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On x-bases in lattices of finite length

ZSOLT LENGVARSZKY

The notion of *-independence was introduced by G. CzEDLI in [2] as an ana-
logue of weak independence (see [1]). A subset H of a lattice L is called * -indepen-
dent if for all h, h,, ..., h,€ H satisfying h=h,V...Vh, thereis ani (1=i=n) such
that h=h;. A maximal %-independent subset is called a *-basis of L. Let L be a
lattice of finite length. Then two basic examples of *-bases are maximal chains and
the set of all join-irreducible elements of L.

In this note we extend the following result of [2]:

Theorem A. Every %-basis of a finite distributive lattice L has at least |Jy(L)|
elements (Jo(L) is the set of all join-irreducibles of L).

We also determine the class of lattices of finite length which have the property
that any two *-bases have the same number of elements. This class turns out to be
exactly the class of planar distributive lattices.

We will need the following well-known

Lemma B (see [3]). Let D be a finite distributive lattice. If for the elements
Js X15 ooy X,€D we have jeJy(D) and j=x,NV...VX, then j=x; for somei, 1 =i=n.

Let L be a lattice of finite length. For any interval [a, 5] of length two in L let
N,.» be a (possibly empty) set of new elements such that N, ,NN, =0 if a#c or
bsd. We define a new lattice L containing L as a sublattice on the base set

LU |J N,, by adding to the Hasse diagram of L the covering relations
I({a,b]) =2 -
a<u and u<b forall N, , and for all u€N, ,. Then we say that L can be obtained

by inserting new elements into L. o
Observe that for any join x;V...Vx, in L we have either

x1V...Vx,, = X;
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for some 1=i=n or
xnV..Vx, = x5,V...VX,
where x—X denotes the mapping of L to L defined by
_ (b if x€N,,
"={x it xcL.

Let %, be the class of lattices which can be obtained by inserting new elements
into some finite distributive lattice. The following result extends Theorem A:

Theorem 1. If Le%, then for any -basis of L we have |H|=I(L)+]1.

Proof. Suppose that L can be obtained by inserting new elements into the
distributive lattice D. Let N=L\D. We define a mapping @: Jo(D)-P(H) by

{j} if j€H (case o)

{he NNH|j covers h and j=hVHhV...Vh, for some hy,...,h,eH} if
®(j) =4 jé¢H and this set is nonempty (case B)

{h¢ Hih=jVhV ...V h, for some hy, ..., h,<h; hy, ..., h,€H}
lotherwise (case y).

Since H is a *-basis &(j) is always nonempty.

Now assume that for some j£k we have he @(j)N &(k). It is easy to check
that this can happen only in two cases:

— @(j) was defined according to case o and ®(k) was defined according to
case 7;

— both &(j) and &(k) were defined according to case y.
Suppose the latter. Then

h=jVmhVv..Vh, =kVgV..Vg,
for some hy, ..., h,, &1, ..., &,€ H with hy, ..., h,, &, ..., 8€,<h. This implies
jVAV...Vh, = kVgV..V§,
and by distributivity
J=GARVGAZIV ... V(jAgy).
Since j is join-irreducible in D, we have j=jAg; for some 1=i=m. Then
gvVmV..Vh, = h

and since H is a x-basis we have

eVhV..Vh, < h.
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As gVhV...Vh,=h, cannot hold (1=t=n) we have g;Vh,V...Vh,=g; thus gEcN
and h=g;, whence jVg,=h. Furthermore kVg;=h, as otherwise kVg;=g; which
would imply g,V...Vg,=h, a contradiction.

We obtained that if h€ ®(j)N P (k) for some j=k then h=h’ and jVh' =
=kVH =h for some W<NNH. The same conclusion can be derived in a similar
way if @(j)={j}.

It is easy to see that W¢ &(/) for any I€J (D). Indeed, since W¢N and
K’ =h, the only possibility for h’'€¢ ®(l) is I=h but then K¢ {h}=D().

Now suppose that there is a third element /€J,(D) with h€ (). Then by the
above observations for some h”"¢ NNH we have h=h" and jVh”"=IVh"=h.
As WVh”"=h cannot hold we must have h’=h”" and jVH =kVH =IVH =h.
Assume that i’ was inserted into the interval [a, k]. It is obvious that jVa, kVa,
IV a=a. Further, they are pairwise distinct by Lemma B. If, say jVa=h, then
jVa=kVIVa. Then again by Lemma B we have j=k,! and either j=k or j=/,
i.e. j=k or j=I. Hence the elements a<jVa, kVa,Va<h form a sublattice
isomorphic to M,, the five element non-distributive modular lattice, which is a
contradiction.

Finally define

H = {he H|[{jlhe d()}| = i}
for i=0,1,2. Summarizing the above observations we can write
[H| = |Ho|+ |Hy|+|H,| = |Hy|+2|H,| =
= ) [ ()| = |Jo(D)] =1(D)+1 = I(L)+1.

JE€Jo(D

A finite lattice is said to be planar if its Hasse diagram can be described in the
plane by using non-intersecting straight line segments.

Theorem 2. Let L be a lattice of finite length. Then any two *-bases of L have
the same number of elements iff L is a planar distributive lattice.

Proof. Let L be a planar distributive lattice and let HEL be a *-basis. Now
for any join x,V..Vx, in L there are 1=i, j=n such that x,V..Vx,=
=xVx;, i.e. b(L) (=the breadth of L) =2 (see [5]). Consider the following map
@: J,(L)~P(H) which was introduced in [2]:

() if jeH

&(j) = {(h¢ H|h = jV V...V h, for some bhy, ..., h,<h; hy, ..., heH}

if j¢H. _

In view of Theorem A it is enough to show that for any j€Jy,(L) we have
|®(j)|=1 and for any h€ H there is a jeJo(L) with he @(j).
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Suppose that h>h" and h, K€ ®(j), ie. h=jVhV...Vh, and K =jVhV...
...VK, for some hy, ..., h,<hhy, ..., h,€H and for some- hf, ..., h,<h, h{; ...
..., W€ H. By the starting note on joins h=jVh, and h’'=jVh, for some 1=s=m
and for some 1=t¢=n. Then hVh' =jVhVh; and by b(L)=2 again, we have
‘three possibilities: . '

Vhs  (a)
hVKE =1jVh (b)
hNh  (c).
In case (a) hVH =h, whence W’V h,=h. Since H is a basis, we must have h’=h.
Case (b) is similar to case (a) and in case (c) we have j=hVh =h\Nh where h,,
hj%j. By Lemma B this is a contradiction.

Now le ho¢ H. If hy€Jo(L) then' hye ®(hy). Let hodJo(L). Then (again by
b(L)=2) there are two incomparable elements j,j’€J,(L) such that jVj’=h,.
1If je H then j’€ H cannot hold, thus hy,€ &(j’). Suppose that j¢ H. Then h=jVh,
for some h,<h; h,, h¢ H. We have three possibilities:

Vit ()
JViNh =\jVh,  (b)
JVh ()

Case (a). Then h=h,. If h=h, then h,c &(j). If h<h, then j'Vh=h, yealds
he€ 2(j).

Case (b). Then hy=h. If hy=h then hy¢ ®(j). If hy<h then h,Vh,=h con-
tradicts the fact that H is a *-independent subset.

Case (c). Then j=j’Vh, and jZ%j’, j=£h,, a contradiction.

Now suppose that L is not a planar distributive lattice. If L is not modular then
as it was shown in [4], L contains a c-sublattice L, isomorphic to L, ; (k=2, I=1),
B or B’ (see the diagram).

u | :
U vt g
‘ ,B B

Ly

(A sublattice L, of a lattice L is a c-sublattice if a<b in L whenever a<b in Ly)
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It is straightforward to check that in each case there is a %-basis H,SL, and
there is a maximal chain C,EL, with |Hy|>|C,|. Let a=x,<...<x,=4a, and
by=yy=<...<y,=b be two maximal chains between a and a, and between b, and b,
respectively, where a=AL, b=V L and a,=AL,, by=V L,. Then H=H0U{x5,
coos Xm}U {15 -5 Y} 1s @ *-independent subset (which can be extended to a *-basis
of L) and C=C,U {x,, ..., X,}U {J1, ---» ¥u} is a maximal chain of L (which is itself
a #-basis of L) such that |H|=|C|.

If L is modular but not distributive then L contains M, as a c-sublattice (see [3]).

Since M, has a %-basis with 4 elements, we can argue as above, in the non-modular
case. If L is distributive and L is not planar then L contains a cube (see the diagram)
as a c-sublattice (cf. [6]) and again, we can argue as in the non-modular case.
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