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The heat kernel for /7-forms on manifolds of bounded geometry 

I N G O L F BUTTIG and JÜRGEN E ICHHORN 

1. Introduction 

In [3] an approximation result for the eigenvalues below the essential spectrum 
of the Laplace operator was proved for open manifolds. These eigenvalues were 
approximated by the eigenvalues of some sequence of semicombinatorical Laplace 
operators. The essential assumptions were completeness and bounded geometry up 
to a certain order. Using this, the first author proved, following a paper of DONNELLY 
[6], the existence of a good fundamental solution of the heat operator acting on 
functions, or what is the same, the existence of a good heat kernel. For /»-forms this 
existence was presumed. It is widely believed that the existence result holds for p-

forms and several authors refer to [4] for example. But in [4] a rigorous proof was 
given only for functions. Further, in [5] there is a nice existence proof for functions 
and a uniqueness proof for /?-forms. The paper [4] does not contain an existence 
proof for /?-forms. As a matter of fact, we have never seen such a proof until now. 
This is in some sense understandable because it needs some nontrivial facts that have 
to be established. In this paper we present an existence proof for a good heat kernel 
on open manifolds of bounded geometry of infinite order, as expressed by Theorem 
4.1. The uniqueness then follows from [5]. 

The paper is organized as follows. In Section 2 we introduce and summarize 
some facts on manifolds of bounded geometry. Section 3 is devoted to the main te-
chnical lemmas concerning the construction of the heat kernel. Finally, in Section 4 we 
present the main results of this paper. 
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2. Manifolds of bounded geometry 

Let ( M N , g) be open and complete. Denote the curvature tensor of (MN, g) 

by R and the Levi—Civita derivative by V. W e consider the following conditions: 

(1) RINJ (M) = jrrf R¡„j ( x ) > 0, 

1.e. the injectivity radius possesses a positive lower bound. 

( B J There exist bounds C, such that IV'-R^C,-, O ^ i S m . 

Assuming condition (1), we consider further the condition 

(BCm ) For every £>0 , 0<s</- i n j (A f ) , and multiindex 

a = {<*!, ..., <xK), a ; & 0, |a| = a1+...+aN ^ m 

and every choice of an orthonormal base in all points x£M there exist constants Ca 

independent of x such that I D ^ I s Q , y£Be(x), in normal coordinates xl defined 
in the open ball Bt(x). 

R e m a r k s . 1. (B0 ) is equivalent to the boundedness of the sectional curvature. 

2. (BCM) is independent of the choice of the orthonormal base in TXM. This follows 

from the chain rule, the triangle inequality and the compactness of the orthogonal 

group O(n). 3. The boundedness of the |Da(g;j)|, |a|gm, implies the boundedness 

of the |Da(g i j)l- For |a|=0 this is seen from 

(2-1) (gu)(giJ) = E. 

Assuming the validity for \a\=m— 1, we obtain the validity for m, applying D" 

to (2.1), expressing D'(gtJ) by the Dp(gkl), \0\Sm and Dy(grs), and 

applying the induction assumption. 

W e summarize some relations between the above conditions. 

P r o p o s i t i o n 2.1. Let (MN, g) be open, complete and satisfying (1). 

(a) (BCm) implies (Bn,_2), 

(b) ( B C a n d (Bm) are equivalent, 

(c) (B0) implies (BC°), 

(d) (Bi) implies (BC). 

P r o o f , (a) The curvature tensor can be expressed by derivatives of the gtj, 

gkl o f order s 2 . 

(b) W e refer to [4], page 33. 
(c) The boundedness of the g t j , assuming (B0), is just Lemma 1 of [9]. 
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(d) In [10] it was shown that (l?,) implies the boundedness of the Christoffel 
symbols From 

(2-2) rhik = grjr{k, r j i k + r i j k = {d/dxk)giJ 

and (c) we obtain the assertion. 
Examples of open manifolds satisfying (1) and ( B a r e the Riemannian homo-

geneous spaces, in particular the symmetric spaces of noncompact type. 
The existence problem for metrics satisfying (1) and (Bm) is more subtle. The 

condition (Beo) does not imply (1), as cusp manifolds of constant curvature K = — 1 
show. CHEEGER, GROMOV and TAYLOR presented in Theorem 4.7 of [4] explicit 
lower bounds for the injectivity radius r i n j (x) by relative volume estimates, assuming 
additionally curvature bounds. As a trivial conclusion, the injectivity radius of an 
open manifold in general is governed by the curvature and by additional geometrical 
entities. 

Let us list up some classes of open manifolds admitting a natural construction of 
metrics of bounded geometry. 

P r o p o s i t i o n 2.2. The following classes of smooth open manifolds admit a natural 

construction of complete metrics satisfying (1) and (B„). 

(a) Reductive homogeneous Spaces G/H, G beeing a Lie group and H a compact 

subgroup. 

(b) Coverings of closed manifolds. 

(c) Open manifolds which are built up by infinitely often gluing together a finite 

number of bordisms (manifolds with so called almost periodic ends, cfi [7]J. In par-

ticular, any infinite connected sum of a finite number of closed manifolds or manifolds 

with a finite number of ends, each of them collared, belong to that class. 

(d) Leaves of a foliation of a compact manifold. 

(e) Every finite connected sum of open manifolds, each of them admitting a metric 

of the above type. 

P r o o f , (a) Every such manifold admits a metric making it to a Riemannian 
homogeneous space. 

(b) Equip the closed manifold with any metric and take its lift. 
(c) I f M1, ..., MR are the nondiffeomorphic boundaries, fix a metric g0 at MQ, 

extend ge as a product metric to collar neighbohoods and then to the bordisms. For a 
collared end there is a simpler construction by fixing a product metric at each end 
and extending the end metrics to the remaining compact part of M. 

(d) This item was proved in [8]. 
(e) The proof is trivial. 

R e m a r k . Natural construction here means that the construction of the metric is 

3» 
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in a certain sense adapted to the topology of M. Nevertheless, a much more general 
existence theorem holds true. Namely, we reformulate Theorem 2' of [8] as 

T h e o r e m 2.3. Every open manifold admits a complete Riemannian metric 

satisfying (1) and (BJ). 

In the present paper we call an open, complete manifold (M N , g ) satisfying (1) 
and ( B „ ) a manifold of bounded geometry (o f infinite order). 

In the next Section we need some properties of the Christoffel symbols fo r such 
manifolds which we establish now. W e recall that (B m ) implies (BC°° ) according to 
(2.2). Fixing x£M and 0 < e < r i n j ( M ) , we consider geodesic polar coordinates 
(r,u)=(r,ul,...,uN~1)=(x1,...,xN) around x. Then according to the tensorial 
transformation rule, we have 

(2.3) \D*gu(y)\ ^ Cx 

and 
(2.4) W O O I S C'x 

for all y^Ue(x), Cx, C'x independent of x. From the definitions of the Christoffel 
symbols, (2.3) and (2.4) we immediately obtain 

P r o p o s i t i o n 2.4. Let (MN, g) be of bounded geometry, x£M, 0 < e < r i n j ( x ) , 
(r, u1, ..., K a _ 1 ) geodesic polar coordinates. Then there exist constants Ka independent 

of x such that 

(2-5) \D*r$(y)\ S Kx 

for all yeUE(x). 

3. The main estimates for the heat kernel construction 

Let (M'v , g) be open, complete, oriented and of bounded geometry. W e denote by 
Q resp. Q¡¡ the vector space of all smooth p-forms with compact support, by 2QP 

the vector space of all measurable square integrable p-forms and by D(A)cz2£2p 

the domain of the closure of the Laplace operator 

A = d5+5d: Qp - Qg. 

Since A is nonnegative and selfadjoint, the spectral theorem implies representations 

M CJO 

2= f A dEx, e~<2= f e-,xdEx. 
0 0 

I f e~t3 can be written as an integral operator, the kernel of the latter is called 

the heat kernel of (MN, g) for p-forms. One asks then for the properties of the kernel. 
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An integral kernel always exists according to the Schwartz kernel theorem, but this 
kernel has on open manifolds no importance since it has no mapping properties 
between L?-spaces, 1 S g ^ 

Let us now make the definitions precise. A two-point form E" with values 
Ep(t,x,y)£ApTxM®ApTyM is called a good global heat kernel, if it satisfies the 
following conditions: 

( H I ) Ep(t, x,y) is smooth for 
(H2) (dldt + A)Ep(t, x, y)=0, where we apply A acts on E" as a section depend-

ing on y. 

(H3) Km J E"(t, x,y)A *co0(y) = ®o (x ) for all x£M and 
M 

(D0£QS, i.e. Ep(t, x, y) - 5Xty. 

(H4) There exist constants C j , C2 =-0, depending on I, m, n, such that for all 
x,y£M, 0<?<oo 

\(d/dt)1 Vm V"E"(t, x, y)I =£ C 1/~' v / 2 " ( m + n ) / 2 ' 1 exp (—C 2r ' (x , y)/t). 

(H5) The heat kernels £"(/, x, y) and Ep+1(t, x, y) are related by dx(E"(t, x, y)= 

=SyEp+1(t, x,y). 

The main aim of this paper is an existence proof for a good heat kernel, assum-

ing (M N , g ) to be of bounded geometry. The method of proof consists in summing 

up iterated convolutions of a certain initial expression, where the convergence is 

guaranteed by some majorization. 

Let us start with preparatory lemmas. Assume 0 < e < r i n j , (R) , cp(a) = 1 
for |a|<e/2 and <p(a)=0 for |a|>l. Then we define f j : M x M — R by means of 
t](x, y):=i](r(x, y)). We define a smooth two-point form (1)E(t,x,y) as follows: 

(l)Ep{t, x, y) := (4nt)-N'2 e xp ( - r> ( x , y)jAi) J t%{x, y)n(x, y) =: Sp"{t, x, y)n{x, y), 

i = o 

where C/f(x, y), O^i^k are some smooth two-point p-forms, k fixed. 

L e m m a 3.1. The two-point forms C/,(x, y), Osi^k, can be choosen such that 

( i ) (d/dt+A,)S*(t, x, y) = ( 4 7 1 / ) - ^ - ^ exp ( - r2(x, y)/4t)A, Uk(x, y). 

(ii) There exists some constant D ( > 0 such that for all Os/^A:, O^l^k, we 

have \AlyU,(x,y)\*D,. 

P r o o f . The two-point forms Ut(x,y), O^i^k, are the classical Hadamard 
coefficients. Existence, uniqueness, and recursion formulae for the C/;(x, >>) are shown 
in the literature [2, 11, 12]. The calculation of these Hadamard coefficients leads to a 
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system of differential equations of the following form: 

0r(d/dr) + G + k)Uk(x, •) = AU^x, •), r(x, •) < e/2, 

U0(x, y\ ¡p,h Jp = gilh(x) ••• gipJp(x), U-l(x, -):=0, 

where G means some matrix function. 
An integral recursion formula for the Uk(x, y) is given by 

(3.1) Uk(x, y) = -U0(x, y)Q~k f r*-1 £/„(*, z)^AyUk^(x, z) dr 
o 

where g:=r(x, y), r:=r(x, z) and z lies on the geodesic connecting x and y. 

Assertion (ii) follows from an analoguous integral recursion formula obtained 
by covariant differentiation of (3.1) and from the assumption of bounded geometry. 

Further we set 

x, y) := (d/dt+Ay)^Ep(t, x, y). 

N o w we will estimate |(1)J?p(i, x, y)\. 

L e m m a 3.2. There exist constants Al(T)^-0, A2(T)>-0 depending on 7">0 
such that for all 0 x , y £ M 

(3.2) x, j ) „ i p > A J si A1(T) tk~N/2 exp (—A,(T)r2(x, y)/t). 

P r o o f . W e use the following well-known formula A(F<P)=(AF)<J> +FA<P — 
-2Vgrad/<i>, for / £ C ~ ( M ) , <P£ Q". With that we obtain 

0/dt + A,)S*(t, x, y)ij(x, y) = ( 4 * ) - "/ 2 i f c - "/ 2 exp (~ r 2 ( x , y)/4t)AyUk(x, y) + 

+ S"-(t, x, y)Ayrj(x, J>)-2Vgrad„S<"<(', x, y). 

The estimation of the first term follows from Lemma 3.1 and our assumption of boun-
ded geometry. In the expressions of the second and third ones there occur factors rj' 
and rj" which are zero for r(x, >>)<e/2. So they decrease exponentially to zero as 

+0 . Furthermoore \Ayt](x,y)\ is uniformly bounded because of bounded geo-
metry. These arguments yield the desired estimations. 

C o r o l l a r y 3.3. Let (AT, g) be open, complete and of bounded geometry. Then 

there exist constants A1(T)^-0, A2(T)>0 depending on T>0 such that for all 

0<t^T and x,y£M 

(3.3) x, y)\(x,y) S A[(T) tk~N/2exp(—A2(T)r(x, y)/t), 

where | • means the pointwise norm of two-points forms. 

P r o o f . The assertion follows from (3.2) and from the fact that for manifolds of 
bounded sectional curvature and our choice of coordinate systems the pointwise Rie-
mannian norm and the euclidean norm are equivalent (cf. [9]). 
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Now we define for two-point forms Ap and Bp their convolution according to 

t 
A"*BP •= f f Ap(s, x, z)A *Bp(t—s, z, y) dyoh ds, 

0 M 
i.e.: 

AP*B" = 2 (Ap*B")h ipi ht . Jpdx?lf\...A dxl" ® dyh A... A dyJ-

with 
(Ap*B%,_ip,h Jp := 

i 

2 f f Al .„, ^ kp(s, x, z)Bfck};j'kp(t—s, z, y)dvoU ds. 
O M 

We set 0)RP:=WRP* ...*mRp /-times, and assume k>N/2. 

L e m m a 3.4. Let be T>-0 and I a positive integer. Then there exist constants 

A3,A^0 such that for T, 1^/^/, x, yf_M and all 

we have 

(3.4) |«>Jl'(f, x, y\ ip,h,...Jp\ == A3tk~NI2+i~1 exp(— Air2(x, y)/i). 

P r o o f . W e perform mathematical induction. For fixed x by definition of mRp 

the v-support of ( i )i?f , , i is contained in B:Jx). W e consider /=2. Then, i "•» piJi*"'tJp> 
denoting 2 '•— 2 w e have 

ik) k^-^kp 

\™Rp(t,x,y)h jpl = 

= \2 f f(i>Rp(s,x, z\ ,„kl kp0)Rp(t-s, z, y))i::::±dvolJs\ = 

(3.5) 0 0 ; M 

= I f f [2 (i)RP(s, X, z\ ip.kl tp VRp(t-s, z, y)h i p , J , X 
0 M №) 

XgKlii... gVp] d^xds\ A\D2™R{t, x, y), 

with some constant £>2>0 and 

(2>R(t,x,y):= f J sk~lN'2)(t-s)k-iN^ exp(-A2r2(x, z)/s)x 
0 Be(x)nBJy) 

X e x p ( - A 2 r 2 ( z , y)/(t-s))dvo,Tds. 

For the estimation of (2)R(t, x, y) we need 

L e m m a 3.5. 

r2(x, z)/s+r2(z, y)/(t-s) ^ r2(x, y)/t+(t/s(t-s))[r(x, z)-sr(x, y)/tf. 
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For the simple p r o o f which immediately follows from the triangle inequality, 

we refer to [3]. 

Lemma 3.5 now implies 
t 

|™R(t, x, y)| =5 exp(—A2r2(x, y)/t) / / s k' ( Nl2)(t-s) k- ( N' 2 )X 
o B (wn8 tw 

Xexp [ - A 2 ( r ( x , z)-r(x, dyo1xds lk~(N'2>+i[k-(N/2) + l j - ' x 

X e x p ( ~ A 2 r 2 ( x , y ) / t ) f f f ( t - s f - ^ 2 ) X 
0 s"-1 0 

Xexp [-A2{r{x, z)-r(x, y)(s/t))2(t/s(t-s))] 9x(z)drxduxds, 

where ( r x , u x ) are the geodesic polar coordinates of z£Bc(x) and 0x(z):= 

:=(det gij)1/2(z). According to the Rauch comparison theorem and our assumption of 
bounded geometry there exists a constant D 3 > 0 independent of x such that 
\0x(z)\^D3 for all ziBt(x). 

W e set Q:=r(x,y), r:=r(x,z). Then there remains the integral I(s):= 
t 

: = f exp [—A 2 t ( r—(g/ t ) g ) 2 s ( t—y ) ] dr to be estimated. But I(s) decreases at 
o 

least like i " ' 2 resp. (t-s)NI2 for resp. s 1, For \{2)R(t, x, this 
implies the estimate 

x, y)| tk~(N/2)+1[k — (N/2) + 1 ] - 1 exp (-A2r2(x, y)H)D3 ( f du)x 
ss -1 

t 

X f sk~(N/2)l(s)d.s =g D3DiD5tk-(NI2)+1[k-(N/2)+l]-1exp(-A2r2(x, y)/t), 
o 

where 

f du s Z)4 
S2V-1 

and 
t 

/ (t-sf'iN'2)I(s)ds =s £>.. 
o 

Using these estimates and (3.5), we obtain for 0 a n d x,y, £M 

(3-6) \™R"(t,x,y\ ip„, J s 

^ AlD2D3DiDstk-lN'»+1[k-(NI2)+\]-1exp(-A2r!(x, y)/t). 

Using the estimate of Corollary 3.3, and its iteration, we obtain 

(3.7) \V>R(t, x, y\ ip,h Jp\ ̂  A[D^ «>j?(i, x, y), 

where {i)R(t, x,y) is the /-fold convolution of tk~<-N/2) exp (-A2r2(x, y)jt). 
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In the sequel we need also an estimate for x,y), which we establish 

again by mathematical induction, namely 

(3.8) | « j i ( i , x, y)| (DzDzDs)'"1 lk~(N/i)+i~1 X 

X e x p ( - A2r2(x, y)/t)[k — (N/2)+]]~1... [k — (N/2) + i— l ] - 1 . 

For ¿'=2 this is already proved. The induction step i—z '+ l shall be done 

below. Assuming (3.8) for a moment, we obtain from the induction assumption and 

the estimation of the first i convolution factors of (1+1).R(f, x,y) 

|<'+»jf(i, x, y)| (X>a_D4 1 - ( N / 2 ) + 1 ] . . . ^ - ( i V ^ + Z - l J ^ X 

X / / (i-i)l-('"!)+^1it-w'2) exp(-A2r2(x,z)/s)X 
0 B,cU)nBc(y) 

Xexp(—v42r2 (z , y)/(t-s))dvol__ ds. 

Denoting the last integral by /, we get 

J f J (t—s)k~<-N/2)+i~1sk~(iV/2) exp (—A 2 r 2 ( x , Z)/J)X 
0 SN-1 0 

X e x p ( - A/-2 (z, y)/(t-s))0x(z)drduds S A ¿ V " ~ W 2 > + ' ~ (JV/2)+/]"1X 

f £ 

Xexp (~A2r2(x, y)/t) J f exp(-A2t(r-(s/t)Q)2js(t-s))drds ^ 
o o 

=£ Z)4D5 I ^ ( ] V / 2 ) + i t 1 exp ( - 7)/i). 

This finishes the induction for ( i +1 ) .R(i , x, >>) and shows 

|<'+»* ' (*, x, W l J ^ A i ^ ( D 2 D 3 D M x 

Xexp(-A2r2(x, y)/t)tk~(N/2)+'[k — (N/2)+l]~1... [yc-(jV/2) + /]-1. 

Furthermore, there exist constants A3, A4>0 such that for 0 < / s r , 

(3.9) 4 ( D i D , 2 ) 4 2 ) 6 ) ' - 1 e x p ( - ^ 1 i a ( x , y ) / i ) [ f c - ( A / 2 ) - | - l ] - 1 . . . 

... [k-(N/2)+i-l]"1 ^ A3exp(— A4r2(x, y)/1) 

which finishes the proof of the Lemma. 

L e m m a 3.6. For every T>0 there exist contstants A5, Ag>0 such tath 

(3.10) \^R"(t, x, y\ I p iJ1 Jp| == ASA™tk~(N,2)+2m~1(m\)~1 exp ( ~ A 2 r 2 ( x , y)/t) 

for all T and all positive integers m. 
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P r o o f . The calculations in the proof of Lemma 3.4 give for i—2m 

|^Rp(t, x, y\ ip,h J ^ ( Д ^ з ^ А Г - ' х 

x tk-(N/2)+2m-i [ic-(NP) +1]"1... -(N/2) + 2m-l]"1 exp ( - A2r2(x, y)/t). 

Using 
[k-(N/2) + l]...[k-(N/2) + 2m-i] > m\(m+\) ... (2m-1) 

we obtain 

A5 AS(mI)"1 tk~[W2)2m~1 exp ( - Aoг(x, y)/t), 

as an upper bound for the right-hand side of (3.10) (where A5, Ae>0). 

L e m m a 3.7. For every T>0 there exist constants A7,A8=~0 such that 

(3.11) \(2m+^Rp(t,x,y\t^p>h jp\ - A7 A?(m!)-1 tk"<<^>+^ exp (~A2r2(x, y)/t) 

for all 0 < / g T and all positive integers m. 

P r o o f . 

| ( г и + 1 ) л Ч ' , x, j>),4 ip>Jl Jp| s 

Хехр(-Л2|-2 (х, j)/i) 3= A1Af(m^~1tk-<'N^+2mexp(-A2r2(x, y)/t). 

Let us define Q p : = ^ (-1)1 ' ( i ) i?p , i.e. 

= 

L e m m a 3.8. For all T> 0 the series for Q? i ,J„-J converges absolutely 

and uniformly. There exist constants A9, A10>0, depending on T, Such that 

(3.12) 16ЧГ, x, W l J ^ A9tk-(Wexp(-A10r2(x, y)/t) 

for all T, x,y£M, г ' ^ . • • • - = : j p -

P r o o f . The convergence follows from the preceding two lemmas since 
6?„- , i ,j\,-,j c a n estimated from above by an exponential series. Furthermore, 
we obtain from (3.2), (3.4), (3.10), (3.11): 

|™Rp(t, x, y ) h , . . . , t r t j l , . . . , j r \ r AS-M'expC-A^Cx, y)/t), 

Z I(2m)Rp(t, x, y\ ,Wl jp\ Аъexp(—АоГ2(х, y)/t)X 

m—1 

X [ 2 (AZ/rn\)tk-W»+2m-1] S Ds exp(— D6r2(x. y)/t), 
m = 1 

2 \(2m+1)R"(t, x, у)>, ,р>л jp\ ^ A7exp(~A2r2(x, y)/t)X 
m=l 

x [ 2 (^ r a/'" ! ) i f c- ( f i / 2 ) + 2 m ] S A exp {-D8r2(x, y)/i), 
m=1 

where D5, De, D7, Ds are positive constants. This provides the asserted estimate. 
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4. The main results 

We set Ep:-mEp-Qp*wEp and show that Ep is the asserted heat kernel. 

M a i n T h e o r e m 4.1. Let (MN, g) be open, complete, and of bounded geometry. 

Then there exists a good global heat kernel Ep(t, x, y) satisfying the conditions ( H I ) — 
(H4), and 

(H5) E"(t, x,y)=Ep(t, y, x ) for all x,y£M (symmetry), 

(H6) Ep (t + s, x, y)= f E" (t, x,z) A* E"(s, z, y) (semigroup property ). 
M 

Moreover, E" is uniquely determined. 

P r o o f . ( H I ) Smoothness is a local property and it is sufficient to establish it 
for all compact subsets. The kernels mEp and 0>R" are smooth by construction. On 
compact subsets one can differentiate (1)RP under the integral sign, thus establishing 
the smoothness of ( l )Rp . Also on compact subsets the series for O" and its derivatives 
converge uniformly according to the estimates of Section 3. 

(H2) Using, once again, the argument of uniform convergence, we obtain for 
0 a n d k^N/2+2 (c.f. [2]) 

(d/dt+A)Ep = (d/dt+A)(a)Ep-Qp*mEp) = (1)R»-Op-Op*(1)Rp = 

= WRP- 2 ( -1 ) ' ' 2 1)"' Wrp = 0-
¡=1 i=2 

(H3) For ÛJ0€Î2£ there holds 

f Ep(t, x, y)A*co0(y) = 2 [ f Ep{t, x, y)t\*oh(y)\i ^ ; dx^A-.Adx1-, 

•where 
[fEp(t,x,y)f\*co0(y)] = 
M 

= 2 f Ep(t, X, y)h lp, tl kpOJ0(y)^ k" dvoiy = 
(k) M 

= 2 / WEp(t, X, y\ , kpco0(y)k> ** dvoly-
<*) M 

/ (Qp*wE»)(t, x, y)h , tl kœ0(y)Ki <WvoV 

W M 

Introducing normal coordinates centered at x, the formula 

¡2WEp(t,x,y)h ip,kl,...,kpco0Jl lp(y)X 
M W 

Xgklh(y)-- gkplp(y)dvoly = to0ih ip(x) 
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follows just like in the Euclidean case. The estimate (3.12) for Q p gives 

(4.1) | r i Q ' O , x, >•),„,.,,„ h Jp\ ^ A9tk~(Ar/2)+1 exp (—A 1 0 r 2 ( x , y)/t). 

The calculation Qp*mEp=t(t-1Qp*^Ep), use of (4.1) and a version of Lemma 
3.5 lead to an estimation from above by 

t 
A9tf f sk~(*/»+*(,-.j)*-«"/» e x p ( - A10r2(x, z)/s)exp(- A2r2(z, y)/(t-s))dvolJs 

o M 
t 

S / / J exp (— Anr2(x, y)/t)sk~(N/2)+1(t—s)k~^/2)X 
0 M 

X exp [ - A12(r(x, z)-r(x, y)(s/t))2(t/s(t-s))] dvoU ds 

where An, A12 are positive constants. Therefore we have for cu0£ 

ItZ J(t~1Qp*il)Ep)il lp,tl kp(Oo{y)kl-~'k>d,0A 
1 (« M 1 

t 
^t{A9 f e x p ( - Anr2(x, y)!t) f f x 

M 0 M 

X e x p [ - ^ M ( r ( x , 2)-/-(x, 7 ) ( 5 / 0 ) 2 ( ^ ( i - i ) ) ] t max K ( y ) k l ' -k>\dvol._dsdy\. 

Since suppco0 is compact, we can cover it by a finite number of e-balls, e-=r i n j , 

and apply for the estimation of all three integrals the estimates of Section 3. Thus we 

prove that the expression { . . . } remains bounded as /—0+ and lim J (QP*WEP) A 

A *co 0 00=0 . (H3) is proved. M 

(H6) In order to show the semigroup property 

E"(t, x,y)= f Ep(s, x, z)A *Ep(t-s, z, y) 
M 

we prove that 

Fp(t, x, y) := JEp(s, x, z)A *Ep(t-s, z, y) 
M 

has the properties of a heat kernel. The uniqueness theorem of [5] then ensures 
Fp(t, x,y)=E"(t, x,y). In fact, from (H2) for Ep(t,x,y) we obtain 

(id/dt + Ay)Fp(t, x, y) = f E"(s, x, z)A *Ep(t-s, z, y) + 
M 

+ f Ep(s, x, z)A*AyEp(t-s, z,y)= f Ep(s, x, z)A *(- Ay)Ep(t-s, z, y) + 
M M 

+ Ep(s, z, x)A * AyEp(t—s, z, y) = 0. 
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Property (H3) of Ep(t, x, y) implies 

lim F"(t, x, y) = lim f Ep(s, x, z)A*E"(t-s, z, y) = 8xiz8z<y = 8x,y 

M 

since 0 + implies i — 0 + , t—s—0+ 

(H7) (Symmetry). Using property (H3), we get 

lim f Ep(s, x, z)A *Ep(t-s, y, z) = Ep(t, y, x), 
S~0+ M 

lim f E"(s, x,z) A* Ep(t—s, y, z) = E"(t, x, y). 
M 

Then, according to Duhamel's principle for forms, 

t 

E"(t, x, y)—Ep(t, y, x) = f d/ds f Ep(s, x, z )A *Ep(t—s, y, z) = 
o M 

t 

= f f[Az Ep(s, x, z)A *Ep(t—s, y, z)—Ep(s, x, z )A * AxEp(t-s, y, z) ] = 

0 Ai 
t 

= f J {3zE"(s, x, z)A*dzEp(t-s, y, z) + 3zEp(s, x, z)A*SzEp(t-s, y, z)-
0 M 

-[3zEp(s, x, z)A *dzEp(t~s, y, z) + d.Ep(s, x, z)A *5zEp(t-s, y, z)]) = 0. 

Here we essentially used the completeness of ( M N , g). 

(H4). (Estimates for the derivatives.) Assume T > 0 , O ^ t ^ T and A->Ar/2 + 
+ (m + n)/2 + l, and begin with l=m = n=0. Then the proof is done according to 
the estimates for (i)E and Qp. Next we consider W"Ep(t, x,y). There holds 

| V , x , y\ Ip, j1 jp| |V; ™Ep(t, x, >•)„ ip, „ J + 

+ \Vy(Q" *wEp)(t, x, y)h ,riJl ,p|.j 

We start with the estimation of the first term. 

L e m m a 4.2. There exist positive constants A1S, Au(n, T) such that for all 0 < 
T, x , y £ M , / 1 < . . . < j p , A < . . . < y p 

(4.2) |V" a)Ep(t, x, y\ ip,h Jp\ S A13 t~Nl2-"/2 exp (— Aur2(x, y)/t). 

The p r o o f is by mathematical induction. For « = 0 it is done. Assume the 
assertion for 1, ...,n— 1. Since (MN, g) has bounded geometry, there exists a uniformly 
locally finite cover of MN by geodesic e-balls, 0 < £ < r i n j . According to [1] there 
exists a constant D 9 > 0 , independent of x, such that for all y£BE (x) 

(4.3) |V; exp ( - r2(x, y)/4t)\ ^ D9\(d"/dr") exp ( - r2(x, y)/4t)\. 
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This follows from Lemma 3 of [1] and the boundedness of the Christoffel symbols 
together with their derivatives. Using the inequality e~ 2 ^ ( a e ) ~ l , we obtain 

|d/dr exp ( - /-7401 ^ [exp ( - r2/40(r2/4t)fl2 exp ( - r2/8t) s= e " 1 r1'2 exp ( - r2/8i). 

Iteration and application of the product rule gives 

(4.4) \(d"/drn) exp ( - r2/4t)\ S £> 1 0 r N ' 2 —' 2 exp (~Dn r2/t) 

with positive constants D10, Dn(n, T). According to Lemma 4 of [1] there exists a 

constant D 1 2 > 0 such that 

(4.5) |V;(r(x, y))| S D12. 

Lemma 3.1 (ii), (4.3)—(4.5) and the derivation rules applied to ( 1 )£p provide the 
asserted estimation. 

In order to estimate the second term, we use the uniform convergence o f the 
integrals and can therefore differentiate under the integral sign: 

i 

I v ; c e ' *< »£ * ) ( / , X, > • ) „ , . . . , i p . , J p | ^ f f 21Qp(s, x, z)h ip<kl,...,kp\ X 
0 M (k> 

(4.6) X |V, ™Ep(t-s, z, y\ ipwJlf ...,Jp| |gk^(z)\ ... |g*'Wz)| dvol= ds ^ 

S D13tk~NI2~n/2 exp {-D^rix, y)/t), D13, Du(n, T) > 0. 

N o w (4.2) and (4.6) provide the asserted estimate. From the symmetry of Ep{t, x, y) 

in x, y we obtain the analogous estimate 

\^Ep(t,x,y\ J A1B t~N/2-m/2exp (— A10r'2(x, y)/t), A15,Aie(m, T) > 0. 

W e now turn to /-derivatives of Ep. Clearly, 

|(dW)Ep(L x, . . . . . . | ^ \(d'/dt')WEp(t, x, y\ ,p„, J + 

+ \(dl/dtlmp*WE»Xt, x, y)h l p ,y i J . 

W e start with the first term. Since 

w E p = f M I ? U ^ y ) , 
i = 0 

and the C/; and // are independent of t, it suffices to estimate (d'/dt1)^: 

Ait, x, y) := (4ni)~N/2 exp ( - r ( x , y)/4t), 

(4n)NI2(d/dt){t~!il2 exp (— r(x, y)/4t)) = (-(N/2)t^N/'2~l + rN-l2(rf4i2)) exp ( - r2/4t). 

Use of the inequality e~1^(ae)~1, like in the proof o f Lemma 4.2, gives 

t~N/2 exp (— r2j4t) (r2!4t2) s 2 e~l t-N!-~1 exp ( - r78/ ) . 
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Iterating this procedure and applying the product rule, we obtain 

W№v>Er{t,x,y\ 

S Z>i5t~N,2~ l exp (— D1Sr2(x, y)/t), D1S, D16(l, T) > 0. 

We estimate the second term as follows: 

\(dl/dt'№p*ME")(Ux,yh,...,ip,j1 J, f f (4 n)-N'Ht-s)-^X 
W 0 Be(y) 

X e x p ( - r(z, y)l4(t-s)) ^ t'Uiy,lf....Ip,kl,...,kp(z, y)X 
k 

= 0 

X Q'(s, x, z)., (p, ... Jp gk1,1 ( z ) . . . ¿vol, S 

^ 2 k a ' - v a t ' - ^ f l l im / - lim f](4n)-N/2(t-s)-Nt2exp (-r2(z, y)/4(t-s))x 

X 2 t//. (I>... .¡,. Q" & >P, h JP ski h (Z) • • • '' (Z) dvcU S 
i = 0 

^ D17 ik-N/2~l exp (-D18/'2(X, ?)/')> Di7,Dls(l, T ) > 0. 

Gathering the results, we have 

c, ,.„Wl JP\ - J/)/i), 

A11tAia(l,T)> 0. 

Iterating the derivatives V™, V,, dl/dtl, using the above estimates and the fact that 
Vj,(x, >0 is bounded thanks to the bounded geometry, we finally obtain the asserted 
estimate for 0 < ts T. In order to establish (H4) completely, we have still to consider 
the behaviour of the derivatives for t—oo. To do this, we essentially use the semi-
group property (H6). Until now we have proved 

\(d'/dtl)V'" Ep(2t, x, y)ix W l 

/Cljm,,(T) e x p C 2 mJ(T)r2(x, z)/t)Cli0t0(T) r»l*x 
M 

X exp (— C2i o, o (T) r (z, y)/t) dmU_. 

Without loss of generality we assume C 2 m l ( T ) > C i i 0 0 ( T ) . Lemma 3.5 now gives 

№ 0 VJ£'(2/, x, iptJl Jp| ̂  C l i I „ . I ( r )C 1 > 0 , 0 ( r ) r " - " ' 2 " ^ 

X EXP(— C 2 ; 0 J O ( T ) r'2(x, y)/2t) f exp [(-C2r0,0(T)/t)(2/l)(r(x, z ) - r { x , J)/2)2 ] DVOL=. 
M 

We denote the latter integral by /,(/) and state as induction assumption 

| ( W ) V ™ x , . . . ) l W l j,I ClimJ(T)CUOi<)(Tf-' x 

X r ^ - ^ r - ^ e x p ( - C 2 > 0 j 0 ( r ) r 2 ( x , y)/t)I2(t)...h(t), 
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where 

h(i) : = / exp [-C2,0t0(T)/t(k/(k-l))(r(x, z)-((k- \)/k)r(x, y))2] dyol_. 
M 

From the semigroup property we obtain 

\ { d i i d t i m E > { { k + \ ) t , x , y ) h W l j s 

^ f c ^ o c ^ i T f - i r ^ i t - ^ x 
M 

Xexp(— C2f0f0(T)r2(x, z)/fo)I2(t)... h(t)Clt0i0(T)X 

Xexp(— C 2 >o,o (T ) r 2 ( z , y)/t)rNl2dvoh S Chm,(T)(Q,0,0(T))k t~ml2~l ( r » / * ) * + ' X 

X exp ( - C 2 ; 0 > 0 ( r ) r2(x, y)/t) I2(t)... h{t) X 

X / e x p [(— C2j0io(71)/1)((£ + l )A)(/-(x, z ) - ( £ / ( £ + 1 ) ) rix, j ) ) 2 ] dyoU == 
M 

= c1>miliT)(clt0y0 iT)f ( r B ' z ) i + 1 /2 ( 0 . . . /i ( 0 4+1 ( 0 x 

X r ^ e x p i - C ^ i T ) ^ , y)/t), 

where we denoted the last integral by 7C+1(/). There exist constants D 1 9 > 0 , /J0>0, 

such that for all £>/r0 

t-mn-i^-N/2^-1 ^ D1<,ikt)-N'2-m'2-1. 

Moreover, 
7 s ( 0 - 0 for i — 0, hit)-* lit) for £ - o o , 

where 
7(0 := f exp [ -C 2 j 0 i 0 ( r ) // ( r ( x , z ) - r (x, j; ) )a ] rfvols. 

M 

This implies the existence of a constant ^ > 0 and /0€]0, T] such that for all r0 

and l o k y 

14(01 ^ (Q.o .oCr ) ) " 1 . 

Therefore, there exists a constant D i 8 > 0 , dependent on t0, k0, klt such that for all 

x,y£M, lc>k0, Jc^ky 

\iVldtl)S/™E'ikt,x,y\,...:ApJl Jr\ =5 

D18(kt)~N/2^m/2~1 exp (—C 2 i 0 > 0 ( r ) r2(x, y)/t). 

Since /6]0, /0[ was arbitrary, we have the estimation for arbitrary large kt. 
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In a similar manner we estimate |V"£p(i, x, ; . . |. We have for 
O^t^T 

\V"yE»(2t, x, y)h W l Jp\ ¡CUT)rN/2X 
M 

Xexp ( - C 2 ; 0 ( r ) r2 (x, z)//)C1>n (r) rNr-n,2 e x p ( _ c 2 > n ( r ) r 2 ( z , y)lt) dy0,x S 

X / e x p [— C2>O(r)/i(2/1)(/• (x, z)—(1/2)r(x, y ) )2 ] </voV 

M 
The last integral shall be denoted by /2 (0- Furthermore, we assumed without loss o f 
generality C 2 > n ( T ) > C 2 0 ( r ) . This implies 

I W . .Wl J ^ ci.o(T)C1 i0(T)I(t)(t~N'2)2 X 

X t~"!2 exp (— C2_ o (T) r2 (x, y)/2t). 

By mathematical induction, 

Iv;E"(kt,X,y\ ,Wl Jp\ ==CUTOUT)?-1 h(t)... 

...h{t){t-mf t-'2exp(~C2,0(T)r2(x, y)/Jct). 

There exist constants f„, k0, kt, D 1 9 >0 , D19 dependent on t0, k0, kx, such that 

for all Jc>k0, 

|V;E'(t, X, y)h ipJl J ^ DM(kt)-N/2 -"'2 exp ( - C U T ) r2(x, y)/h). 

The time value i£]0, /0[ was arbitrary and we obtain the estimate for arbitrary 
large kt. Iterating both estimates and using once again the boundedness o f V'r, 
we finally obtain (H4). 

(H5). 3xEp(t, x, y) = SyEp+1(t, x, y). 

The property (H3), lim E"(t, x, y)=8x „, implies 

lim f Ep+1(s, x, z)A *azE"(t-s, z, y) = 3xEp(t, x, y), 

lim f 5zEp+1(s, x, z)A *E"(t-s, z, j>) = SvEp+1(t, x, y). 
s " M 

4 



50 I. Buttig and J. Eichhorn 

Using this, Duhamel's principle and the heat equation, we obtain 

dxE"(t, x,y)-5yEp+1(t, x,y) = 
t 

= f(d/ds) j Ep+\s,x,z)A*dzEp(t-s,z,y) = 
0 M 

t 

= f f [AzEp^(s, X, z)A *3.Ep(t—s, z, y)—Ep+1(s, x, z)A *3zAzEp(t-s, z, y)] = 
0 M 

I 

= f f [SzEp+1(s, x, z)A *3z3zEp(t—s, z, y)-
0 M 

-3JzEp+1(s, x, z)A *3zEp(t-s, z, y)] = 0. 

since (MN, g ) is complete. 
This finishes the proof of the main Theorem 4.1. 
As it is well known, the existence of a good heat kernel has many good con-

sequences in global analysis, for instance in spectral theory, in the theory of semi-
groups, and for the existence of characteristic numbers. W e do not intend to present 
all this here, but restrict ourselves to a special class of applications. For many 
purposes one is interested to invert the Laplace operator A outside the L2 -harmonic 
forms. Denote by 2QP the space of square integrable measurable /»-forms on MN, by 
2QP the set of all smooth /»-forms m such that ||co||, |Mco]|, ..., |M*co|| < <=° ( H | = 
=L 2 -norm) and by 2Qp,k the completion of 2QP with respect to 2|| • ||t, 

*|Mk:= IM| + №<»||-K.. + |M*<0||. 
Let H denote the projection onto 

= {(0(iQp C\2 Qp\d<o = Soi = 0} = kerZ 

(since ( M N , g) is complete). 
Then one is searching for an operator G satisfying 

AG 03 — co — Hco 

and, if possible, for a meaningful integral representation of G. This G is called Green's 
operator. 

T h e o r e m 4.3. Let (Af'v, g) be open, complete, and of bounded geometry. Assume 

further that A — Ap has positive eigenvalues below the essential spectrum. Then 

G(o(x)= J f E"(t, x, y)A * (a-Ha>)(y) dvo¡y 

O M 

is a Green operator and has the following properties: 

(a) ||Gco|| (̂211)~1/2||co|| for co£fl{¡, where is the first nonzero eigenvalue of A. 

Hence G can be extended to a bounded linear operator G: 2QP-»2QP. 
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( b ) Gme2Qp'k for arbitrary large k. 

( c ) co = Hut + dÔGco + SdG(û is the Hodge decomposition. 

P r o o f . A c o m p l e t e p r o o f is g i v e n in [3] unde r the a ssumpt i on o f the ex is tence 

o f a g o o d heat kerne l . T h i s ex istence w e h a v e jus t n o w establ ished. 

U s i n g T h e o r e m 4.3, w e can establ ish the a p p r o x i m a t i o n t h e o r e m f o r the e i gen-

values b e l o w the essential spec t rum b y the e igenva lues o f s em i comb ina to r i c a l L a p l a c e 

ope ra t o r s assoc ia ted t o sequences o f u n i f o r m t r iangu la t ions a l so f o r O ^ p ^ N . 

F o r p=0 this was c o m p l e t e l y p r o v e d in [3], f o r / > > 0 unde r the assumpt ion o f the 

ex is tence o f a g o o d hea t kerne l . 
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