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Interval filling sequences and additive functions

ZOLTAN DAROCZY and IMRE KATAI

1. Introduétioﬁ. Interval filling sequences have been defined in our paper [1].
Let A denote the set of all real sequences, for which the conditions 1,>2,,,>0

(n€N) and L:=§')u,,<oo hold.
n=1

Definition 1.1. We call the sequence {1,}€A interval filling, if for any
x€[0, L} there exists a sequence {g,}, &,€ {0, 1} (n€N), such that

(LD . x= 2 gh,.

We have the following result ([1]):
- Theorem 1.2. The sequence {l Ye A is interval filling if and only zf

(12 e = 3
i=n+l
for any nEN. ’ ’
Let {4,}¢A be an 1nterval ﬁllmg sequence. For x€[0, L} we define by induc-

tion on n
1 if Zs(x)l+l = x,

:
II
...

(1.3) V g,(x):=

0 if &(x) A+ 4, > x.
i=1
It is known ([1]) that
(1.4)° S x= 36
. n=1

We call the representation (1.4) of the number x the regular expansion of x.
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Definition 1.3. Let {A,}€A be an interval filling sequence and a,6C such
that S’la,,|<oo. Then we call the function
. n=l

(1.5) F(x):= g",; e.(¥)a, (x€lo, L])

additive (with respect to the interval filling sequence {A,}€ 4), where ¢,(x) denotes
the digits (0, 1) determined by algorithm (1.3). ‘

In this paper we give an exact description of the set of those points in which an
additive function is continuous. Following this, with the help of quasiregular expan-
sions we give a criterium for the continuity in [0, L] of additive functions. Thus we
generalize our results obtained in [2] which referred to special interval filling se-
quences

,1";=i (1<g=2).

As to further properties of continuous additive functions, we refer to our result
in [2], according which there exist an interval filling sequence and a function F con-
tinuous and additive with respect to it, such that this function is nowhere differentiable
in [0, L]. ’ 4
In this paper {1,}€ A will denote an arbitrary but fixed interval filling sequence,
even if we do not emphasize it explicitely.

2. Finite numbers. Finite numbers will play a fundamental role in the sequel.

Definition 2.1. Let {1,}€ 4 be an interval filling sequence. We call the num-
ber x€[0, L] finite, if there exists NEN such that g,(x)=0 for n>N. If x is finite
and ¢,(x)=1 moreover ¢,(x)=0 for n>m, then we say that x has length m, and
write h(x)=m. We define h(0)=0, ie. x=0 is also a finite number.

-Let NeN and

(¢R)) - W= {t1#€[0, L}, h(z) = N}

the set of finite numbers having length not greater than N. For O<x=L we put
2.2) by(x):= max {t|t€Vy, t < x}

and call this number the left neighbour of x in V.

Lemma 2.1. Let O<x=L be arbitrary. Then for any by(x)<y<x we have

(2°3) ) sn(y) = en[bN(x)] lf n=N.
Proof. If by(x)<y<x then let

y= ZaWht 3 a0l
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Clearly
N
SN(y) = Zi 8n(y) A’nEI/)'V

The inequality by(x)<Sy(¥)=y<x is impossible by the definition of by(x). Thus
Sy(¥)=by(x). Now Sy(¥)<by(x) implies the existence of a first index k€{l,2, ...
..., N} such-that &(y)=0 and ¢[by(x)]=1. From this, by algorithm (1.3),

b= 3 albu@lth = 3 a0V hth =y

follows, a contradiction. Thus Sy(y)=by(x), and this implies (2.3).
3. Additive functions.

Theorem 3.1. Let F: [0, L]+~C be an additive Sunction. Then F is continuous
at every nonfinite point x.

Proof. Let O0<x<L be a nonfinite number. Let ¢>0. Then there exists
NoEN such that

2 5 |a <e.

n=Ny+1
N
Let N>N, be such that x< 3 1,6V and put
n=1

jn(x):= min {t|t€Vy, x < 1}.
Then x<j~ (x). We assert that
3.1 byljn(¥)] < x < jn(x).

As a matter of fact, by[jy(x)]#x because x is nonfinite, and x<by[jy(x)] would
contradict the definition of jy(x).
If by[in(®)]<p<jn(x) (ie. if y is in the neighbourhood (3.1) of x), then by
Lemma 2.1
e, () = e, {bylin(x))} = &,(x) for n=N,
whence

IFC)=FO) = | S e a,— 2 eda] =

= l Z-" [en(x)_an(y) anl =2 5' Ia,,| < g,
®=N+1 a=N+1

ie. F is continuous at x.
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We still have to consider the case x=L (L is a nonfinite number). Here we must
prove continuity from the left. Now

. N
by(L) = max {t|tcVy,t <L =x}= 3 1,.
n=1

Hence, if by(L)<y<L then by Lemma 2.1 ¢,(y)=1 for n=N. This implies

FO-FO)l =| 5 l-a@la]=2 3 laj<e

for N>N,, i.e. Fis left continuous in x=L.

Theorem 3.2. Let F: [0, L]~ C be an additive function. Then F is right conti-
nuous at every finite point x€[0, L].

Proof. Let x be finite and m=h(x). Then for any &¢=0 there exists N=m
such that

o0
> ol <e.

n=N+1

Now x€Vy. We have by definitions by[jy(x)]=x. Hence by Lemma 2.1 fof any
x = bylinx)] <y < jy(x)

8,,(}’) = en{bN[jN(x)]} = 8n(x) (n = N)

the relation
holds. Hence
N . N P
IF(x)_F(y)I = ‘%sn(x)an_ Z;.en(y)anl =

=l 2 sn(y)anlé 2 |an|<8:
n=N+1

n=N+1
i.e. F is right continuous in x.
4. Examples.

Example 4.1. Let {1,}€4 be an interval filling sequence. Let moreover
a,=a,=1 and a,=0 for n>2. The additive function determined by the sequence
a,is "

0 for 0 =x<4,,
F(x)=11 for A, =x<2A+4,,
2 for ML+A=x=L.

Clearly, this function is not continuous at the finite points ,, 4,+1,. On the basis
of this the question arises, how exact are Theorems 3.1 and 3.2. The answer is given
by the following example.
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.Example 4.2. There exists with respect to the interval filling sequence
1
{i,,:=§}€A an additive function F which is noncontinuous at every finite point
x=0.

. = 1
Proof. We have L:= Z’§=l and the algorithm (1.3) yields the unique
n=1
i
dyadic respresentation of the numbers x¢[0, 1]. The numbers 5;(0%1 <27

. . . 1 .
and only these are finite, any other number is nonfinite. Let a,:=— for which
n
2 .

=1 =
2—2 I and let

F(x):= ,,is,f—f)

for any x€[0, 1]. Let still x€]0, 1[ be finite and h(x)=m=1. Then

_ St g(x)
x—ngi 7 +2m.
Let N=m and
_omol g () 0 1 1
4.1 xN.="g; > +2_M+F+—1+"‘+F'

Since the right hand side of (4.1) is a regular expansion of xy, we get

&,(x) 1 1

4.2) Foy =5 eyt

n=1 n2

If F were continuous in x, then xy—x would imply F (xN)»F (x) (N—<).
However from (4.2) we get

. _msteg(x) w1 1
A Fo) = 5 =t T T T
and this would imply
m-—-1
Fx)= > = (x) +—— = lim F(xy),
n=1
i.e.
1 _=_1__1
m2~ 6 1277 m?’

which is a contradiction, because #2 is not rational.
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5. Quasiregular expansions. Let {1} A be an interval filling sequence.,For
x€[0, L], by induction on n, let

n—1
1 for Z‘ gX) A4+, < x,

5.1) g(x):=
) for 2’ M)A+, = x.

Theorem 5.1. For any x€[0, L] we have

(5.2) : = S,

"[\48

Proof. (i): For x=0 and x=L (5.2) is trivially valid. (ii): If O<x<ZL and
¥ (x)=0 for infinitely many values of n, then Ny:={n|n€N, &;(x)=0} is an infinite
set. If n€N, then

0=x— Zaf(x)l, =x— Z_' g4 =4,

i=1

whence by 1,~0 (#EN,, n—o) (5.2) follows. (iii): If O<x<L and &i(x)=0
holds only for finitely many values of n, then let N be the greatest index, for which
ey(x)=0 (ie. &(x)=1 if n>N). Then

N—-1 o oo
x=2 g@h=ly=s 2 k= J @4
i=1 i=N+1 i=N+1
whence
x= 3 oGk,
i=1
ie. (5.2) holds.
Definition 5.2. We call the representation (5.2) the quasiregular expansion of x.
Lemma 5.3. If O<x=L then &}(x)=1 for infinitely many values of n.

Proof. Suppose the contrary, and let N be the largest index with ey(x)=1.
Then

x= Z'ei ()4 = Z' & (x) 2+ Ay

i=1
and so by (5.1) &y(x)=0, a contradiction.

Lemma 5.4. If O<x=L is a nonfinite number, then ¢,(x)=¢,(x) for every
nEN, ie. the regular and quasiregular expansions coincide.
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Proof. Suppose the contrary, and let k be the first index for which g (x)>
#e¥(x). By the definitions of ¢ (x) and &;(x) then we have g (x)=1 and & (x)=0.
Heice

: k-1 .
2 e h+4 =x
i=1
and
k—=1
D gx@)h+h=x.
i=1 .

Now ¢&(x)=¢/(x) for i=1,2,...,k—1; hence the previous inequalities yield
k—1
x= 2 g(x) 4+,
i=1

i.e. x is finite,.a contradiction.

Quasiregular expansions make it possible to determine for a number 0<x=L
its left neighbour by (x) (see Definition 2.1), and to describe exactly the regular ex-
pansion of the latter. This we formulate in the following statement.

Theorem 5.5. If O<x=L then

(5.3) by (x) = .g"le:(x)z;,

where the right hand side is the regular expansion of by(x), i.e.
(5.4) e by(X)]=¢er(x) for n=12,..,N.

Proof. Suppose that, contradicting our assertion, there exists z€¥; such that
by(x)<z<x.
(1) If x is nonfinite, then its regular and quas1regular expansions coincide. Let

Cx= Zs,,(x)l Then by(x)= Z’z-:,,(x)/l Let z_Z'a,,(z)A Since by(x)<z,

there ex1sts a first index k€{1,2, ..., N} suchthat g, (x)#s,‘ (z). This is on]y possible
if g(2)=1 and ¢/(x)=0. Hence

k=1 N
= i=2; (@D h+h+ 2 a@@h=

i=k+1

k-1

k-1
= 3 @Atk = 3 a(X) b+ >x,
<1 i

a contradiction.
(i) If x is finite, then let h(x)=m=1, ie.
m-—1

x= 2 e,,(x)l + A

n=1
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Then
I = §: EOd= 3 04

i=m+1

because &;(4,)=0 for i=1,2,...,m. Hence
(5.5) x = 2' e,(x) A, + 2’ e A
i=m+1

Clearly, the right hand side of (5.5) is the quasiregular exparsion of x, i.e.

g,(x) for n=1,2,..,m—1,
(5.6) & (x) =10 for n=m, , .

(A, for n=m+1l,m+2,...

N

If m=N then the proof is the same as in (i). If m<N, then let z= Z’s @)4,.

Now by by(x)<z there ex1sts a first index m<k=N such that ek(z) 1 and
&;(x)=0. Hence

k=1 N
z= 2 (@) hi+h+ 2 &)=
i=1 i=k+1

= 3 a@hth= 3 d@ith=x

and this contradicts the condition z<x.
. 6. Quasiadditive functions. The notion of quasiadditive function will be defined

in analogy to that of additive function.
Definition 6.1. Let a,€C and Zla |<<. The function F: [0, L]—»C

is sa1d to be quasiadditive if

6.1) FG) = 3 e(@a,
n=1
for any x€[0, L], where &, (x) denotes the digits 0, 1 determined by algorithm (5.1).

Remark. If a,6C (fla,,l<oo) then this sequence determines an additive
n=1

function (say F;), and a quasiadditive function (say F,). By Lemma 5.4. F,(x)=
=F,(x) holds for any nonfinite x€[0, L], and trivially also for x=0 and x=L.
Hence, in general, the two functions differ only at the finite points 0<x<L.

Definition 6.2. We call the function F: [0, L]—~C biadditive, if it is both
additive and quasiadditive.
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‘Lemma 6.3. The additive function F: [0, L]~C determined by the sequence
a,cC ( 2°'° |a,|< <) is biadditive if and only if ‘
n=1 .

6.2) = 3 &0)a

i=n+1

" is satisfied for every nEN. .
.Proof. (i): If F is also quasiadditive, then '

W= 3 0N
i=n+1
implies
g, =Fl)= 3 dW)a
. ) i=n+1
i.e. (6.2) holds. (ii): If (6.2) is valid, then by the foregoing it suﬁicgs to show that 6.1).
holds for every finite number O<x<ZL. Let h(x)=m=1 and

m—1 m—1 oo .
X = 2 8,, (x) ln+j'm = Z 8,, (x) j'n'i' 2’ 8? (lm) li'
i=m+1

n=1 n=1
Then by (5.6) we know the quasiregular representation of x, hence using (6.2) we gei
F(x) = Z g,(x)a, +a
n=1

m—

= F aWa+ 3 *(Am)qi=".§e:(x)an,

i.e. (6.1) holds.

Lemma 6.4. If F: [0, L]-C is additive and continuous in [0, L], then F is
quasiadditive (i.e. F is biadditive).

Proof. The function F is left continuous at every 4,, where

b= 3 O A,

i=n+1
Let N>n and : .
63 B = 3 HGh

8'
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Then by Theorem 5.5 the right hand side of (6.3) is a regular expansion and by (4,)—~4,
(for N—<), hence by continuity

a,=F(i) = lim Flby(1,)] =

N>n

N <o
=lim 3 da= 3 g@)a
lzvv:: i=n+1 i=n+1
for every neN, i.e. (6.2) holds. From Lemma 6.3. it follows immediately that F is
quasiadditive (i.e. biadditive).

Remark. By Lemma 6.4 quasiadditivity is a necessary condition for the conti-
nuity of an additive function F; also, by Lemma 6.3 it is necessary that for the

sequence a,cC (f la,|< <) the difference equations (6:2) (n=1,2,...) should
n=1
be valid.

7. Continuous additive functions.

Theorem 7.1. An additive function F: [0, L}]~C is continuous in [0, L] if
and only if it is quasiadditive (i.e. biadditive).

Proof. By Theorems 3.1—3.2 and Lemma 6.4. it will be sufficient to show that
if F is also quasiadditive then it is left continuous at every finite point 0<x<L.

For the sequence a,6C determining the additive function F it is clearly true
that for any &>0 there exists N, such that N> N, implies

-]
2 3 la)<e

n=N+1

Let x be finite and hA(x)=m=1, i.e.

x= 3 () At .

i=1

If N>m then
-1

m N
by(x) = X &(x);+ Z_‘-ls};(lm)li

i=1 i=m
is aregular expansion (Theorem 5.5), and in case by(x)<y<x we have by Lemma 2.1

() = e,,.[bN(x)] (n=12,..,N).
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Hence by the quasiadditivity of F we get from (6.2)

|FGx)— FO)| = llzfll (%) ay+ apm—

-FaWa- 3 dtaa- 3 a0)al=

=m+ =N+

=| 3 EUD-ala]=2 3 lal<s
i=N+1 d=N+1 )

1.e. F is left continuous at x.

' Corollary. Let a,£C (fla,,|<w) and F: [0, L]->C the additive function
n=J

determined by the Sequence a,. Then for the continuity of F in [0, L) it is necessary
and sufficient that the difference equations (6.2) should be valid for every n€N.

Remark. For 1<g<2 and 1,:=1/g" the previous statement has been proved
in [2].
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