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Free product of ortholattices

SYLVIA PULMANNOVA

The purpose of this paper is to prove a structure theorem for the free product of
ortholattices. The method of BRUNs [1] for constructing a free ortholattice is combined
with GRATZER’s method for constructing the free product of lattices [2].

An ortholattice is a lattice L with a smallest element 0 and a largest element 1
and with an orthocomplementation /;L—L such that

(i) a’=a, acL,
(ii) a=b implies b'=a’, a,bEL,

(iii) ava’=1, aha’=0, a€cL.

The free product of ortholattices is defined as follows.

Definition 1. Let (L;, 0;, 1;, "), i€1, be a set of ortholattices. An ortholattice
(L,0,1,")is a free product of the ortholattices L;, i€l, if

(i) for any i€, there is an injective homomorphism #;: L;—~L which preserves
the lattice operations and orthocomplementation so that each L, can be considered
as a subalgebra of L, and for i,jel, i=j, Li—{0;, 1;} and L;,—{0;,1;} are dis-
joint;

(i) L is generated by U{u,(L): i€l};

(iii) for any ortholattice 4 and for a family of homomorphisms ¢;: L,~ A4,
icl, there exists a homomorphism ¢: L—-A such that gou, agrees with ¢, for
all icl

Definition 2. Let X be an arbitrary set. The set P(X) of polynomials over X
is the smallest set satisfying (i) and (i), where

(i) XcP(X),

@) if p,q€P(X), then pVg and pAgeP(X).

For a lattice 4 we define A°=AU{0? 1°}, where 0%, 1°¢4, and we order 4°
by the rules: 0°<x<1? forany x€A4, x=y in A%if x, y€A4 and x=y in 4. Thus
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A*# A and we have aAb=0" onlyif a=0" or b=0% and avb=1% onlyif a=1°
or b=1%.

Let {L;: icI} be a set of ortholattices. Put Q=U{L;: i€I}. We suppose that
L; and L; are disjoint provided ij, i,jel.

Definition 3. Let P(Q) be the set of polynomials over Q. The upper i-cover
of peP(Q), p®, is an element of (L)), defined as follows:

(i) for acQ (i.e. acL; for exactly one icl), aP=a if j=i, a?=1> if
o,

(i) (PAQ)P=pPAg? and (pvg)P=plvq®?, where A and V is taken in
(L)

The definition of lower i-cover, p,, is analogous, with 0° replacing 1° in (i).

It is clear that p®=0, and p;=1°. An upper or lower i-cover is proper if it
is not 1° or 0.

Corollary 4. [2] For any pcP(Q) and i€l we have that pg,=p®, and if
Py and pY are proper and pg=pY, then i=j.

Definition 5. For p,q€P(Q), we put pESq if one of the following cases
(i)—(vi) below occurs:

) p=q,

(i) for some icl, pP=q,

(iii) p=poAp, where pySq or p, &g,

(iv) p=p,Vp, where p,Sq and p, &g,
(v) 9=q,A\q, where p&gq, and p&q,
(vi) g=¢,Vq, where pSq, or p&q,.

The rank r(p) of a p€ P(Q) is defined as follows: for pcQ, r(p)=1 and r(p)=
=r(p)+r(py) if p=pAp; or p=pVp;.

Lemma 6. [2) Let p,q,rcP(Q) and icl. Then
() pSq implies ps=qu and pP=¢®.
(i) p&q and qSr imply p&r.

Since by 5 (i), pSp for any p€ P(Q), the relation < is a quasiordering, and so
we can define p=gq iff pCq and gSp, p, g€ P(Q). We put

R(p) = {g: q€P(Q) and p =g}, R(Q) = {R(p): pcP(Q)},
_ R(p)=R(g if pSq.
Lemma 7. {2] R(Q) is a lattice, and we have

R(p)AR(g) = R(pAg), R(p)VR(g) = R(pVg).
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Furthermore, if a, b, c,d€ L;, i€l, andif aNb=c, aVb=d in L,, then R(@)AR(b)=
=R(c) and R(a)VR(b)=R(d).

As a consequence of Lemma 7 we get that p—R(p), p€L;, is an embedding of
L;into R(Q). Therefore, identifying p€ L, with R(p) we get each L, as a sublattice
of R(Q), and hence Qc R(Q). It is also obvoius that the partial ordering induced by
R(Q) on Q agrees with the original partial ordering.

Let us add the set {0, 1} to P(Q) and let us define 0SpES1 for any pe P(Q),
pVO=p, pA0=0, pV1i=1, pAl=p. Let usfurther define the map’on P(Q)U {0, 1}
as follows: if x€L, for some i€l, put x'=x"; 1’=0, 0’=1, and recursively,
(@A\bY=a'yb’, (avb)'=a’ AD".

We note that the elements 0, 1 are different from the auxiliary elements 0® and
1° used in the definition of the lower and upper covers. In the following lemma we
put (0%)Y=1% (1%’=0".

Lemma 8. For any peP(Q), (P)"=(py)" and (p')y=p"".

Proof. We shall proceed by induction on r(p). If r(p)=1, then pEL; for
some i€l, and pP=p,=p, pP=1° p;=0" for j=i. Therefore, p=(1%'=
=0°=p;, for j=i, and as p’=p’ is the orthocomplement of p in L,, we have
(P)=1, (p');=0" for jsi. From this we obtain that (pV)y=0°=(p"),,
(P(,)),—lb_(P’)m for j=i. Further, (p')?=p’ =(pw)s (P)up=p"= =(pYy. Now
let p=qVr, then p’=g’Ar’, and (p")P=(g)PA(r")P=(q,) Arg) by the induc-
“tion hypothesis, so that (p")?=(q,Vr,)'=(py)> and dually for p=gAr. The
proof of (p)s,=(p®?) is similar.

Lemma 9. a’=a for any aEP(Q).U{O, 1}, and aSbh implies b’ Sa’ for any
a, be P(Q)U{0, 1}.

Proof. By the definition, 0"=1'=0, 1"=0"=1. If acL; for some icl, then
obviously a”=a. Let a=bAc. Then a’=b"y¢’, and a”=b"Ac”. By induction we
obtain that @”=a. For a=bVc the situation is dual.

Now we shall prove the second statement. If a=0 or b=1, it is obvious.
We shall suppose that a, b¢{0, 1} and proceed by induction on r(a)+r(b). If
r(a)+r(b)=2, then aSh holds by 5 (i) or 5 (ii), so that a,beL; for some i€,
and a’=a", b’=b", which implies that b’Ca’. Now let r(a)+r(b)=r, and let
the statement hold for all r(a)+r(b)<r. If aSh holds by 5 (i), then a’=b". If
aSh holds by 5 (i), then a?=b, for some icl. By Lemma 8, (a®)= =(a’); and
(b)) =®)?P. Therefore a®=b;, implies (b')P=(a’);, which in turn implies that
b’Sa’ by 5 (ii). If aSb by 5 (iii) with a=ay,Aa;, then 4,&b or a,Sbh, which
implies by the induction hypothesis that b'Say or b’CSa;j. As a’=a}Va;, we get
that b"Sa’ by 5 (vi). If aSbh by 5 (iv) and a=a,Va,, where 4,Sb and @, b,
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then b’CSay and b’Saj and this implies that b’ SagAaj=a’ by 5 (v). If aSh by
5 (v), then b=b,Ab,; and aSb, and aSh,. This implies that b;Sa” and b; &a’,
which implies that b’'=byvb;Sa’ by 5 (iv). If aSb by 5 (vi), where b=b,vb,
with aSb, or aSh,, then by,Sa’ or b;Sa’, and therefore byAb;Sa’ by 5 (iii).

Following Bruns [1], we shall define the subset S of reduced elements in

P(Q)U{0, 1}.

Definition 10. Define a subset S of P(Q)U{0, 1} recursively as follows:
ais in S if

(@) ac{0, 1} or ac U{L;—{0;, 1}: i€l},

(ii) a=bvyc with b,ccS and b Ea, ¢’ Ea,

(i) a=bAc with b,c€S and a&d’, a&c.

Lemma 11. The set S is closed under °.

Proof. If a€{0,1}, then obviously a’¢{0,1}. If acL,—{0;,1;} for some
icl, then a’¢L,—{0; 1;} so that a’c€S. If a=bVc, b,ccS and b"Ea, ¢’ Ea,
then a’=b'Ac¢” and a’Ebh, a’Ec. By induction, b’, c’€S, and a’€ S by 10 (iii).
If a=bAc with b, c€S and aEb’, afc’, then by induction, b, ¢’€ S, and bEa’,
¢%a’ implies that a’€S by 10 (ii).

Lemma 12. If a€S—{0, 1} then a®=0; and a1, for all icl.

Proof. We shall proceed by induction. If a€L;—{0;,1;} then a¥=g,=
=a¢{0;, 1;}, and a;,=0° a=1° for j=i. Now let a=bVc. Let us suppose
that a®=0; for some i€l. Then a®=bDvc? implies that b and ¢ are proper,
and b¥=c"=0;, which contradicts the induction hypothesis. Now let a=bAc,
b, c€S, aZbd, aLc. If aP=0;, then a®=bDAc? implies that b or ¢ are
proper, and a®=0,S(bP) =(b");, implies by 5 (i) that aSd’, a contradiction.
Now let us suppose that a;=1; for a€S, i€l. By Lemma 11, a’€S, and by
Lemma 8, (a(,.))’=(a’)(°=0,-, which contradicts the above part of the proof.

Lemma 13. For any acS—{1}, a'Ea. If acP(Q) and beS— {1}, then
a%b or a Eb.

Proof. If acS—{1} by 10 (i), then a=0 or a€cL,—{0;, 1;} for some i€l
In both cases a’Ea holds. Now let us suppose that ac S—{1} and a’Sa holds
by 5 (ii). Then (a')?=aqy;, for some i€l. This implies that (a')?=(a;) =4, but
this is impossible by Lemma 12. Now let a€S by 10 (ii) with a=bVec. If b'Ac’S
Sbvc holds by 5 (iii), then b’ShVc or ¢"SbVc, which contradicts 10 (ii). If
b’Ac"ShbVc by 5 (vi), then b’Ac’Sh or b’Ac’Sc. From this it follows that 4" Ca
or c¢’=a, contradicting 10 (ii). If a=bAc, then if b'Yc"SbAc by 5 (iv), then
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b’ChAc and ¢’ ShAc. But this implies that b’ Sband ¢’Sc by 5 (v), contradict-
ing the induction hypothesis. If b"y¢’SbAc by 5(v), then b'Vc¢'Sb and b’V ESe,
and this implies by 5 (iv) that " Sb and ¢’&e, contradicting the induction hypothe-
sis. Thus the first part of Lemma 13 is proved.

Finally, if aCb and a’Sh with ac P(Q) and beS— {1}, then a’Sh implies
b’ Ca, and this together with aSh gives b’ Sh, which contradicts the first part
of the proof. '

Obviously, the relation & defined on X S by Definition 5 together with the rule
0SxC1 for all x€S, is a quasiordering on S. Let © be the relation defined on
SX S by a@biff aSh and bSa. We prove now that S/@ is an ortholattice with
0/@ as the smallest and 1/@ as the largest element, a/@Vb/@=(aVyb)/O if aybeS
and a/OVb/O=1/0@ if ayb¢sS, and, finally, that a/@®—a’/@ is an orthocomple-
mentation.

Let us define a/@=b/@ iff aSh, a, beS. Obviously, = is a partial ordering
on S/@, and 0/® and 1/© are the smallest and largest element of S/@, respectively.
If, for a, b¢ S, the element aV b€ S, then a/@\b/@=(ayb)/@ by Lemma 7. If, for
a, be S, theelement a\/b¢S, then a’SaVb or b’ SaVyb holds, and forevery cin S
such that a, bCc we get by 5 (iv) that @, a’Sc or b, b’ Sc. This implies by Lem-
ma 13 that ¢=1. Thus 1/0 is the supremum of a/® and b/®. For meets the situa-
tion is dual. Therefore, S/© is a lattice. For every a€S—{0, 1} the elements aVa’
and aAa’ are not in S, and this implies that a’/@ is the complement of a/@ in S.

Theorem 14. Let {L;: i€I} be a set of ortholattices and let Q= U{L;: icI}.
Denote by P(Q) the set of all polynomials over Q and by S the subset of P(Q)U{0, 1}
given by Definition 10. Finally, let @ be the congruence relation defined by a@b iff
aCh and bSa. Then S/O is af;ee product of L;, icl.

Proof. Put L=S/©. We have to prove that
(i) each L;, icl, is a subalgebra of L and for i,j€l, i#j, L,—{0;, 1,} and
L;—{0;,1;} are disjoint,

(ii) L is generated by U{L;: i€l},

(iii) for any ortholattice A and for a family of homomorphisms ¢;: L;~A4,
icl, there exists a homomorphism ¢: L—~A such that ¢ agrees on L; with ¢; for
all iel .

(i) We have already proved that L is an ortholattice. Define ;: L,~L by
Vi (x)=x/0=R(x) if xc¢L;—{0;, 1;}, and ¢;(1)=1/0, ¥;(0)=0/6. Clearly, we
have ¥;(x)=y;(x), and ¥,(xVy)=y¢;(x)Vy¥(y) for x,yeL;. If x€L;, x#0;,
then x/@0/©, which implies that ¥, is an embedding.

(ii) is clear.

(iii) We define inductively a map v: P(Q)—~A4 as follows: for peQ we set
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v(p)=0;(p) if p€L;, i€l. If p=pyAp, or p=poVp1, v(po) and v(p,) have already
been defined, we set v(p)=v(p)Av(py) or v(p)=v(p)Vv(p,), respectively.
We need the following lemma.

Lemma 15. For pe P(Q) and icl, the following hold.
() If pg, is proper, then v(pu)=v(p).

(i) If p© is proper, then v(p)=v(pV).

(iit) pSq implies that v(p)=v(g).

(iv) v(p)=v(p)’ in A.

Proof. (i)—(iii) The proof is the same as the proof of Lemma 9 in [2].

(iv) If p€Q, then pcL; forexactly one i€l, and v(p)=g,;(p), so that v(p')=
=0;(p)=0,(p)=v(pY. If p=pApi, then v(p)=v(peVp)=v(PIVVv(p)=
=v(p,)'Vv(py)’ by the induction hypothesis, which implies that v(p")=(v(p)A
Av(py))=v(py. The situation for p=pyVp, is dual.

Now we can complete the proof of Theorem 14. Take a p€S and define
o{p/@)=v(p) if pcS—{0,1}, and ¢(1/@)=1, ¢(0/@)=0 in A. ¢ is well-defined
since if p, g€ S—{0,1} and p/©@=gq/O, then pSq and ¢gCSp, which implies by
Lemma 15 that v(p)=v(q). Further, ¢@(p/OAg/@)=0((pAg)/O)=v(pAg)=
=v(DAv(@)=9(p/O)\p(q/0) if pAgES, p,qeS—{0,1}. Clearly, @(p/OA
NO/@)=¢@(0/@)=0=0(p/@)A\p(0/0), and @(p/OA1/@)=0¢(p/O)=¢(p/O)A
ANp(1/@). If p,q€S, and pAg4S, then pAqSp’ or pAqSq’, so that v(pAg)=
=v(p) or v(g), which implies that v(pAq)=v(p)Av(g)=0. Hence, ¢ (p/@)A
Ap(g/@)=v(P)Av(9)=0=0(0/0)=¢(p/ONg/®).  Further, ¢(p’/@)=v(p’)=
=v(p)=¢@(p/@) if peS—{0,1}, and ¢(1/@)=¢(0/O). We see that ¢: S/O~ A4
is a homomorphism. Finally, for p€L;, p#0;,1;, we have ¢(p/@)=o(Y;(p)=
—v@)=0:p) P 0))=00/O)=0=0,0), e¥:(1))=(1/O)=1=g,(1), so
that @oy;=¢;. This completes the proof.
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