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Rare bases for finite intervals of integers

KATALIN FRIED

In this paper we discuss the following finite problem for additive bases: What is
the least possible number of elements of a set B, for which all integers in the interval
[1, n] can be represented as the sum of two elements of B. (B can be called a basis of
order 2 for the interval [1, n]). Let us denote this minimal number by c,.

Clearly, c¢,=V2 -Vn holds, since if there are k elements in B, then we can form

k+1y k%
at most( ' 2 ]~3— sums which have to give at least n different values, hence

2

k — —
nso, ie. k=V2-Vn.

On the other hand, a simple construction shows ¢,=2-Vn. Let B be the union
of two arithmetical progressions; 0, 1,2, ...,[Vnland 2-[Vnl, 3-[Val,...,[Vn]-
.[yn), where [a] means the least integer s=a. These approximately 2-¥n elements
form a basis of order 2 for the interval [1, n].

Rohrbach conjectured in 1937 that ¢,=2}n +O(1). This was disproved in
1976 by HAMMERER and HOFMEISTER [2], they showed ¢,=}3.6-Yn. (For fur-
ther references and related problems see [1], 47.)

The aim of this paper is to improve the result of Himmerer and Hofmeister:

Theorem. ¢, =V35-Vn+o(Vn).

‘The method of proof is different from that of [2], it is completely elementary, and
is based.on similar simple ideas as the one which gave the obvious upper bound. Some
further refinements might yield even better upper bounds for c,.

Proof. For a-clearer exposition of the construction we show first ¢,=}3.6-
-¥n +o(Yn). B will consists of the union of 4 arithmetical progressions:

I ay=0, ay=1, ..., ¢,=t; here the difference of the consecutive terms is d;=1.
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II. Bo=,=1t, By=2t+1,...,Bs =3t(t+1)+t=324+4t; d,=1t+1.
III. y, =3245t+1, ..., y,41 = 383461 +1; dy=1.
TV. 8, = 688412t43, ..., 8,4, = T+ 12t4+3; d, =1t.

Thé following inclusions (mostly in form of equalities) are all obvious, except
the last but one, which we shall verify below:

{40} 2(1,21], {o+8;} 2 2t +1, 32+ 51],
{7y} 2 BE+H5+1, 323+ T7e+1], - {B:+7,} 2 BE+Tt+2,6124+10¢+1),
{ri+7,} 2 [682+10+2, 62412t +2]), {2, 46;} 2 [6£2412143, T2+ 1324-3],
{8,406} 2 [160+13t+4, 92+ 17t+3), {5, +0;} 2 [92+17t+4, 102+ 18¢+4].

To verify the last but one inclusion we use the following two equalities, which
are straightforward from the construction of II and IV:

Bis1+6;-1 = Bi+6;+1 and B;_ :+1+51+: Bi+d;+1.

Hence we obtain the consecutive elements of the interval [7¢2+137+3, 912+ 17t‘+3]
by the following sums:

Bot+  Oi41. Bt O PatOio1s .., B +6y,
Bi+  bes1, Bt O ., Bes1+84,
Bs+ Oy,

ﬂz:+ 5:+1,— 'ﬁzz+1+5:> (X3 i ﬂs:+61,
ﬂzx+1+5t+1, ﬂ2:+a+5n v ﬂsr‘l"sz :

' Summanzmg our construction, B contalns k= 6t+3 elements and is a basis for
the interval [1,n], where n=10¢2+18¢+4. This proves c S}/B 6- l/n +o(l/n )
(for all n). :

To obtain c¢,=}3.5. Vn +o(Yn) we have to add justﬂ another - arithmetical
progression to B

Ve o = 108418145, s,+1=1112+18t+5; dg=1t.. -

Now L
{ai-}-a,} 2 [10/2+18¢+5, 112419t + 5],

{Bi+e,} 2 [112+191+6, 13224231 +5),
{r:+e;} 2 (132423146, 1424241 +6). .. -
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Here the first and last inclusions are obvious, and the second one follows exactly the
same way as the one for {f;+6;}.

Hence we have a basis for [1,n] with n=1412+24¢4+6, and it consists of
k=T7t+4 elements, ie. k~}3.5-Vn.

References

[1] P. ErpGs—R. L. GrauaM, Old and New Problems and Results in Combinatorial Number Theory,
L’Ensecignement Mathématique (Geneve, 1980).

[2] N. HAMMERER—G. HOFMEISTER, Zu einer Vermutung von Rohrbach, J. Reine und Angew.
Math., 286/287 (1976), 239—246.

EOTVOS UNIVERSITY BUDAPEST
TEACHER’S TRAINING FACULTY
DEPARTMENT OF MATHEMATICS

fe



