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The numerical ranges and the smooth points of the unit sphere

FRANK PIETSCHMANN and ADOLF RHODIUS

L Let S, be the unit sphere of a complex Banach space (E, p). The set of all
smooth points on S, will be denoted by F,. The element x€S), is a smooth point if
and only if the Gateaux derivative p” at x exists. We denote by ¥}, (T) the spatial
numerical range of T. If the unit sphere is smooth, then the relation

Vp,(T) = {p'(x, Tx)—ip’(x, iTx): x€S,}
holds. We assume that the set F, is dense in the unit sphere S, e.g. this holds for

separable or reflexive Banach spaces. We prove that for continuous operators T’
the closure of the set

{p'(x, Tx)—ip'(x, iTx): xCF,}
is the closure of a Lumer numer1cal range of T.

1L Let D, be the mapping of S, into the power set of the dual E” of E defined by
Dy(x) ={f€E": f(x) =1, [f W] =p(), (y¢E)}-

We consider the continuous operator G: E—~E with the domain D(G)SS,. For
a mapping Q, of D(G) into the power set of E’ with

0 0,(x) S D,(x) (x€D(G))

‘ VQP(G) = {f(Gx): fEQ,(x), xeD(G)}

is called the numerical range of G corresponding to Q,,. (See [71) It card Qp(x) 1
(x€D(G)) holds, then ¥, (G) is a Lumer numerical range | (G) is called the
spatlcal numerlcal range ¢ of G.

the set

Theorem 1. Let T be a contmuous operator ofS into E. Ibe (TIA) is a nu-
merical range of i the restriction of T to the subset A of S, with cl A S, then there
extsts an extens:on Qp of Q,, to the unit sphere S, such that :

cl VQ (TlA) = c% ).
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Proof. Let x¢S,\4. Then there are sequences (x,) in 4 and (f;) with
£€0,(x,) and p(x,—x)—0. Since the unit ball of E’ is weak*-compact, we can
choose subnets ( f3)p¢p Of (f,) and (x)s¢p Of (x,) and an f,€E’ such that

(f3)sen is weak *-convergent to f, and p(xz—x)—0

The inequalities
IOl = p(y) (YEE, nEN)

IO = p(y) (¥EE).
J3(xp) = fa(xs—2)+f3(x); | fo(xp—2) = p(x5—x)

we deduce fj(x;)—~f.(x) and f,(x)=1. So we have f,€D,(x). Now we extend the
mapping §, by the definition

imply

But since

0,(z) for zed,
22 = {{f,} for zeS\A4.

It is clear that the relation cl VQ (TR, (T) holds. It remains to show that
the scalar Jx(Tx) is a cluster point of Vs (TIA) (x€S,\4). By the construction
there are nets (xz)5¢p of 4 and (f3)pcs w1th Js€ Qp(xﬂ) such that

f6() ~ f:(») ()€E) and  p(xp—x) ~0

The inequality |fz(Txs—Tx)|=p(Tx;—Tx) and the continuity of T imply
J3(Txs—Tx)~0. Hence from the relation

J5(Txp) = fo(Tx)+f3(Txp—Tx)
follows fp(Tx,)—>f(Tx).

Remark 1. The proof of Theorem 1| shows that there exists an extension
Q,of Q'p satisfying the condition card @,(x)=1 (x€S,\4).

Theorem 2. Let T be a continuous operator of S, into E. If F, is dense in S,

then the set
cl {p’(x, Tx)—ip’(x, iTx): xCF,}

is the closure.of a Lumer numerical range of T corresponding to a mapping Q, defined
on the whole S,,.

Proof. We applicate Theorem 1 putting A=F,. There exists exactly one
mapping Qp of F,, into the power set of E’ with § 0, (x)E D,(x) (x€F,). By [6] holds

Vs, (TIE) = {p"(x, Tx)—ip’(x, iTx): x€ E}.

Hence by Theorem 1 the conclusion follows.
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Corollary 1. Let T be a linear continuous operator of S, into E. If F, is dense
in S,, then for the numerical radius v,(T) the following relation holds:

v,(T) = sup |p’(x, Tx)—ip’(x, iTx)|.
xGFP

Remark 2. The condition ¢l F,=S, is fulfilled for separable Banach spaces
(see [5]), and for reflexive Banach spaces (see [3]).

Remark 3. Let E be a separable Banach space and let T be a linear continuous
operator of S, into E. While the set
c{p’(x, Tx)—ip’(x, iTx): xEE,}
is the closure of a Lumer numerical range of T defined on the whole S,,, in general it is
not the closure of the spatial numerical range of 7. We consider the following example.
Let ¢, be the Banach space of all complex null sequences x=(x;) equipped
with the norm p(x)=max |x;|. Then x€S, is a smooth point on S, if and only

if the relation |x;/=1 holds for exactly one coordinate x; of x; let be [x;,l=1.
Using the functional f, defined by

_ S (¥) = YVieyXien (J’ = (J’i)),
it follows J,(x)={f.} (x€F,). For the operator T with

Tx = (xy, 1/2x5, 1/3x,, ..., 1/nx,, ...) (x€cp)

one obtains VQP(TIFP)={1, 1/2,1/3, ..., 1/n, ...}. Therefore the set {1/n: n¢ N}U {0}
is the closure of a Lumer numerical range of T defined on the whole S,. The closure
of the spatial numerical range of T is the interval {1€R: 0=A=1}.
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