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Ideals and Lie ideals of operators

C. K. FONG and G. J. MURPHY

1. Introduction

Let $ denote an infinite dimensional (complex) Hilbert space and %($) the
algebra of all (bounded, linear) operators on $. We say a linear manifold % in
B(9) is unitarily invariant if U* 2US ¥ for all unitaries U in Z(9). If & is such
a manifold and R is another Hilbert space of the same dimension as $, then we
can ““transport” % to a unitarily invariant manifold of operators acting on & by
taking any unitary transformation W from $ onto & and setting FL=WZW*.
That %, is unitarily invariant, and that its definition is independent of the choice
of W, follow from the fact that % is unitarily invariant. In particular, if we con-
sider the case when R=9®9H, then Lg,g is a unitarily invariant- manifold of
operators which can be expressed as 2X2 operator matrices with entries in #(9).
Thus we can define the following two manifolds in Z(9):

(»)
#° = (Tlgor: T¢Zs05) = {4€H®): (& )¢ Zoos for some B, ¢, Dea(®)},

(x %) 5o ={Bea): (J )e Zsos)-

It was shown in 5] that %, is an ideal in #(9), and that [B(9), LS LS
ESF,+CI. This fact covers a part of the following theorem, also proved in the
same paper.

Theorem 1 ([5]). Let £ be a linear manifold in B($). Then the following con-
ditions are equivalent:

(1) £ is unitarily invariant;

(2) & is a Lie ideal in (D),
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(3) there exists an ideal 5 in B(9) such that
2(9),F1€S L cs+CL

(The above results are shown in [5] only in the case where $ is separable; but,
in fact, everything works in the non-separable case too. See remarks following
Theorem 2.)

For a unitarily invariant manifold % in 2(9), the ideal & of the condition (3)
above is uniquely determined by % (shown in Section 2), and will be called the
associate ideal of &. Among other results in Section 2, we show that & (defined
by (%)) is either S, or $,+CI A consequence, shown in Section 3, is the fol-
lowing useful characterization of ideals in #(9): a linear manifold & in Z(9)
is a proper ideal if and only if & is unitarily invariant, I¢.¥ and £°S.%. Several
applications of this result (or its variant) are given in Section 3.

In Section 4 we give some characterizations of ideals in C*-algebras satisfying
a certain condition, viz., we show that the ideals are precisely the hnear mamfolds
& for which P¥PC Z for all projections in the algebra

The proof of Theorem 1 previously mentioned in {5] uses the followmg weaker
form of a theorem of Fillmore:

a Theorem 2 ([3]) Every operator in B(9) is a linear combindtion of projections.

The original proof of this result is quite complicated. We include an appendrx
“to this paper in which we prove Theorem 1 in such a way that; not only do we obtain
it without Theorem 2, but the latter theorem actually drops out as a bonus in the
process. To generahze Theorem 1 for Hilbert spaces not necessarily separable, we
need to extend a theorem of Calkin [1] to the non-separablé case.-Since this exten-
sion is by no means straightforward, we also include its proof in the appendix.

: We use standard notation: €, denotés the Hilbert—Schmidt class and €, (p>0)
the ideal of operators such that (T*T )"/46% If &, 7 are lmear mamfolds in
B(9), we write £ T (resp. [¥, T]) for the linear span of all operators of the form
ST (resp. [S, T]=ST~TS) where S€& and Tc¢J". All'Hilbert spaces are assumed
to be infinite dimensional, but they are not requlred to be separable unless other-
wise stated ’ :

2. The associate ideal of a Lie ideal in Z(9)

Let Phea unitarily mvanant mamfold in 9«?(55) As mentloned 1n the introduc-
tion, the set

Jz—{BE-@(ﬁ) [0 0]63565}

forms an ideal. We call £, the associate ideal of & or the ideal associated with &.
There are several ways to describe this ideal, as the following: proposition shows.
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Proposition 3. Let % be a unitarily invariant manifold and #.be an ideal in.
.93(5) Then the- foIIowmg conditions are equwalent -

(1) J is the associate ideal of & ;
Q) [B(9), FlIc S F+CI;
(3 [#8(9), LIS Z and [B(9), L1 S:
(4) F is the largest ideal among those ideals § satz.s;fymg [Q(ﬁ) FlIS ¥,
.. «5) £ is the smallest -ideal among those ideals ¢ satt.sfymg & Cf +ClI;
(6) S is the ideal generated by [%B(9), L], . ;
(1) F+CI={TeR(): [B(5), TIC.Z).

For the proof. of the above proposition, ‘we need the following lemma. .

Lemma 4. Let o be an algebra with identity I and B= M,(4) be the algebra
of all 2X2 matrices with entries in sf. Then, for two ideals .9'1 and S, in B,
[8, (8, £1]1]1S #: implies S, . o

A B
Proof. Let [C D)efl. ‘Then

[lo0)- s o). (& 2)]] - (c d)esins

Hence (‘g D]Gf and it suffices to show that ( |€F. Now (A 8} ((I) é]=
- (g g]\ #, and, by using the same computatlon as above, we obtain (g g)Efz-

Hence

A0 0 A\(0 I

(0 D] =\ 0] (1 o]Efz 0

- Proof of Proposition 3. (1)=(2) follows from Theorem 1. (2)=(3) is obvi-

ous. To show (3)=(6), let # be the ideal generated by [#(9), £]. Then we have
[2(9), £1SFSF and hence [Z(9),[#(9), FIIS[2(9), LIS #. It follows
from Lemma 4 (since #($) and #,(#(9)) are isomorphic algebras) that S S £.
Therefore S=_#. Similarly we can show that (3)=(4) and (2)=(5). Since the ideal
F described by either (4), (5) or (6) is unique and since the associate ideal fits into
each of these descriptions, we have (4)=(1), (5)=(1) and (6)=>(1) Thus conditions

(1) to (6) are equivalent.
Finally, let %, be the ideal associated 'with % and

F={Tc#9): [2(9),T]1S £}.

Then it is easy to see that & is unitarily invariant and ,C%. Let ¢ be the associate
ideal of &. Since

[2(5), 12(5), £1] S [4(5), Y1 S £ S S, +CI
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it follows from Lemma 4 that FE S,. Therefore we have FSAHSL S F+CL
Hence #=J, and &¥=_4¢+CI=5,+CI. We have proved (1)=(7). Conversely,
if $=5+CI, then S+CI=S+CI and hence S=J,. Therefore (7)=(1)
follows. O

For brevity, in the rest of this section, we replace the term “unitarily invariant
linear manifold in #($)” by its synonym “Lie ideal in Z(9)”. :

By definition, the associate ideal  of a Lie ideal & in #(9) is obtained by
taking the upper right corners of 2X2 matrices in %;44. The next result says, if
we take the upper left corners instead, then either S or 4 +CI is produced.

Proposition 5. If & is'a Lie ideal and $ is its associate ideal, then either
F=F or L°=5+CL

Proof. From Theorem 1, we have £ C.#+CI It is elementary that if ¢
is an ideal in #(9), then #°=_¢. Hence we have ¥°S ¥+ CI=5+CL.
Now we show S E ¥°. Let T¢.#. Then (8 0 €Z505- Let W be the unitary

. o Lerr . N
operator on HHPH given by the matrix ﬁ [_ I IJ‘ Then, since Z4 ¢ is unitarily

invariant, we have
) 0 T T T

, 2+ (o o)W = (LT _7)eLses
and hence T€.#°.

We have shown that # S £°C S+ CI from which it follows that either =4
or ¥°=44+CIl. O

Now we consider some ““permanence properties’ of Lie ideals and their associate
ideals. First we state the following obvious fact without proof in order to put it
into record.

Proposition 6. If {&}} is a family of Lie ideals in (%), then the intersection
ﬂ %, and the sum Z’ %, are Lie ideals also. If, furthermore, 5 is the associate
zdeaI of &, for each j, then the associate ideals of ﬂ %, and Z %, are ﬂ S; and
.9} respectively.
The next “permanence property” is less obvious and more interesting.

Proposition 7. If 4, &, are Lie ideals in B(9) with S, S, as their associate
ideals, then [%,, %) is a Lie ideal with #,%, as its associale ideal.

Remark. It is easy to check that Jl.fg is an ideal in Z($). Since every ideal
in Z(9) is self-adjoint, we have S, 4=45
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Proof. It is easy to check that [%, %] is a Lie ideal. Let ¥ be the ideal
associated with [%;, %,). From %, € #,+CI(j=1, 2) we have [%,, £] S 4, S+ CL
Hence, by (1)«<(5) in Proposition 3, we have J <S4, J,. Next, suppose that 4;€.5,
(j=1,2). Then we have '

0 S)eczises. (4, 0) = (7 0)(0 )7 o)ecsns

4,4 0 04 00
( b : —A2A1) = [ 0 0l ’ (Az 0]]6[31: Zilses-

Therefore it follows from Proposition 5 that 4,4,¢.4. O

and hence

Remark. In case %, and %, actually are ideals, ie. # =4, and &=,
we have an easier proof as follows. We have to show [#(9), ASLIE[S, AIS
C A #+CIL The second inclusion is obvious. The first follows from the identity
[T, AB]=[TA4, B]+[BT, A).

Example. Let % denote the set of trace class operators on § of trace zero.
Then, by using some properties of the trace function, we have [%,, %,]S%).
G. Waiss [17] has shown that [&,, %,]=%?. Using this result, it is observed in
[5, Remark 1] that [#(9), €]=%). Now we claim that for no Lie ideal £ do
we have 4)=[%(9), ¥] or ¥;=[%L, &]. Since, if the associate ideal of & is 7,
the associate ideals of 47, [#(D), Z] and [, &] are %,, F and S? respectively,
E)=[2(9), £] would imply that F=%, and ¥)=[%, £] would imply S2=%,,
ie. F=%,, both contradictory to the results previously mentioned. We do not
know whether we can have %;=[#, #] for distinct ideals # and #.

3. A characterization of operator ideals and its applications

We now turn our attention to the main theme of this paper: characterizations
of operator ideals.

Proposition 8. A linear manifold & in B(9) is either an ideal or F+CI
for some ideal # if and only if & is unitarily invariant and FL°S &#.

Proof. Suppose that & is a unitarily invariant manifold in £(9) and ¥°C £Z.
It follows from Theorem 1 that % is a Lie ideal and ¥ & #+CI where £ is its
associate ideal. From Proposition 5, we have £ S .%°. Now we have J S ¥°C
C ¥ S F+Cl Hence either =4 or L=5+CL
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- For the proof -of the ““only if” part, it suffices to note that, if £ is an ideal in
Q(ﬁ), then S, Consists. of all 2><2 -opefator matnces with entries in . O

" The following 1mmed1ate consequenoe "of the above proposmon is a useful
characterization of ideals in Z(9).

Proposition 9. 4 linear mamfold £ in B(9) is a proper zdeal if and only if
it is umtarlly invariant, ‘€% and IQ.S? '

Remark. The “if” part of Proposition9, under the additional assumption’
that % contains all Hilbert—Schmidt operators, was obtained by SOUROUR [16].

Next we give a few apphcatlons labelled as examples, of the above two propo-
sitions. In many cases, it is convenient to think of #¢ in the following way. Take
any subspace M in § with dim M=dim M (=dim $) and let

#® = {compression of T.to M: TeL}.

Then %% is a unitarily invariant manifold and (£™),=%°. Thus, roughly speaking,
¢ can be obtained by taking the compression of % to a subspace M with dim M=
=dim M+ and then transporting it back to $.

Example 1. Let & be a linear manifold of numerical sequences converging
to zero. We consider the set S of those operators T such that, for each orthonormal
sequence {e,} in 9, the sequence {(Te,, €,)},—, is in &. Then it is easy to see that
J is a unitarily invariant mamfold which does not contain 1. By the obvious fact
that an orthonormal sequence in a subspace is also an orthonormal sequence in the
whole Hilbert space, one can see the validity of the inclusion S°S.#. By Proposi-
tion 9, it follows that £ is an ideal. i

If we take &=I°, the set of all numerical sequences {A;} such that

S’ |4;/P<<o, then the corresponding ideal # turns out to be the #”-class of opera-
Jj=1

tors. If z; is a sequence of positive numbers decreasing to zero such that 2’ ;= oo,

and if & is the set of numerical sequences {4;} satisfying 2 ;|A;l<ee, then the
corresponding ideal # is ¢, which is defined in [7].
Example 2. An operator T in £(9) (here $ is assumed to be separable) is

said to be universally absolutely bounded if, for every orthonormal basis {e,} in $,
the matrix

(Tes, e)l (Tey, el ...
l(TeI’ ez)| I(Tez, eg)! ‘oo

represents a bounded operator-on /2. Let % be the set of all upiversally bounded
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operators. Clearly % is a unitarily invariant manifold, 7é% and, for an infinite
dimensional- subspace M of H, each operator in #™ is also universally absolutely
bounded. Hence it follows from Proposition 8 that #=#+CI for some ideal 4.
In fact, HALMOS and SUNDER[IO] showed that U=%, +CI Our dlscussmn here
can be used to shorten their proof. - -

Example 3. For p>0 let %, be the set of all those operators TcA(9)
(9 is separable) satisfying the COl'ldlthl’l that the matrlx

|(Te19 el I(Tez, e1)|”
(Tey, el” [(Te, ez)l’---

represents a bounded operator on {2 for every orthonormal basis {e,} of $. From
the inequality (a+b)?=27(a"+b") (a,b=0) we see that %, is a linear manifold.
It is easy to check that %, is unitarily invariant, 1601! and U SU,y- Hence, by
Proposition 8, #,= 4, +C1 for some ideal #,. For p=2, it folIows froma classical
result of Schur (whxch says, for two nXn matrices (ay;) and (b)), Il(a,‘,b,q)llS
=@ )l IG5 see [15]) that %,=2B(9H). As we have mentioned in Example 2,
U,=%,+Cl. We do not know how to describe %, in an explicit way when 1<p<2
or O<p=<l. ' .
Example 4. Let 7 be the set of all those operators in 2($) ($ is separable)
-which, in any matrix representation, allow triangular truncation. More precisely,
T¢7 if and only if, for an arbltrary orthonornal basxs {e,,} in H, the trlangular
matrix

(Tey, e) (Tey,e)) (Teg,e)...

0 (Teg, e5) (Tes,e5) ...

0 0 (Te;, e3) ...

represents a bounded operator on /2. Then it is easy to see that 7 is a unitarily invari-
ant manifold and I€¢J. A little refiexion on forming submatrices reveals that
J°S . Hence it follows from Proposition 8 that 7 =#+CI for some ideal ..
It follows from a result of MACAEV (see [7]) that  contains all those operator T

with their s-numbers {s,(z)} satisfying 2 n=1s,(T)<eo,

Example 5. Let (X, m) be a separable o-finite measure space which is not
purely atomic. We say that an operator T on $=%2(X, m) is an integral operator
if Tx(s)= f k(s, )x(t)dm(t) a.e. (x€$) for some measurable function k on
XX X. Proposition 8 can be used to give a simplified proof of a result due to KoroT-
kov: if U*TU 1is an integral operator for every unitary U, then TE%’ +CI. For
details, we refer to SOUROUR [16]). -
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4. Characterization of ideals in certain classes of C*-algebras

In the present section, we give some characterizations of ideals in certain gen-,
eral C*-algebras which share some “‘noncommutative” features with Z($).

For the next two results, we consider those unital C*-algebras &f which satisfy
the following condition:

(C) Every unitary element in & can be expressed as a product of a scalar and
several symmetries (i.e. hermitian unitaries) in /.

That #(9) satisfies condition (C) is a consequence of the following result of
HarMos and KAKUTANI [9]:

Theorem 10. Each operator on an infinite dimensional Hilbert space is a product
of four symmetries.

This result was generalized by FILLMORE [3] to properly infinite von Neumann
algebras. Note that if o is a commutative C *-algebra and dim &/ =2, then condi-
tion (C) fails.

The notion of unitarily invariant manifolds in #($) can be extended to gen-
eral C*-algebras in a straightforward manner: in a C*-algebra &, a linear mani-
fold & is unitarily invariant if and only if U*2UCS Z for all unitary elements U
in &f. The following result characterizes unitarily invariant manifolds in a C*-alge-
bra satisfying condition (C).

" Proposition 11. A4 linear manifold &% in a C*-algebra o satisfying (C) is
unitarily invariant if and only if (I—P)ZPS & for all projections P in .

Proof. Suppose that 2 is unitarily invariant. Let P be a projection in &
and T¢%. Then both U=I—2P and V=P+i(I—P) are unitary and hence

1
I,= —2—(T—-U*TU)E.¥’ and."
(I-P)TP = %(Tl—iV*TlV)E,S?..

Conversely, suppose that (I~ P) # P< % for all projections P.Let Sbea symmetry
in &/. Then S=2P—1I for some projection P. Hence, for T¢ .2,

STS = T —2(PT(I-P)+(I-P)TP)c %.

By condition (C) we see that % is unitarily invariant, since &/ is linearly spanned
by unitaries. O

Proposition 12. A linear manifold & in a C*-algebra of satisfying (C) is
an ideal if and only if PYPS Y for all projections P in .
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Proof. Suppose that PLPS ¥ for all prbjections ‘P.Llet T€e¥ and S be
a symmetry so that S=2P—I for some projection P. Then

STS = 2(PTP+(I;P)T(1—P))—TG$.

Hence, by condition (C), % is unitarily invariant. Therefore, by Proposition 11,
(I-P)PPS ¥ for all projections P in &. Now, for a symmetry S=2P-I and
Tc ¥, we have

TS =2(PTP+(I-P)TP)-Tc¥.

By coﬁdition (C) again, we have TUc% for each T€¢.# and each unitary U.
Since unitary elements span & linearly, we have L/ S . In the same way we
can show that S £ C ¥. Hence & is an ideal of &/. OO

A linear manifold £ in a C*-algebra &/ is said to be a Jordan ideal if AX+
+XAc P for all Ac¥ and Xcof. It is shown in [5, Theorem 3] that Jordan
ideals in #($) are'just associative ideals. This result can be generalized for a class
of C*-algebras wider than #($):

Corollary 13. If. & is a Jordan ideal in a C*-algebra s which satisfies condi-
tion (C), then & is an associative ideal.

Proof. Let P be a projection in & and T€.%. Then
P(PT+TP)+(PT+TP)P =2PTP+(PT+TP)}EYZ

and hence PTPc¥. Now the corollary follows from Proposition 12. O

Sourour has informed the authors that, in case «/=%(%), Proposition 12 can
be deduced in the following way. Assume that % is a linear manifold such that
P PS Z for all projections P. For T€% and a projection P we have TP+ PT=
=T+ PTP—(I-P)T(I-P)c¥. By the fact that projections span #($) linearly
(Theorem 2), we see that & is a Jordan ideal. Now it follows from [5, Theorem 3]
that % is an associative ideal.

The condition (C) in Proposition 12 is essential. For example, if «/=C[0, 1],
then there is no proper projection in & and hence the inclusion P¥LPS & is
automatically satisfied for every linear manifold % in «/; but of course there are
linear manifolds in &/ which are not ideals.

In the next result, we let & be a C*-algebra with the identity I, o&f = #,(%)

and P, be the projection in 7 given by the matrix (é 0).

Proposition 14. A linear manifold & in of is an ideal if and only if & is
unitarily invariant and Py L P,S &.
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Proof. “Suppose % is unitarily invariant and Py £ P,S #. Let

- fon s}

If U is a unitary element in & and B€#, then
' . (I 0Y*(0 BY(I © 0 BUY .
(O_U (0 o](o.u]=(o 0)65‘"
U 0Y(O B\(U O\ (0 UB
(096 o) ) = T)ez.

and hence BU and UB are in . Since unitary elements in 4 span the whole algebra
A, we see that £ is an ideal in 8. Now let # be the set of all 2X2 matrices with.
entries in #. Then £ is an ideal in /.

Let T= g g) be an element in £. We are going to show that T¢€ # .- For

this purpose, we introduce the following-unitary elements in &/ :

R N e

Then we have

o= (2 Hes, Lo = F)e
S"E(T U*TU) = c 0 €Y, —2—(S—1V SV) = 00 £¥
and ‘
l . _[0 C]
3 J(S+iV*SV)J = 00 [

Hence, B, C¢f#. We also have

4 A D D

By the previous argument, we have A, D¢.#.
A BJef. From the definition of #

Next we show that #C % and let T= C D

we know 4, B, C and D are in #, or, in other words,
0 A4 0 B 0C 0D
51=[0 o]’ Sz:(o o)’ s,,=[0 o)’ Se= o 0]

are in %. We have to show that

A0 0 B 00 00
Tl=(0 0)’ T2=(0 0]"T3=(c 0)’ T4=[0 D)

are in %. This can be seen from the following identities:
T, =2P(WSiWH Py, To=S,, Ty=JS;J, T,=2J(P,WSW*Py)J,

where J and W are the unitary operators previously defined. 0O
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Ideas similar to those in the above proof appear in [12).

Corollary 15. If P, is a projection in B(9) with dim P,H=dim (I—Py)$ and
if % is a unitarily invariant manifold in B(9) satisfying Py, L Py %, then & is an
ideal in B(9).

- Proof. This follows from the previous proposition and the fact that #(9)
and #,(B(9)) are isomorphic C*-algebras. [J.

Example. Let £ S (H) be an ideal in A (9), ie., for X€A(H) and
Ac ¥, we have XAc ¥ and AXcZ. In general, & is not necessarily an ideal
in #($). Among other things, it was shown in [6] that if .Z is also a Lie ideal and
Z is countably generated as an ideal of ' (9), then & is also an ideal of Z(9).
This result can be proved in the following alternative way.

Let # be the linear span of operators of the form XAY, where A% and
X, Ye A (H). Itis easy to see that . is an ideal in Z(9) and F & .Z. On the other
hand, it follows from a lemma in [6] that there is a projection P, in #($) such that
dim Py$=dim (I—P,)$ and P,S, SP,£F for all §in &. Notice that each element
S in & can be expressed as a finite sum:

S=D+Z;(0;A;4+B; X;+Y;C)
where «;€C; 4;, B;,C;€%; X;, Y;€4(9) and DeS. For such a sum, we have
PySPy = PyDPy+Z;(ot; Po(A; P))+(PoB)) XPy+ Py Y;(C; Pp))EF
since £ is an ideal in Z(9) and the operators D, 4; P, PyB;, C; P, are all in' £.
Now it follows from Corollary 15 and F S & that & is an ideal in #(9).
Finally, we have the following characterization of ideals in #($). =~
Proposition 16. If & is a unitarily invariant manifold in #($9) consisting of
compact operators and if T implies |T|=(T*T)"?*¢ %L, then ¥ is an ideal.

Proof. Again, let 4 be the ideal of those operators B such that (8 OB)E 3’555'

Then, from Theorem 1, we have % S.#. Next we show that S S .#. Since every

ideal in Z(9) is linearly spanned by its positive elements, it suffices to show that
positive elements in S, ¢ are in Lgq . So let T= (’é g) be a positive element

in S5eq. Then 4, B, C.and D are in 4. Hence

L H=05+0 HE IO et
(0.5) =16 Dezses. (5= J[ o)z )!%%

Hence we obtam TG‘.Q’MN3 =
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Appendix

In this appendix we give a transparent proof of Theorem 1 and Theorem 2
based on an idea in [4]. The main tool we use in this proof is Halmos—Kakutani’s
Theorem (Theorem 10): every unitary operator can be expressed as a product of
not more than four symmetries. This theorem can be deduced constructively by
the following three short steps: first express it as a direct sum of countably many
blocks such that each block has the same dimension as the Hilbert space; then,
using this expression, write the operator as a product of two bilateral shifts (of
infinite rank); finally, write each bilateral shift as a product of two symmetries.
(For details, we refer to [9].) From this argument we see that the symmetries involved
can be chosen in such a way that their eigen-subspaces have the same dimension as
the underlying Hilbert space. :

In order to reveal the essential part of our argument in proving Theorem 1,
we consider a more general situation. We let 9 be a unital C*-algebra, o =.4,(%)

and & be the set of all those symmetries of the form U *[(I) 0 ]U where [ is

the identity in # and U is a unitary element in o/. We consider the following con-
dition:

(C’) each unitary element in & is a product of finitely many elements in & and

a scalar.

It follows from our previous remark that for &/=%(9), condition (C") is
satisfied.

In the following three lemmas, we always assume that s is the C*-algebra
described in the previous paragraph and condition (C’) is satisfied. Furthermore,
we assume that & is a unitarily invariant manifold in &,

/={B€.‘B: [?, ﬁ]ez’}

S = {’ég)ed ABCandDaremf}

and

By using the same argument as that in the proof of Proposition 14, we see that #
is an ideal in & and £ is an ideal in .

Lemma A. With the above assumption, we have [£, 1S &.

Proof. It suffices to show that [#, U]& # for all unitary elements U in .
First we note that if C D}ef then

(656 022 )26 )6 D6 I e
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since & is unitary and B,Cc #. Now if T€# and S=W"* (6 _OI) Wes (W is
unitary), then
S (T, S] = W* [WTW*, ((I, _01)]We.~z’.

. Now we consider an arbitrary unitary element U in & and show that [T, U]€ .
By condition (C’), U can be written as a product 4S5,8S,...S, where Sy, ..., S,€%
and A€C. We proceed by induction on n. Let ¥=S§,S;...S,. Then

[T, Ul= A[TS,,V]+A[VT, Sy.

Since ¥T¢# and TS,€4, we have [VT, §,]€ % by our previous argument and
ITS;, V1€ £ by our induction assumption. Therefore [T, Ulc¥. O

Lemma B. The linear span of & includes [, ].

Proof. Let %, be the linear span of &. Then %, is unitarily invariant. Let #,
and £, be the ideals defined from %, in the same way as #, £ defined from .#. Since

1¢11 1 0
[ JE.%, we see that I€_#, and hence (0 IJEJO. Therefore #,=./. Thus,

PRV

by Lemma A, [, o]=[, £]c%. O
Lemma C. [&,[«, H]JSFNEL.

Proof. It follows from Lemma B that it suffices to show [£,#]S#FNZL.

If (é g)e %, then, by an argument similar to that in the proof of Proposition 14,

we can show that (8 g] and (((;) 8} are in S£NY¥ and hence

[(é g]’ ((I) —01)] = 2(((); _OB]GJO,Z’.

10 }We.sf’, where W is unitary, and if T¢.%, then

1f S=W*(0 2

T, §]=W* [WTW*, (é _()I]]anza O

Proof of Theorem 2. Apply Lemma B to the case &/=%(9) and note that
[8(9), B(D))=R(9), (see [8]). O

Proof of Theorem 1. By Halmos—Kakutani’s Theorem and Theorem 2, we
can easily deduce the equivalence of (1) and (2). (For details, see [5].) That (3) implies
(1) is obvious. It remains to show (1)=(3). By Lemma A, Lemma C and the fact
that [Z(9), Z(9)]=2(9H), we have [#(9), FISZ and [#(9), L] S.

Now Theorem 1 follows from the following theorem of CALKIN [1]:
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Theorem D. If 5 is a proper 1deaI in #(9), Te%(ﬁ) andxf [T, (NS A,
then T¢ £ +CIL. .

Calkin only showed this-theorem for the case when $ is separable. Now we
prove this theorem under the assumption that § is nonseparable. ‘

Let #($) be the unique maximal ideal in #($). (Thus, for an operator S
‘on 9, SEAA(9) if and only if there exists a projection E in () such that ESE=S
and dim EH<dim $.) Let €(H) be the ““Calkin algebra” &(9)/ A (5) Let t be
the canonicali mage of T in- 4(%).

Since . is self-adjoint, with no loss of generality, we may assume T=T*
Let T= f AdE, be the spectral decomposmon of T. Note that Aco(r) if and
only if, for all >0, dim E(1—e¢, Ate)H= dim §.
. First we demonstrate that o(¢) is a singleton. Assume the contrary: we have

M1, 2s€0(t) with A,7%1,. Choose. >0 such that the intervals -[4,—¢, A, +¢&] and

[22—¢, Ap+e] are disjoint. Let §;=E[4;—¢, 1;+¢€]H (j=1,2) and K=HS(H:99Hy).
“Then dim $,=dim $,=dim $. Let U be a unitary transformation from $ onto
HOHOK such that U331=35@0®o 052_0@55@0 and USK=060&K. Then

Ut = |0 To|
L. 1 %

“for some hermitian operators T, and T, in 93(53) with disjoint spectra. By a well-
‘known result-of ROSENBLUM [14], there exists an operator A in 93(33) such that

0 4
i X=0)9 0y Ju-:
Then o . s L §
07
TX-XT =UJ0 0 0 0] |Ues .
. il il .

and hence I€5. Therefore J B(D), a contradlctlon to-our assumptlon that J
is proper.

We have T=S+AI for some A¢C and self-adjoint operator S in ($).
Choose a projection E in #($) such that ESE=S and dim E$=dim (/—E)$.
Let W be a unitary transforma'tion from sj onto $H$ such that W(EH)=5D0

and W((I-E)9)= 05%9. Then WSW-1= %" O]: for some S,cZ(9). Let
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0

V=W“1[0 0 W. Then we have

SV-VS = W-l(o S°)W6f

and hence S,€.#. Therefore Sc.. O

"By using the above three lemmas, Fillmore’s extension [3] 'of Halmos and
Kakutani’s Theorem and the fact that [«/, &/]=«f for a properly infinite von Neu-
mann -algebra [13], we can show the following two results.

Theorem V. Let & be a linear manifold in a properly infinite von Neumann
algebra. Then the following conditions are equivalent:

(1) Zis unitarily'invariant;
2 ZPisalLieidealin o, ie., [, 1S E;
(3) there is an ideal S in of such that [ A, FIC ¥ and [, L] S.

Theorem 2’ [13]. Every element in a properly infinite von Neumann algebra
is a linear combination of projections.

As in Section 2, in a properly infinite von Neumann algebra, we can define
the associate ideals of Lie ideals. Also we can show that conditions (1), (3), (4), (6)
in Proposition 3 are equivalent in this general situation.
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