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Embedding results peftaining to strong approximation

L. LEINDLER

1. The aim of the paper is'to make a step toward answering an open problem of

our previous paper [2] and to extend another result published in the same paper.
In order to quote the known results we have to recall some notions and notations.
Let f(x) be a continuous and 2n-periodic function and let

M o S~ %4— f (a, cos nx+ b, sin nx)
n=1

be its Fourier series. Let s,=s,(x)=s,(f; x) and 1,=7,(x)=7,(f, x) denote the
n-th partial sum and the classical de la Vallée Poussin mean of (1), i.e.

2n

1,,(x)=-’11— 2 S(x), n=12, ...

k=n+1

We denote by | .|| the usual supremum norm.

Let () be a nondecreasing continuous function on the interval [0, 27] having
the properties: ©(0)=0, w(d,+5)=w(5)+w(d,) for any 0=5,=0,=6;+0,=2n.
Such a function is called a modulus of continuity. The modulus of continuity of f will
be denoted by w(f; ). '

We define the following classes of continuous functions:

H® :={f: o(f; §) = 0(0®))},
S, = {72 || Z s 11| <=}

and
V()= {f: Hé Inlta— 17| <<},

where /1={i,,} is a monotonic sequence of positive numbers and O<p-< eo.
V. G. Krotov and the suthor ([1]) proved the following result.
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Theorem A. If {4,} is a positive monotonic sequence, w is a modulus of continuity
and Q<p<-oo, then

© 5"1 (ki)~1? = O [nw [%]]
implies
3) S, (1)  He.

Conversely, if there exists a number Q such that 0=Q<1 and
) nei.t,
then (3) implies (2).

Since the de 1a Vallée Poussin means z, usually approximate the function £, in the
sup norm, better than the partial sums s, do, so we may expect that under reasonable
conditions the following embedding relations will hold

(5) 5,(2) < V,(1) c H,

In [2], A. MEIR and me, verified some results pertaining to (5). More precisely
the following theorems were proved:

Theorem B. If p=1 and {A,} is a monotonic (nondecreasing or nonincreasing)
sequence of positive numbers satisfying the condition

6) Iftog =K*, n=12,..,
then

O] S,(A) C V(b

holds.

Theorem C. Lef {1} be a monotonic sequence of positive numbers, furthermore
let @ be a modulus of continuity and QO<p< . Then condition (2) implies

®) V(1) C He.
If p=1 and there exists a number Q such that 0=Q<1 and (4) holds, then,
conversely, (8) implies (2).

To decide whether S,(A)C¥,(4), ie. (7), holds when O<p<1; it was left as
an open problem.

Making many unsuccessful attempts to prove (7) or its converse, at the present
time, I have the conjecture that neither S,(A)cV,(4) nor ¥,(})cS,(4) hold gene-
rally, but I have not been able to verify this statement.

*) K, K, ... will denote positive constants, not necessarily the same at each occurence.



Embedding results 69

However it turned out that if one defined a new subclass of ¥, (1), which one could
call “strong” V,(4)-class, and denoted by ¥V (1), i..

row={r|Za, 2 w-n)] <=}

then under restriction (6) S,())CV{?(3) also holds for p=1, and S,()>¥V (1)
is already true for 0<p=1 if 1,,=KA4,. First we prove these statements.
Compare the definitions of ¥,(1) and ¥ {?(2), it is obvious that for any positive p
and for any A
© V9 cV,(A)
always holds.
It is clear that (8) and (9) imply
(10) V.0 (2) < He.

Secondly we prove that (10) also implies relation (2) for any positive p if (4)
holds.

This result is a mild sharpening of the second part of Theorem C for p=1; and
by (9) it extends the previous statement for any positive p. The latter result is the more
important one.

2. We prove the following results.

Theorem 1. Let A={A,} be a monotonic sequence of positive numbers. The
following embedding relations hold:

(11) S, DNV, if p=1 and A, =0(1);
and
(12) SMDVEPWR) if O<p=1 and Ay, =0(4).

Theorem 2. Let A={A,} be a monotonic sequence of positive numbers, further-
more let w be a modulus of continuity and p=0Q. If there exists a number Q such that
0=Q0<1 and (4) holds, then the embedding reiation (10) implies relation (2).

Theorem C and Theorem 2 convey as an immediate consequence the following
result.

Corollary. Under condition (4) the embedding relation (8) implies relation (2)
Jfor any positive p.

3. To prove our theorems we require some lemmas.

Lemma 1 ([1). If a,=0 and the function

f&x) ~ Sta,sinnx
B=1
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belongs to the class H®, then

Zn’ kak = O[nw (—1-)]
k=1 A n
Lemma 2. If O<p=<oo, At or A, énd there exists a number 0, 0=0<1,
such that (4) holds, then the function C
: R
%(nl,,)'l/"sin ax '

=3

n=1
belongs to the class V ¥ (2).
Proof. It is easy to see that

=3

Z;-—r-l-(nl")—llp = Z; n— G+ WUNA-0) (50 ) Y- 1P < oo,
n= n=
so f is a continuous function, and f(0)=f(r)=0.

To prove that feV{?(2) we fix 0<x<n and choose N such that

i:‘
—m<)€=—.

N
We make the following estimates:

=n+

Sufs 3 wwwf =

N g=nt1

N+l ] )
2 —(ml,)"Y7sin mxl +
m=k+1 M

m=N+42

= 1
2 -1/p j
2 ~ (mi,) sin mx

Jf+

oo 2n L
v Sl 313 mp)esioms

n=N/[2 k=n+1

m=k+1
where

} 5"—.,21 +22’
N+1 1 O
2 —(ml,)"YPsin mx} +
m=k+1 M
N2 | on - ¥4 .
n=1 N k=nt1 _'?'=Nf2, m R . i, .

N2 1 2n-
1=K 2; ,1,,{— 2>

N g=nt1

First we assume that 4,}. By our assumption, weican.chpose a positive Q such
that 1>Q=1—-p and n%i,t. Then

P >—1, so for any n<k<N we have
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that

LA | . N+1
—(mA,) YPsinmx = x 3 (ml,)" VP =
m m=k+1

! N+1
=x 3 (m2l,m=9)~VP=x(n2))-¥r > m@-Dirs
1 m=n+1

= Kx(nQ A,)~Ur NI+(@-D/p

whence we get that

N2
2u=K; 2 2,xPA;'n"2NP+2-1 < K, xPNP = K,.
n=1

Furthermore
Nj2 = 1 ) P
2= 2 A  —(ml,) MPsinmx| =

n=1 m=N+2 M
Nj2 oo 1 p

= 30 3 —eeimeoul <
n=1 m=N+g2 M
Nj2 o

= 2 L{NCA)P 3 mi-G-0rrte <
n=1 m=N

1A

N
S M(N®y) I N-0-0 =
n=1

N ¥
= N3 > n2l,n?=N%1 >n2¢=K
n=1 n=1

To estimate >, we use the following inequality

oo

1 Lp s K
—_ ~1/p = -i/p
> (mA,)~ Y7 sin mx o kA

m=k+1

for any O<x<mn. Hence

2:=Ky 3 lnPxTPnm ) =K, 3 nmPlxTP=K,(xN) P =K,.
n=N/[2 n=Nj2
Collecting these estimates we get that fc V(1) in the case A,
The proof in the case /,t is easier, then we can simply replace condition (4) by
2,} in some parts of the previous proof. Therefore we omit the details.
The proof is completed.
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4. Now we can prove our theorems.

Proof of Theorem 1. For p=1, by Holder’s inequality, the inequality
1 2 I 2 p
+ 3 b=l 3 s

N j=nt1

holds, whence

oo 1 2n 2n
(13) Sals 3 ) = Sat 3 -sr=
= Sla/P 3 hin= 3

follows. By 4,=0(4,,) we have
(14) 2= K’% 218 —f1P.

Inequalities (13) and (14) imply (11).
In the case O<p=1 we use the inequality

1 [ 2 1p
as) * S senzly 3 s
k=n+1 R k=n3+

which can also be proved by Hélder inequality, and the estimate

(16) =003 n),

n=kf2

it follows from 1,,=0(4,). Then, by (15) and (16),

Sl =k 3 (F amls s =

_Il

k 2k

=K Sak 3 ls—sr=k Su(g 3 i)

k =k+

holds, whence (12) clearly follows.
Proof of Theorem 2. Let us consider the function given in Lemma 2, i.e. let

Jo(x) = 5 —:1- (nA,)~YPsin nx.

n=1
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Then, by Lemma 2, f,c¢¥V (4. The assumption V?(A)cH® conveys that
o€ H® also holds. Hence, using Lemma 1, relation (2) follows, that is, (10) really
implies (2).

The proof is completed.
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