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The invariance principle for functionals of sums
of martingale differences

I. SZYSZKOWSKI

1. Introduction. Let {(X,;, F,;), 1=i=k,}, n=1, be a double array of square-
integrable random variables whose rows are martingale difference sequences (MDS),
i.e. foreach n=1 therv’s X,;, 1=i=k,, given on some probability space (2, /, P)
with' sub-o-fields F,,CF,<...CF, , are such that X, is F,-measurable and
E(X,|F,:-1)=0 as. for every 1<z<k,,. Define

k
Spe = Z X, oh= E(Xfi|Fn,i—1),

s =ES?% and S, =s%=0 if k=0, n=1. Let us observe that without loss of gen-
erahty we may and do assume that for every n=1, EX2%0, 1=isk,, s$2=s =1,
where k,>eco as n-—ce. -

Let D[0, 1] be the space of functions defined on [0, 1] that are right-continuous
and have left hand limits, endowed with the Skorohod J,-topology (cf. [1, §14]).
By W we will denote the Wiener measure on D[0, 1] with the corresponding Wiener
process {W(t): 0=t=1}.

Let Fy be the space of functions defined on [0, 1]X (— oo, =) satlsfymg the
following condition : there exists an absolute constant M such that if f¢ Fy, then f
and its derivatives satisfy inequalities of the form

0 - IDf(s, x)| = M(1+1x[%),

where D denotes either the identity operator or a first derivative and « is some positive
constant. . -
Define a random function W,(¢), 0S t=1, by

(2) W(t) - n,m,,(r), nh= 1’
where mi,(t)=max {i=k,: s3=1t}, t€[0, 1].
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We shall give sufficient conditions for the weak convergence of the process
{z, (t)— Z’ f,,( 2s Sa) Xni+1, 0=t=1}, in Skorohod’s space D[0,1], to

the process {ff(s,W(s))dW(s): Oétél} in D[0, 1], which we denote by
0

{Z(@), 0=t=1}.
The results obtained are generalizations or extensions of those given in [I,
Theorem 16.1}, [3, p. 179], [2], {4] and {5].

2. Limit theorems. Suppose there exists a double array {C,, 1=i=k,, n=1}
of nonnegative numbers such that

3 64=C,, as. l=i=sk, n=1

and set
m,(t)
W'* = Z Cm'v IE[O, 1], n=1 (C"o = O)
i=0

The main result of this paper is given in the following

Theorem 1. Let {(X,;, F), 1=k=k,}, n=1, be a double array of random
variables whose rows are martingale difference sequences such that si=1, n=1.
Assume

(4) the finite dimensional distributions of {W,, n=1} converge weakly, as
n—oco, to those of {W(t), 0=t=1},

(5) there exists an array of nonnegative numbers satisfying (3) such that for every
t, 1,€[0, 1], t,—ti=m(n), n=1,

Wit (t)— W () = [F(t)— F(1)T,

where m(n)=min {EX%: 1=i=k,}, F isa nondecreasing continuous function on [0, 1)
and r>1/2 is some positive constant.

Then Z,~Z as n—oo, in D[0, 1], provided that f, f,€F\, n=1, and for every
s€[0, 1]

©6) Df.(s,x) >~ Df(s,x), as n -

umformly in x on every finite interval. Here, the stochastic integral in the definition of
Z(t) is taken in the L2-sense.

From Theorem 1 we get the following

Theorem 2. Assume {(X;, F), i=1} is a square-integrable martingale dif-
ference sequence such that EX'=1, i=1, and

Q) sup E(XP|F-) = M, a.s.
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for some positive constant M. If (4) holds with W,(t)= 3 Xi/ﬁ then, in D[0, 1],
i=0

® D" E 1 SR K [ S5 W)W, a5 e,

provided (6) holds as well.

To prove Theorem 2 we note that, in this case, (5) is satisfied with X, =(X;+...
.+ X)Vn, Cy=Min, 1=k=k,=n, F(t)=2t,r=1, m,(t)=[nt]. Thus Theorem 2
follows from Theorem 1. It is easy to see that Theorem 16.1 in [1] is a consequence of
Theorem 2 (it is enough to put f,=f=1, n=1).

We note that a necessary and sufficient condition for (4) to hold is given in Theo-
rem 7.7 [1, p. 49]. Furthermore, if W,={W,(t): 0=t=1} converges weakly, in
DJ0, 1], to a standard Wiener process W= {W(t), 0=t=1}, then (4) also holds.
On the other hand, the assertion of Theorem 1 implies the weak convergence of
W,,as n—oo, to W. Thus the assumption (4) is necessary for (6) to hold. For exam-
ple, it is well known that if {(X;, F.), 1=i=k,}, n=1, is a double array of
square-integrable random variables whose rows are martingale difference sequences

satisfying the Lindeberg condition and Za ;> 1, then (4) holds. Moreover, one

can easily observe that every sequence {X,, n=1} of independent random variables,
with EX,=0, EX?=1, n=1, satisfying the central limit theorem also satisfies
the assumptions of Theorem 2. It should also be mentioned here that the assumptions
(1) and (6) concerning the functions f,, n=1, and fare very general. Some examples
of such functions can be found in [3, Section 5).

To give a better illustration of the meaning of Theorem 1, let us note that froma
very special case of it we immediately obtain the following assertions. If {(X, F)),
i=1} is a sequence of random variables with EX;=1, i=1, and satisfy (4) and
(7), then in DJO, 1],

. ot
{n—ll .2[ ]Xin, 0=t= 1} {[ws)aw), 0=t=1}
si<j=[m 1]
.and ) :
[ne) !
—3/2 i—1)X;, 0=¢t= 112 dw(s), 0=t =1
from Z6-DX, 0= 1= 12 [ sawe), 0= =1}

as n—oo, The first assertion follows from Theorem 2 with f, (¢, x)=f(t, x)=x, and
the second one with f, (¢, xX)=f(¢, x)=t. The distributions of the integrals

f W(s)dW(s) and jtde(s)
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are well known. For example,
t
[ W(s)dw(s) = (W*(1)—1)2
0

Remark. We note that condition (5) implies
) W,*(1) = K, n=1, for some constant K. :
Moreover, by (5),
max C,,, ssup{[F(t)— Ft)V: ta—t, =m(n)}, n= 1,

1=i=

and, by (3), EX% = C,, and lim m(n) = 0, so that

(10) max EX3 -0, as n —oo,

1=isk,

because the function F is uniformly continuous.
3. Auxiliary lemmas. Let for every function f€F,,
fC(s, x) = f(s, )I([{-C, CP(x), s€[0, 1},

where C is a positive constant and 1(A4)( - ) denotes the indicator function of the set A,
and set
G, Plle = (24572, (x, y)ERE

Lemma 1. Let {f,, n=1} be a sequence of functions such that f,€ Fy, n=1,
and let O=py<p,<...<p,=t, t=ty<h<..<t,=s, 0=t<s=1, be partitions of the
intervals [0, t] and [t, 5), respectively. Assume that for each n the MDS {(X,;, F..),
1=i=k,} satisfies the assumptions of Theorem 1. Then, for every e=>0 and each
C=0,
1y lim lim B(e,7, 7, C) = 0,
where

¥y = max (p;—pi-1)+ max (4,—t;-,)

and .
m, () r—1
Pl(sa ¥, 1, C) = P(H(é, fuc(snzi’ Sni)Xn,i+1— j;; fnc(pj: m(pj))(m(pj"l'l)— I/Vn(pj))a

m,(s) -1
) Z(;)anc(sma Sui) X iv1— _Z:).f;zc(tj, I’Vn(tj))(I'Vn(tjﬂ)—I'Vn(tj)))llz > 8) =
=m, Jj=
= P(I(X(n,7,0,1), X(n, 7, 1, Dz > &) = P(||(X1, Xp)||= > e)-
Proof. To prove Lemma 1 it is enough to show that

(12) lim lim EX%(n, y; t,5) = 0,

Y0 n-voo
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because, in the same way, we can prove that (12) holds with X(n, y, 0, t) and then
Py(e, 7, n, C)=¢c~2(EXZ+ EX?Y).
Let, for every i (m,(t)<i=m,(t;.,)), Wy=WR=[fE(s%, S)—fE(t;, W, ().
Then we have .
—1 mt J+1)

I?l(sa ?s n, C) P(| 2 ijn,i+1I = 8)'

Jj=0 :—mn(tl)+

On the other hand, for every i<i’ (m,,(tj)§1<m,,(tj+,), my () =i <m, (1) 41))

‘ EI'VU nz+1W'1 ni'+1 = EWJ n:+1I'Vu E(Xni+1|Fm)_O
Thus

b—1 m"(t“_l) . b—1 m,(t;,,)
EX;}=3 3 EW:,;Xi=3 > EW2 E(XilF,;-)=
Jj=0 i=m,()+1 j=0 i=m,(¢;)+1

m,(s)
=sup EWj( 3 Cu)= W,*(1)sup EW}.
_ i,j i=m, (1) iLJj
Hence, by (9),
(13) ExX; = Ksup EWjj.

Let us observe that, by (1), for every feF, and (s,x), (s, x)€[0, 11XR,
14 1£E(s, X) =1 (51, %) = Ke(Is— 1| +[x—xy]),

where K¢ is an absolute positive constant Wthh depends only on C. Thus, for every
n( )<lsmn(tj+1)’ OSJSb l

EW = 2K2{|-"2ni—tj|2+E(Sni-Snm,,(:,))2} =
= 2KE{(tj+1—t;+ max EX2) +(tj+1—t,+ max EXZ)}.

1=isk, 1=si=

(15)

Taking into account (10) and (15) we obtain (12)

Lemma 2. Let f, f,, n=1, be functions satisfying the assumptions of Ti heorem 1.
If the assumptions of Lemma 1 are also satisfied, then for every C=0
(16) hn(} hm Py(e,y,n,C) =0,
y—b

where

Py(e,7,n,C) = P(H(,Z,l {15 (25> Wa(2) =S (25> Wa(P))Y (W2 +2) — Wa(Pp),

:é: AU A BT OR AN HCATIEAD)) ?) =
= P(I(X1, X3)lle > &),

11
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‘Proof. Again, it is enough to show that
lim lim E(X3)? =

¥*0 n—~>oo

Let, for every 0=j=b, V,;(x)=f(t;, x)—f(t;, x). We have

-1 . my(ty,y)
E(X) = "2 E(uOhe)f S B Fan (1))

i=m,(t ,) +1

Let R = oax. susz(x) Then, by (6) R,~0 as n-—oo,
Thus

bl . ' '
EX(*= R, 3 S EX% = R(EW?(s)— EW2(t)) = R, ~ 0, as 1 —oo.

J =0 l—mn(t J)+1

Lemma 3. Let the assumptions of Lemma 1 and Theorem 1 be satisfied. Then
for any given C=0,

(2 7y WaoD) oy~ W(p,» g_:f"(t,-, AP AT AR e
an :
e (2 Sy W)W (2se1)—W(PD)) 2 S5, W)W (t)42) — W(1)))
v as n-—»oo,

.where {W(): 0=t=1} is a standard Wiener process in D[O; 1].

The assertion of Lemma 3 follows from (4) and Theorem 5.1 [1].

Lemma 4. If fE-FM'»,;,vth'en for every. ¢=0 and any given C=0

PS5, WD) F 00~ Wio)— [ 193 W) (),

(18) Jj=0 . : 0 : . :

o ng(t,-, WD) (¥ (22) = () - f Fo(e W) aW ), > &) <0

as
y= max (piy— P:)'f' max (fj+1“")"0

0=isr—-1

where O=py<p;<..<p,=ht=l<h<..<l,=S, OSt<ssl are partitions of the
mtervals [0, 1] and [t s], respectwely

The proof of Lemma 4is essentlaly the same that is gnven in [4]
4, Proof of Theorem 1. Let us observe- that -

(19) P(max.|Syl > C) =

1=i=
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Furthermore

(20) P(sup [W(@®)|>C)~0 as C —o.
¢ 1

==

Thus, taking into account (11) and (16)—(20) we get
(21) (Zo(1), Zu()— Zo(D) 2+ (Z(1), Z() - Z(1) a5 1 —~eo,

for every O=t<s=1. Clearly, using this method we may prove that the finite dimen-
sional distributions of {Z,,n=1} converge weakly, as n--o, to those of {Z(¢):
0=1=1)}.

To complete the proof, we have to verify the tightness condition. We use Theorem
15.6 in [1]. From this theorem and (19) we infer that it suffices to show

(22) E(ZL (1)~ ZL(t)P(ZE ()= ZE (1)) = [F(ty)— F(t)I,s
for any f=t=t,, n=1, C>0, where

Zf(’) = .mtizt)r_lﬁ'c(sgi’ Sm’)Xn,i-i-l’ t€[o, 1]
We first note that, by (3) and (1),
E(ZS() = ZE WV (ZE ()= ZE () =
= K(O)Y(W,* (1) — W (t))(Wa* (t) — WX (1)) = 47 K(O) (W, (1) — WK (1))’

where K(C) is some positive constant which depends only on C. Hence, by assump- »
tion (5) condition (22) holds, because in the case 1,—t,<m(n), ZE(1)=Z(t,) or
ZE()=ZE(ty).
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