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The heat kernel for p-forms on manifolds of bounded geometry

INGOLF BUTTIG and JURGEN EICHHORN

1. Introduction

In [3] an approximation result for the eigenvalues below the essential spectrum
of the Laplace operator was proved for open manifolds. These eigenvalues were
approximated by the eigenvalues of some sequence of semicombinatorical Laplace
operators. The essential assumptions were completeness and bounded geometry up
to a certain order. Using this, the first author proved, following a paper of DONNELLY
[6], the existence of a good fundamental solution of the heat operator acting on
functions, or what is the same, the existence of a good heat kernel. For p-forms this
existence was presumed. It is widely believed that the existence result holds for p-
forms and several authors refer to [4] for example. But in [4] a rigorous proof was
given only for functions. Further, in [S] there is a nice existence proof for functions
and a uniqueness proof for p-forms. The paper [4] does not contain an existence
proof for p-forms. As a matter of fact, we have never seen such a proof until now.
This is in some sense understandable because it needs some nontrivial facts that have
to be established. In this paper we present an existence proof for a good heat kernel
on open manifolds of bounded geometry of infinite order, as expressed by Theorem
4.1. The uniqueness then follows from [5].

The paper is organized as follows. In Section 2 we introduce and summarize
some facts on manifolds of bounded geometry. Section 3 is devoted to the main te-
chnical lemmas concerning the construction of the heat kernel. Finally, in Section 4 we
present the main results of this paper.
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2. Manifolds of bounded geometry

Let (M¥, g) be open and complete. Denote the curvature tensor of (M", g)
by R and the Levi—Civita derivative by V. We consider the following conditions:

(1) rinj(M) = x‘?{{ ’inj(x) =0,

i.e. the injectivity radius possesses a positive lower bound.
(B,) There exist bounds C; such that |V'R|=C;, 0=i=m.
Assuming condition (1), we consider further the condition

(BC™) For every &0, O<g<r,.(M), and multiindex

inj
a={og, .., 0py),a; =0, la] =0y +...+tay =m

- and every choice of an orthonormal base in all points x€M there exist constants C,
independent of x such that |D*g; |=C,, y€B,(x), in normal coordinates x* defined
in the open ball B,(x).

Remarks. 1. (By) is equivalent to the boundedness of the sectional curvature.
2. (BC™) is independent of the choice of the orthonormal base in T, M. This follows
from the chain rule, the triangle inequality and the compactness of the orthogonal
group O(n). 3. The boundedness of the [D*(g;;)|, lal=m, implies the boundedness
of the |D*(g")|. For |«|=0 this is seen from

(2.1) (gij)(gij) = E.

Assuming the validity for |x[=m—1, we obtain the validity for m, applying D*
to (2.1), expressing D*(g;;) by the D?(g,), |fl=m and D7(g™), |yl=m—1 and
applying the induction assumption.

We summarize some relations between the above conditions.

Proposition 2.1. Let (M~, g) be open, complete and satisfying (1).

(@) (BC™) implies (B,,-»),

(b) (BC™) and (B..) are equivalent,

(c) (By) implies (BCY),

(d) (B)) implies (BCY).

Proof. (a) The curvature tensor can be expressed by derivatives of the g;;,
g of order =2.

(b) We refer to [4], page 33.
(c) The boundedness of the g;;, assuming (By), is just Lemma 1 of [9].
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~ (d) In |10] it was shown that (B;) implies the boundedness of the Christoffel
symbols I;]. From

2.2 T o= &ilhs TjatTi = {0/0x)g;;

and (c) we obtain the assertion.

Examples of open manifolds satisfying (1) and (B..) are the Riemannian homo-
geneous spaces, in particular the symmetric spaces of noncompact type.

The existence problem for metrics satisfying (1) and (B,,) is more subtle. The
condition (B..) does not imply (1), as cusp manifolds of constant curvature K= —1
show. CHEEGER, GROMOV and TAYLOR presented in Theorem 4.7 of [4] explicit
lower bounds for the injectivity radius r;,;(x) by relative volume estimates, assuming
additionally curvature bounds. As a trivial conclusion, the injectivity radius of an
open manifold in general is governed by the curvature and by additional geometrical
entities.

Let us list up some classes of open manifolds admitting a natural construction of
metrics of bounded geometry.

Proposition 2.2. The following classes of smooth open manifolds admit a natural
construction of complete metrics satisfying (1) and (B.).

(@) Reductive homogeneous spaces G/H, G beeing a Lie group and H a compact
subgroup.

(b) Coverings of closed manifolds.

(c) Open manifolds which are built up by infinitely often gluing together a finite
number of bordisms (manifolds with so called almost periodic ends, cf. [7]). In par-
ticular, any infinite connected sum of a finite number of closed manifolds or manifolds
with a finite number of ends, each of them collared, belong to that class.

(d) Leaves of a foliation of a compact manifold.

(e) Every finite connected sum of open manifolds, each of them admitting a metric
of the above type.

Proof. (a) Every such manifold admits a metric making it to a Riemannian
homogeneous space.

(b) Equip the closed manifold with any metric and take its lift.

(c) If My, ..., M, are the nondiffeomorphic boundaries, fix a metric g, at My,
extend g, as a product metric to collar neighbohoods and then to the bordisms. Fora
collared end there is a simpler construction by fixing a product metric at each end
and extending the end metrics to the remaining compact part of M.

(d) This item was proved in [8].

(¢) The proof is trivial.

Remark. Natural construction here means that the construction of the metric is

3*
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in a certain sense adapted to the topology of M. Nevertheless, a much more general
existence theorem holds true. Namely, we reformulate Theorem 2’ of [8] as

Theorem 2.3. Every open manifold admits a complete Riemannian metric
satisfying (1) and (B..).

In the present paper we call an open, complete manifold (MY, g) satisfying (1)
and (B..) a manifold of bounded geometry (of infinite order).

In the next Section we need some properties of the Christoffel symbols for such
manifolds which we establish now. We recall that (B..) implies (BC™) according to
(2.2). Fixing x€M and O<eg<r;,;(M), we consider geodesic polar coordinates
r,wy=(r,u*, ....,u®)=(x', ..., x¥) around x. Then according to the tensorial
transformation rule, we have

2.3) |D*g;;(»)| = C,
and
24 ID*gM(y) = C;

for all ycU,(x), C,, C, independent of x. From the definitions of the Christoffel
symbols, (2.3) and (2.4) we immediately obtain

Proposition 2.4. Let (M", g) be of bounded geometry, x€M, O<g<r, (x),
(r, u', ..., u¥ 1) geodesic polar coordinates. Then there exist constants K, independent
of x such that
(2.5) ID* L)l = K,
for all yeU,(x).

3. The main estimates for the heat kernel construction

Let (MY, g) be open, complete, oriented and of bounded geometry. We denote by
Q resp. Q2 the vector space of all smooth p-forms with compact support, by 2Q?
the vector space of all measurable square integrable p-forms and by D(4)c*QP
the domain of the closure of the Laplace operator

A= ds+5d: QF ~ QF.

Since 4 is nonnegative and selfadjoint, the spectral theorem implies representations
A= [ 1dE;, e¥= [ e dE,
0 0

If "4 can be written as an integral operator, the kernel of the latter is called
the heat kernel of (M”, g) for p-forms. One asks then for the properties of the kernel.
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An integral kernel always exists according to the Schwartz kernel theorem, but this
kernel has on open manifolds no importance since it has no mapping properties
between LI-spaces, 1=g= .

Let us now make the definitions precise. A two-point form E? with values
EP(t, x, p)ENPT.MQNT,M is called a good global heat kernel, if it satisfies the
following conditions:

(H1) E?(t, x, y) is smooth for ¢=0.

(H2) (0/0r+ 4)E* (1, x, y)=0, where we apply 4 acts on EP as a section depend-
ing on y.

(H3) [im f EP(t, x, A ¥ 0o(») =wo(x) for all xéM and
M
we€QP, ie. EP(t,x,y)— 0, ,.

(H4) There exist constants C;, C,=>0, depending on /, m, n, such that for all
X, YEM, O<t<oo

18/ V™V EP(t, x, p)| = C 1~ N2 m+m2—1exp (— Cor?(x, ¥)/1).

(H5) Theheatkernels E*(t, x, y) and EP*(1, x, y) are related by d_(E”(t, x, y)=
=6,EP1(1, x, y).

The main aim of this paper is an existence proof for a good heat kernel, assum-
ing (M", g) to be of bounded geometry. The method of proof consists in summing
up iterated convolutions of a certain initial expression, where the convergence is
guaranteed by some majorization.

Let us start with preparatory lemmas. Assume O<e<r;,;, P€Cy(R), ¢(@)=1
for |a|<e¢/2 and @(a)=0 for |a|>1. Then we define n: M XM —~R by means of
n(x, y):=n(r(x, y)). We define a smooth two-point form ME(¢, x, y) as follows:

k .
DEP(1, %, y) 1= (4n) ™M exp (—r*(x, )/41) Z (Ui (x, D)n(x, y) =2 St x, y)n(x, ),

where U;(x,y), 0=i=k are some smooth two-point p-forms, k fixed.
Lemma 3.1. The two-point forms U(x, y), 0=i=k, can be choosen such that
(i) (0/0t+A4,)SP(1, x, y) = (Ant)~ V2 =N exp (— r¥(x, y)/41) 4, U, (x, ).

(ii) There exists some constant D,=0 such that for all 0=i=k, 0=l=k, we
have |4} U (x, y)|=D,.

Proof. The two-point forms U(x, y), O0=i=k, are the classical Hadamard
coefficients. Existence, uniqueness, and recursion formulae for the U;(x, y) are shown
in the literature [2, 11, 12]. The calculation of these Hadamard coefficients leads to a
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system of differential equations of the following form:
(r(3/3r)+G+k)Uk(x, ) =4U,_,(x, ), r(x, ) <¢gf2,
Uo(x, ¥)i, veerips o weesdp T 8ijy(X) ... gi,,j,(x), U_i(x, -):=0,
where G means some matrix function.
An integral recursion formula for the U,(x, y) is given by
3.1) Ui(x, y) = —Up(x, y)g"‘of P1Uy(x, )24, U, _1(x, z) dr

where ¢:=r(x,y), r:=r(x, z) and z lies on the geodesic connecting x and y.
Assertion (ii) follows from an analoguous integral recursion formula obtained

by covariant differentiation of (3.1) and from the assumption of bounded geometry.
Further we set

ORP(t, x, y) i= (9)0t+ 4,) VEP (1, X, y).
Now we will estimate |[‘VRP(s, x, y)|.

Lemma 3.2. There exist constants A (T)=0, A,(T)=0 depending on T=0
such that for all 0<t=T, x,yeM

B2 YR X, Wiy g, s iyl = AN exp (= 4(T) PP (x, Y)/1).

Proof. We use the following well-known formula A(f®)=(Af)P+fAd—
—2Vra s @, for feC=(M), #cQP. With that we obtain

@/0t+4,)SP(t, x, y)1(x, y) = (4n)~ V2N exp (— r(x, y)/4) 4, Up(x, y)+
+SP(t, X, )4y 0%, )= 2Vgeaa, SP(1, X, ¥).-
The estimation of the first term follows from Lemma 3.1 and our assumption of boun-
ded geometry. In the expressions of the second and third ones there occur factors
and n” which are zero for r(x, y)<g/2. So they decrease exponentially to zero as

t—+0. Furthermoore |4,7(x, y)| is uniformly bounded because of bounded geo-
metry. These arguments yield the desired estimations.

Corollary 3.3. Let (M", g) be open, complete and of bounded geometry. Then
there exist constants A,(T)=0, A,(T)=0 depending on T=0 such that for all
O<t=T and x,yeM

(33) ](1)Rp(tv X, y)l(x,y) = A;.(T) tk_N/2 €Xp (_A2(T) r2(x’ y)/t)’
where | - |, ,) means the pointwise norm of two-points forms.

Proof. The assertion follows from (3.2) and from the fact that for manifolds of
bounded sectional curvature and our choice of coordinate systems the pointwise Rie-
mannian norm and the euclidean norm are equivalent (cf. [9]).
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Now we define for two-point forms 4¥ and B? their convolution according to

t
AP % BP = f fA"(s, x, 2)\ % BP(t—s5, z, ) dyor_ ds,
0 M

1e.:
APxBP = 3 (APxBP)y i ., AXA L AdXP @Ay A AdyTe
Y
with

(4P % BP); .

ceslpy J1s s Jp
t

. ke kp (f
=2 f _/'Aﬁ, i s ke (S5 X5 2) B F11 5 2 (t—s, z, ) dyo, ds.
b<..<k, 0 M

We set ORP:=MRPx ... «MDRP i-times, and assume k=>N/2.

Lemma 3.4. Let be T=0 and I a positive integer. Then there exist constants
As, Ay>0 such that for 0<t=T, 1=i=I, x,yeM and adll i,<...<i,, ji<..<J,
we have
G4 |OR?(t, x, y) Ay =N+ exp (— A, (x, p)/1).

Proof. We perform mathematical induction. For fixed x by definition of ®R?
the y-support of (")R,{ is contained in B, (x). We consider i=2. Then,

11y veoslps J1s eees Jpl —

"','p,"l,"',lp,

denoting > := >  we have
) k1<...<kp
|®R2(1, x, y)i, rervipn ts e dpl =
t
_ IZ’ f f(')Rp(S, X, Z),'h vy Ky e kip (I)Rp(t_s, z, y)’.;;: 1’]‘1‘: dvolx ds| =
& ¢ M
(3.5)

t
= I(;[ M/‘ [(kZ)' (i)Rp(s’ x’ Z)ily ...,ip' kl, .‘.,kp (i)RP(t__s’ Z’ y)ilv ~~°’iP’ jl‘ ""jP x
nglil gk"i"] dvolx dsl = 41D, (Z)ﬁ(ta X, ¥)

with some constant D,=>0 and

t
@R, x, y) == f f sK= NI (1 5)e= (N1 exp (— A, r3(x, 2)[s) X
0  B/(x)NBJy)

X exp (— 4,7 (z, Y(1—15)) dyor, ds.
For the estimation of ®R(t, x, y) we need

Lemma 3.5.

12 (x, 2)/s+r2(z, (t—s) = P (x, p)/t-+(t/s(t—5))[r(x, 2)—sr(x, Y/
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For the simple proof which immediately follows from the triangle inequality,
we refer to [3].

Lemma 3.5 now implies
t
|PR(1, x, y)| = exp (— A4 r%(x, 210) f f st (f o)k ¢
0 B (x)NB.(»

X exp [— A (r(x, 2)—r(x, p)(s/D)(t/s(t —9))] dyor, ds = = NP+ [k~ (N/2)+1]7* X

XCXP(—AZrZ(x, y)/t)j f f(t_s)k—(zv/z)x

0 sN-l 1]
X exp [— Az (r(x, 2)—r(x, y)(s/0)2(t/s(t—5))] O (2) dr, du, ds,
where (r,,u,) are the geodesic polar coordinates of z€B,(x) and O,(z):=
:=(det g;))'/*(z). According to the Rauch comparison theorem and our assumption of
bounded geometry there exists a constant D;>0 independent of x such that
|©.(2)|=D; for all z€B,(x).
We set ¢:=r(x,y), ri=r(x,z). Then there remains the integral I(s):=

= f exp [— A, 1(r—(s/t) 02 s(t—5)] dr to be estimated. But I(s) decreases at
0
least like s¥* resp. (1—s)¥* for s—+0 resp. s——t. For |®R(s, x,y)| this

implies the estimate

|®R(1, x, p)| = F=WD+I [k —(N/2)+ 1]~ exp (— A r3(x, y)/t)Da( f du] X
SN -1
t
X [ s*=®DI(s)ds = Dy Dy Dyt~ NP+ [k —(N/2)+ 1] exp (= 4,7 (x, y)/1),
0

where

f du = D,
SN-I
and
t

f (t—s)~ PP [(s)ds = D,.

0

Using these estimates and (3.5), we obtain for O<¢=7 and x,y, €M

(36) I(Z)Rp(t, X, y)l'x,...,i,,,jl, ...,jpl =
= A} D, D, D, Dt~ ¥+ [k —(N/2)+ 1] L exp (— 4,73 (x, /).

Using the estimate of Corollary 3.3, and its iteration, we obtain
3.7 |@R(1, x, y)il,...,i,,,jl, ...,j,‘ = AI DS OR(1, x, y),

where OR(, x, y) is the i-fold convolution of *~®/ exp (— A,r(x, y)/1).
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In the sequel we need also an estimate for PR(z, x,y), which we establish
again by mathematical induction, namely

(3.3) [DR(1, x, ¥)| = (D3 Dy Dy)i =2 =MD +i-15¢
X exp (— Ay 72 (x, )/ Olk—(N/2)+1172 .. k= (N/2)+i—1]72

For i=2 this is already proved. The induction step i—~i+1 shall be done
below. Assuming (3.8) for a moment, we obtain from the induction assumption and
the estimation of the first i convolution factors of C+DR(¢, x, y)

|“*DR(t, x, )| = (D Dy D) [k~ (N/2)+1]7 . [k—(N/2)+i— 1172 X

t

X f f (t—s)f~ WD+I-1 =N/ exp (— A, rE(x, 2)[s) X
0 B, (x)NB.y)

X exp (_ AZ rZ(Z’ y)/(t—s)) dvol, ds.
Denoting the last integral by J, we get

t L]
|| = f f f(t—s)"“”’z”‘—ls"—(”/z)exp(—Azrz(x, z)[s) X

0 SN-1p

X exp(—A4,1%(z, )/(t—5))O(2) dr duds = Dy Dy *~ NP +i[k —(N[2)+i]71 X
X exp (= A, 7*(x, y)/1) f f s* =W exp (— Ay t(r—(s/f) @)*[s(t—s))drds =

= Dy Dy Dyt~ NP+, (N/2)+i] "t exp (— A 73 (x, Y)/1).
This finishes the induction for ¢*PR(t, x, y) and shows

[SDRP(1, X, P)iy, st s o

X exp (— A (%, Y)/t) = D+l —(N/2)+ 1] ... [k—(N/2)+ 1]

jp = A{"1(Dy D3 Dy D5) X

Furthermore, there exist constants A4,, 4,>0 such that for O0</=T, 2=i=T
(3.9) AL (Dy Dy Dy Dg)~texp (— Ay 72 (x, y)/f) [k—(N/2)+1]7* ...
v [k=(N[2)+i—1]"1 = Azexp(— A, (x, Y)/Y)
which finishes the proof of the Lemma.
Lemma 3.6. For every T=0 there exist contstants A;, A6>0 such tath

(3.10) |®™RP(t, x, V), | = s A7 = ND+E=1(ml) "L exp (— 4,7 (x, y)/t)

-'-)ip) jl» ---:jp

for all 0<t=T and all positive integers m.
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Proof. The calculations in the proof of Lemma 3.4 give for i=2m
|*™RP (1, x, y),, eripe irenipl = AT (D2 D3 Dy DY~ X
X F-WD+em=1(pe _ (N/)+ 171 [k —(N[2)+2m—1]"exp (— 4. P (x, Y)/1).

Using

[k—(N/2)+1}...Tk—(N/2)+2m—1) = mi(m+1)...(2m—1)
we obtain

As AP (M)~ WD rm—lexp (— 4, r3(x, y)/.t),
as an upper bound for the right-hand side of (3.10) (where A;, 4¢>0).

Lemma 3.7. For every T=0 there exist constants A,, Ay=0 such that
G11) IR, X, Wiy, iy i) = A7 AR (m) TN exp (— 4,77 (x, p)/1)
for all O<t=T and all positive integers m.

Proof.

| EDRE(t, 3, Py .o, o] = AT (Dy Dy Dy Dy)em(m!) = = M2 w2m 5

X exp(— 4.7 (x, Y)[1) = A; AT (mV) 1~ VR +2m exp (— A, r2(x, y)/1).

Let us define Q":=i21' (—1YORP, je.

OP (8, % Wiy, ooy ips s eerin = i=21' (-1 ORP(1, x, )i, ceeripy ftr e dp

Lemma 3.8. For all T=0 the series for Qﬁ.-..,i,,,j.,.-.,jp converges absolutely
and uniformly. There exist constants Ay, A;;=>0, depending on T, such that
(3.12) QP (1, X, Wiyy sty sl = Aot~ €xp (— Ay 7 (x, y)/1)

Jor all O<t=T, x,yeM, ij<..<ip, i<..<J,.

Proof. The convergence follows from the preceding two lemmas since
P

By, CAD be estimated from above by an exponential series. Furthermore,
we obtain from (3.2), (3.4), (3.10), (3.11):

|DRe(L, x, Wivsccorips s eripl = A 2=V exp (— 4,12 (x, Y)[1),
2'1 |emRe(t, x, Pivscorips jnr ‘..,j,,l = A exp (—Azrz(x, J’)/’)X

X[ 2 (Ar[mY) - OR+em=1] < D_exp (— Dgr*(x. y)/t),
m=1

2'1 |Gm+DRE(1, x, Wi, ceorips J1s wrip|l = A7 €Xp (‘ A P2 (x, y)/t) X
X[ Z (4g/mi) - ®+2m) < D, exp (— Der?(x, y)/1),
m=1

where Dg, Dg, D;, Dg are positive constants. This provides the asserted estimate.
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4, The main results
We set EP:=ME?P— QP «WEP and show that E? is the asserted heat kernel.

Main Theorem 4.1. Let (M”, g) be open, complete, and of bounded geometry.
Then there exists a good global heat kernel E*(t, x, y) satisfying the conditions (H1)—
(H4), and

(H5) E*(t, x, y)=E*(t, y,x) for all x,ycM (symmetry),
(H6) EP(t+s, x,y)= f EP(t, x, 2)A %« EP(s, z, y) (semigroup property).
. M
Moreover, EP is uniquely determined.
Proof. (H1) Smoothness is a local property and it is sufficient to establish it
for all compact subsets. The kernels ME? and (VRP are smooth by construction. On
compact subsets one can differentiate (" R? under the integral sign, thus establishing

the smoothness of M RP. Also on compact subsets the series for Q? and its derivatives
converge uniformly according to the estimates of Section 3.

(H2) Using, once again, the argument of uniform convergence, we obtain for
0<r=T and k>N/2+2 (cf. [2])
0/t + A EP = /0t + A)(WEP —QP x WEP) = WRP QP QP x DRP =
= WRr__ (- 1)i ORe — (- 1iWRr =0,
i=1 i=2

(H3) For wyc @} there holds

fE"(t, K MANx0() = D [ fE"(t, x, YA *wo(y)]iv ; axiA L Ndx,
M M P

N S S

ij<..<ip

where
[A[Ep(t, x, MIA *wo(J’)],-l,__.,ip, Jpendy

=3 [E (6% Wi kg @000 dy =

&) a
= (kz)' f(l)Ep(ty Xy y)il,...,i},,kl,...,k‘,(oo(y)kh'",kP voly, ™
M
—% f(Qp*(l)Ep)(ta X Pigs cyips Kty weerkey @ (P12 ¥ d gy
M

Introducing normal coordinates centered at x, the formula

lim Z DEL(t, X, Pty ooy s ey Do, 13, 1, (P X
M

t—=0+

X g N(p) ... glr () doot, = @, 5, ...1,(X)
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follows just like in the Euclidean case. The estimate (3.12) for Q7 gives
@n ek x, ) ol = At~ V1D exp (— Ay r*(x, Y)/1).

i3y eesips 1o ooosdp

The calculation QFxDEP=1(r ~1QP % MEP), use of (4.1) and a version of Lemma
3.5 lead to an estimation from above by

t
Ayt f fsk‘(”/2)+1(t~s)"‘(”/2) exp (— Ay 73(x, z)/s) exp (— A 7% (2, /(1 —5)) dyor ds =
o M ,
=1 f fexp(— Ay P (x, J’)/t)sk—(N/2)+l(t_s)k—(N/2)X
0 M

X exp [~ Ay (r(x, 2)—r(x, Y)(s/D)(t/s(t—5))] v, ds

where A,,, A,, are positive constants. Therefore we have for w,€ Q5

IzZ _/‘(l_lop'*(l)Ep)u csips K1y eenkp C")O(y)k1 Pdvoly

k) a1

t
= t{d, [exp(—Anr(x, ) [ [st-Cm+i(—s)- ¥
M 0 M

=

Xexp [— A (r(x, 2)—r(x, »)(s/DP(ts(t=s5))] max, Iwo(y)"l # k7| dy;, ds dy} .

Since supp w, is compact, we can cover it by a finite number of e-balls, e<r,,;,
and apply for the estimation of all three integrals the estimates of Section 3. Thus we
prove that the expression {...} remains bounded as —~0% and hm f (O MEP)A

A 2w,()=0. (H3) is proved.
(H6) In order to show the semigroup property

EF(t,x,y) = fE"(s, x, 2)A % EP(t—s, z, y)
M
we prove that

Fo(t,x,9):= [EP(s,x, 2)A % E?(t=s5, 2, )
M

has the properties of a heat kernel. The uniqueness theorem of [5]) then ensures
FP(1, x, y)=EP(t, x, y). In fact, from (H2) for FEP’(t, x, y) we obtain

0Pt+4,)FP(t,x,y) = f EP(s, x, 2)A % EP(1—s, z, y) +
M
+ fE"(s, X, YA % A EP(t—5,2,y) = fEP(s, X, )N % (— 4,)E*(1—s, z, ¥) +
M M

+EP(s, z, )N % 4 EP(t—5,2,) =0
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Property (H3) of EP(t, x, y) implies
lim FP(t,x,y) = lim [E(s,x, A% EP(1—5,2,Y) = 85,.0.,, = bs,
-0t S0+ Iy

since ¢t—0* implies s—0*, r—s—-07
(H7) (Symmetry). Using property (H3), we get

lirgl fE"(s, x, 2)A % EP(t—s, y, z) = EF(t, y, x),
s +
M
lirtn fE”(s, x, Z)A « EP(t—s, y, z) = EP(4, x, ¥).
SR v
Then, according to Duhamel’s principle for forms,

E°(t, %, )= E(t, 3, x) = [ 3fds [E?(s,x, )N #EP(t=s, y, 2) =
0 M

1
= f f[A,EP(s, x, 2)A % EP(t—s, v, z) —EP(s, x, ) A% A E?(t—s, y, 2)] =
M

0

t

= f f{HzEP(s, x, 2)A xd, EP(t—s, v, 2)+0,EP(s, x, Z)A % 5, E*(t—s, ¥, 2) —
0 M

—[d.E*(s, x, 2)A %d E?(t—s, y, 2)+ 8. E* (s, x, 2)\ % 6. EP(t—s, y, 2)]} = 0.

Here we essentially used the completeness of (MY, g).

(H4). (Estimates for the derivatives.) Assume 7=0, O<¢=T and k>N/2+
+(m+n)/2+1, and begin with /=m=n=0. Then the proof is done according to
the estimates for WE and QF. Next we consider VyE?(¢, x, y). There holds

IV;IEP(’: Xs y)il, wesips J1s ,..,j,,l = IV; (I)Ep([7 X, y)i;,...,ip,jx,...,j‘,[ +
+ |V;(Qp*(1)Ep)(f; X, y)il,.‘.,ip,jl,...,jpl‘ }

We start with the estimation of the first term.

Lemma 4.2. There exist positive constants Ay, Ay (n, T) such that for all 0<t=
=T, xyeM, h<..<i,, j=<..<],

42  \VyOE( X, p),,. jpol = Argt™NE exp (— Ay 12 (x, Y)/1).

ceripy J1y ees

The proof is by mathematical induction. For »=0 it is done. Assume the
assertion for 1,...,n—1. Since (M¥, g) has bounded geometry, there exists a uniformly
locally finite cover of M™ by geodesic &-balls, O<e<r;,;. According to [1] there
exists a constant D,=>0, independent of x, such that for all y€B,(x)

@.3) V7 exp (— r3(x, y)/41)| = D,|@"/0r") exp (— 2 (x, y)/41)|.
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This follows from Lemma 3 of [1] and the boundedness of the Christoffel symbols
together with their derivatives. Using the inequality e *=(xe)~!, we obtain

|0/0r exp (— r/41)| = [exp (— r*/AN(r*/ANY2 exp (— r2/81) = e~ 1~ exp (— r*/81).
Iteration and application of the product rule gives
4.4) [(0"/0r™) exp (— r2/41)| = Dyt~ N2—"2exp (— Dy /1)

with positive constants D;q, Dy,(n, T). According to Lemma 4 of [1] there exists a
constant D;,=>0 such that

@.5) [V2(r(x, »)| = De.

Lemma 3.1 (ii), (4.3)—(4.5) and the derivation rules applied to E? provide the
asserted estimation.

In order to estimate the second term, we use the uniform convergence of the
integrals and can therefore differentiate under the integral sign:

t
|V§'(Qp*(l)Ep)(fs X, J")i,,...,i,,.jl,...,j,,| = f f% |Q7 (s, x, Z)il,...,ip,kl,...,kp[ X
0 A
4.6) - XIV, OEP(t=5, 2, Vi, iy i | 1822 o 1852 (D) door, ds =
= DtV 2 exp ("'Dm r2(x, y)/t)s D,;, Dyy(n, T) = 0.

Now (4.2) and (4.6) provide the asserted estimate. From the symmetry of E?(t, x, y)
in x,y we obtain the analogous estimate

|VIEP(t, X, p);,, . = Ayt~ VA" exp (— A (x, y)/t), Ay, Aig(m, T) = 0.
We now turn to #-derivatives of EP. Clearly,
IO EP (¢, x. Pivsccrips jreerinl = 001 WE (1, x, Wity rips jurerinl +
+1(0Y0NQP + WEP)(1, x, y)il,...,ip, 1 eriple

We start with the first term. Since

wrips b ...,jp|

k
WE? = fi(n) Z £Ui(x, p),
i=0
and the U, and y are independent of ¢, it suffices to estimate (3'/07)f;:
At x, p) = (@re)" " exp (=17 (x, y)/41),
(@r)VR0/30) (1N exp (— 1 (x, p)/41)) = (= (N/2)t7N2=1 4 1= V2(r2/4r%) ) exp (— 1¥/41).
Use of the inequality e—*=(ae)~?, like in the proof of Lemma 4.2, gives

t~¥2exp (—1*/4t) (FP/41?) = 2e 1t N2 -lexp (—r¥81).
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Iterating this procedure and applying the product rule, we obtain
1(8Y/0¢") VE® (1, x, y)il,...,ip,jl,...,jpl =
= Dy; t_N/Z_lexP (—Dwrz(x, J’)/t), D5, Dy(1,T) = 0.

We estimate the second term as follows:

@ 08)(QP % DEP)(t, X, V)i, .1y, v .ors)) = @08 3 ft [ @m)~re(e—s)=Nex
(k)

0 B.(»)

k .
X exp(—7(z, y)/4(t—s)) _20 Ui, gy bas oty (2 ) X

X QP(S: Xs Z).l, wsdps J1s s dp gklll (Z) gkplp(z) dval= dSl =

=2 ](3’—]/(‘)1"1){[1im_ f — lim f] (4m)~ V12 (1 —s)" N2 exp (— r¥(z, Y)/A(t—9)) X
{0 STy TV B

()
k
X .20 Ui, csip by OF s X5 21, s iy g41(2) ... gl (2) doa, ds}| =
i=

=D, ¥ 1exp (—Dls"z(x: J’)/l), Dy;, D1, T)=0.
Gathering the results, we have
/0t E? (1, x, Wirseoripsitseripl = A1z =NP=texp (— Ay P2 (x, Y)/2),
Ay, A1 (1L, T) = 0.

Iterating the derivatives V7, V7, 901", using the above estimates and the fact that
Vi(x, y) is bounded thanks to the bounded geometry, we finally obtain the asserted
estimate for O<r=T. In order to establish (H4) completely, we have still to consider
the behaviour of the derivatives for 7-<. To do this, we essentially use the semi-
group property (H6). Until now we have proved

(@Y EPQ2t, X, YDy, osipeas i) =
= [ Com(T) 17 %222 exp (= Co o (T) (X, 2)/1) Cy0,0(T) 172X
" X exp (—Cs,0,0(T) (2, y)/1) dy, -
Without loss of generality we assume Co, ,, 1(T)>C, 9 0(7). Lemma 3.5 now gives
@OV EP 2, X, P)i, g it il = Cramt(T) Cao,oT) 17N 1
X exp (= Ca,0,0(T) 12(x, 3)/2) Mf exp [(= Ca, 0,0 M/ IV(r(x, 2)—r(x, ¥)/2)?] dy -
We denote the latter integral by I,(¢) and state as induction assumption

0"/t Vi E(kt, x, y);,, ceriprdtn gl = C1,m 1(T)Cy,0,0(T)F~1X
X =M= N exp (— Cy, g, o(T) P2 (x, J’)/t) L(1)... I (1),
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where

I()) = [exp[—Cao,o@)/t(k/K—D)(r(x, 2)~ (k= 1)/k) r(x, y))*] dyos..

M
From the semigroup property we obtain
l(a'/atl)V;"Ep((k"' 1) t3 X, y) i1, casips j1, ...,j‘,l =

= [ Comi(T)Coq oL 1= (1= N2 ¢
M

X exp (= Ca,0,0(T) r2(x, 2)/kt) I (1) ... It(1)Cy, 0,0(T) X
XX (= Ci,,0(T) 12(2 /1) 1™ du, = Capma(T)(Co,o @) 172112 1 ¢
X exp (—Ca0,0(T) (5, YD) (1) .. (D) X
X_ [ exp [(=Ca,a, o))+ DR (x, 2)—(FIE+ D) rCx, 1)) . =
2 D CoonDFE LW (D (DX
X t="21 exp (= Cy 0,0 (T) P2 (%, P)/1),s

where we denoted the last integral by I, ,(f). There exist constants D;3=0, k=0,
such that for all k=k,

t—m/2—-1(r—N/2);'c—1 §D19(/~€t)—N/2""'/2—1.
Moreover,
I(f)=0 for t-0, L()—~I({) for ke,
where

1)) = [exp[=Coo,oT)t(r(x, 2) = r(x, ))*] duar, -
M

This implies the existence of a constant k; =0 and #,€]0, T] such thatforall 0<z=1,
and k=k,, k=k
(D] = (Cl,o,o(T))_l-

Therefore, there exists a constant D3>0, dependent on ¢y, &y, k,, such that for all
O<t=t,, x,yeM, k=>k,, k=k,

|(al/3tl) V?Ep(kt’ X, y)il, ...-.-:ip,jl, ...,jpl =
= Dyg(kt)~N2—m2~Lexp (" Cs,0,0(T) ¥ (x, y)/l).

Since t€]0, t,{ was arbitrary, we have the estimation for arbitrary large k.
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In a similar manner we estimate [V}E?(1, x, »);, We have for

b eerge dpeendy
O<t=T

IVSEPQ2, X, P)iy, cyiprins or il = fC1,0(T) =Nz
M
X XD (= Co,o(T) 12(%, 2)/1) Ca, () 122 exp (= Co, o (T) P2 (25 Y)/1) dir, =
= CoT)Cr o @) (T PPt exp (~ Cop oM PG Y X

X[ exp [~ Ca,o@tQI(r (6 D—(1/2) r(x, )] dos,.
M

The last integral shall be denoted by I,(¢). Furthermore, we assumed without loss of
generality C, ,(T)>C, o(T). This implies
IVSE(t X, Pty sty iy = Cro(T) Co, o (M) (O (N2 X
X172 exp (= Cq,o(T) P(x, y)/21).
By mathematical induction,
V3 EP(Kt, %, )iy, i iy oriy) = Crn@CroTF1L(1) ..
L (D (N =2 exp (— Co, o (T) r2(x, ¥)/kt).

There exist constants #,, ky, k;, D3>0, D,y dependent on ¢,, ky, &y, such that
for all O<t=ty, k=k,, k=k,

IVSEP(t, X YDy, it i) = Doy (k)12 =112 exp (— Cy, o(T) r2(x, y)/kt).

The time value #€]0, f,{ was arbitrary and we obtain the estimate for arbitrary
large kt. Iterating both estimates and using once again the boundedness of V'r,
we finally obtain (H4).

(H5). d.E°(t, %, y) = 3, E**'(1, x, ).

The property (H3), lim E?(¢, x, y)=34,,,, implies
t-0%
s+0+

lim [ EP*'(s, x, 2)A xd, EP(t—s, z, y) = A, E°(t, x, y),
M

Hm [0, EP*(s, x, Z)A % EP(t—s, z, y) = 8, EP*(1, X, y).

st~
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Using this, Duhamel’s principle and the heat equation, we obtain

d E"(t, x, y)—06,EP*!(t, x, y) =

= [ @s) [E+ (s, % AT, E(t—s5,2,7) =
[} M
t

= f f[Z:E”“(s, X, 2)A xd_EP(t—s, z, ) —EPTY(s, x, 2)A %d, 4, E?(1—s, z, y)] =
o M
= f f[5,E”“(s, X, 2N %8,d,EP(t—s, z, y)—
0 M

—d.6.EP*(s, x, 2)A xd, EP(t—s, z, y)] = 0.

since (M", g) is complete.

This finishes the proof of the main Theorem 4.1.

As it is well known, -the existence of a good heat kernel has many good con-
sequences in global analysis, for instance in spectral theory, in the theory of semi-
groups, and for the existence of characteristic numbers. We do not intend to present
all this here, but restrict ourselves to a special class of applications. For many
purposes one is interested to invert the Laplace operator 4 outside the L,-harmonic
forms. Denote by 2QP the space of square integrable measurable p-forms on M”", by
292 the set of all smooth p-forms o such that [w), |4}, ..., Aol <o (- ll=
=L,-norm) and by *QP* the completion of *Q7 with respect to - ||,

ol = ol + 4ol + ... + 14" w].
Let H denote the projection onto
27 = {wc QPN QPldo = dw =0} = ker 4

(since (M7, g) is complete).
Then one is searching for an operator G satisfying

A4Gw = w—Hw

and, if possible, for a meaningful integral representation of G. This G is called Green’s
operator.

Theorem 4.3. Let (MY, g) be open, complete, and of bounded geometry. Assume
further that A=4, has positive eigenvalues below the essential spectrum. Then

G(D(X) = f pr(ta X, y)/\ * (O)*HCO)(}/‘) dvoly
. 0 M

is a Green operator and has the following properties:

(a) |Gl =(21) 2| wl| SJor w€QB, where A, is the first nonzero eigenvalue of 4.
Hence G can be extended to a bounded linear operator G:*QP—2QP.
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(b) Gwe®QP* for arbitrary large k.
() o=Hw+ddGw+6dGw is the Hodge decomposition.

Proof. A complete proof is given in [3] under the assumption of the existence
of a good heat kernel. This existence we have just now established.

Using Theorem 4.3, we can establish the approximation theorem for the eigen-
values below the essential spectrum by the eigenvalues of semicombinatorical Laplace
operators associated to sequences of uniform triangulations also for O=p=N.
For p=0 this was completely proved in [3], for p=>0 under the assumption of the
existence of a good heat kernel.
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