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An integral formula for a Riemannian manifold
with three orthogonal distributions

MARIA BANASZCZYK and RYSZARDA MAJCHRZAK

1. Introduction. The result of this paper is a generalization of theorems given in
[1] and [3]. We calculate the sum of divergences of three orthogonal distributions D,
(i=1, 2, 3) on a Riemannian manifold such that dim D, +dim D,+dim D;=dim M.
Assuming' M to be closed and applying the Green Theorem, we get global results
concerning integrals of curvatures for foliated manifolds.

The authors are indebted to PAWEL WALCZAK for having suggested the problem
and for his helpful remarks.

Let D be a distribution on a Riemannian manifold (M, (,)). The second
fundamental form B of D is defined in the following way. If X and Y are two tangent

1
vector fields to D, then B(X, Y)is the normal component of the field E(VXY+ Vi X)

(see [2]). The trace H of B is called the mean curvature vector of D.

Let D,, D,, D, be three orthogonal distributions on a Riemannian manifold
(M, (,)) such that dim D, +dim D,+dim D;=m=dim M. We consider the mean
curvature vectors H, of D,, k=1,2,3, and calculate the sum div H,+div H,+
div H,.

Throughout this paper manifolds, ficlds, metrics etc. are assumed to be C*-
differentiable.

2. Results. Let us take a local orthonormal frame e, ..., e, adapted to D,,
D,, Dy, i.e. assume that e; is tangent to D, for i=1,2,...,dim D,, e, is tangent to
D, for a=dim D;+1, ..., dim D,+dim D,, e, is tangent to D, for j=dim D, +
+dim D,+1, ..., m. Hereafter, the indices 7, p range over the set {l, ..., dim D,},
o, f—over {dim D, +1, ..., dim D, +dim D,}, j, g— over {dim D; +dim D,+1, ..., m}.
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If v is a vector tangent to M, we write
v =pTl4pT2 LpT3

where vT* is tangent to D,. By v1* we denote the component of v orthogonal to D;.

The integrability tensors T, of D, are defined as follows:
1
T(Xe, Y = 5 X, KL

for vector fields X;, ¥; tangent to D,.
Let B, be the second fundamental form of D,. Then the mean curvature vectors
H, of D, are given by

H = Z Bi(ei, ) = 2 (Ve,e)t1,

H2 = 2B2(e¢, ea) = Z(Ve.ea)'Lga
Hy = 3 By(e, €) = %’ (Ve,e)43.
J
Therefore
o div H,+div Hy+div H; =
3
C k;l' (S (V. Hi, e,.>+§ (V. H,, ea>+;' (V. Hy, ep) =
= —lH1|_2— [Ho|®—|H,|*+ lZa’ V., (V..edtt, ea>+%' Ve, (Ve €)1, €5y +
+ 3 (Vo (Vered L% )+ 3 (V. (Ve 2 )+
e a, j

+ Z <Ve((vejej)'l'3’ ei>+ 2 <VE,(VCJ ej)‘Lsi ea)'
iJ a,j

From the definition of the curvature tensor R we get
2R (er, €)ewr €Y+ (Ve Voyar )+ Ve,V 52 €)+2(Vee cpe1: € =
‘ = (V, V. e, ep+(V. V. e, e,
0] 2(R(e;, es)es, €))+(Ve, Ve, € €) (Ve Ve, €55 )+ 2V €5 €)) =
=(V,,V.,e;, e +(V,, V. e, ep),
2(R(ej, e)e., e;)+(V,, Ve €, €) Ve, Ve 605 )+ 2(Vie c1€s €)) =
= (V.. V. e, e)+(V,, V., €)-
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Let us put -
K(Dlv Dz) = 321 <R(ei9 ea)ea’ ei>’
' &

K(Dy, Dy) = 2 <.R(?j, e)e;, ej>,
"’]. -

K(D:, D)) = 3 (R(ej, e:)es €)).
a,J

K(D,, D,), K(D,, D;), K(D,, D;) do not depend on the choice of the orthonormal
frame e,, ..., e,,. They depend only on distributions D,, D;, D;. From (2) we have

Z(<V24 (Vc,ea)’Lz’ ei>+<ve.(ve,ei)'us ea>) = 2K(D1’ Dz)+Z ((Ve, Ve,eas el‘>+

+ <Vel Vé,eia e¢>+2<v[e,.e‘]eia ea)'— <Ve‘ (Ve, ea)T29 ei)f <Ve, (Ve¢ el')Tl’ ea»;
B Z(Talee)t @)+ Ve (Vo) ) = 2K(Dy, DY+

+ 2 (<Ve_, Ve( €;, ei> + <Ve¢ Vejei’ ej> +2 <V[€J- 1€is eJ') -
LJ

— Ve, (Ve,e)73, e)— (Y, (V)T e))), |
' 2 (Ve (Ve )43, e +(V,, (Ve €12 €;) = 2K(D,, D)+

+ Z (<Ve_, Ve,ejs ea>+ <Ve,Vejea’ ej>+ 2<V(ej>e5]e¢’ ej> -
a,j . :

—~ (Ve (V.,€) 73, €2y —(Ve,(Ve, €72, ).
Now, we observe that -
Z <Ve, Ve,eh ea) = Z (; €i <eia Ve¢e¢>_<ve.eis Ve‘ea»’
2 <Ve, Ve‘ €as ei> = Z (_ e¢<ea’ Vetei>*'<veiea5 Ve,ei»a |
(4) ] 'ZJ' <Vflvejéi’ e.l> = ;21' (_ ei<eirvejej>_<vejeis Vme.i»’ .
Z Ve, Veie, ) = 2 (—e; (ejs Ve,e)~(Ve,e, Vey8),
ij iJj
;,Z; <V_e.ve,ea’ ej> =.¢Z; (_ea ea3ve,€j>;<ve,ea; Ve.ej»v

2V, Ve, ) = 2 (—ei(es Ve, @)~ (Ve 1, Ve 02))-
a) - a, i . .
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Comparing equalities (1), (3) and (4), we obtain )
(5) div Hy+div Hy+div Hy = — |H,|?— |H,[2— | Hg|? +
+2K(Dy, Dy)+2K(Dy, D;3)+2K(D,, D,) +
+ 2 (2(=(V.. € Ve,e)—(V.;, Ve, 60—V, ., V. 0)+

i,a,j
+ Viegeg€is €0+ Ve e 0€)5 €+ Ve, e 1605 €)) —
—e{e;, Ve e)—e (e Vo ey —eilej, Vo, e)—
—eilen, Ve, e —eale Vo) —e; ey Veiea)+
(Ve €™ Vo) +{(Ve @)™, Ve, + (Ve )™, Vo) +
+{(Ve, )L Ve, +{(Ve,e) T3, Ve e) (Ve e T2 Veye;))-
Since tX , Y ]¥VXY—VYX for vector ﬁelds on M, therefore
(©) Vi, ea€i €5) = ,,%,, ((Ve.€35 €,)(Ve, €5 €) + (Ve 5 €5) (Ve €5 €2)+

+ <.Ve.ei’-eq> <Ve,, €, ea>_<ve, €a5 ep> <Ve, €;, ea> -
_<Ve.- €25 eﬂ> <Vep €5 ea>_<ve; €15 eq> (Veq €;, e¢>)’

<V[ej,e;]eis e1> = p%'q (<Ve,ei’ ep> <Ve,.ep ej>+<ve_,ei’ eﬁ><vep €, ej) +
+'<Ve‘,e,', eq><Veqe,-, ej>—<V¢‘ej, ep)<V¢pe,-, e‘,)--

_<V¢‘ej, eB><V¢ﬂe‘-, e_,>—(Ve'e,, eq><v¢qei, eJ-)),
<v[¢,,e,]ea’ ej> = p%'q (<Veje¢: €ﬁ><ve,ea, ej>+<ve,ea, eﬂ><vepeas ej>+
+{V,,e,, &) (Veqea, e;)—(Ve, &1, €,)(V., €, ;) —
—(Ve.;re5)(Ve 00 €)— (Ve 15 €)(Ve, €25 €5))-

From (6) we have
_2' <V[e,,, ei]ei’ ea) = Z’ Zﬁ’ ((Ve.ei’ (Ve,ea)Tl'l'(Ve,eﬂs (Vegea)-n)‘}'
i,a 1,0,7 P

+ <Ve.eja (Vej éa)T1> + <Ve. ep’ (Ve, ei)T2>+ <Ve; €xs (Ve.ei)T2> + <Ve,ej9 (Vejei)Tz»s
(7) Z <V[ef, e,]eia ej) = 2 2 ((Ve,eia (Ve,ej)T1>+ <Ve,eas (Ve,e')T1> +

i,a,Jjpa
+ <Ve_, eq s (Veq ej)T1> + (Ve; ep > (Vep ei)T2>+ <Ve4 €y (Ve, ei)T2> + <Ve, eq’ (Veq ei)Tz»’
2 (V[ej,e,]ea’ ej) = Z Z ((vejeia (Ve,ej)T2+ <Ve,ea’ (ve.ej)T2>+

aJ L,a,)p:.q

+{V,, €55 (Ve e) T2+ (Ve 65, (Ve, )T +(V. 5, (Ve,e) T +(V¢€;, (V,Jea)""")).
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Now, we shall give some notations

2Bys(ey, €5) = (Ve €5) T3 +(V,,e,) T3,

_ .ZT;z(ey, ?a) = (Veyeé)Ts—l(Veaéy)T3s

for y, 6€{l, ..., dim D, +dim D,} =4,, ’

2By5(ey, €5) = (Veve65T2+(Vede7)T2’

2T13(ey', es) F(Ve, e§)72f(Vedey)T2,
for y,6¢{1, ..., dim D;}U{dim D, +dim D, +1, ..., m} = A,,

2Bua(ey, €5) = (Ve,e) T +(Ve,e) T,

2Tys(ey, 5) = (Ve, )T —(Ve,e,) 7
for y,d6¢{dimD;+1, ..., m}=4;, and notice that

® .
2> <(Ve.,ea)T3, (Veaey)T3> = (IBI2(ey’ e&)lz—Ile(ey, ea)lz) = [Byo|? —|T %
7,0€4, ] . RIS . )
Similarly, :
% A(Ve,e) T, (V.,8,)T2) = | By|2—|Ty5l%,
© e - o
% ((Veye',)'”, (Ve_ae'y)T1> = [Bysl*—[Tesl*.
¥s 3 . . .
Since - - '
(Ve,e)tr +(V,, e)tt = 2By (e;, €,),
(Veiep)ll—(vepei)J'l = 2T1(e,-,'e ')’
therefore
(10) | S (Ve et (V,,e)41) = |By2~T2,
ip ®

and analogously, :
Zﬁ' (Ve e)t2 (Ve €)% = |Byl*~|T3l%,

(11) . -
| Z (Vi) (Ve,)) = 1B~ T3l

From (7)—(11) we get ,
(12) f 2 (— <Ve, €i» Ve. ea> —.<Ve. € Vq:, ei> - <Vej‘ea ’ Ve, ej) +

I, )
+<V[e{,, e1€is ea>+<v[e,,e,]ejr ei>+<v[e/,e,]ea: ej) =
= |Bral®+|Byyl®+ | Bas[2 + 1By (2 + | Bol2+ [ Bs* —
— | TyalP —|Ts)? = | T2 = |T1|* = | T2 —Tul2. -
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Let us calculate div H, for i=1,2, 3.
divH,= 3 ((V,H,, )+, H,, e,)+(V¢J_H1, e)) =
ayiyJ

== |H1|2 + <ve¢ (qui)Tz, ea>+ <Ve.(vegei)T8: ea) +

+ <V¢J (Vel ei)Tz’ e.i) + <Vej (Ve‘ ei)Taa ej>'
Similarly,

div Hy = — |Hyl*+(V,,(V,,e) T, €)+(V,, (V&) % &) +
+(Ve, (Ve €D T €)+(Ve, (Ve e T €5),
div Hy = —|Hgl2+(V,,(V., €)™, &)+ (V. (V.,e) T2 e,) +
+(V,(Ve,€) 1, €3+ (Y, (V,,0) 72 €)).
Applying the formula
Z(X,Y) = (V. X, Y)+ (X, V,Y)
for vector fields X,Y,Z on M, we get
(13) 21(— ei(ei, Ve, €)—e,(ea; Ve, €)—e;(e;, Ve 0)—
ia,

—e;(e;s Ve,ej>—ea {€zs Ve,ej>_ej €js Ve €0+
(Vo™ Vi) + (Vo)™ Vi )+ (Vo) TS Ve +
(V@) T ey )+ ((Tey€)™ Vo) + (Vo)™ Ve ) =
= —div H,—div H,—div Hy— |H, 12— |HJ|2— | H |2 —
—2({Ve, )% Ve )+ {(Ve, €)™ Ve e+ (Ve €) T3, Ve ) =
= —div H,—div H,—div Hy— |H, |2 — |Hy|*—|H4|2—
~2((Hy, Ho)+(Hy, Ho)+(Ho, Hy)).
Equalities (5), (12) and (13) lead us to the following

Proposition. If D,, D,, D, are three orthogonal distributions on a Riemannian
manifold M such that dim D,+dim D,+dim Dy=dim M, then

div Hy+div H,+div Hy = K(D;, D;)+K(Dy, D)+ K(D,, Dg)—
— |H\ 2= |Ho*~|H;3|*—(Hy, Hy)—(Hy, H3)—(H3, H3)+
.+(|B12|2+ |B1a|?+ | Bosl? + By |2 + | Bol? + | Bo}? —
=Tyl |T1s|* = | Tos|*— T2 — | Tl — | T5[?) /2

where B,, H,, T, (n=1,2,3) denote, respectively, the second fundamental forms,
mean curvature vectors and integrability tensors of D,; B;;, T, (1=i=j=3) are
the second fundamental forms of D;®D,;.
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Corollary 1. If D, and D, are parallel, we obtain the formula
div H, = K(D,, D,)+ K(D,, D3)+K(D,, D3)—|H,|*+
+(1B1gl®+ | Bysl?+ | Bys|® + 1By |* — | Tal — | Tisl® — | T 5| — | T3?)/2.
Corollary 2. In the case dim D,=dim D,=dim D;=1 we have
div H,+div Hg+div H; =
= K(Dy, D,)+K(D,y D;3)+ K(D,, D;)—(H,, Hy)—(H,, H3)—(Hq, H3) +
+(1Byaf?+|Bual® + | Ba|* — | Tyl — | Tyal >~ | Ta|?)/ 2. |
The following theorem results immediately from our proposition.
Theorem. If D,, D,, D, are three orthogonal distributions on a closed oriented

Riemannian manifold M such that dim D,+dim D,+dim D,=dim M, then
[(_3_ (KD, D)—(Hi, Hj)+(BP—IT 1))+
M =i=j= .

+ g (= [HE+ (B2~ T|2)/2))Q2 = 0

where Q is the volume form on M.
Corollary 3. If #,, %,, %, are three orthogonal foliations on a closed oriented
Riemannian manifold M such that dim #+dim %+dim #,=dim M, then
[( 3 (K&, F)—(H;, H)+(Byj1*—IT15/2)+
M

1=i=j=3

+ gal (—1H2+1B/%/2)Q = 0.
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