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Operators of Toeplitz and Hankel type

VLASTIMIL PTAK and PAVLA VRBOVA

. In the present note the authors investigate abstract analoga of classical Toeplitz
and Hankel operators and extend to these more general classes some of the results
known from the classical theory. The investigation is based on the use of isometric
dilations of contractions and on the properties of their Wold decompositions. In
particular the unitary part of the isometric dilation plays a decisive role. To explain
the genesis and motivation of our investigation let us recall some of the classical facts
which are essential for our considerations.

We denote by T(¢) the Toeplitz operator on H2defined for f€ H? by the formula
T(¢)f=P.of where P, stands for the projection operator of L2 onto H? and ¢ is
an L~ function, the symbol of T(¢). The projection onto the orthogonal complement
H? =10 H?* will be denoted by P_. Since P,ZP_=0 we have P, ZP, ¢(z)zf(z)=
=P.¢(2)f(z) forevery fe H2 If Sstands for the shift operator (multiplication by z)
on H? this relation may be restated in the form

S*T(9)S = T(e)

and it turns out that the relation S*A4S=4 is characteristic for Toeplitz operators
on HE
There is another important class of operators which may be characterized by a
similar relation. Hyponormal operators are defined by the inequality TT*=T*T
and may accordingly be characterized by the existence of a contraction C such that
T*=CT. Hence
CTC*=T*C*=(CT)*=T

so that T satisfies a relation of the same type.

In a paper on hyponormal operators [4] C. Foias and B. Sz.-NaGy used dilation
theory to show that for each hyponormal operator T acting on a Hilbert space $
there exists a normal operator N on a suitable Hilbert space ®, a unitary operator
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U on ® and a contraction X: $—® such that T=X*NX while N*=UN and
[X*Ugl=1X*g|l for all g€®.

The relation T=X*NX is clearly an analogon of the formula T=P, p{H?2: X
replaces the injection operator H2—L?, N replaces the symbol ¢ and X* plays the
role of a projection of ® onto $. Starting from this observation these two authors
developed a theory of Toeplitz type operators [3] where the L™ function ¢ is replaced
by an abstract symbol.

It is interesting to note that the relation N*=UN implies N=UNU?*. Indeed,
N=(UN)*=N*U*=(UN)U*; it is one of the purposes of the present note to
explain the importance of this relation.

In the classical case there is a parallel theory for Hankel operators. Starting from
a @¢L~ we define H(p): H2~H?> by the formula H(p)f=P_¢f. Since
P_zP, =0 we have

H(9)zf = P_zp(2) f(2) = P_zP_¢(2) f(2) = P-zH(9) f

so that

H(p)S = ZH(9)
if Z denotes the operator g—~P_zg on H2 . Again, this relation turns out to be char-
acteristic for Hankel operators from H? into HZ.

In the present paper we intend to show that the class of Hankel operator also
has an abstract analogon and propose to out line a theory of symbols for operators of
Toeplitz and Hankel types.

To obtain the symbol for an operator 4 on H? satlsfymg the relation S*4S=4
we first use this relation to extend A to the whole of L?; it turns out that this extension
commutes with the shift so that it coincides with the operator of multiplication by
an L= function ¢. The operator 4 appears then as a compression to H? of this mul-
tiplication operator M (o). :

In the sequel we shall view the symbol of A as this multiplication operator rather
than the function generating it — this is possible in view of the isometric isomorphism
between L™ taken as an algebra and the corresponding algebra of multiplication
operators.

To obtain a symbol for an operator X: H2—~H? satisfying XS=ZX we use
first the theorem on intertwining dilations to obtain an operator from H? into L2
intertwining S and M(z); extending its domain of definition to the whole of L2 we
obtain an operator which commutes with M (z) and which yields the original operator
as a compression, this time from H?2 into H% .

Observe that Z=P_M(z)|H: and that M(Z)=M(z)* is the minimal iso-
metric dilation of S*. A similar situation obtains in the general case.

In a manner of speaking the construction of symbols for generalized Toeplitz
and Hankel operators proceeds — in its early stages — along similar lines as in: the
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classical theory; at a certain point, however, difficulties present themselves which have
no counterpart in the classical case. In particular, a relation of the type XS=ZX
alone is not sufficient to characterize a class with satisfactory properties. We intend to
show that, in the general case of abstract Toeplitz and Hankel operators, it is also
possible to.construct a symbol which is characterized by a certain commutativity
relation and as a compression of which the given operator may be reconstructed.
The investigations of B. Sz.-Nagy and C. Foias indicate the important role played
by the space R, the unitary part of the Wold decomposition of the isometric dilation of
the contraction T by means of which the abstract Toeplitz operator is defined. The
results of the present note seem to confirm the hypothesis that this space forms the
natural domain of definition for operators which should play the role of an abstract
symbol both for Toeplitz and Hankel operators. The main difficulty seems to lie in
the fact that the Wold decomposition is trivial in the classical case, the isometric
dilation of S* being unitary, so that little help can be expected from 1mrned1ate anal-
ogies. : :
It turns out that the methods presented below work even in the more general
case when a Toeplitz operator X is defined by the relation X=T,XTy where T}
and T, are two arbitrary contractions acting on the spaces $, and $, which may be
different from each other in general. In this manner we hope to eliminate results
whose validity is essentially based on the equality T,=T,; at the same time, this
generality does not seem to be excessive. We still obtain analoga of the Kronecker
theorem as well as of the identity

T(oy)—T(o)T(W) = H(e*)*H().

In a paper on operator equations [1] R. G. DouGLAs considered operators satis-
fying X=T,XTj. His investigations proceed along different lines; nevertheless, his
ideas provided inspiration for some of our methods.

The paper is divided into five sections: In the first section we list some technical
facts from dilation theory which will be needed in the main text.

Section two contains a short exposé of the theory of Toeplitz operators In spite
of the fact that the emphasis of this note is on Hankel operators it is, in our opin-
ion, useful to include this short section. Our approach differs in details from that of
Sz.-Nagy and Foias, the differences being motivated by the necessity to prepare the
ground for the theory of Hankel operators. Since we intend to represent Toeplitz
and Hankel operators as compressions of their symbols (like in the classical case) we
use the term symbol in a slightly different way — nevertheless there is a one-to-one
correspondence between symbols in our sense and those used by Sz.-Nagy and Foias.
This makes it possible to present a unified theory for both types of operators.

Section 3 contains the definition and basic properties of Hankel opreators includ-
ing a generalization of the Nehari theorem. The last two chapters are devoted to an
analogy of analytic symbols and to a generalization of the Kronecker theorem.
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1. Preliminaries

We start by recalling some of the properties of the minimal isometric dilation of
a contraction. Let $ be a Hilbert space, T€ Z(9) be a contraction. We denote by U
the minimal isometric dilation of T on the space !+, i.e. an isometry U defined on a
space ]* D9 satisfying
T = P(HU"H for n=0,1, ...
K+ = Yy U*S.

k=0

and

We shall denote by P(2) the orthogonal projection of &+ onto a subspace
Lc |/,

Any two minimal isometric dilations of a given contraction are unitarily equiv-
alent.

We shall frequently use the following facts:
(1) TP(H)=P(H)U;
) U*9cH and UXH=T*;
(3) the subspace H1=R*©$H can be decomposed as follows

$ = LaULBHUD...,

where 2=((U-T)$)";

@) US*cH*t and U|H* is a unilateral shift of multiplicity dim £;

(5) the sequence {P(H1)U*"} tends to zero in the strong operator topology;

(6) T* is an isometry if and only if the minimal isometric dilation of T is a unitary
operator;

(7) let W be a unitary operator on a Hilbert space ®, let Mc G be a subspace
invariant with respect to W; then the restriction of W* to the W* invariant
subspace of ® generated by M is the minimal isometric dilation of the operator
(W |m)*.

The reader is referred to [2] for proofs of (1)—(4).
For lack of space the proofs of the remaining results in this section have to be
left to the reader.

If S is an arbitrary isometry on a Hilbert space & then the Wold decomposition
applies. In other words, the space | can be decomposed into a direct sum of two sub-
spaces reducing with respect to S,

| = (QOS"R)ea((ReSR)ea(SReSZR)@...)

so that the restriction of S to the first subspace is a unitary operator and the restric-
tion to the second one is a unilateral shift.
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Now, let R be the reducing subspace in the Wold decomposition of the minimal
isometric dilation U on & * on which U is unitary, i.e. R= ﬂo U"R*. Then we have
(see [2)):

(8) UP(R)=P(R)U, U*P(R)=PR)U*;
(9) the sequence of projections {U"U*"}s” is decreasing,
P(R) = UU*™ for n=0,1, ...
and
P(R) k= lim U"U*k for all ke QK+,
(10) P(R)h=lim U'T*"h for all he$.
There are two subspaces of the space R which play an important role in our

investigations, namely, (P(R)9)~ and H$NR. Denote by R the restriction of U
onto the subspace R. :

1.1. Lemma (see also [3]). The operator U* maps P(R)S into itself and
U*|(P(R)H)~ is an isometry. The sequence of linear manifolds {R"P(R)H}=., is

increasing and
R= (szo R'P(R)9H)".

If T is a contraction on a Hilbert space $ then $ can be uniquely decomposed
into an orthogonal sum of two subspaces reducing 7, $=9,09H, such that T|H,
is unitary and T'|9, is completely non-unitary. We have

H. = (h€9: |T"h|| = |T* k| = ||h]| for all n = 0}.
See [2].

1.2. Lemma. We have
HNR = SNP(R)S = (heH: |T*h)| = ||h| for all n= 0} =
= {heH: T"T**h = h for all n = 0}.

The subspace $N is invariant with respect to U* and U*|$NR is an iso-
metry whose Wold decomposition has the form

SNAR = $,0NOU*NRGU" NS ...)

where R=(HNR)SU*(HNR). _ ,

We close this section with two results of a different character which we shall use
later. The first is a technical proposition based on the following observation. We have,
for each complex number a,

U(l—oT)—~(1—aU)T = U—T.
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If |aj<1 this relatlon 1mphes
(1—aU)~Y(U=T)(1—oT)" = (1= al)-'U|$—T(1 - oaT)™.

1.3. Proposition. Let T be a contraction on a Hilbert space with the minimal
isometric dilation U. Let oy, &, ..., o, be complex numbers of modulus less than 1.
Then -

U(1—U)1....(1—U)"1$ = T"(1 —ay 7). (1 — 0y T) ! =
= S U*(1—oU)"...(l= o U) " (U= T)T"*(1— 0, T)"... (1 —a, T)2,
k=1

1.4. Proposition. Let $,5,, K1, K, be Hilbert spaces, X€B($1, )
A€ B(H15 K1), A€B(De5 Ro)- I |(Xhy, )=l A1l - Aoholl - for all  hi€9,,
h,€9, then there exists a contraction operator C: (Ran AI) —»(Ran Az) for
which X—A*CA;

2. Toeplitz operators and their symbols

Consider two contractions T,€ B(91), T.€B(9,); denote by U; and U, their
minimal isometric dilations acting on the spaces K;, ! respectively. We denote by
R, and R, the subspaces of K and K which reduce U; and U, to their unitary
parts R, and R,. We denote by P(3) the orthogonal projection of & onto a subspace
3c K. ,

2.1. Proposition. Consider the set & (T, T,) of all operators ZE.%(S%z, ‘.Rl)
satisfying the condition
ZR2= RIZ, .
and the set &'(Ty, T,) of all operators YEB(KY, KF)- satisfying
Y = U,YU;.

If YEB(R}, &) then the following four conditions are equivalent:
1° Ye&'(Ty, To);
2 YU, = U,Y and Y=YP(R,);
P YUr=UY and Y=P(R,)Y;
4° Y=1im U7P(9,)YP(H)U;" in the strong operator topology.

Furthermore

5 if ZES(Ty, Ty) then ZP(R)ES (Ty, To);
6° if Ye&'(Ti, Ty) then Y|R, €S (Ty, Ty). .
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Proof. If Y¢B(8K;), &) satisfies Y=U,YU; then YU,=U,Y. Also, for
each x€ 8K}, .
YP(R)x = lim YULUS"x =
= lim U}YU$"x = lim¥Yx = Yx.

On the other hand, YU,=U,Y and YP(R,)=Y implies
U, YU} = YU U = YP(R)UL,UF =Y

since U,Uf= P(R,). This proves the equivalence of 1° and 2°.
 Yes' (I, T,) if and only if Y*¢ &’ (T,, Ty). The last inclusion is eqmvalent to
Y*U,=U,Y* and Y*=Y*P(R,). Taking adjoints we obtain the equivalence of 1°

and 3°
The implication 4°=>1° is obvious. On the other hand if Y= UIYU* then, for

n=0,
Y =U0YU;" =

= U P($)Y P(H,) U3+ U (1 - P($)) YU+
+UPP($)Y(1-P($)) U3 =
= U P($)YP(H,) U3+ Up(1 — P(H))UT"Y +
UrP($H)Y (1 - P(9:))Us™
Both (1—P($H))Ui" and (1—P(H:))Us" tend to zero in the strong operator

topology.
Now suppose Z€ B (R, R,) satisfies ZR,=R,Z. Then Y=ZP(R,) satisfies
YU,=ZP(R,) U,=ZU,P(R,)=U,ZP(R,)=U,Y and YP(‘RZ) Y. It follows from

2° that Ye &' (T1, Ty).

If Ye&’'(Ty, T,) we have, for each n and each x€ &, Yx=UYU}"x€ U”R’r
so that the range of Y is contained in R,. Since Y=U,YU; we have YU,=U,Y
and, in view of the inclusion Yx€R, for each x, this implies

(TIR)R; = Ry(Y|Ry)
as asserted. The proof is complete.

2.2, Remark. The correspondence between elements of sets & and & described
in 5° and 6° is contractive in both directions and so it is an isometric linear mapping,

2.3. Definition. An element of the set &#'(Ty, T,) will be called a symbol
with respect to T3, T,.

2.4, Proposition. Let Y=%'(T,,T,) be a symbol. Denote by
A= P($)Y|H:, B= P(S{)Y(9..
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Then

(12) A4 = T AT},

(13) (UL 15E)B = BTy

Moreover, there exists a pbsitive K such that A sdti.sﬁes the estimate
(14) ll4holl = K- [|IP(Re)hell

for all h,€9, and similarly, B satisfies

(15) (Bhs, hit) = K- |P(R)hal|: | P(Ry)hL|

Jor hy€9,, hi€Hi.
Proof. Using the relation T,P($,)=P(H) U, we have, for h,€9,,
T1P(551)YT2*h2 = P(H)U YUz hy = P($1)Yh,
which proves (12). Similarly, using the inclusion U}$,c$,,
BT;'hy = P(H5{)YUsh, = P($i)UiYh, =
= P(S{) Uy P(Hi")Yhy+ P($1) UL P(9,) Yh, =
= P(${)U{ P(9{)Yh, = P(${)Uf Bhy =
= (U,|9i)* Bh,.
The estimates (14) and (15) with K=Y || are immediate consequences of the relation
Y = YP(R,) = P(R)YP(R,).
It is interesting to observe that the estimate (14) is a consequence of (12). On the
other hand, we shall see that condition (13) alone does not imply (15).
'2.5. Remark. If A=T,AT; then
| 4hs]l = |AINP(Re)h|
for each hy€9H,. )

Proof. For each h,¢$, and each natural number n,
Ahz = E"ATz*"hz

so that | 4ho|=||AIIT5"hsll= Al - |UsT5 holl. Since  P(R)h,=lim ULT}"h, the
assertion follows. .

2.6. Example. Let ,, 9, be Hilbert spaces, T,€%#(H,) be such that T} is
a nonunitary isometry. Then the minimal isometric dilation U, of T; is a unitary
operator acting on the space K, R,= & and the operator V=(U,[$)* has a
nontrivial kernel. Lo : o ol
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The operator T,=0 on £, is a contraction whose isometric dilation U, is a
unilateral shift on the space ;. The subspace R, reduces to {0} and the operator
Vi=(Uyl9y)* again has a nontrivial kernel.

Take an arbitrary nonzero operator X€#(9,. Hi°) such that Ran XcKer V7.
Then obviously ViX=0=XT; and [X*hi|=|X*AH]=IX*||P(R)A] for
all hteHi. Since R,={0} the operator X does not satlsfy ||Xh2[|*k | P(R) bl
for all h,€9, with any positive k.

Similarly, let ¥ be any nonzero operator from %(9,, Hy) which is zero on
(T¥$,)~ and with values in Ker V3. Then ViY=0=YTY, |Yh|=|Y[lhl=]Y1]-

N PR for all he$H,, but Y * does not satlsfy | Y *ht|| = k|| P(Ro)h|| on Hy
with any positive k.

2.7. Definition. Denote by
T(h,T) = {Aég(ﬁg,ﬁl) A=T, AT}}.

Operators from the set 7 (T, T,) will be called ‘Toeplltz operators with respect to
Tl’ T2 . .

Further, operators BE% (9., Hi") satisfying (13), i.e. (U1|9;)*B=BT} and
(Bhs, BV = y I P(Ro)hel | P(R) A

for all hy€$,, hi€$H; - and a suitable constant y will be called Hankel operators

with respect to Ty, T,. Similarly, the family of all Hankel operators will be denoted by
x(Tl > T2)

2.8. Lemma. Suppose X E.@(ﬁg, 1) satisﬁe;v the relation
X =T, XT;.
Then there exists exactly one operator X: K —~$, with the following three properties:
1 R=T,XU;,
20 X=X|Ss, -
3° | X=1X1].

" Conversely, if XeB(8, 51) satisfies 1° and if X is defined by 2° then X=T,XT;
and |X|=|ZX|.

Proof. Suppose first that .Y satlsﬁes 1°and X is deﬁned by 2°, Then, for h,€H,,
Xhy, = Xh; = 1"1)?02h2 = Tl,i’:r*h2 = T, XT}h,.

It follows that X=T,XT;.
Further, given n=0, h,€$H,, we have

XUsh, = TPRUUhy = T Khy = TP Xh,.
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This together with R“*—span Uh, proves that there is at most one X satisfying 1°

and 2° for a given X.

Now, suppose X€% (9., 9,) satisfies X=T,XTy. To prove the existence of X
it would be sufficient to define it for finite sums of elements Ush (k=0, h€$,) which
form a dense subset in &. Let m=k, hc$H,, then

TrXh = THTPXTF™Yh = TP XU™*h = TrXUEm-*(UUNh =

| = TP XUUh
and consequently,

3 TEXh, = THXUM (S Uphy)
0

0

for each M=zm and hiE€9,. In particular,
12 7exm)| = 1x1 |3 vEm)

It follows that the operator X defined on hm Ukg, by ¥ 2' U"hk—Z' TrXh,
is well defined, Xh=Xh for he$, and |X ||<||X || so that || X II—I[X I Moreover

LYUH(S Uth) = TR 3 U b+ T XU hy =
1] 1
= T, 3 T Xh+ Ty XTih = 3 TE Xhy + T, XTthy =
1 1

= STEXh + Xhy = £ 5 Ukh,.
1 [))

The proof is complete.

2.9. Remark. The preceding lemma can be reformulated in a dual version.
Namely, if X€B(D,, ) satisfies X=TXT; then X*cB(H,,9H, satisfies
X*=T,X*Ty. It follows that there exists exactly one operator W*cZ(8{, 9,)

such that
W* = T,W*Uf, X*=W*|9:, IX*|=[W*,

‘ or equivalently;
WedB(5,, 8t), W = U,WT,

X =PS)W, |X| =Wl
2.10. Theorem. Suppose XE€RB(Ds, D) satisfies -
X =T XT,*
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" Then there exists exactly one operator YEB(RF, |) with the following proper-
ties S,
1° Y is a symbol with respect to Ty, T,
- 2° X=P(H)Y (9.,
e XiI=hry.

-The operator Y will be called the symbol of X.

Proof. According to 2.8 there exists an Xc¢ #(K;, $,) such that =T, XU},
X=X|9, and |X||=||X|. Again, according-to 2.9 there exists a YEB(K], &)
such that -

Y= U1YU2s P(gx)Ylﬁz X|5 X
and

| 1Yl = 1%1 = 1]
The rest of the proof is straightforward.

. Proposition 2.1 and Theorem 2.10 show that thereisa one-to-oné correspondence
between & (T, T,), .9’(T1, T,) and 9 (Ty, T,). Summing up, we have the followmg

2.11. Theorem. Let B: B(K;], K7)>B(Hs, H,) be deﬁned by
BY = P($)Y|9. for YcA(KS R.*_')-

Then B maps &' (Ty, Ty) isometricaIIy onto I (Ty, Ty).
_ The inverse mapping « of the restriction of ﬂ to (T, 15 Tz) ass:gns to a Toeplitz
operator X €T (T s Tz) its symbol and

oX = lim U} XP(gZ) U*"
in the strong operator topology.

Proof. Suppose X belongs to 7 (T, T,) and that X is generated by a symbol
Yes' (T,, Ty) so that X=P($H)Y|H,. Since Y=lim U"P(sjl)YP(sz) U;"* and
P($H)YP($H.)= XP(st) we have Y=1lim U"XP(ﬁg) Uz

_ 3. Hankel operators

In this section we intend to develop an analogous theory for generalized Hankel
operators. To obtain a symbol for operators of this type we shall apply Lemma 2.8
again, this time to.a certain operator of Toeplitz type which we shall construct using
the theorem on intertwining dilations; as a consequence of the nonuniqueness of
the intertwining dilation a situation analogous to the classical case presents itself:
a Hankel operator has more than one symbol in general.
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The theory is based on the following lemma, a particular case of which is already
contained in [5].

3.1. Lemma. Let M,, M, be two Hilbert spaces, Gy, G, isometries on T, , M,
respectively. Denote by W€ B(R,) the minimal isometric dilation of Gt so that the W,
are unitary (i=1, 2).

Suppose CEB(M,, M,) satisfies the relation GfC=CG,. Then there exists an
operator D: N,—~N, such that

: D = W*DW*, |D|l = |C|
and
C = PR D|M,.

Proof. The operator G, is its own minimal isometric dilation. By the
theorem on intertwining dilations [2] there exists a D: DM,~N, such that
w,D=DG,, PR D=C and |D|=|C|. Since W, is unitary we may write
D=w;DG,=W}D(G})*.

, Now apply Lemma 2.8 in the situation T,=Wj, T,=G;, 9,=N;, H=M,.
It follows that there exists a D: 9N,—~N, such that D=W}DW}, D=D|M, and
1DI=|D|. Hence C=Pg D=Pg DIM; and |D|=[C].

A linear transformation 4 from $, into $;i- is said to be R-bounded if there
exists a constant « such that

I(4h, k)| = « |P(R:) Al P(R)K]

for all h¢$, and all k€$H;. The minimum of all a for which the above inequality
holds will be called the R-norm of 4 and will be denoted by || 4|lg. Clearly every R-
bounded operator 4 is norm bounded and its norm does not exceed the R-norm.

3.2. Theorem. Suppose X€B(H.,Hi) satisfies

WX = XT},
\where V, is the restriction of U, to $;- and the domination condition
(XA, bid)l = [ X sl P(Re) hal | P(Rp) b |

holds for all hy€$H, and hi€Hi.

Then there exists an operator Y€B(8F, &) with the following properties

Y =U, YUy, |Y]=I|X|s
and
X = P($i)Y|9D,.

Proof. Introduce the abbreviations A,=P(R)|H{, A.=P(R)H., W=
=(P(R)S{)", My=(P(R)H,)~. According to Proposition 1.4 there exists an
operator C€B(M,, M,) such that [C||=||X|lq and X=A*CA,. Thus V*4*CA,=
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=AfCA,T§. Consider first the product Vi4f. We have A4,V,=PR,)U|H;=
=(0h|P) PRIHL = (U, M|) 4, so that VyAF=A}(U,|M,)*. Furthermore, for
h2E52,

Asz*hz = P(mz)Uékhz = U;P(mz)hz = U;Azhz-
Thus .

AT(U1|9321)*CA2h2 = K*ATCAzhz = ATCAsz*hz = AfCUékAzhz-
Since Aj is injective on M, =(Ran 4,;)~ we have
' (Ullgﬁl)*c = C(Uglimz)-
The minimal isometric dilation W, of the coisometry (U,|M,)* is unitary. Since
M,cR, the operator (U;|M,) is an isometry.

Now apply Lemma 3.1 with G,=U,|M,;, G,=U;|M,. Since G}=P(M)U,|M,,
its minimal isometric dilation is U, on the smallest U, invariant subspace of K7
containing M,: this.is R,. Thus Wy=U,|R,, N.=R,.

Since Gy=P(M)Uf|M, we have W,=Uf on the smallest U} invariant sub-
space of & containing P(R,)H;: thus N,cR, but the inclusion may be a strict
one. By Lemma 3.1 there exists a D: R,~R, such that D=U,DU}|R,, |D|=|C|
and

C = Py D|M,.

Finally, set Y=DP(R,). Then
Y = DP(R;) = U, DU; P(R,) = U,YU5,

¥l = 1D = [Cll = | X
and
X = AfCA4, = AfCP(R,)|9: = 4F Pu: DP(R,)|H. = AT PRY|D..

To complete the proof it suffices to show that A;‘Ps‘;‘,‘,l1 =P(H)IR,. Indeed, for
r1€m19h%€5]+,

(4f Pyrs. hi) = (BSira, PORIE) = (12, PRDAL) =
= s B = (PSP, ).

Notation: Suppose Y€’ (Ty,T,). We shall denote by T'(Y) and H(Y) the
corresponding Toeplitz and Hankel operators, i.e.

T(Y) = P(H0Y]9:
H(Y) = P(91)Y|De.

The well-known identity for products of Toeplitz operators extends to the ab-
stract case without any change.

and

9
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3.3. Proposition. Let Ty, T,, T3 be contractions acting on spaces £,;, Hss O
respectively. 1If Ye&'(Th, To), Z€S' (T3, Ty) then ZYES' (T3, T;) and

T(ZY)—T(Z2)T(Y) = H(Z*}*H(Y).

Proof. Consider Y€B(KF,K}), ZeB(K,K}) satisfying Y=U,YUy,
Z=UzZUf. Then
ZY = U,ZUIU, YU} = U, ZYU}
and

P($:)ZY |9, = P(H3)ZP(H1)Y |D:+ P(H3)ZP(H1)Y1D. =
=T(Z)TXY)+H(Z**H(Y).

3.4. Definition. The operators Y¢%’'(Ty, T,) for which the corresponding
Hankel operator H(Y) is zero will be called analytic symbols. Thus Y is analytic if
and only if ¥ maps §, into £,. The set of all analytic symbols with respect to Ty, T,
will be denoted by &/ (Ty, T5).

Obviously

H(T,T) =T (L, T)Y N, Th)

in the sense of isomorphism of linear spaces.

The classical theorem of Z. NEHARI may be formulated as follows. We denote
by {e;} the natural basis of L? and consider a linear operator 4 defined on the alge-
braic linear span of the {e,} with nonnegative indices taking its valuesin H2 . Further-
more, we assume the existence of a sequence of complex numbers gy, g, ... such
that

(dey, e)) = ap;

for k=0 and j<O. Then the Nehari theorem asserts that the operator 4 is the
Hankel operator corresponding to some ¢@€L” if and only if 4 is bounded.

We intend to show that the Nehari theorem has an analogon in the general situa-
tion described in the preceding sections. In the abstract theory, however, the bound-
edness condition has to be replaced by a stronger one — this boundedness condition
reduces to ordinary boundedness in the classical case but is different from it in gen-
eral. It is only in the present generality that the role played by the spaces R as well as
their meaning for the theory manifests itself; since R*¥=%NR in the scalar case, it is
not so easy to see the essential features of the classical results which make the theory
work.

Using the notion of R-boundedness it is possible to formulate the following
extension of the Nehari theorem.

3.5. Theorem. Suppose MC D, is such that the linear span O, of all elements
of the form T}*m, k=0, mcM is dense in H,. Let X: o> i be a linear trans-
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formation which satisfies
Vi*Xh = XT;*h
for all he$,.
Then the following assertions are equivalent:
1° X is R-bounded;
2° X is a Hankel operator.

Moreover, if X satisfies 1° or 2° and X=H(Y) with a Y& (T}, T,) then
IH@)|ls = dist (Y, (T3, Tp))
and the infimum is attained.

Proof. If 1° is satisfied then X can be regarded as an operator acting on the
whole space $,. Thus X is a Hankel operator and according to Theorem 3.2 there
exists a symbol Y such that X=H(Y) and [ X|z=]Y|. To complete the proof it
is sufficient to observe that H(Y+ A)=H(Y) for all A€ (T, T,).

4. Symbols

One of the interesting questions to be asked in the context of the abstract theory
is a more detailed description of the set of all symbols. We can only give partial
results in this direction: we do give, however, a complete characterization of those
pairs T, T,, for which nonzero Toeplitz operators exist. This question is equivalent
to that of the existence of non zero symbols and will be given in terms of the spaces
R, and R,, the unitary parts in the Wold decomposition of the minimal isometric
dilations of T; and T,. The answer is particularly interesting in the case T3=T,=T.
The nonzero Toeplitz operators exist if and only if R#={0}. The situation is consi-
derably more complicated in the case of analytic symbols. More delicate considera-
tions are necessary this time; we show that it is possible to reformulate conditions
for the existence of nontrivial analytic symbols in a form which may not be much
easier to verify but which provides, in principle, a complete description of the set of
all analytic symbols.

Consider now the particular case where T,=7T,; it is interesting to characterize
those contractions T for which the corresponding set of Toeplitz operators consists of
the zero operator only. In other words, to characterize those contractions T€%(H)
for which X¢2(9) and X=TXT* implies X=0.

4.1. Proposition. Let T be a contraction on a Hilbert space $. Then these are
equivalent:

1° the only operator X satisfying X=TXT* is the zero operator;

2° im T*"h=0 for each he$;

o»
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3 P(R)H=0;

4° P($)R=0;

5° P(H)P(R) P(H)=0;
6° R=0.

Proof. Assume 1°. According to 2.1 the projection P(R) is a symbol so that
X=P(9) P(R)|H isa Toeplitz operator. Since X=0 we have also P($) P(R)P(H)=
=0. Since P(H)P(R)P(H)=P(H) P(R)(P(H)P(R))* the condition 5° implies 4°.
If 4° is satisfied we have P(R) P($)=0 as well. Now assume 3°. According to Lemma
1.1 we have SR=(nL£I0 U"P(R)H)~ so that R=0. The implication 6°=>2° follows

from (10) and the implication 2°=1° is obvious.

Let us remark that condition 5° appears implicitly in the paper of R. G. Doug-
LAS [1]. The ideas used in the proof of Theorem 3 in [1] may be used to describe
existence conditions even in the case of operators Toeplitz with respect to possibly
different T; and T,. To this end it will be convenient to recall a definition.

Consider two unitary operators U,€ Z(9,) and U,€ B(H,) with spectral meas-
ures E; and F, respectively. Following R. G. Douglas we shall say that the operators
U, and U, are relatively singular if, for each h,€$; and h,€9H,, the measures
(Ex(-)hy, 1) and (Ey(-)hs, hy) are mutually singular.

According to R. G. Douglas [1] the set of operators intertwining U; and U, is
trivial if and only if U, and U, are relatively singular.

Using this notion it is possible to formulate conditions for the existence of
Toeplitz operators.

4.2. Proposition. The following assertions are equivalent:

1° the only operator X€B(9Dq, H,) satisfying X=T,XTS is the zero operator;

2° either one of the subspaces R,, R, is trivial or the unitary operators R, and R,
are relatively singular.

Proof. In view of what has been said above it suffices to observe that, according
to 2.11 and Remark 2.2 condition 1° is satisfied if and only if the only operator inter-
twining R, and R, is the zero operator.

In the classical theory analytic Toeplitz operators may be characterized by the
relation X'S=SX. The corresponding relation TyX=XT; does not guarantee, in
general, that X is (T3, Tp) Toeplitz; we list below some supplementary condition
which, together with the above relation, make X Toeplitz in which case the corre-
sponding symbol is analytic.

4.3. Proposition. Suppose X€B(H,, H:) satisfies

(16) XT¥ = TF X,
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Then the operator P($H,) P(R)X belongs to I (Ty, T;) and the following four
conditions are equivalent: .

1° Xe 7 (1, T,),

2° X=P($H) P(R) X,

3° X=P(H.NRDX,

4° Ran XcH,NR;.

Moreover, if X satisfies (16) and one of the conditions 2°, 3°, 4° then X is a Toeplitz
operator whose symbol is analytic.

On the other hand, if Ye&'(Ty, T;) is analytic then the corresponding Toeplitz
operator X satisfies (16) and the conditions 2°, 3°, 4°.

Proof. Consider an X€#(9,, H,) satisfying XTf=T;X. Then
LP(H)PRYXT = P(S)U PRI X = P($)U, P(RYUTX =
= P($)P(R)X
so that the operator P(9,)P(R,)X is Toeplitz.
Now, assume (16) and 1°, Then, for h,¢$, and each natural number n,
Xhy, = TP XT,"hy = Ty Xhy = P($)UTT "Xhz',,__:’ P(Sjl)P(iRI)Xh2

. This proves the implication 1°=-2°.
If 2° is satisfied then .
X = (P(S0) P(R)) P(H1) Xorr P(H:NRYX
so that 3° is satisfied. The equivalence of 3° and 4° is obvious as well as the implica-
tions 4°=2°=1°,
Again, assume 4° and (16). Let ¥ be a symbol corresponding to X. Then, accord-
ing to 2.1

Yh, = lim U} XT;"hy = lim UpT" Xhy = P(R,) Xh, = Xhy€Hy

for all h,€$9,, so that ¥ is an analytic symbol.
It remains to show that the Toeplitz operator X corresponding to an analytic
symbol Y satisfies (16). Since X=Y|9, we have Ran X=Ran ¥Y|9,cH,NR, and

X]"z h2 XUékhg YU2h2 U]_Yhz_].iXhz

for h,e9,. The proof is complete.
The following example shows that the condition (16) alone does not imply 2°.

44, Example. Let us take 7;=0 on a Hilbert space $; (i=1, 2). Then any
Xe B(9,, 1) satisfies (16). Since both R, and R, are trivial, the only Toeplitz oper-
ator with respect to T, T, is the zero operator.
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Now let us turn to existence conditions for analytic symbols. To this end we
introduce some notation. The space $;NR, is invariant with respect to Uy and the
restriction of U to it is an isometry. Let us denote by M, and N, the unitary part
and the wandering subspace respectively in the Wold decomposition of U{{$,NK, .
Similarly, U; maps the subspace P(R,)9, into itself and the restriction of U; to
it is an isometry ; we denote by M, and N, the analogous subspaces for the Wold de-
composition of U;|P(R,)H; . Using this notation, we intend to prove the following

4.5. Theorem. Nontrivial analytic symbols with respect to T, and T, exist if
and only if the following three conditions are satisfied:

1° M, and M, are both nontrivial and the unitary operators Uf|W, and U;|TM,
are not relatively singular;

2° N, and N, are both nontrivial;

3° M, and N, are both nontrivial and the spectral measure E of UM, is not
concentrated on a set of Lebesgue measure zero.

Proof. In view of the one-to-one correspondénce between the set of all
symbols and the set of all Toeplitz operators, the set & (T, T,) will be nontrivial if
and only if the corresponding set (T, T,) of Toeplitz operators is nontrivial.
According to 4.3 this set consists of all X€Z(9H., H.NR,) satisfying XTF=TyX.
We shall establish a one-to-one linear correspondence between elements of the
set I°(Ty, T,) and certain triangular matrices. To simplify the notation we shall
write £,=(H;NRYSM,, L=(PRYN,)-0M,. To each XcIT*(T,,T,) we
assign a matrix

[t Y]
ox =

defined by the following relations
Y = P)Y (M, Y = P(ﬁml)Ylﬁz, Yo = P(ﬂl)Ylﬁz,

where Ye&’'(Ty, T,) is the symbol corresponding to X.
Now denote by # the set of all matrices of the form

My, sz]
0 M,

with M, €B(M;, M), M€ B(L,, M), M€ B(L,, L)) such that the following
relations are satisfied .

eY) (U 194) My, = My, (US| DY),
(18) (UL () My = My (U [L,),
(19) (Uiklﬁl)MH = M22(U2*122)-
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We intend to show that 3 is an injective mapping of the set 7°(T;, T,) onto 4.
Let us consider an X€J°(Ty, T;) with the corresponding symbol Y. Since
Y=YP(R,) we have

YP(R)H: = YH=XH, < H,NR,.

Furthermore, the relation UjY=YU; implies that 3Xc.#.

Consider now the operators Z=P(£,)Y|M, and S,=U;|L,. Using UiY=
=YUy again we have also S,Z=Z(U;|M,) so that Z*S;"=(U;|M)*"Z* for
every natural number n. Given meM, we have

IZ*m|| = (U1 W)™ Z* m)| =
= |Z*Si"m| = | Z*||S7"m]| - O,

sothat Z*=0 and Z=0 as well. Thus, for each h,€9H,, X can be decomposed as
follows
Xhy = YP(Ry)hy = Y33 P(My) P(Ro)hy +

+ Y15 P(£5) P(Ro) ho + Yoo P(L5) P(R2) By

Hence 9X=0 implies X=0 and 9 is injective.
On the other hand, each M¢.# defines an operator from P(R,;)H; into
$MNNR,. The relations (17), (18), (19) imply that

[Ui‘liml 0 ]Mn Mm]: My Mm”Ué"li’ﬁz 0 ]
0 Ufledl o M, 0 Mipll 0 Ufigl

so that UfM=MUJ|P(R,)H;. If we set Xh,=MP(R,)h, for h,€%, then
Xeg*T,,T,) and 9X=M.

In view of the isomorphism between J°(T;, T;) and .# our problem is equival-
ent to that of describing conditions for .# to be nontrivial. An element M¢c# is
nonzero if and only if at least one of its entries is nonzero.

If M,,>0 then clearly both M, and M, must be nontrivial subspaces; at the
same time M7, is a nonzero operator intertwining the unitary operators Uj|M, and
U;|M, and this yields condition 1°. On the other hand, if condition 1° is satisfied,
there exists a nonzero operator Z€Z(M,, M,) for which

(UL I9)Z = Z(UF| My);
then
Z O]
00 €M.
If M,,0 both its domain and range must be nontrivial, hence condition 2°.

Conversely, if condition 2° holds, take a vector g€, and a vector hAcH,. It is
easy to see that ((UZg, Uig)=0 for all integers p+#q. The sequence Uth, k€Z
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possesses the same property so that it is possible to define an operator Y€Z(8F, |})
by the formula

o

Yx = 2 (x, Ufg)Uih;

— oo

clearly Y=U,YU;. If k=1 we have
(Ufg, 9:) = (8, Uz*9s) = (g, P(R)U*9,) =
= (g, U;"P(‘Rz)sz) =0,

so that Yx= 3 (x, Usg)U*hc$, for x€H,. Thus Ye L (Ty, Ty).
k=0

Consider the case M;,0; it follows that £,{0}. The operator S,=U;|L,
is a unilateral shift so that the minimal isometric dilation of S is a unitary operator
W with the following properties (see [2], Ch. 2, Theorem 6.4):

(i) the spectral measure Ew (-) of W is equivalent to Lebesgue measure,

(ii) for each nonzero z€®,, the measure (Ey (- )z, 2) is equivalent to Lebesgue
measure.

Since M,, satisfies (18) we have Mf,=S;M},(Uf|M,) so that M€ T (S%,
(U|MM))*). The corresponding symbol G satisfies G=WG(U}|M,) so that
G(UfW)=W?*G and this implies condition 3°.

On the other hand, if condition 3° holds there exists a nonzero vector x€M,
and a set M of positive Lebesgue measure for which (E(M)x, x)>0. Furthermore,
if z is an arbitary vector in RN, the measure (Ey (- )z, z) is equivalent to Lebesgue meas-
ure. It follows that there exists a nonzero operator K defined on 9; which inter-
twines W and (Uf|M,), K(U{|W)=WK. Hence K=WK(U|M,)* so that
Ke’(Sy, Uf|My) and the corresponding Toeplitz operator T(K) satisfies (18).

Accordingly,
oT (K)] ‘
[0 0 €M

The proof is complete.

4.6. Corollary. If T, is completely nonunitary then </ (T, T,) is nontrivial if
and only if both %, and N, are nontrivial.

Proof. It follows from Lemma 1.2 that M, =$,(T3). If T; is completely non-
unitary then M, =$,(77)={0}. It follows from the preceding theorem that o (T}, T,)
is nontrivial if and only if 2° is satisfied.

Of course it is possible to reformulate the existence conditions for analytic
symbols in a manner analogous to Proposition 4.2 The problem does not become
any easier in this reformulation ; nevertheless, it provides some more insight into the
structure of these symbols.
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4.7. Proposition. Let T\€B(H,), T£HB(9H:) be two contractions. Let us
denote by ®, the smallest U, reducing subspace containing $,\R,. Then these are
equivalent:

1° o(T;, Ty)={0},

2° the unitary operators R, and U,|®, are relatively singular.

Proof. If Y is an analytic symbol then Y=U,YU; and Y maps
R,=\V P(R)U!H, into V U7 ($H,NR,) which is nothing more than the smallest
n=0

nz=0

reducing subspace &, for U, containing $;NR,. Thus

YR, = (U;16)(Y| 9{2)(U2|5Rg)*.

5. Rational symbols and the theorem of Kronecker

It might seem that there is little hope that a reasonable extension to this general-
ity of the algebraic notion of rational function would be possible. We intend to show
in this section that such an extension does exist and that it may be used to obtain a
generalization of the theorem of Kronecker.

We shall use an abbreviation: if p is a polynomial of degree n, we shall write p,
for the polynomial defined by the relation p,(x)=x"p(1/x).

5.1. Proposition. Suppose Y¢ o/ (T, T;) and let q be a polynomial of degree
n with roots of modulus less then 1, gq(x)=(x—a,)...(x—a,).
Then q(R}) 'Y is a symbol and the corresponding Hankel operator may be expres-

sed as follows
- H(gRD™'Y) =

= kzl U (1= U~ (1= U~ Y (U, - T (1= T) ™ (1= 1) 7 Y [,

or in an equivalent form

kz; (Uf — %) (Uf — ) (U) U~ 1(Uy - T) -
(M) V(T — o). (B — o).
Proof. Since Y=P(R,)Y we have
Urg(R})™'YUF = Ryg(RY)'YU; = q(R) 'R, YUS = q(R)™'Y

so that g(Ry)~'Y is a symbol.
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Since R, is unitary we have

4@®D = [[(R*—a)™ = Ri(l—sR)™..(1= 5, R) ™ =
= Rig,(R)™!

and

P(91)qR)Y|D: = P(5i) Rigy(R) Y9, = P(HT)Uiqa(U)7'Y D, =

= Ujgy(U)'Y |9, — P(H) UL (V)Y |H2 = Uigs(U) Y9, —
—T'q:(T) Y| 9.

Now, it suffices to apply Proposition 1.3.

5.2. Theorem. Let H be a Hankel operator, HE #(T,, T,). Then the following
assertions are equivalent:

1° the range of H is finite dimensional;
2° there exists a polynomial g with roots of modulus less than 1 and an analytic

symbol Y€ (Ty, Ty) such that

2.1° H = H(g(R)™Y)
and one of the two following equivalent conditions is satisfied

2.2° d;=dim (U,— T)) TIQ—a,T) 7.1 —a; 4, T) Y Hy< o for j=0,...,n—1
where o, ..., o, are the roots of q, deggq=n,

2.3° dim (U;— )T M (1=, 1) (1= 0, T3) 1Y Hy< oo
If these conditions are satisfied then

dimRanH = dy+d,+... +d,_;.

Proof. The range of H is invariant with respect to V7. If it is finite-dimensio-
nal there exists a polynomial g such that g(V{|Ran H)=0 so that q(V})H=0.

Since ¥, is a unilateral shift both ¥V, and V' have no eigenvalues on the unit
circle. Hence we can assume that all the roots of g lie inside the unit disc. If Z is any
symbol for H, i.e. H=P(H})Z1H;, Zc¢S Ty, T.) we have

0 = g H = Hq(Ty") = P(Hi)Zq(U5)|9: = P(H1)9(UDZ|9..

Hence q(U*)Z$H,c$,. Since the range of Z is contained in R, it follows that
Y=q(U{)Z is an analytic symbol and Y=¢(R})Z whence Z=¢q(R;)~'Y which
proves 2.1°.

The range of the operator P(£,)q,(U;)H is also finite dimensional and it follows
from Proposition 5.1 that it is equal to the space (Uy—T)T7 g, (T1)"1Y$H,. Thus
condition 2.3° is satisfied.
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Let us show now, that, for any polynomial g with roots inside the unit disc and
any analytic symbol ¥, condition 2.3° implies 2.2° Since Y is an analytic symbol
we have Y9, $,MNR,. On the other hand Ty is an isometry on $,NR; and
T:)Trh=h for all h€$H,NR,. Using these facts we can write, for |af<]1,

Y9, = (1-afy) (A - a))YH, =
= (1-aQ) (O —el)YH, = (1-aL) ' LG — ) YH, =
=h(1-ah) 'Y (G- 99 & H(1—aB) ' YS,.

It is easy to deduce from the just established relation that 2.3° implies 2.2°.
Assume that 2.2° is satisfied for a polynomial g with roots inside the unit disc

and some analytic symbol Y. Then, according to Proposition 5.1, the Hankel oper-

ator H(q(R})~'Y) is finite dimensional and dim Ran H(q(R})™'Y)=dy+d;i+ ...

ctd, 4. _
The proof is complete.

5.3. Corollary. Suppose dim £, <-<e. Given a symbol of the form
g(R1)Y,

where q is a polynomial of degree n (with roots inside the unit disc) and Y ¢ ot (T, Ty,),
condition 2.2° is automatically satisfied and

dim Ran H(q(R})™'Y) = ndim £,.

The corollary applies in particular in the case where dim £,=1. Furthermore,
for classical Hankel operators it is more natural to view the symbol as an equivalence
class in L=/H* rather than as an individual function; in conformity with this point of
view it seems natural to define a rational symbol as a class which contains a rational
function, or equivalently, a class which contains a quotient h/gq, h€¢ H*, g a poly-
nomial. In view of this it is not unnatural to use the name rational symbol for opera-
tors of the form ¢(R)™*Y, Y analytic.

Theorem 5.2 appears thus as an extension of the well-known theorem of Kronec-
ker. It is natural to ask whether the assumption 2.2° in Theorem 5.2 is essential for
the validity of the generalized Kronecker theorem. We limit ourselves to stating that
there exist examples which show that ranges of Hankel operators with rational
symbols may be both finite and infinite dimensional if dim £, is infinite.
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