Acta Sci. Math., 53 (1989), 153—177

On normal extensions of unbounded operators. I1*)

J. STOCHEL and F. H. SZAFRANIEC

This paper continues our study of unbounded subnormal operators. The results
contained here may be regarded as reviewing, extending and completing those of
[21] (and also of [20] and [22]). The next paper [26] in this series will be devoted to
spectral problems as well as to the question of uniqueness of normal exténsions.

Subnormal operators in general aspect

1. Let S be a densely defined linear operator in a complex Hilbert space $*
D(S), N(S) and R(S) stands for the domain of S, the null space of S and the
range of S, respectively. S is said to be subnormal if there is a Hilbert space & con-
taining $ and a normal operator N in K such that

D(S)cD(N) and Sf=Nf for each fedD(ES). . -

(A densely defined linear operator N in & is said to be rormal if it is closed and
N*N=NN*. This is the same as to require that D(N)=D(N*) and |Nf]|=[N*f],
fED(N). A normal operator has a spectral representation on the complex plane C.)
The first thing we have to point out is that a subnormal operator must nec-
essarily be closable. Even more we show that D(S)cD(S*). To see this take
£2€D(S), then .
(S 8)s = (i N*g)s» fED(S)

which gives us g€D(S*) and S*g=PyN*g.
The following characterization of densely defined subnormal operators based
on the spectral representation of normal extensions is due to Foias (cf. [8], p. 248).

*) The essentials of this paper were presented at the 9th OT Conference in Romania (Timi-
soara—Herculane, June 1984).
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Theorem 1. A densely defined operator S in § is subnormal if and only if
there is a (normalized) semispectral measure F in $ on the complex plane C such that

(S"f, S"gy = [Im(F(dA)f, &) [, 8ED(S), myn=0,1.
C

This theorem seems to be the only known characterization of unbounded
densely defined subnormal operators in the general case (without any additional
assumption on §). It ought to be noticed that a characterization like this of Foias
for bounded operators has appeard in [2] (cf. also [6]). However that involves all
the powers of the operator S. This requirement is superfluous for bounded operators,
while for unbounded ones it leads to unnecessary restriction on behavior of domains
of all powers of S.

2. Now we want to discuss the relation between subnormality and quasi-
normality. Like in the bounded case we have two equivalent possibilities of defining
quasinormal operators. Because commutativity of unbounded operators is rather
a delicate matter, we wish to discuss this equivalence with more care.

A closed densely defined operator Q in a Hilbert space © is said to be quasi-
normal if Q commutes with the spectral measure E of |Q]:=(Q*Q)"? i.e. E(c6)QC
CQE(o), o being a Borel subset of the non-negative. part R, of the real line R.

Proposition 1. Q is quasinormal if and only if Q is closed and U commutes
with-the spectral measure E of |Q|, where Q=U|Q| is the polar decomposition of Q.

Proof. Suppose that U commutes w1th E Since E commutes with |Q] (i.e.
E(0)|0|c|Q|E(0)) we have

E(0)Q = E@U|Q| = UE(9)|QIcU QI E(s) = QE(a).

Thus Q is quasinormal.
Suppose now that Q is quasinormal. Since Q commutes w1th E, U commutes

with E on 9%([Q|) Indeed, for each fe®D(|Q]) we have

(VE(0)-E()U)IQIf = UE(9)IQl f~E@UI01f = UIQIE(o) f-E(@)Qf =
= QE(0)f—E(0)Qf = 0.

Since E({0}) is the orthogonal projection onto 9(|Q]) and R(Q)*= S'I(IQI)_
=RN(U), (UE(e)—E(c) U)f=UE(c)f=UE(c) E({0})f=UE({0})E(0)f=0 for each
fER(IQD*. Thus U commutes with E. This completes the proof. .

The following result as well as its proof is patterned upon that for bounded
operators ([6], Prop. 1.7, p. 115) however technically more involved,
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Theorem 2. Every quasinormal operator is subnormal.

Proof. Let S=U|S| be the polar decomposition of § and let |S|=f tE(dt)

. 0 .
be the spectral representation of |S|. Denote by Fysy and Fy., the orthogonal
projections onto N(|S]) and ﬂt(S *), respectively. Define in $B$H two operators
Rand U as R=|S|®|S| and

0= [— (1-3* Uy (I_UUZ*)U-zl‘

Itis easy to see [11] that  is a unitary opérator which dilates U (the Halmos dilation)
and R is a self-adjoint extension of |S|. Since U is a partial isometry, I is in fact

of the form
U Py s+
U= [ m(i) .
—Pygspy U

Due to Proposition 1, U and U* commute with E. Since I—UU*=PF,, and
I-U*U=PRys)y» Pys+ and Pys, commute with E. Consequently I commutes
with E®E which is the spectral measure of R. Therefore R RU. This implies
that RU=U0*RUCU(RO)*UcT(UR*U=UR0I*T=0UR and OR=RU in con-
sequence. Denote by N the operator JR. Since N*N=RU*UR=R? and NN*=
=(RU)(RO)Y*=RUU*R=R?, N*N=NN*. This means that N is normal.

Let now f€D(S)=D(S]). Then f@OcD(R). Since By, commutes with E,
FysplS1CIS1Bygsp=0. Thus

N(f®0) = OR(f@0) = U(IS| f©0) = US| f&(— Pas|SI.f) = (UISIf)EBO = SféBO
Wthh means that N extends S. This completes the proof.

Corollary 1. An operator is--subnormal if and only if it has a quasinormal
extension.

Proof. We have only to prove that each normal operator Nis quaéin“orm'él.
Indeed, if N= f zE(dz) then |N|= f |2| E(dz)= f tF(dt), where F(o)=

=E({z€C: |z|¢ a}) o being a Borel subsot of R,. Since ENCNE, FN CNF Th1s
means that N is quasinormal.
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Subnormal operators and the complex moment problem

3. The following condition, introduced by HaLMos [11], characterizes [2]
bounded subnormal operators in a Hilbert space . This is

J k=0

H) §$%$mﬁ

for all finite sequences fg, ..., f,€9. To consider the same condition in unbounded
case one needs the linear subspace D™(S) of H

D=(S) = (| DS

(members of D>(S) are customarily refered to as C=-vectors). In this paper we will
require that D=(S) is big enough (in most cases dense in ). This requirement
makes serious (comparing with Section ) restriction on subnormal operators be-
cause there are symmetric operators (even semi-bounded [4]) with trivial domains
of their squares. Moreover the condition (H) considered for f, ..., /L€ D*(S),
which is the only possibility to do, is not sufficient for subnormality for § even if
D(S) is dense in $. Let us discuss the following,

Example 1. Take a sequence of real numbers {a,,,}m ,~o Which is positive
definite in the following sense:

ZaM+P.n+q'1mmIp,q =0

for each finite sequence {4, ,}<C, and which is not a two parameter moment
sequence (see [1] and [9]). There are two densely defined symmetric operators A
and B in some Hilbert space $ with a common domain D= (4)=D(B), having
a vector f,€D such that all the powers A™B"f,, m,n=0, span D, and such that

(1) . O = {A™B fo, o), myn=0

(cf. again [9]). Moreover 4 and B commute i.e. ABf=BAf for each fc®. Define
T=A+iB. T satisfies (H) for all finite sequences f;, ..., f,€ D=D(S) (even more,
1T =1 T*f1, f€D, because 4 and B commute).

Define S as a restriction of T to the linear span of {T"f,: n=0}.

Neither T nor S is subnormal. If T would be subnormal (then S would be too),
then there existed a measure g on C (constructed via the spectral measure of a
normal extension of T) such that

(Tfo, Ty = [ 22" du(z), mn=0,
c
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Then, due to (1),
Qe = f(Re z)"(Im z)"du(z), m,n=0.
C

This would mean that {a,, .}, ,—o Was a two parameter moment sequence, which
gives a contradiction.

Thus we have got an example of an operator which has a cyclic vector (an
operator Sin § is said to be cyclic with a cyclic vector fy if f€ D= (S) and D(S)
is a linear span of {S"f;: n=0}) satisfies (H) on D(S) but is not subnormal.

If one would be interested in an example of a non-cyclic operator, one could
take a Nelson pair (cf. [17], [5]) to get an operator satisfying (H) on D(S) with no
normal extension.

As the following proposition shows the condition (H) is satisfied on D(S)
if and only if S has a formally normal extension (with dense “reducing” domain).
Here by a formally normal operator in $ we mean a densely defined operator N in
$ such that D(N)cD(N*) and [[Nf||=[[N*f] for each fe¢D(N).

Proposition 2. Let S be a densely defined operator in $ such that SD(S)c
CD(S). Then S satisfies (H) for all finite sequences fy, ..., fL€D(S) if and only if
there is a formally normal operator N in some Hilbert space RD% such that

(i) ND(N)CD(N) and N*D(N)CD(N),

(ii)) D(S)CD(N) and SN,

(iii) D(N) is a linear span of the set

{N*"f: n= 0,» FED(S)).

Proof. The proof of the “if” part of Proposition 2 follows from the equality
N*Nf=NN*f, fe D(N), via direct computation. '

To prove the converse, suppose that S satisfies (H) for all finite sequences
Sor s Ju€D(S). The set S=NXN (N={0, 1, ...}) equiped with the coordinate-
wise defined addition and the involution (m, n)*=(n, m) becomes a *-semigroup.
Define the form ¢ over (S, D(S)) (cf. [23])

@((m,n); f, g) = (S™f, S"g), f.g€D(S), m,neN.
Then like in [24, par. 10], one can show that ¢ is positive definite i.e.
)] 2 OGE+s [ D=0, fi, . LED(S) and 5y, ...,566 (=)
k=1

(SD(S)=D(S) is important here). It follows from Proposition in [23] that there
is a family {&(s): s€S} of densely defined operators in some Hilbert space &
with common dense domain D, a linear operator ¥: D(S)-D such that
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De Y D(#(s)") and

@(s; £,8) =BV, Vg), s€G, f geD(S),
o(s)DcD and O(s)*DCD, s€S,
B()D()f = D(s+1)f, s5,1€S, fE€D,
D) P(s)*, s5€G,
D is a linear span of {P(s)Vf: s€G, fED(S)}. .

Set N=®&(1,0). Since (1,0)*+(1,0)=(1,0)+(1,0)*, N is a formally normal
operator which satisfies the condition (i) of Proposition 2. Moreover we have

(S"'f S"g) = (@(n(1, 0)*+m(1, )V, Vgy = (N"Vf, N"Vg),
- om, neN and f,gED(S)

ThlS implies that ¥ is an isometry from D(S) into D. Identifying D(S) with FD(S)
one can easily check-the conditions (ii) and (iii). This completes the proof.

. Remark 1. In [21] and in this paper we consider exclusively the operators
with invariant domains. If D(S) is not invariant for S, we have to replace the con-
dition (H) on D(S) by the condition (2).

4. Example 1 shows that the condition (H) itself is not sufficient for subnor-
mality even of cyclic operators (however it is for weighted shifts — cf. Section 6).

If £, is a cyclic vector for S and S satisfies (H) on D>(S) then the sequence
{Cm,nJmn=o defined by

= (S"f5, S"fo) m, neN

is posmve deﬁmte in the sense that .

2 cm+q.,;|+pz';r‘n,nm = 0

m,n=0

p,9=0
for all finite sequences {4, ,}<C. Unfortunately positive-definiteness of {c,, .} .o
does not imply that {c,, .}y ,—o 1S @ complex moment sequence (this is a substance
of Example 1). However this gives a hope that subnormality of S (still being cyclic)
may be forced by the fact that {c,, ,} ,-o iS a complex moment sequence.” There
is a characterization ([14]) of complex moment sequences in terms of non-negative
polynomials which has been originated by‘M. Riesz. Though this may be interesting
rather from the theoretical point of view than applicable to concrete sequences
(read: operators — in advance), we will follow this in a context of subnormal opera-
tors. It turns out even more: a result of SLINKER ([19], Th. 4.2) enables us to prove
a M. Riesz-like characterization for non-cyclic case. -
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- Theorem 3. Let S be a densely defined operator in a Hilbert space $ such
that SD(S)CD(S). Then S is subnormal if and only if the following implication
holds: if

{aii; i, je{1, ...,m} and p,qe{0,1,...,n}}

is a sequence of complex numbers such that

) 3 3 aiderzz, =0, for all 2z, ..., 2sEC,
o i.j=1p,4=0
then
(i) > 33 aiSkers, SHfy =0,
i,J=1 p,4=0 k,1=0

for each finite sequence {f}: i=1,...,m, k=0, ..., r}<D(S).

Proof. Suppose that S is subnormal and that N is its normal extension in a
Hilbert space R2%. Notice that : :

o [D(S) = D=(S)cD=(N) and
G . {N@®=@)cD=(N), N*(D*(N))cD=(N) and
NN*f = N*Nf for each feD=(N).

"Define the polynomials p*/ (i,j€{t, ..., m}) of two complex variables 1 and 1 by
@) Py = 3 allr, JcC.
p,9=0

Then, since SCN and (3), we have

G 3 3 al(SHrfl Sy = 3 3 al(NONH, NN =
p,9=0 k,1=0

p,9=0k%,1=0

N qu'=o alf,(NPh;, N%h;) = (p" (N, N*)h;, hy,

where
© b= SN i=1,.. m
: K=o
Thus we have to show that
M 3 (N, N9k, by =0,
1521

for all hy, ..., b, D=(N).
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Let E be the spectral measure of N. Since all the complex measures (E(-)h;, h;),
i,je{l, ..., m}, are absolutely continuous with respect to the non-negative measure

p= Zm’ (E(+)h;, hy), we find a matrix of summable Borel functions {h;;}7";, such
i=1

that (E(o)h;, h;y= f h;; du for each Borel subset ¢ of C and for all /, j.
Let Q be a countable dense subset of C. For ¢, ..., ¢,6Q we have

I

o 1,

hy()Eie dud) = ,-Zzl Ge(E(@)hy, hy) =<E(a)(j_=2": esh), ,é cshy) =0

1

for each o. This implies that

h,-j(l)é,-cj =0 a.. [ﬂ].

1

®

T

Since Q is countable, we can find a common Borel subset o, of C (which does not
depend on the choice of the numbers ¢;) such that u(e,)=p(C) and (8) is fulfilled,
first for all ¢,€Q and then, after limit passage, for all complex c;s.

Thus we have shown that the complex matrix [h;(A)];-, is positive definite
for each A€0,. Since, by (i) and (4), the matrix [p”(4, DIT;_, is also positive definite,
an application of the classical Séhur Lemma gives us that

© : (27, DhyDIF - - o

is a positive definite matrix for each A€g,.
Thus ‘

S W N by = 3 [ P D hy@) du(h) =
i,j= Lj=1¢

= J( 2 1070 D) i) =0.

(The integrand is non-negative due to (9).) This shows (7).

Now suppose that the implication holds for S. Then S satisfies (H) for all
finite sequences f;, ..., ,€D(S) (put m=1, n=0 and ay=1). Thus, according
to Proposition 2, there is a formally normal operator N in some Hilbert space
K59, which fulfills the conditions (i), (i) and (iii) of Proposition 2. Due to a theo-
rem of [19] all we have to prove now is the following implication: if for each A¢C,
the polynomial matrix [pY(2, /’[)];’"j=1 is positive definite, then (7) holds for all
hys ..., b, e D(N).

For this let [p*] be such a matrix of polynomials with coefficients {a'/} as in (4).
Let hy, ..., h,e D(N). Then, by (iii) of Proposition 2, there is a sequence
{f&: i=1,...,m, k=0,...,r}cD(S) which fulfills the condition (6). Since ‘N is
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formally normal extension of S, which has property (i) of Proposition 2, we can
rewrite all the equalities (5) to obtain

~

2 (PN Ny, Yy =
s J= Li=

o

=
-
i

al(Srfy, Sl = 0.

This proves (7) and finishes the proof of theorem.
As we have mentioned this characterization of subnormals may be useful in
proof. The following application is at hand.

Corollary 2. Let S be a densely defined operator in H such that SD(S)c
cD(S). Then

(@) If S is subnormal, then among all the subnormal operators T in $ extending
S and such that TD(T)CD(T) there is a maximal one. ' ,

(b) Suppose that there exists S~ which is densely defined and S*D(S Y
CD(SY). Then if one of the operators S and S~ is subnormal, so is the other.

Proof. (a) If {T,} is a chain (ordered by inclusion) of subnormal operators
extending S and such that T,D(T,)=D(T,), then UUT, is an upper bound,

which, due to Theorem 3, has the same properties as T,,’s do. Now an application
of the Zorn Lemma gives the conclusion (a). :
(b) Let {a¥}satisfy (i) of Theorem 3. Set b =aii_, , _, (remind that 0=p, g=n).
Then one can check that {bif} satisfies (i) of Theorem 3 too.
Suppose that S is subnormal. Take a finitesequence {fi; 1=i=m, 0sk=r}c

cD(S). Then, because in fact D(S)=SD(S), we have

m n r m n r
2 2 af (SR, (ST = 5 3 3T bf(Stre, Stg))
i, j=1 p,9=0 k,I=0 iy j=1 p,9=0 k,1=0

where g/=S-"+"fJ . Applying Theorem 3 we get the conclusion (b).
A characterization like this in Theorem 3 in a case of cyclic operators appears
implicity in K1LpI [14]. What can be easily deduced from [14] is the following.

Proposition 3. Let S be a densely defined cyclic operator in § with a cyclic
vector fy. Then the following conditions are equivalent:
() S is subnormal;
(1) {(S™ fo, S" fo)Ymu=o IS @ complex moment sequence, i.e. there is a non-

negative measure . on C such that (S™ fy, S” fo)= f Z"z" du(z), m, neN,
. s

1
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(i) If {a, )5 i1=0 s a complex matrix such that Zm' a, 2*1'=0 for each
K=o ‘
A€C, then

3 4o (SHh Sy =0,

Our characterization in Theorem 3 applied to cyclic operators looks more com-
plicated than that of Kilpi. Because we are unable on this stage, to reduce directly
ours to Kilpi’s this is why we do not state it explicitely here; though they must
necessarily be equivalent.

Sﬁbnorma] operatbrs and the Stieltjes moment problem. Weighted shifts

'5.°As we have ﬁlready'known subnormal operator S satisfies the condition
(H) for any choice .of vectors f, ..., ,€D7(S). Taking &.=S*f, and replacing
Jos s Su BY. &0» +-» & in (H) we get the condition:

® L S SS =0
. SRt oe e . . Jk=0

fdf all éhbices of vect"ors‘ Jos -ees fy I D2(S), which reminds a condition considéred
by EMBRY [7] iri the bounded case. Gomg on set fi=c,f and f;=c;Sf in (E),
respectlvely ( D™ (S)) we obtam

2"0 IIS”"fII% 7 =0,

and ’ .
p -
S ISH*fe;8, = 0,
k=0
for all com’pléx numbers ¢y, cees é‘ This is précisely what is required for the se-
quence {||S"f[|*}2, to be Stleltjes ‘moment sequence i.e. to be represented as

N . +eo :
® : IIS"fII2 =.[ rdu(r), neN,
‘ e S 0.
/.t Ky is a finite non-negatlve measure.
. “All what has-been said here cdn be stated as

Proposition 4. The followmg zmpltcatzons hold true:
.. S.is subnormal = S satisfies (H) on D7 (S),
" S satisfies (H) on D=(S) = S satisfies (E) on D=(S),
S satisfies (E) on D=(S) = S satisfies (S) for each f in D“’(S)
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6. It turns out that the implications in Proposition 4 can be inverted for S
being unilateral weighted shift. Recall S is said to be a unilateral weighted shift
if Se,€(C\{0}) €,+1,n=0, where {e,};~, is an orthonormal basis of §. The domain
of S is meant as the linear span of {e,}.~,. It is clear that S is a cyclic operator with
the cyclic vector &,.

Theorem 4. Let S be a umlateral weighted shift. Then the followmg conditions
are equivalent:
(i) § is subnormal;
(ii) S satisfies (H) for all finite sequences fy, ..., f,€ D(S);
(iii) S satisfies (E)for all finite sequences fq, ..., f€D(S);
(iv) S satisfies (S) for f=e,. A

Since D(S)=D>(S), all the implication but (iv)=>(i) follow from Proposition 4.
To prove the implication (iv)=(i) we utilize the following result which may be
interesting for itself. '

Lemma 1. Let f,€H bea cyclzc vector for S. Then the following two conditions
are equivalent: ‘
(@) SCUQ®R, where U is a unitary operator in &,, R is a self- ad]omt operator
n K, DCKRQOK, and fo=£,Qf: with some fi€R, and f£€D"(R); :
(b) there are two functions a: N—~C and f: Z~C such that

(10) (8" fos S"fo) = a(n+m)B(n—m), n,meN,
(11) > a(m+n)e,E, =0,
. m,n=0 _ i

for all finite sequences c,, ..., c,€C,

(12) 3 Bln—m)e,n =0,

m,n=0

for all finite sequences c,, ..., ¢,€C.
Proof. Let U, R andfl,f2 be as in (a) Because _
&, S™foy =<U™ '”fuﬁ><R"+’"ﬁ,ﬁ> m, nEN,

a direct computation shows that
a(n) = (R fy, fo), neN,

B(m) = (U™ f1,fr), mELZ,
satlsfy the condition (11) and (12) respectively,

and

11
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Suppose ‘that the condition (b) is satisfied. Then {x(n)};>, is a Hamburger
moment sequence [18] and {B(n)},., is a trigonometric moment sequence [18].
Consequently there are two positive finite measures p and v defined on R and the
unit circle T, respectively, such that .

(13) (S fes S™fo) = ft’“"” du() fz""" dv(z), n, meN.
‘ , R i

Denote by M_ and M, the rﬁultiplicatibn operators by z and ¢ in L*(T,v) and
L%(R, p), respectively. Then by (13)
<S"/6,Smf6> = ‘<M‘n+m llus ]u>L’-(p) <Mz"_m lv’ 1v>L9(v) =
= «Mz®Mt h(1v® 1/1)’ (Mz®Mt)m(lv® 1y)>L’(v®u), m, nEN

This equality allows us. to .identify S”f, with (M ®M)"(1,®1,), n€N, which

gives us SCM,®M,. Since M; is unitary and M, is self-adjoint, we set U=M.,

R=M,, f=1, and f,=1, to get the conclusion. This completes the proof.
Remark 2. If any_of the \equivalent conditions.(a) and (b) of Lemma 1 is

satisfied then S is subnormal. Moreover the operator R can be choosen to be positive
if (1n addltlon to (11))

1) o o Z" a{n+m+1)c,C, =0,

m,n=0

for all finite sequences ¢, ..., ¢,€C, (since then (11) and (11’) imply that {«(n)},.x
is a Stieltjes moment sequence) and Lemma 1 leads then to an L2-model of S as the
multiplication by z on the cornple‘x plane C.

Proof of (iv)=(i) of Theorem 4. Let us define 4: Z—»{O 1} by 5(0) 1
and §(n)=0 if n>0. So we have

(14 A
(S"ey, S™eg) = S(n—m)|S el = 5(n—m) [ " du() = 5(n—m) [ 1@+mI2 du(s),
0 o, o

m, n€N,

where n=p,, Is the measure given by the integral representation (S). Setting
a(m) = [ rPdu(D), neN
[}

and :
B(n) =6(n), n€Z,

in (14) we get the condition-(b) of Lemma 1. An appllcatlon of Remark 2 completes
the proof of our theorem. . .
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7. Now we want to show usefulness of Theorem 4.

Example 2. In [21] we have shown that the creatiori operator is subnormal.
This has been ensured by the condition (H) and the presence of analytic vectors
for the operator. However, since this operator is a unilateral weighted shift we can
use directly the condition (iv) of Theorem 4 instead of checking condition (H)
and looking for analytic vectors. To be more precise, recall that the creation operator

is defined as
1 d
== [5)

with D(4,)=C(R), the Schwartz space. Since the Hermite functions

fi(x) = e"z/z—d(i—ne"", n=0,1,...,

form an orthogonal basis for L*(R) and

A+fm_ ]fm+1’ m=0,1, ...,

( V2
A, when restricted to the linear span D, of the Hermite function is a weighted
shift in L*(R). Denote this restriction by S. Since -

IS"filz = n'yYz, n=0,1,2,..,

and {n!}), is a Stieltjes moment sequence, according to Theorem 4, S is sub-
normal. Since A, =(A4,|D)", 4, is subnormal. . :

Theorem 4 allows to produce subnormal operators from 51mpler ones. As an
illustration take a subnormal weighted shift S and define S,=S**S**!, k is a
positive integer. Then, after some computation — which, in a more general context,
will be presented elsewhere [25] — one can show that S satisfies the condition (iv)
of Theorem 4 and consequently it is subnormal too. In partlcular, if S is the creation
operator then

2 - 3 .
S, = ]—/42—-{(1+x2)x—(3+x2)%—x%-g+<:—x3}. A

8. We pass now to bilateral weighted shifts. In order to prove an analogue
of Theorem 4 in this case we need an appropriate versmn of Lemma L.

Lemma 2. Let S be a densely defined operator in 5 such that SR(S) {0}
and SD(S)=D(S). Suppose there is a vector f¢D(S) such that D(S), is the
linear span of the set {S"f,: n€Z}. Then the following conditions are equivalent:

(@) SCU®R, where U is a unitary operator in K, R is a self- adjoznt operator
in 8, with 0¢0,(R), DCK, @K, and fy=f,Qf, with some f€R; and f,€' ﬂ D(RY);
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(b) there are two functions «, f: Z—~C such that

(15) : - A{S"fo, S"fo) = a(n+m)B(n—m), n,mcZ,
(16) 2. a(nt+me,i, =0,

fbr qllﬁnite sequences C€_,, ..., ¢,€C, and B satisfies (12).

The proof of Lemma 2 goes in the same way as that of Lemma 1. However
one has to use instead of the Hamburger characterization of moment sequences the
following result ([13] [1]). A sequence {x(n)}, ¢z of complex numbers can be rep-

resented as
a(n) = f du(t), n€Z,
R\{0}

with a finite non-negativé measure u if and only if (16) holds.

Remark 3. Each of the equivalent conditions (a) and (b) of Lemuma 2 guar-
antees subnormality of S..If the function ‘a: Z—~C satisfies the additional con-
dition ’

(17N > a(n+m+1)c,c,, =0,

—r=n,m=r - .
for all finite sequences c_,, ..., ,€C, then the operator R can be choosen to be
positive. This happens because, due to the conditions (16) and (17), the sequence
{(m}, ¢z becomes (cf. [1], [12]) a two-sided Stieltjes moment sequence which means
that there is a non-negative finite measure u such that

amy= [ £du@®), neZ.
, (@, +20)

A densely defined operator S in H is said to be a bilateral weighted shift if
there is an orthonormal basis {e,},cz of $ such that Se,€(C\{0})e,,,; for each
n€Z. The domain D(S) of S is the linear span of {eatuez-

We have an analogue of Theorem 4 for bilateral weighted shifts.

Theorem 5. Let'S be a bilateral wetghted shtft Then the following conditions
are equivalent: :
(i) S is subnormal;
(ii) S satisfies (H) for all finite sequences fy, ..., f, in D(S);
(iii) S satisfies (E) for all finite sequences fy, ..., f, in D(S);
(iv) S satisfies (S) for each fE{S~"e}n=0;
) {IS"eoli},cz is a two-sided Stieltjes moment sequence.

. Proof. The only implications which need a proof a:é (iv)=(v) and (v)=(i).
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(iv)=(v): The operator S satisfies all the assumptions of Lemma 2 with f;=e¢,.
Now we show that the sequence {|lS"e0||2}nEz satisfies the conditions (16) and
(17). Let c_,, ..., ¢, be an arbitrary sequénce of complex numbers. Then

2 18" "eleCrm = Z’ IIS"‘”"S 2’e0||2da

—~rsn,msr n,m=0

and

2 ”Sn+m+1€0||2(".n(—:m 2 "Sn+m+ls 2’,eollzdam’

—r=n.m=r n,m=0

where d,=c,_, for n€{0,1,...,2r}. Due to (iv), all the sums appearing in the
above two equahtles are nonnegatlve This ensures that {||S"e0|l ez is a two-
sided Stieltjes moment sequence.

(v)=(i): Like in the proof of Theorem 4 we put

a(n) = f t"/zdu(t) nEZ
(0, +0)
and

B(n) = 6(n), neZ.

The equality (15) follows from the same argument -as its analogue in the proof of
Theorem 4. The application of Lemma 2 completes the proof

Subnormal operators through C=-vectors

9. In the papers ([20], [21], [22]) we have studied subnormal operators by means
of some of their classes of C*-vectors. Here we wish to review and extend these
1nvest1gauons Recall the definitions. ) o

A vector fED™(S) is said to be a bounded vector of S if there are p031t1ve
numbers a=a(f) and c=c(f) such that :

IS'fl = ac", n=1,2, ...

A vector feD>(S) is said to be an analytic vector of S if there is a posmve number
=t(f) such that

I!S"f I

Z’ < +oo

A vector feD™(S) is said to be a quasi-analytz'c vector of 8 if

Sisp-m =+
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Finally f€®>(S) is said to be a Stieltjes vector of S if

SIS = o

Denote by B(S), UA(S), Q(S) and &(§) the sets of bounded, analytic, quasi-
analytic and Stieltjes vectors of §, respectively. It is clear that B(S) and A(S)
are linear subspaces of § and B(S)cA(S)cQ(S)cS(S). By direct verification
we get that S(B(S))=B(S) and S(A(S))cA(S). To check that V(S) and
&(S) share the same property as B(S) and A(S), use the Carleman inequality [3]:

(18) Sa-tm s 3 g,42 / S a,
. n=2 n=2 n=2

1

1
with a,=[S"f] »-1 and a,=|S"f| 2-D, respectively.

In [20] we have proved the following theorem.

Theorem I. Let S be a densely defined linear operator in $. Suppose that
D(S)=B(S). Then the following conditions are equivalent:
() S is subnormal;
(ii) S satisfies (H), for all finite sequences f, ..., L€ D(S); _
(iii) there is an increasing sequence {9,}>, of closed linear subspaces of
contained in D(S) such that §9,C$9,, each restriction of § to 9, is a bounded sub-

normal operator in $ and |J 9, is a core for S.
n=1

Remark 4. The following comments may be usefull here. Let 4 be a densely
defined closable operator in . A linear subspace D of D(4) is said to be a core
for Aif A=(A|D)~. A closed linear subspace ® of § is said to be invariant (resp.
reducing) for A if PAP=AP (resp. PACAP), where P is the orthogonal projec-
tion of $ onto &. If a closed linear subspace G of § is contained in D(A)ND(4*)
then ® is reducing for A if and only if 4(6)c® and A*(G)cG.

The example of the creation operator indicates that there are closed subnormal
operators having no nontrivial bounded vectors. However, if an operator has a
dense set of bounded vectors, Theorem I provides us with some additional informa-
tion on its geometrical structure. We show that quasinormal operators we have
already considered in Section 2 fall in this class and get, as a by-product, another
proof of subnormality of quasinormal operators.

Proposition 5. Suppose that S is a quasinormal operator in . Then B(S)
is a core for S, there is an increasing sequence {9,}>>, of closed linear subspaces of
9 contained in D(S) such that each H, reduces S, each restriction of S to 9, is a

bounded quasinormal operator in ), and D 9, is a core for S.
n=1
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Proof. First of all we show that B(S) is a core for S. Let S=U|S| be the
polar decomposition of § and let E be the spectral measure of |S|. Set $,=E([0, n])$

and D= D .. Take f€9,. Then
n=1 .

IS|f = ISIE([0, m])f = E([0, m])|S|f
and by Proposition 1,
Uf = UE(0, m))f = E({0, m]) UF.

This means that each $,, and consequently D is invariant for |S|, U and S. Thus
for fc9,, we have
IS"fI2 = TSI fI2 = [ISI"f1I* =

— UISPEQO, m)fI = [ #(E@of, ) = mol 12,

so fEB(S). In other words bt%(S) It is easy to see that the equality |S|=
_(|S||D)‘ implies S=(S|D)~. So O and B(S) are cores for S.

Define a bounded operator S,=UR,, where R,= f tE(dt). Then R(R})c

CR(R)R(S|E(0, n]))cR(S), so R(RDR(IS)). Smce U* Uis the orthogonal
projection onto R(|S|), we have U*UR2=RZ. By Proposition I, U commutes
with R,. Therefore S*S,=U*UR:=R?, which implies |S,|=R,. Since U com-
mutes with R,, S, commutes with R,=|S,]. This means that S, is a quasinormal
operator. Denote by T, the operator S, 9, Then

T;'T, = E((0, n])S; S,ls, = E([0, n])Ril5, = (R,ls,)"

Thus |T,|=|S, ||,5 _R,,|,3 Since S, commutes with R,, T, commutes with |T;].
This means that for each nz=1, S|g =T, is a bounded quasinormal operator. Since
E([0,n])) SC SE([0, 7)), $, reduces S. This completes the proof.

_ Corollary 3. S is a subnormal operator if and only if there is a subnormal extension
Sof Sin 909 such that B(S) is a core for §.
Proof. This'is an easy consequence of Proposition 5 and Theorem 2.

Corollary 4. An operator S in O is normal if and only if S is formally normal
and quasinormal. In particular S is self-adjoint if and only if S is symmetric and quasi-
normal.

Proof. Since S 'is-quasinormal there is a sequence {H,}:>, of closed linear
subspace of $ with properties described by Proposition 5. Let D= U 9,: Then
DCB(S) and D is a core for S. Since 9, is a reducing subspace f01 S and $,C
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cD(SIND(S*)=D(S), Remark4 implies that §9H,cH, and §*9H,=H,, for
each n. Thus SDcCD and S*DcD. Since § is formally normal, the nontrivial
conclusion of Corollary 4 follows from Theorem 1 of [20].

10. Another result we wish to discuss is one which bears a resemblance to a
result of Embry for bounded operators [7].

Theorem 6. Let S be a densely defined operator in § such that SD(S)cD(S).
Suppose that D(S) is a linear span of the set Q(S). Then S is subnormal if and
only if S satisfies (E) for all finite sequences f,, ..., ,€D(S).

This is a stronger version of Theorem 8 of [21] where instead of (E) the con-
dition (H) appears.

In order to prove Theorem 6 we need some lemmas. The first of them gives
the full characterization of determinate moment sequences in terms of their rep-
resenting measures. The proof of it can be done in the same way as that for Ham-
burger moment sequences (cf. [9], Theorem 8).

Lemma 3. A Stielties moment sequence {a,},>, with the representing measure
u is determinate if and only if the set of all polynomials of one real variable is dense
in LRy, (1+x)p).

- Lemma 4. Let N be a densely defined operator in & such that

(19), D;Q(N)=D(N*N), N®)cCD and N*N(Q)CB,
(20) N(N*N)f=(N*N)Nf, feD,
21 S((N*N)) is a total set in K.

Then N is closable and N is quasinormal.

Proof. Denote by A4 the symmetric operator N*N defined on 3. Then
(Nf, Ngy=(A41, 8), f, g€D. This implies that N is closable. Denote by D,.the linear
span of S(4). Then A(Dy)D,, A=N*NcN*N and, by (21), S(4) is a total
set in K. It follows from [16] that (ZIDO)‘ =A=N*N. The last eqiality can be
written as A=|N|2. Since D,CcD(IN[2) and D, is a core for. |N|2, D, is a core
for W |. Now an application of the polar decomposition for N gives us that

22) : - D, is a core for N.

Let E be the spectral measure of 4, ie. A= f tE(dr). Then for f€D we have

0

AL = [ @SS, e,
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and
(A"Nf, Nfy = f #(E(d)Nf, Nfy, neN.

Since A=N*N, (19) and (20) imply
(A" Nf, Nfy = (421, f), meN.

Combining these three equalities we obtain

oo oo

(23) (A fy= [ (E@INS, Nfy = [ r((E@Df,f), feD, n=0.
0 [1]

Let fc S(4). Due to the Carleman criterion (cf. [18]) the sequence {(4"f, )},

is a determinate Stieltjes moment sequence. Using now the Carleman inequality

(18) and again the Carleman criterion we infer that {(4"+'f, )}, is a determinate

n

Stieltjes moment sequence. Consequently, due to (23), we have

(24) (E(dt) Nf, Nf) = KE(dD)f. f).

Let o be a Borel subset of R,. Since {(4"f,f)}, is a determinate Stieltjes
moment sequence ( € S(4)!), Lemma 3 gives us a sequence {p,}:2, of polynomials,
which converges to the indicator function 1, of the set ¢ in L?*(R., (1+x?)p),
where pu=(E(-)f,f). One can show then that {p,};-, convergesto 1,in L*(R,, p)
as well as in L3R, xu). Since '

oo

IE@)f-pa( DI = [ 1o—pilPdp

. 0
and, by (24),

oo

IE@) NF—pu(AINFI? = [ 11,00 —pa(x)I(E(dx)Nf, Nf) =

= f 115(x) — pa(x)|2x dpu(x),

we have E(o)f=lim p,(4)f and E (o) Nf: = lim p,(4)Nf=lim Np,(4)f. Thus
E(0)fc D(N) and NE(c)f=E(c) Nf for each f€ S(4). This implies that E(c)(N lo)<
cNE(s) and E(6)(Nly)~cNE(0), in consequence. Due to (22) we obtain

25) E(6)NcNE(s), for each Borel subset ¢ of R..

+ oo

Since |N|=AY2= f r2E(dr), the spectral measure F of |N| is given by the fol-
0 ’

lowing formula:

(26) F(o) = E(¢™(0)), fof each Borel subset ¢ of R, |
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where ¢: R,—~R, is a homeomorphism defined by ¢@(x)=x2, xc¢R,. The
conditions (25) and (26) show that N commutes with the spectral measure F of |N]|.
This completes the proof of Lemma 4.

The next lemma shows that the condition (E) holds on D=(S) if and only.if S
has a “formally quasinormal” extension with “reducing” domain.

Lemma 5. Let S be a densely defined operator in  such that S(D(S))<
cD(S). Then S satisfies (E) for all finite sequences f, ..., ,€D(S) if and only
if there is a densely defined operator N in some Hilbert space KO9 such that

(i) N satisfies the conditions (19) and (20),
(i) D(S)CD(N) and SCN, '

(iii) D(N) is a linear span of the set {(N*N)"f: n=0, feD(S)}.

Proof. Suppose that N satisfies (i) and (n) Then (19) and (20) imply (via an
induction procedure)
{(N*NY'f,g) =(N"f,N"g), [ geD(N), n=0,

and this can be used to prove the inequality (E) for allfinitesequences fo; ..., fLED(S).
To prove the converse, suppose that S satisfies (E) for all finite sequences
Jos s JHED(S). Define the form ¢ over (N, D(S)) (cf. [23]) by

o(n, f, 8) =(S"f; S"g), nEN, f, gcD(S).

N is a *-semigroup with the identity map as an involution. Since § satisfies (E) for
all finite sequences f;, ..., L6 D(S), the form ¢ is positive definite. Notice also
that 1 is a hermitian generator of the *-semigroup N and ¢(0, ; g)=(f, g) for all
£, 2€D(S). Thus, by Proposition of [23], there is (under suitable unitary identifica-
tion — see the proof-of Prop. 2) a densely defined symmetric operator A4 in some
Hilbert space R59 such that A(D(4))cD(4), D(A) is the linear span of the set
{41 n=0, f€D(S)}, D(S)cD(4) and

@7 (S",5"8) = o(n; f,8) =4, 8), n=0, f,8€D(S).
Define -an operator-N with D(N)=D(4) by
N(ZAf) = S ALy for s i€DES), =0,

1t follows from (27) that for all f;, ..., £, D(S)

|2 il = 3 avisp sy = 3 (sisg, sisg =

k, =0

5 (sttag, s = 3 g, = (a3 ah), 3 A,

k,1=0 : Tk =0
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This implies the correctness of the definition of N and shows that [Nf|2=(4f,f),
JED(N). Consequently

(Nf, Ng) = (Af,8)» f,gED(N). ,
This implies that 4A=N*N. The equality (20) follows from the following ones

NA(kgn; Af) = N(ké') ALY = go AFHISE, =

— A3 ASF) = AN(S AF). oo SED(S).

The inclusion SCN is obvious. This completes the proof of Lemma 5.
Now we are able to pass to the proof of Theorem 6.

Proof of Theorem 6. “Only if” part of Theorem 6 follows from Proposi-
tion 4 as well as from Theorem 3.

Conversely, suppose that S satisfies (E) for all finite sequences fo, ey f,,EiD(S ).
Due to Lemma 5, there is a densely defined operator N in some Hilbert space 829,
which satisfies the conditions (i), (ii) and (iii) of Lemma 5. Then

@ - - QS)cS(4), A =N*N.

To prove this suppose that f€Q(S). Then Proposition 4 implies that the sequence
{a.}:,, where a,=|S"f||? for n€N, is a Stieltjes moment sequence. Thus a} _aka,
for 'k,1€N such that 2p=k+I. Due to Section 1 of [21] we obtaln

SIS <,

It follows from (1) and (ii) of Lemma5 that IIA"f [12=<4*f, f }-—]|S2"f 112,
3 1S17 = F S| = oo, Thus fe&(4).
n=1

Now we are m position to use Lemma 4. Indeed since 5D(A) is a linear span of
{4"f: n=0, f€D(S)} and D(S) is a linear span of Q(S); an application of (28)
and A(S(4))cS(A4) gives us that D(4) is a linear span of S(4). It follows from
Lemma 4 that N is quasinormal and, by Corollary 1, S is subnormal This completes
the proof.

Corollary 5. Let S be a closed denselyvdeﬁned operator in §. Suppose that the
linear span D of Q(S) is a core for S and that S satisfies (E) for all finite sequences
Jos s JAED. Then S is a subnormal operator.

11. Now we show that if an operator S has a dense set of analytic vectors
then, similarly as in the case of weighted shifts, the condition (S), when satisfied
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for all fcD(S), is sufficient for S to be subnormal. This result is an extension of
Lambert theorem (cf. [15], Th. 3.1) to the case of unbounded operators. Similarly as
in [22] we ask whether this theorem is true for operators having dense set of quasi-
analytic vectors.

Theorem 7. Let S be a densely defined operator in $ such that D(S)=U(S).
Then S is subnormal if and only if S satisfies (S) for each fcD(S).

Proof. We have only to prove sufficiency. Suppose that § satisfies (S) for
each f€D(S). Then for each f€D(S) there is a unique non-negative measure u,
such that

(29) IS = [ du@, n=0,1,2, ...

0

Using the polarization formula we define complex measures

13 £, 8) = 5 o)~ rog(@) ity a1y (0)— ity (0D}

for each Borel subset ¢ of R, . Since the measure p, is uniquely determined we have
Uy = |a|211f, a€C9 fGD(S)

This implies that p,=u(-;ff), f€D(S) and that the form u(o; -, —) is her-
mitian symmetric. It is easy to see that

(30) (S"f,S"'g) = [ ru(dr; £,8), f,8€D(S), neN.
. 0
Now we prove that u(y; -, —) is linear with respect to the first variable. To
show it is additive we write
(§"(f+8), S*hy = (S"f, S"hy+(S"g, S"h), [, & heD(S), neN.

Using the polarization formula for the form (f,g)—~(S"f,S"g) and the integral
representation (29) we get

ft"dvl(t)—ft"dvg(t)+i(ft"dvs(t)—ft"dv4(t)] =0, neEN,
0 [} ) R )

where
Vi =Ugrgentlr-ntlg-ns Vo= frigntleintlgips

Vs = PrigrintHr—intHo—ins Va = Brig~inTHrsint Ugtine
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Since the measures v,, k=1,2, 3,4, are non-negative we obtain

. oo oo

j " dvy (1) = j " dvy(f), neN,
0 (1]
and

co

(31 fwt"dv3(t)= [ e av (), neN.

Each of these Stieltjes moment sequences is determinate. To see this consider the
first of them

a,= [ an@) = |S"(f+g+RI*+IS"(f—hIP+]1S"(g =2 neN.

Since the vectors f+4-g+h, f—h, g—h are analytic vectors of S, one can prove that
there is.a positive real number 7=0 such that

o gl/2
2 n ! < oo,

n=0 n!

This implies that S a7 =4 0. Due to the Carleman criterion (cf. [18]), {a,;}
n=1

is a determinate Stieltjes moment sequence. The same is true for the other sequence
given by (31). _

Thus v,=v, and vy=v,. This in conclusion implies the required additivity
ulo; f+g W=u(o; f, )+u(o, g, h). By the same trick we can prove that
u(o; af, y=au(o; f, g), first for a=0 then for a<0 and finally for a=i which
exhausts all possibilities. ' ‘

Thus for each Borel subset ¢ of R, u(s; -, —) is a hermitian bilinear form
and u(-;f,f) is a non-negative finite measure on R, for each feD(S). Using
the generalized Naimark dilation theorem [10] we find a Hilbert space K, a linear
operator V: D(S)—{ and a spectral (normalized) measure E on R in & such that

G W £, 8) = E@VLVE), 1 geD(S),
for every Borel subset ¢ of R, . According to Theorem 6, the proof of Theorem 7

will be finished if we.show that S satisfies (E) for all finite sequences fq, ..., f,€ D(S).
Let fy, ..os /L€ D(S). Due to (32)

V(D) D( f #E(dr)), neN.
0
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Using (30) and (32) we obtain

2 sy~ 3 [ o )= 3 ([ oRE@OYS T8 =

Jik=0

= kz"*ﬂ( f PE(dDVY;, f FE(d)Vf,) = ||k2o f t"E(dt)kanzéo.
5, k=0 ¢ 0 v=0¢

This completes the proof.
The proof of Theorem 7 is similar to that of Theorem 6 in [21]. For reader’s
convenience we have repeated the most essential parts of it. '

Corollary 6. Let S be a closed densily defined operator in H such that U(S)
is a core for S. If S satisfies (S) for each feN(S), then S is a subnormal operator.

In the case when the operator S is invertible, T heorem 7 implies the following

_Corollary 7. Let S be a densely defined operator with the densely defined
inverse S, Suppose SD(S)CD(S) and S1D(SHD(S™Y) and S satisfies
(S) for each feD(S). Then S is subnormal provided D(S~)=U(S ™).

Proof. Due to Corollary 2 (b), it is sufficient to show that S~ is subnormal
and, due to Theorem 7, it is sufficient to show that S~ satisfies (S) for each
SED(S )=D(S). Take f£D(S) and ¢, ..., c,€C. Define g=S-*f, h=S"1f
and d;=c,_;, j=0,...,n. Then .

3 IS I =

Jik=0 . A

M=

0

IS/ ++gl2d,d, = 0
and :
jkz;o "(5—1)i+k+1fnzcjgk = k2=' "(S—-l)j+kh'nzcjak =0

Jrk=0

which means that S~ satisfies (S) for each fED(S).
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