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Endomorphism monoids in small varieties of bands

M. DEMLOVA and V. KOUBEK*)

Introduction

The study of the relationship between an algebra 4 and its endomorphism
monoid End (A4) has gradually, in the course of two decades, crystallized into a gene-
ral framework, which we find worthwhile to outline here.

As soon as we have a class A4~ of algebras, the assignment 4—End (A) for Aex”
defines the class .# of monoids M isomorphic to End (4) for some A€, i.e. the
monoids representable in K. The class " is said to be monoid universal if all monoids
are representable in . If every finite monoid M is representable by a finite algebra
in 2 then we say that £ is finite monoid universal.

The problem of representability of a given monoid M in a given class % of
algebras is just one aspect of the relationship between A€ and End (4). Another,
in a way complementary aspect of this relationship is the problem of determinancy
of A¢# by End (4): to what extent the knowledge of End (4) (up to isomorphism)
determines the structure of 4 (within the class #")? The class X is said to be k-
determined, for a cardinal k, if any set of pairwise non-isomorphic algebras from %~
with the same (up to isomorphism) endomorphism monoid has the cardinality
strictly less than k. }

Since both representability and determinacy are tied to the algebraic structure of
the algebras of a given class, it is natural to consider in the first place the varieties of
algebras (of a given similarity type); the lattice of subvarieties can serve as a sort of’
a structural hierarchy in which universality is an increasing property and determinacy
a decreasing property.

When we try to elucidate the nature of universality/determinacy in this lattice:
of subvarieties setting, we are naturally led to the notion of (categorical) universality:

*) The results were presented at the Colloquium on Semigroups and its Applications held.
in Wien, July 4—8, 1988.
Received August 15, 1988 and in revised form June 13, 1989.
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A variety ¢ is said to be universal if the category of all graphs and compatible mapp-
ings can be fully embedded into . If, moreover, there exists a full embedding from
‘the category of all graphs and compatible mappings into & such that it maps finite
graphs into finite algebras then £ is called finite-to-finite universal.

All known monoid universal varieties are also universal but, in general, it does
not hold. It is an open problem whether for varieties the monoid universality and the
categorical universality are equivalent. The categorical universality of a variety
¥ excludes any k-determinacy of ¥; for the reason that simply for any cardinal k,
the discrete category of k graphs can be fully embedded into #. More generally, any
monoid M has a proper class of pairwise non-isomorphic representing objects in ¥~
(see [7] or [9]).

So much for the general framework of the present study.

Our subject proper — endomorphism monoids of bands (i.e., idempotent semi-
groups) — does not ideally fit into the above general scheme for the obvious reason
that bands admit all constant self maps as endomorphisms, thus the endomorphism
monoid of any band has left zeros, thus no variety of bands is monoid universal
(and also not universal). However, as it is shown in the previous work [3] of the
authors, monoid universality (and even more, universality) is there, only as if buried
by a layer of superfltuous morphisms. A natural way how to dispose of the undesi-
rable morphisms is to strengthen the structure of the representing objects — the
bands in our case. It may come as a surprise that even very small varieties of bands
can be made universal by enriching their operational type by two or three nullary
operation symbols, i.e. by turning the bands in question into 2 or 3-pointed bands
{1-pointed would not do).

Every band variety is determined, within the variety of all bands, by a single
equation =y, a useful means to refer to the variety as [u=uv] (especially if there is
no other commonly accepted name for its members).

Figure 1 visualizes the meet semilattice 7, which is isomorphic to the bottom of
the lattice of band varieties, see [1, 4, 5]. The nodes of T, represent the following band
varieties:

a, =[x=y) — trivial bands

a, =[xy=x] — left zero semigroups
a; =[xy=yx] — semilattices

as =[yx =Ax] — right zero semigroups
ay =[xyz=xzy] — left normal bands

a; =[xyz=xz] — rectangular bands
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ag =[yzx=zyx] — right normal bands
a; =[xyx=xy] — semilattices of left zero semigroups
ag =[xyzu=xzyu] — normal bands
ay =[xyx=yx] — semilattices of right zero semigroups
ayp=[xyz=xyxz] = — left distributive bands
ay =[xyz=xzyz] — right distributive bands.
/ ' /
ag a \ /
T6 s
3 a2 !
%0
The meet semilattice T,
Figure 1

It is readily seen that no number of nullary operations added to semilattices or
vectangular bands makes them monoid universal.
The aim of this paper is to prove

Theorem 1.1. The variety of rectangular bands and the variety of semilattices
with an_arbitrary number of nullary operations added is not universal.

Theorem 1.2. A variety ¥~ of bands with two nullary operations added is uni-
versal if and only if ¥~ contains either the variety of semilattices of left zero semigroups
or the variety of semilattices of right zero semigroups.

Theorem 1.3. A variety ¥ of bands with three nullary operations added is uni-
versal if and only if the variety of semilattices is a proper subvariety of ¥,
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It should be said that the very “undesirable’” morphisms, removed by the additio-
nal nullary operations in order to achieve universality, are very precious for the
determinacy of small band varieties: semilattices are 3-determined [10], normal bands
are 5-determined [11], semilattices of left (or right) zero semigroups are 3-determined
and left (or right) distributive bands are 5-determined [3].

The results of this paper raise the question whether there exist other strengthen-
ings of the structure of bands to obtain a universal category. The authors [3] showed
that also the variety of bands with a unary operation * satisfying the identities
xx*x=x and x**=x is universal. It is an open question whether we can restrict
ourselves to the *-bands (here the unary operation, moreover, satisfies the identity
x*p*=(yx)*), or to a subvariety of *-bands.

The semigroup theoretical notions used in this paper can be found in the mono-
graphs [2] or [8].

The rest of the paper is devoted to the proof of Theorems 1.1, 1.2, and 1.3. The
proof is divided into three parts. The proof of the universality of the 2-pointed
variety [xyx=xy] (or [xpx=yx]) is contained in Section 2, and the proof of the uni-
versality of the 3-pointed variety [xyz=xzy] (or [yzx=zyx]) is the aim of Section 3.
Common to both parts is the use of unary varieties. Denote by I(1, 1) the variety of
algebras with two unary idempotent operations and I(1, 1, O) its 1-pointed version.

It is known '

Theorem 1.4 [9]. I(1,1) and I(1,1,0) are finite-to-finite universal.

Our universality proofs construct a full embedding of (1, 1) or I(1, 1, O) into
the variety in question.

The final section is devoted to the proof of non-universality of some pointed
varieties of bands. This finishes the proof of Theorems 1.1, 1.2, and 1.3.

2. Universality of 2-pointed semilattices of left zero semigroups
Denote by (S, %) the groupoid given by the following table (see on the next
page).
Then the following holds:

Proposition 2.1. The groupoid (S, ) is a semigroup belonging to the variety
[xyx=xy) of semilattices of left zero semigroups. Moreover, B=1{b;; i€2}, C=
={c;; i€2}, D={d;; ic2}, E={e;; ic4} are all non-singleton D-classes of (S,*).

Proof by a direct inspection.

Assume that (X, ¢y, @,) is an algebra from I(1, 1) such that XN S=0. Denote
by X,, X;, X, three disjoint copies of X, the element x€X in the copy X;, i€3
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(S, %) | a a, to fH ts bo| by | (4 d, d, | e €, e €3

a, a, | bo | 1o by | 1o bo | bo | o | o |di | dy € | & e ey
a, b, ay b, 151 I3 b, b, Cy [ d,y d, ey [0 € €3
ty ) by | 1o by | 1o bo | bo [cr | v |di| di |1 | en |es | &
h b, t by 151 5% by b, (451 [ d, d, € €y es €3
t, ty t t t 1, bo| 8 |1 | v [di| di |en | &2 | e ey

bo bo bo bo bo bo bo bo Cy C1 d1 dl €; €, €3 4 €3

by by | by by 1 by | by | By | By |ar | o 4 d e | ey | e e

Co ¢ e | o | ¢ o oo | o o | ¢ | e e e | e | e €

N g lalag jalalalalalea |a]ea |aa|lea |alea

d, de |do | dy | dy } do | dy | do | € | €o do| dy | € | € ey e,

d, dy |dy| dy {d, | dy |d,| di e | es d | dy |e | es ey ey

€ € & € € € € € & € & €y & €o & €

€. € €, € €y ey €; € e (3% € €y e (21 € €y

€, e, [ €, [N €, €, € e, e € €y 23 e, ey €,

€3 €3 €3 €, €y €3 [N €3 €3 €3 ey [ [ €3 ey e
Figure 2

is denoted by x;. We shall define a groupoid &'(X, ¢, ¢,)=(¥, -) which is a co-
extension of S (i.e. there exists a surjective homomorphism f: (¥, -)~(S, %)) as
follows:

Y = (S\{t: 1€3)U(U X ie3))
and if ‘y, z€Y then:
y-z=uxv if the following hold:
yeS and y=u or ycX; and u=¢; for some i€3,
z€S and z=v or z€X; and v={; for some i€3, uxvcY;

y-z=u, if there exist u,v€X with y=u;, z=v;, and fft;=1 for some
i, J, k€3;

yez=u, if y=u€X;, z€{ay, @} and t;xz=¢ for some i, k€3;

y-z=()) if y=a;, z=u€X; and a;x1;=1, for some i,j, ke3.
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Denote by ¥ a mapping from Y to S such that

y(p)=y for y€S, Y@ =1 for yeX, ic3.
We have

Proposition 2.2. @'(X, ¢4, ¢,)=(Y, -) is a semigroup belonging to the variety
[xyx=xy] for every (X, o, 0 )€I(1,1). Furthermore, ¥:(Y, -)—(S, %) is a sur-
Jjective homomorphism and B,C, D, E, X;, i€3 are all non-singleton 2-classes of
(Y9 ‘ )'

Proof. That ¢ is a homomorphism is straightforward. We show that (Y, )
is a semigroup. Let x, y,z€Y and we investigate the equality

(%) (x-y)-z=x-(y-2).

Since ¢ is a homomorphism and (S, ) is a semigroup we obtain that (%) holds for
every X, y,z€éY with (x-y).-z€S8 or x-(y-2)€S. If (x-y)-ze Y\S then (x-y)-z¢
€ U{X;; i€3}, and moreover, (x-y)-z€X; if and only if x.(y-2)€X;. Assume
that (x-y)-z€X, then x,y, zé X,UX,U{a,}. If x€X, then (%) holds because x
is a left zero with respect to the set X,UX,U {a,}. If x=u, for some u€X then for
every v€X,UX,U{a,} we have u,-v€{u,, u,} and hence we again obtain (*).
Finally, assume x=a,. If y=u; for some ucX, i€{0,2} then we have (x.y)-z=
=(po()e) - 2=@o(t)y and y-z€{uy, u,}, hence x-(y-z)=g@y(u); and (%) hold.
If y=a, then z=u; for some u€X, i€{0,2} and hence (x-y)-z=ay-z=¢,(u),
and x-(y-2)=x - @g()o=0(Po(1))o= (1), because ¢, is idempotent. Analogously
we prove (%) iIf (x-y).z€X;. Finally, if (x-p).-z€X,, then x,y,z€X, and be-
cause X, is a left zero subsemigroup of (¥, -) we conclude that (%) holds and hence
(Y, -)is a semigroup. The rest is obvious.

Define a functor & from (1, 1) into the 2-pointed variety [xyx=xy] of all
2-pointed semilattices of left zero semigroups. For an algebra (X, ¢,, ¢,) from I(1, 1)
define @(X, @o, 0)=(¥, -, ¢;,d,) where &' (X, ¢y, ¢;)=(Y, -). For a homomor-
phism f: (X, @q, ¢)—~(X’, ¢4, ¢7) in I(l, 1) define a mapping &f:

df(x;)) = f(x); for every xcX, i€3, and &f(s) =s for every s€S.

If uc{ay, a,}, v€ U{X;; i€3} then &f(uv)=®f(u)- ®f(v) because fis a homomor-
phism, for the remaining case we obtain by a direct inspection that &f is a homo-
morphism. Thus we can summarize:

Proposition 2.3. @ is an embedding of I(1, 1) into the 2-pointed [xyx=xy].

We prove that @ is full. Assume that @ (X, @q, @))=(Y, -, ¢, dp), PX’, @5’
op)=(Y', -, co,dy) are algebras from the 2-pointed variety [xyx=xy] and let
[, -, c,d)—~(Y’, -, ¢y, dy) be a homomorphism. Then we have
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Lemma 2.4. For every u€cSNY we have f(u)=u.

Proof. Since f preserves the nullary operations we have f(c,)=c,, f(dy)=d,.-
Hence f(C)SC, f(D)SED. Furthermore, an arbitrary 9-class containing an arbit-
rary element of the set U {X,; i€3}UBU {a,, a;} is greater than the P-classes C and
D. Thus f(U{X;;i€3}UBU{a,, ,})S U {X;; i€3}UBU{ay, a;}. Moreover, q,
is a unique element of the set U{X;; i€3}UBU{ay, a;} with a,-co=c, and g, is a
unique element of the set U{X;; i€3}UBU {q,, a,} with a,-dy=d,. Hence f(ay)=
=ay, fla;)=a,. Since the subsemigroup generated by {a,, a;, co, dy} is SNY we
obtain that f is identical on the set SNY.

Lemma 2.5. There exists g: X—X’ such that for every x€X, i€3 we have
Sx)=g(x);.

Proof. Choose x¢X. By Lemma 2.4 we conclude that f(xp)€ U{X]; i€3}U
UBU{agy, a,}. If fx)eXU{ao, boy then by=f(b)=f(x.:a,-a))=f(xs)-f(ap) -
- flag)=b, — a contradiction, if f(x,)€X;U{a;, by} then by=f(bg)=f(xs-ay-a;}=
=f(xy) - f(ao) - f(a,)=b, — a contradiction. Thus f(X,)E&X,. Set g: X—~X’ with

Sf(x2)=g(x), forevery xcX. Then wehave f(xo)=f(xs- a)) =f(x2) - f(ap))=g(x)- a=
=g(x) and f(x))=f(xy- a)=f(xs) - fla) =g(x)z - a;=g(x)1.

Lemma 2.6. The mapping g of Lemma 2.5 is a homomorphism from (X, ¢q, @)
into (X', ¢, ¢7)-

Proof. Consider x¢X, then g(@o(x))o=/(@o(x)o)=1(a- x2)=f(a0) - f(x5)=
=ay-g(x)s=¢,(g(x))e and hence gog,=¢,0g. By the dual argument we obtain
gop,=¢jog, whence g is a homomorphism.

Since for a homomorphism g from Lemma 2.5 we have $g=f we have proved
that @ is a full embedding and thus Theorem 1.4 completes the proof of the following

Theorem 2.7. The variety [xyx=xy] with two nullary operations added is
finite-to-finite universal.

Hence we immediately obtain

Corollary 2.8. The variety [xyx=yx] with two nullary operations added is
finite-to-finite universal.

Proof. Obviously, a semigroup (7, -) belongs to the variety [xyx=xy] if
and only if the semigroup (7, @) belongs to the variety [xyx=ypx] where tQu=u-t¢
for every t,ucT. Hence Corollary 2.8 immediately follows from Theorem 2.7.
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3. The universality of the 3-pointed variety [xyz=xzy]

For an algebra A=(X, ¢, {, q)€I(1,1,0) denote by X;, i€2 two disjoint
-copies of the set X, for an element x€X denote by x; the corresponding element in
the copy X;, i€2. Define an algebra @4 in the 3-pointed variety [xyz=xzy]. The
underlying set of @4 is (X,X{ay, @z, a;, @p})U(X; X {5, a5, a11}) U((XoU XD X
X {as, a5, ag, ag)) U{(0, a)}. For x, ye X, m, n€2, i, je12 if a;Aa;=a, in the semi-
lattice T, and if (x,,a;), (y,, a;) are elements of the underlying set of ®A4 then

(Xm> @) if k=3,
: ('p(xm)l» aa) if k=3,
(xm, ai) (ym aj) = (xm az) if k=2,
(‘ﬁ(xm)m al) if k=1,
(0, ay) o if k=0,

-moreover (0, a,) is a zero in @4, where @, ¥: (X,UX,)~X are the mappings defined
B(x)=x, d(x)=0&), ¥(x)=¥(x), ¥(x)=x for every x€X. By a direct ins-
‘pection we obtain that the definition of the binary operation is correct and that #A4
is a strong semilattice of left zero semigroups, thus by [8] it is a left normal band. The
‘three added nullary operations are (g,, @;), (4o, @;), (41, ay)-

For a homomorphism f: 4—-B where A=(X,¢,¥,q), B=F, ¢, ¥, r)
.denote by f” the mapping defined as follows: f'(x,,a)=(f(x)m.a;) for every
x€X, me2, ic12\{0}, f7(0, a))=(0, a,). By a direct inspection we obtain that f”
maps the underlying set of ¢4 into the underlying set of @B, furthermore the res-
‘triction of f” to @A is a homomorphism. Thus if the restriction of f* to &4 and #B is
denoted by &f then we obtain

Proposition 3.1. @ is an embedding of I(1, 1,0) into the 3-pointed variely
[xyz=xzy].

Proof. By a direct inspection.

We prove that @ is a full embedding. For the purpose assume that 4, B€I(1, 1, 0)
‘where A=(X, ¢, ¥, q), B=(, ¢’, ¥, r) and that f: #4—~PB is a homomorphism
in the 3-pointed variety [xyz=xzy].

Lemma 3.2. The structural homomorphism of f is the identity.

Proof: Since T, is the structural semilattice of &4 and ®B we get that the
structural homomorphism g of f is an endomorphism of 7;. Since f preserves the
nullary operations we conclude that g(a)=a; for every i€ {5,7,9}. Moreover, g
preserves the order and thus g(a;))=a; for i€ {10, 11}. Since g is an endomorphism
and {a;;i€{5,7,9, 10, 11}} generates 7, we conclude that g is the identity.
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Define mappings f;, fi: X—Y such that
S(xo, 1) = (fo(x)m alO) for every xeX,
S5 ayy) = (1(3), ayy) for every x€X.

Lemma 3.3. For every i€{1,2,4,5,6,7,8,10}, we have f(x,, a)=(f3(x)o, ;)
Jor every xcX.

For every i€{3,4,5,6,8,9,11}, we have f(x,,a)=(f1(x),,a;) for every
xEX. '

Proof. For every x€X and i€{1,2,4,5,6,7, 8} we have (xy, a;)=(xo, ayo)+
-(x,, a;) and hence

S(x0, a) = f(xq, a10) /(x5 @;) = (ﬁ)(x)m a1o)f(xo, a) = (fo(x)m ai)-
Hence we obtain the first assertion. The proof of the second assertion is dual.
~ Corollary 3.4. fo=f.

Proof. We apply Lemma 3.3 and the fact that

(6(x)o> @2) = f(x05 a2) = f((x1, A1) (%o, @) = fx1, A1) fxg, A2) =
= (A1, @) (/6(x)o, @3) = (fi(x)o> a2)
for every x€X.
Lemma 3.5. fy is a homomorphism of I(1, 1,0) from A into B.
Proof. Obviously f,(g)=r. We have

((P(f(‘)(x))Os al) = (ﬁ)(x)la as)(fo(x)o’ al) =f((x1, as)(xo, al)) =
=f((0 (*o> al) = (fo(q’(x))o, a1)-

Thus f, commutes with ¢. By duality we obtain that f;, commutes with . Hence f;
is a homomorphism.

Since @f,=f we conclude that ¢ is a full embedding from I(1, 1, 0) into the
3-pointed variety [xyz=xzy]. Theorem 1.4 completes the proof of the following:

Theorem 3.6. The variety [xyz=xzy] with three nullary operations added is
finite-to-finite universal.

If we apply the same idea as in the proof of Corollary 2.8 we obtain

Corollary 3.7. The variety [yzx=zyx] with three nullary operations added is
finite-to-finite universal.

2
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4. Nop-universality of pointed varieties of bands

First we investigate the variety of rectangular bands, and the variety of semilatti-
ces. If B is a rectangular band then B is a2 product of a left zero semigroup L and a
right zero semigroup R. It is well known that f: B—~B is an endomorphism of B if
and only if f=gXh where g: L—~L, h: R—R. Hence we obtain:

Proposition 4.1. For any cardinal «, no a-pointed rectangular band B repre-
sents a non-trivial group as End (B).

We prove an analogous result for semilattices:

Proposition 4.2. For any cardinal a, no a-pointed semilattice S represents a
non-trivial group of a finite order as End (S).

Proof. Assume the contrary, let .S be an x-pointed semilattice such that its
endomorphism monoid is isomorphic to a non-trivial group G of finite order. First,
for every g€End (§) and for every x€5 if g(x)x then x and g(x) are incompa-
rable because there exists a natural number » with g"(x)=x. For every endomor-
phism g€End (S) define f: S—S suchthat f(x)=xg(x) forevery x€S. Obviously,
SEEnd (S) and f(x) and x are comparable for every x€S. Moreover, f is identical
if and only if g is identical and this is a contradiction with the fact that G is
non-trivial.

Propositions 4.1 and 4.2 complete the proof of Theorem 1.1. Moreover, Theo-
rems 1.1 and 3.6, and Corollary 3.7 complete the proof of Theorem 1.3. Thus it
suffices to finish the proof of Theorem 1.2. For this purpose we. shall investigate the
2-pointed variety of normal bands.

Proposition 4.3. Let B be a normal band with a structural semilattice S. If fis an
endomorphism of S such that f(s)=s for every s€S then there exists an endomorphism
g: B—B with a structural morphism f such that for every @-class D of B with f(D)=D
and for every x€D we have g(x)=x.

Proof. By [8], B is a strong semilattice of rectangular bands, i.e. for every s€S
there exists a rectangular band D(s) (it is the @-class corresponding to s) and for
every pair s,1€S with s=t there exists a homomorphism g, ,: D(t)—~D(s) such
that .

a) for every s<S, p,, is the identity;
b) for every triple s,1, u€S with s=i=u we have

He,sO Uyt = Hy,ss

c) B=U{D(s); s¢S} and {D(s); s€ S} are pairwise disjoint;
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d) for every s,1€S, x€D(s), ycD(t) we have

Xy = l"s,s/\r(x)ﬂr,s/\l(y)
where the former product is in B and the latter one is in D (sAt).

For every xcD(s), s€S define g(x)=p, ;(x). By a) through d) we easily
obtain that g is an endomorphism of B with the required properties.

Lemma 4.4. Let S be a semilattice with an element d<S. If f¢End (S,) where
Sy={s€S; s=d} is a subsemilattice of S then g: S—~S defined by g(s)=f(s) for
S€S,, g(s)=dAs for s€S\S, is an endomorphism of S.

Proof. Clearly g is correctly defined. Let x,y€S. If x,y¢S, then also
xAy€S; and since f€End (S,;) we obtain g(x)Ag(y)=g(xAy). If ye¢S\S, then
gxAyy=xAyAd. If x€S8, then x, f(x)=d, whence xAyAd=f(x)AyAd=
=g(x)A\g(y); if x€S\S,; then obviously g(x)Ag(y)=xAyAd. If x€S\S; the
proof is analogous.

Theorem 4.5. No 2-pointed normal band B represents a wnontrivial group as
End (B). ‘ ‘

Proof. Assume that B is a normal band with two added nullary operations q;,
i€2 such that End (B) is a group (i.e. every endomorphism of B is an automorphism).
Let S be the structural semilattice of B, assume that elements b;, i€2 of S corres-
pond to the PD-classes containing a;, i€2. If there exists s€S such that s=b; for
i€2 and s is not the unity of S then consider the endomorphism & of § such that
h(x)=sAx for every x€S. Since s=b; we have h(b)=b>b;. By Proposition 4.3
there exists a band endomorphism g of B with structural endomorphism h and
g(a)=a; for ic2. Thus g is an endomorphism of B and because neither & nor g
is an automorphism, this is a contradiction. Hence we can assume that only the unity
lin S is greater than b;, ic2. Set c=byAb, and let dcS with d=c. Denote S,=
={s€S; s=d} and define f:S,~S, as follows:

f)=x if x=1,

f(xX)=b; if x1 and x=b; for an €2,
J(x)=c¢ if xzb;, for any i€2 and x=c,
f(x)=d if xzxc¢ and x=d.

By a direct inspection we obtain that fis an endomorphism of S; with f(x)=x for
every x€S, and f(b)=b; for ic2. If we use Lemma 4.4 we obtain an endomor-
phism & of § with h(x)=x for every x€§ and h(b;)=b; for ic2. Finally, if we
apply Proposition 4.3 we obtain a 2-pointed band endomorphism g of B with structur-

2%
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al endomorphism h. Since g is an automorphism we conclude that 4 is an automor-
phism of §, thus S;=S&{l, by, by, ¢, d} where 1 is the unity of S (if it exists). It
is routine to verify that B is rigid.

The proof of Theorem 1.2 follows from Theorems 2.7, 4.5, and from Corollary
2.8. In fact, we have proved stronger results than Theorems 1.1, 1.2, and 1.3:

Corollary 4.6. For a variety ¥ of bands with k nullary operations the following
are equivalent:

a) ¥ is finite-to-finite universal;

b) ¥ is universal;

¢) ¥ is monoid universal;

d) ¥ is finite monoid universal;

e) there exist a non-trivial group G of finite order and an algebra A€V with
End (4)=G;

f) either k=2 and ¥V 2[xyx=xy] or k=2 and ¥ 2[xyx=yx] or k=3
and the variety of all semilattices is a proper subvariety of ¥.
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