditions Uk ( l^fcSlO); 

(ii) if E satisfies Uk, then the equality 

(1) E = EZ(G) 

holds if and only if G=(X, Dkil) for some number I. 

Using the canonical relations of p.transformation semigroups we obtain thè 
following concrete characterization of the p . endomorphism semigroup of a graph. 

Theorem 2. Let E be a p.transformation semigroup on a set X. Then E is 
equal to the p. endomorphism semigroup of some graph if and only if E is the left 
idealizer2) of its subsemigroup Ez in the symmetric semigroup W(X) and the canonical 
relations of E satisfy the conditions (TO—(T3). 

a) If S is a subsemigroup of a semigroup T, then the left idealizer of S in X is the largest sub-
semigroup LoîT such that S is a left ideal of L. 
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Before drawing up our main results we verify five lemmas which make the 
proof of the theorems easier. Let E be a /».transformation semigroup on a set X 
satisfying (Tx)—(T3). In the following propositions we collect some properties of 
the canonical relations of E. 

Lemma 7. E contains all 3-bounded identity p. transformations of X and the 
canonical relations of E satisfy (x, y)£f}(x, y), ra=A, t~1b=B and t~la=Tb=X 
for any x,y€X, a£A, b£B. 

Proof . By the definitions of A and (Tj), for any x£X. Consider 

distinct elements x,y£X. Clearly, (x, x), y)£r. If (x, y)€PUR, then, by the 

definition, j j € E . If (x, y)£Q then j J £ E by (T3). We show that 0£E. 

Since | A ' ] 1 , there exist two distinct elements x,y£X. Then the /».transforma-

tions , and 0=(j)°(j) belong to E. So E contains all 3-bounded identity 

p. transformations of X. It follows from the definitions of yS and A that (x, (x, y) 
and ia=A, r~*b=B, %~1a=xb=X for any x, y£X, a£A, b£B. 

Lemma 8. The canonical relations of E satisfy the following conditions: 

(0 Qi = Qi, 

(ii) Qz = Q'z, 

fiift (RO'W R = lQ'> if Q's==0> (ill) |(p{(a,b),(b,a)})\fl, if there is («, 6)€fii; 

(iv) (B-W')\P = iQ'> if & = ( v ^ to?"1««, b), (b, a)})\P, if there is (a,b)£Qi. 

Proof . Suppose that (x ,y)£Q 1UQ 3 . Then, by Lemma 7, x,y£zx—Ty and, 
by the definition of Q, there exists a (u, v)£ Q' such that either (x, and 

V^E or ^ £E and (x,y)$P. We prove that (x,y)£Q'. Suppose the 

contrary. Let (x,y)£P\JR. It follows that by the definitions of P and R. 

Then, by (T2), either (u,v)£P or (u,v)£R, which both contradict the assump-
tion. Consequently, (x,j>)$PU.R, ( x ,y )£Q and Q!lV)Q!3=Ql\JQz. Hence (i) and 
(ii) are satisfied. 

Suppose now that Q3=0. By Lemma 7, Q'a(fiQ')\R. Conversely, let 
(x,y)HPQ')\R. Clearly, (x,y)£Q. If (x, y)6 Qx then (x,y)eQi^Q'. Suppose 
that (x,j>)$<2i. Then (x, y)<zQ2, since Q3=Q3=0. Let, for example, (x,y)EAxB. 
According to ( x , y ) £ ( f i Q ' ) \ R , there exists an (a,b)£Q ' such that (x, JOC-R and 



Partial endomorphism semigroups of graphs 355 

T h e n 0> t>KQ[UQ'2 since Q'3=0. By Lemma 7, (a , b )£AxB . If it 

were (x, y)dP, then, by definitions, (a, b)£P, which would contradict PC\Q'=0. 
Hence (x, y)£X*\(PU R)=Q'. Thus Q3QJ\R=Q', if 63=0. Suppose now that 
there exists an {a, b)£Q3. By Lemma 7, xa=xb=X. If (x, y)£(fiQ')\RcQ then, 

by (T3), one of the ^.transformations ^ and ^ belongs to E, i.e. 
(x, y)€(P{(a, b), (b, a)})\R. On the other hand, it is easy to see that (a,b)£Q3 

implies (P{(a,b),(b,a)})\Rc:(J}Q')\R. Therefore Condition (iii) is satisfied. The 
latter condition can be proved in a similar way. 

Lemma 9. The canonical relations of E satisfy the following conditions: 

(i) if (x,y)ZA*\JB\ then (x,y)£Q i f f ( j 

(ii) if (x,y), (u,v)£Q and x,y£B or u, v£A, then one and only one of the 

p. transformations and belongs to E. 

Proof . Let (x,y)€AzUB\ By Lemma 7, ^ y^E. Using (T2) and the defini-

tions of P and R, we obtain that the condition (x, y)£P\JR is equivalent to ^ -^Jdis. 

Since Q'=X\(PUR) and, by Lemma 8, Q1UQ3=Q^UQ3> the first statement 
of the lemma follows. Suppose now that (x, y), (u, v)€Q and x,y£B or u,v£A. 
We may assume that x,y£B. Then, by Lemma 7, TX=Ty = X and, by Lemma 8, 

(x-y)eQ*=&,(x,ynJP. By (T3), one of the p. transformations j j j ) and j j 

belongs to E. Suppose that ^ ^ j , ^jdi i . Then, by (T2), (w, v)£R since 

(x, P. Hence, by the definition of Q, (w, v)£(P~1Q')\P, i.e., by Lemma 8, 

there exists an (a, b)(LQ[ such that («, v)$P and This implies 

(a a n d ' b y (a'b^R o r a contradiction. Con-

sequently, one and only one of the p. transformations ^ and ^ belongs 

to E. For u, v£A the proof is analogous, therefore it is omitted. 

Lemma 10. If <2 = 0 and Z , ^ 0 then one of the relations Z1, Z3 is non-
empty. 

Proof . If 0 = 0 , Z2?=£0 and Z i = 0 then, by Lemmas 2 and 3, P2=R2= 
—(AxB)U(BxA), P^Q and Let (x,y)£R3 and (u,v)^Pi. Then for 

any (a ,b )£AxB we have £ j , ^ and ^ y ^ E . Since, by the definition 

of P, we obtain y ^ E and, by (T2), (x,y£P. Consequently, Z 3 ^ 0 . 
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Later we will use the following 

L e m m a 11. Let G and A be binary relations on X. Then QCZ <X, QC\Q~1=OC\O~1 

and Ql)e-1=oU(j-1 imply g=a. 
The proof follows from the relations: 

ff = ((<r u a - 1 ) \< r _ 1 ) U (o- n <7-1) C ( ( E U E - ^ X e - O U i e n e - 1 ) = E . 

Now we turn to the main theorems of the paper. 

P r o o f of T h e o r e m 1. It is easy to see that (i) follows from Lemmas 2, 3 
and 10. 

Suppose now that E satisfies Uk ( l ^&SlO) . We prove that (1) holds for the 
graphs G=(X, Dk l) and only for them. Note that it is sufficient to verify (1) for 
one of these graphs with mutually converse relations, since they have equal p . endo-
morphisms. Clearly, 0 is a p . cndomorphism of any graph and, by Lemma 7, 06is. 
Thus for the proof of (1) we must show that a non-empty 3-bounded p . transforma-
t i o n o f X is a p. endomorphism of a graph G iff f£E. We investigate the 
following ten cases concerning E. 

Case 1. Let E satisfy C/x, i.e. A=X and Then, by Lemma 3, R=X2 

and E consists of all 3-bounded p. transformations of X. One can easily see that 
E is equal to E3(G) for all graphs G=(X, D M ) ( /=1,3) . On the other hand, if a 
graph G=(X, q) satisfies (1), then either g=X2=D1>3 (if 0X4*^0 ) or g=AX= 
= D 1 i 2 (if 0^GC=AX) o r Q=9=D1A. 

Case 2. Let E satisfy U2, i.e. (/ = 1,3). Then, by Lemma 3, E consists 
of all 3-bounded /».transformations of X which map no elements of A into B. One 
can easily see that E is equal to E3(G) for all graphs G=(X,D2l) (I—1,6). On 
the other hand, let a graph G=(X, g) satisfy (1). Then for any distinct elements 

a,b£B, by Lemma 3 ^ ^j6i?(G). Therefore either (a, fy^gClg'1 (and in this 

case Q=X*\A„=D2i9) or (a, fy^gUg-1 (and hence gczX^B2). In the latter 

case ^ $E(G) for any ( a , b ) £ A X B . Then either (a, fyigClg'1 (and in this 

case, Q=X2\B2—D2,5) or (a, b)(:Q\g~1 (and hence Q=AXX—D23) or 
(a, i> )6e _ 1 \ e (and hence g=XxA=D2ii) or (a, fy^gUg^1 (and hence gaA2). 

In the latter case, by Lemma 3, ^ for any distinct elements a, b£A. 

Then either (a ,b)^Qf\g~ 1 (and in this case q = A 2 = D 2 i 2 ) or {a, i»)({i?Ui? 1 (and 
hence g=AA=D2il). 
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Case 3. Let E satisfy C/s, i.e. (a, b)£Q3 for some a, b£B. We prove (1) for 
the graph G=(X, g) with g=D3fl=P(a,b). By Lemma 7, (a, bjegXg-1. If 
L=f}(a, b)Uf}(b, a) then, by the definitions of R and Lemma 8, RUQczL and 
X2=P{jL. Hence any pair (x, y)£X2 belongs to one of the relations P\L and L. 
If ( x , y ) ( L P \ L then, by the definition, (x, v)$(?U@_1 and, by Lemma 7/belongs 
to both E and E3 (G). Let (x,y)£L, and for example, (x, y)£fi (a, b). If (x, P (b, a), 

then and ^ j , ^ b^E by the definition of p. Hence, from 

f£E, it follows that ^ ^ j , ^ ^ E and (u, v^gDg'1, whence/ i s a p.endo-

morphism of G. Conversely, if f£E3(G), then (u, V)£Q(~)Q~1 and by the definition 
o f G ' £ v) ' (w L e m m a 8> f r o m t h e equality Q3=Q'3 and (T2) it fol-

lows that ( u , v ) £ R , f £ E . Suppose now that (x, y)$P(b, a). In this case (x, y)€Q, 

(J b^E and ( x . j K e X e - 1 . If f £ E then ^ b^E and (u, v)£g. H e n c e / i s 

a p . endomorphism of G. Conversely, let f£E3(G). Then (w, v)£g=p(a, b). If 

^ b^E then (u, v)£R and f£E by Lemma 8 and (T2). If ^ b^E then (u, v)$R 

and («, v)£Q by the definition of Q. In this case ^ ^ j^ i? and, by Lemma 9, 

/<=£. So (1) holds for the graph G. 
Conversely, let a graph G=(X, q) satisfy (1). Then, by Lemma 4, 

(a ,6 )€(e \<r 1 )U((T 1 \ e ) - If (a, b)£g then P(a,b)ag, and P(a, b)cz g-1 other-
wise. By Lemma 5, R=eC)g-1. If («, v)eP\(RUQ) then ^E(G) 
and (u, v)$gUg~1. Using Lemma 4 we obtain that £?U£>_1=.RUQ. From Lemmas 8, 
9 it follows that the relation a=p{a,b) satisfies aC\a~1=R and <7U<r_1=JRU6-
Then, by Lemma 11, either g=P(a, b)=D3il or g=p(b, a)=Ds>2. 

Case 4. Let E satisfy C/4, i.e. Q3=Q and (a, b)^Qi for some a,b£A. We 
prove (1) for the graph G=(X, g) with g=Di,l=((R\Q)Up~1(a,b))\P. Since 
Z 2 = ( P \ ( P U g ) ) U P U g , any pair (u, v)£X2 belongs to one of the relations 
R\(PUQ), P a n d Q\P. If (u, v)eR\(PUQ) then (u, v^gilg'1 and/belongs 
to both E and E3(G). Suppose that (u,v)£P . Then (u, T>)$I?UI?-1 and, by the defini-
tion of P, either u£B (if u=v) or ^ V^E (if u^v). Let / £ £ . Then, 

by (T2), (x, y)£P since RC\AB = RC\Q'=Q. Consequently, (x, yHglig'1 and 
/ i s a p. endomorphism of G. Conversely, if f£E3(G), then (x, y)$gU (x, y)£P 
and / € £ . Further, suppose that (u,v)dQ\P. By Lemma 9, there is a unique 

mapping of {u,v} onto {a,b}. Let, for example, It follows that («, g. 

I f / € £ , then ^ and either (x, y)£P or (x,y)£Q. Consequently, either 
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(x, y)$gU Q'1 or (x, >>)£ Q\Q~1- Hence / is a p. endomorphism of G. Conversely, let 
f£Ea(G). Then either (x, )>KeUe - 1 or (x, y)£g\g~1. From the definition of G it 
follows that either (x, y)£ P or (x, y)£ Q\P. In the former case f£E by the definition 

of P. In the latter case, by (T2), ^ $E since ^ , V^E. Then, by Lemma 

9, f£E. Thus (1) holds for the graph G. 
Conversely, let a graph G=(X, q) satisfy (1). Then, by Lemma 4, 

(« ,&)€(eNiT^Ufe -Ne) . It follows that (P~1(a, b))\Pczg, if (a, b)€g, and 
( i?- 1^, ^ V c e " 1 otherwise. By Lemma 5, P=X^\{g\Jg~1). If (x, y)£R\(PVQ) 

then ^ ^ §E and, by (1), (x, jOC^ne"1 . Thus, by Lemma 4, g D g - ^ 

=R\(P{JQ). From Lemmas 8 and 9 it follows that the relation CT=((/?\Q)U 
UjB~1(a,b)) \P satisfies ffflff-^.RXCPUQ) and aUa-^X^P. Hence, by 
Lemma 11, either g = o=D4il or g = <T~1=Di 2-

Case 5. Let E satisfy U6, i.e. Q—Q2 and (a,b)£Q for some a£A, bdB. 
We prove (1) for the graph G=(X, g) with Q=D5<1=(R\P){jp(a, b)U a where 
a=P(d, c), if there exists a (c, d)£(QC\(AxB))\P(a, b), and cr=0 otherwise. By 
£/6and Lemma 8, Q=Q'. Since X2=(P\(Rt U R2)) U (R\P3) U Q, any pair (x, y)£X2 

belongs to one of the relations P^R^RJ, R\P3 and O. If (x, 
then, by the definition of G, (x, y X e U e - 1 and /be longs to both E and ES(G). 
Suppose that ( x , y ) £ R \ P 3 . This implies (x, yXeflg» - 1 . If f€E then (u, v)$P3 

since (x ,y )£P 3 otherwise. We show that (u,v)£R . If x,y£B then by Q—Q2 

and, Lemma 9, ^ ^j^-E and, by (T2), (u,v)£R. Now suppose that one of the 

elements x and y belongs to A, for example, x€A. Since / £ £ , u£A. It follows 
that either u,v^A or ( u , v ) £ A x B . In the former case, by Q2=Q'^0, (T2) and 
Lemmas 3 ,9 , (u, v)£R. In the latter case (x,y)£R2 and f£E imply (it, v)£R2. 
So (u, v)£gf]g~1 and / i s a endomorphism of G. Conversely, if f£E3(G) then 
(M, and, by the definition of G, (u,v)£R\P3. Thus fdE. Now suppose 

that (x,y)£QD(AXB). Then either ^ b^E or In the latter case, 

by (T3), ^ We may suppose that ^ €-£". Then (x, y)£g\g~1. Assume 

that feE. It follows ueA and ^ If v£A then, by Q=Q2 and Lemma 9, 

V^E. Consequently, ^ b^E and, by (T2), (u,v)^Rx. If v£B then (u,v)iP2 

since (a, b)(i P2 otherwise. Hence (u, v) belongs to Rz or Q2. Moreover, in the 
latter case (u,v)£P(a,b). So (u, v^gHg'1 or (u, v)£g\g~1, whence f£E3(G). 

Conversely, let f€E3(G). If [ x ^ ^ ( G ) then (u, v^gf^g-1. By the definition of G, 
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(u, v)£R\P3. Then by the definition of R, f£E. If ^ y^iE3{G) then (u, v)€ 

€ ( e \ e _ 1 ) U ( e _ 1 \ e ) - It follows from the definition of G that (u, v)^QC\(AxB) 

and since ^ b^E. Then, by Lemma 9, f£E. Thus (1) holds for the 

graph G. 

Conversely, let a graph G—(X, g) satisfy (1). Then, by Lemma 4, 

( « . ^ ( c N e - ^ U i r N c ) - If (x,y)^P3 then and are p.endo-

morphisms of G, and (x, gVg'1. If (x, y)eP2n(AxB) then £ j j e ^ a n d ^ J j 

<££, whence (x, yHgUg'1. Moreover^ J ] , ^ € £ 3 ( G ) for (x,y)£Rl and j j 

<=£, ^ j j i ^ f o r In these cases (x, y)£ gflg-1. If (x, y)€ P^Rj. 

then ^ b^E and, by Lemmas 8 and 9, whence (x, ;>>)$£ U^"1 . If 

(x,y)<=R3\P3 then ^ y^E and, by Lemmas 8 and 9 ^ ^ E , whence (x, y)egf) 
Dg- 1 . So Z 2 \ ( e U 0 - 1 ) = P \ P 1 and o f l e - ^ P W MoreoVer, p(a,b)czg, if 
(a, and P(a, fyczg'1 otherwise. Let there exist a (c, d)e{QC\(AXB))\P(a, b). 
Then, by Lemma 4, (c, d) belongs to ( e \ e _ 1 ) U ( e _ 1 \ g ) . It follows that either 
(d, c)£g, if (a,b)£g, or (d,c)^g~1 otherwise. Consequently, f}(d,c)c:g, if 
(a, ¿)€g, and P(d,c)czg~1 otherwise. So the relation a=(R\P)Ufl(a, b)Ufi(d, c) 
satisfies the conditions: af](T-1=R\P3=gr\g~1, oU<j-1=X!\(P\R1)=g\Jg-i 

and either ffcg or «rcg - 1 . By Lemma 11, g=a=Dbtl or g=a~1=D5<2. 

Cases 6 and 7. If E satisfies U6 (or U7), then it is easy to verify that (1) holds 
for the graph G=(X, g) with g=R=De>1 (or g=R1=D71). On the other hand, 
if a graph G=(X, g) satisfies (1), then by Lemmas 4 and 7 g=R=De i (or g=Rl — 

Case 8. Let E satisfy Us, i.e. Q=Z1=Zt=0 and Z 3 ^ 0 . We prove (1) for 
the graph G=(X, g) with g=DBfl (and g=DSi2). If (x,y)£P then (x, g - 1 

and / belongs to both E and E3(G). Suppose that (x, y)£R\P. Then (x, y)$B2 

since U8 and Lemma 3 imply B2<z P. If (x, y)£_A2 then (x, }0€i?ri£)-1 and, by 

Lemma 9, ^ E. Hence / £ £ implies j* y^E and, by (T2), (u, v)£R. It 

follows that (w, f)€i»ri£i_1 and / i s a p. endomorphism of G. Conversely, if f£E3(G), 
then («, » ) € e f l e - 1 and, by the definition of G, (u, v)£R1. Thus / £ £ . Let(x, y)$A2. 
Without loss of generality, we can assume that ( x , y ) £ A x B . For the graph G 
with the relation D8>1 (or D8I2), it follows (x ,^ )egDe _ 1 (or ( x , y ) ^ g \ g ~ 1 ) . If 
fiE then, by the definition of R and (T2), («, v)£Rx\JRt. Hence (u, v^qOq-1 

5 
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(resp. («, or (w, e n f o r the graph G with the relation Ds>1 

(resp. Z>8<2). It follows tha t ' / is a /?.endomorphism of G. It is easy to verify that 
f£E3(G) implies f£E. So (1) holds for the graph G with any of the relations D8)I 

' ( /=1,3) . Conversely, let a graph G=(X, g) satisfy (1). Then, by Lemmas 5 and 6, 
P=X\(QUQ-1), i? 1=(er i0- 1 ) 1 and either H^teD«?-1)« or u 

U(e - 1 \0) )2- Since ^ for any (a, b), (c, d)^R2C\(AxB), the relation g 
equals one of the relations, DBL ( I s / S 3 ) . 

1 Case 9. Let E satisfy U0, i.e. A^X, Z^Q and Q-Z2=Z3=0. We prove 
(1) for the graph G=(X, g) with e=A>,i (and q=D9>2). If (u,v)£R\(P2U P3) 
then (u, v^gOg'1 and/belongs to both E and E3(G). If (u, v)£P3 then (u, v)$gl) 
Ug'1 and f€E is equivalent to (x,y)£P3, i.e. ( x ^ ^ e ^ e - 1 . The latter is equiv-
alent to f£E3(G). Suppose that (u, v)£P2C\(AXB). Then (M, (or 
(w, i>)£i?U Q-1) for the graph G with the relation D9)2 (or Z>0il). Let f^E. If x, y£B 

then, by Q=Q and Lemma 9, j j H e n c e ^ y^E and, by (T2), (x, y)£P3. 

It follows that (JC, g"1 and / i s a p.endomorphism of G. If (x, y)iB2 then 
(:U,V)£P2 and f£E imply ( x , y % P 2 C \ ( A X B ) . Thus (x , j> )ee \e _ 1 (or (x,.y)ii?U 
U g - 1 ) for the graph G with the relation Z>9>2 (or D9I1). Therefore/ is a /».endo-
morphism of G. Conversely, if f£E3(G) then (x, U g - 1 . Hence, by the definition 
of G, either (x, or (x,y)£P2; moreover, in the latter case, (x, j > ) € e \ £ _ 1 

for the graph G with the relation Z>91. It follows that (x, y) belongs to P3 or 
P2D(AXB), whence, by the definition of P, f£E. Thus (1) holds for the graph G 
with each of the relations £>9i, ( /= 1,3). 

Conversely, let a graph G—(X, g) satisfy (1). Then, by Lemmas 3 and 

.5, RX=A\ R= gCig-1 and P3=(X\(QU q~%. Since ^ b^<LE for any 

(a, b), (c, d)£P2r\(AxB), from Lemma 6 it follows that the relation g equals one 
of the relations X>9>, (1S/S3) . 

Case 10. Let E satisfy U10, i.e. g = Z 2 = 0 and Z l 5 Z3^&. We prove (1) for the 
graph G=(X, g) with g=Dw,{ (/=173). By U10 and Lemma 3, P3=B2 and 
RX=A2. If (x,y)£B2 or (u,v)£A2 then, by the definition of G, (x,y)$gUg"1 or 
(u, v)egOg~1, respectively. It follows that/belongs to both E and E3 (G). If (x, y)£A2 

and /belongs to E or E3(G), then by Lemmas 4 and 9, (u, v)£A2. Analogously, 
(x,y)£Bs if (u, v)£B2 and/belongs to E or E3(G). Suppose now that (x, y)iB2 

and (w, v)$A2. Hence (x, y) and (u,v) belong to (AxB)U(BxA). Let, for 
example, ( .x,y)£AXB. If / € £ then ( u , v ) £ A x B and, by the definitions, the 
following condition holds: 

(2) 
/either (x ,y) , (u,v)£P2, or (x ,y) , (U,V)£R2, 
(o r (x,y)eP2 a n d (U, V)CR2. 
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It follows that / is a p . endomorphism of G for any D10j, ( /=1,3). Conversely, if 
f£E3(G), then («, v)£AxB and, by the definition of G, (2) is satisfied. Hence, 
by the definition of P and R, f£E. So (1) holds for the graph G with any of the 
relations D10>, ( /=1,5). 

Conversely, let a graph G=(X, q) satisfy (1). Then, by Lemmas 3 and 6, P3= 
=(jr«\(<?U Q-%=B2 and ^ ( e n ^ - 1 ) ! ^ 2 . Moreover, either P 2 = ( ( e \ e _ 1 ) U 
U(e _ 1 \ e ) )2 and R2=(eOQ~1)2 , or / >

2 =(^ 2 \ (0Uo- 1 ) ) 2 and one of the following 
equalities holds: R2=(qC\q~\ or i ? 2 = ( ( 3 \ 0 - 1 ) U ( e _ 1 \ e ) ) 2 . We show that other 
cases are impossible. By Lemma 3, there exist (a, b) and (c, d) in AxB such 
that (a,b)£P2 and (c, d)£R2. Using Z 2 = 0 and the definition of P and R, we 

obtain that ^ b^E and ^ \E. Clearly, ^ if (x , j ) and (U, V) 

belong to P2f}(AXB) (or R2C\(AXB)). It follows that the relation g equals one 
of the relations D10il ( l s / ^ 5 ) . The proof is complete. 

P roo f of T h e o r e m 2. Let E—E(G) for some graph G={X, g). From the 
definition of a p.endomorphism it follows that £ is a left idealizer of its subsemi-
group E3=E3(G) in the symmetric semigroup W{X). We prove (Tj)—(T3). Clearly,-
these conditions hold for E=W(X). Suppose that E^W(X). Then, by Lemma 4, 

a vertex a£X has no loop iflf a£B. Thus is a p.endomorphism of G for any 

a£B and x£X, i.e. (Tx) holds. Consider now (Xj, j ; ( /=1,3) such that 
(xk, xk+1), (yk,yk+i)£r (k= 1,2). Then, by Lemma 4, (x„ j>,)€(e\e - 1)U (e~\e) 

and (T3) is satisfied. Suppose that £ ^ j , ^ ^J are p. endomorphisms of G. Then 

(x, j ^ g U e - 1 or (u, v)£gf)g~1, whence, by Lemma 4, (x,y)£P or (u,v)£R. 
Thus (T2) holds. 

Conversely, let a /».transformation semigroup E satisfy the conditions of Theo-
rem 2. Then the semigroups E and E3 are determined by each other and, by 
Lemmas 1 and 7, their canonical relations are equal. Moreover, E3 satisfies (Tx)—(T3). 
By Theorem 1, E3=E3(G) for some graph G. Then E=E(G) since E(G) is the left 
idealizer of E3(G) in W(X). Theorem 2 is proved. 

Remark . The conditions (Tx)—(T3) are independent. 

3. Applications 

Two graphs, G and G' are called ¿-equivalent, if E(G)=E(G'). 
As an application of Theorems 1 and 2 we describe ¿-equivalent graphs and 

graphs with isomorphic or elementarily equivalent [9] p. endomorphism semigroups. 

Theorem 3. The graphs .G—(X, g) and G' = (X, gr) are E-equivalent i f f either 

5* 
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Q=Q' or Q=E'~1 or Q, Q' simultaneously belong to one of the following classes: 

K(A) £ {Aa, A\AXX, XXA, X*\B\ jr»VU; 

K(A, a, y) = { a U y , a l l f r n ^ X * ) ) , aU(y O ^ X / i ) ) } ; 

K(A, Ô, 0 = {¿2U5U£, (^XJOUiUC, (*X,4)USUÇ}; 

K(A, y) ¿L{A2Uy, A2U(y(1(^4x5)), A 2 U(yO(f lX,4)) ,04xWy,(XX,4)Uy}, 

for some proper subset Acz X, B=X\A and symmetrical relations a, Ç, y, Ô such 
that JAca<gA\ 0^ÇaBs\AB, y, Sc(AxB)U(BxA) and y^Q. 

The proof follows from Theorems 1 and 2. 
Denote by 21 the class of all p . endomorphism semigroups of graphs. The 

signature Q of Ul consists of the single symbol • for the binary semigroup ooera-
tion. A «-place predicate ..., x„) is called formular in 21 if there exists a 
formula F(x1, ..., xn) of the signature Q such that for every semigroup 5Ç9Î and 
for every xx, ..., xn£S, F(x1,...,xn) is true iff ..., x„) is true. Consider 
the following formulas : 

(3) Q(x) £ (\/y)(x -y = y x = x); 7 ( x ) i ( l O ( x ) 8 . * ^ = x); 

Let G=(X, e) be a graph, and let E=E(G). We write x = for x£X. Clearly, 

x^-x (x£X) is a one-to-one mapping of X into E. Then any relation a on X is 
mapped onto the relation a on E, and any condition U on the relations <7; on X is 
transformed into the condition U on the relations on E. Using (3) we can prove 
that the relations X, q, Dkil and the canonical relations of E are mapped onto the 
relations X, q, Dkil and so on, which are determined by formular predicates in 
21. For example, X and t are determined by the formulas M(x) and T(x, y), 
resp. Denote by Fk and Rkit the formulas that determine the conditions Uk and 
the relations Dkfl, resp. Clearly, Fk is a proposition and Rk l a two-place predicate. 

Theorem 4. Let G and G' be graphs, and let E=E(G), £ ' = £ ( G 0 . Then the 
following holds: 

(i) if E and E' are elementarily equivalent then G is elementarily equivalent to a 
graph that is E-equivalent to G'; 

(ii) Eand E' are isomorphic i f f G is isomorphic to a graph that is E-equivalent to G'. 

J{x) £ (/(x) & (Vy)(f(y) & x • y = y =» y - x = x)); 

M{x) =(J(x) & (Vy)V(y) & y - x ^ x ^ O i x - y ) ) ) ; 

Tix,y) £ ( M ( x ) & Miy) & (3z)(~lO(y- z-xjj). 
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Proof . If ¿ and E' are elementarily equivalent and E satisfies Uk then Fk is 
true for E and E'. Therefore, by Theorem 1, the relations of G and G' are equal 
to Dk l and DKm for some / and m. Consider the graph Gx with the vertex-set of 
G' and the relation Dkjl for the semigroup E'. By Theorem 1, E(G')=E(G1). Thus 
the formulas M{x) and PkA{x, y) determine the graphs G (on E) and Gx (on E') 
such that G=G and G1=G1. On the analogy of [3] we obtain that G is elementarily 
equivalent to one of the graphs G, and S f 1 . So G is elementarily equivalent to a 
graph that is ¿-equivalent to G', i.e. (i) holds. 

Now suppose that ¿ ^ ¿ ' . Then the semigroups are elementarily equivalent. 
Using the previous reasoning, we can prove that an isomorphism of E onto E' 
determines the isomorphism of G onto one of the graphs Gx and Gf 1 . Hence G is 
isomorphic to a graph that is ¿-equivalent to G'. Theorem 3 implies the converse 
assertion. Thus (ii) holds. This completes the proof. 

Consider a graph G with a reflexive (or antireflexive) relation Q such that 
AX, XS. One can easily see that the ¿-equivalence class of G consists only of the 
graphs G and G - 1 . Hence Theorem 4 yields the results of [2, 3] on /».endomorphism 
semigroups of reflexive graphs. 
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