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Additive functions satisfying congruences
L. KATAI) and M. van ROSSUM-WIJSMULLER

Dedicated to Jdnos Galambos on his fiftieth birthday

1. Let A (4% denote the class of additive (completely additive) functions
having real values, Ag (Ag) be the set of additive (completely additive) functions
defined on the set of nonzero Gaussian integers and taking on complex values.

It seems to us very probable that a condition

(1.1) _ZR(')F}(n+j) = 0.(mod I) (vneN)
j=

for F;€A* (j=0,...,k) implies that the F; may take on only integer values, and
similarly if Gy, G,, ..., G,€ A¢ and if

(1.2 é;GJ(“ +j)€G

holds for all a€G with the exception of a=0, —1,..., —k, then G;(0)€G for
every a€ G\ {0} and j=0, ..., k. In [1] the rational case was considered for k=3,
while in [2] the Gaussian case for k=3, and the results support the above con-
jectures.

We should like to mention that our conjecture is not true in general for the
wider class of additive functions. We say that an additive function F is of a finite
support mod 1, if F(p*)=0 (mod 1) holds for all but finitely many primes p and
every a=1. Similarly, we say that a function G€ A is of a finite support mod G if
F(II)¢G holds for all prime powers II¢ with the exception of at most finitely many
primes IT€ G. We guess that the conditions (1.1), (1.2) for.additive functions imply
that the F; are of finite support mod 1, and G; are of finite support modG. It is
quite easy to determine the additive functions F or G having finite support under
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the conditions (1.1), (1.2), respectively. A recent result due to Robert Styer sup-
ports this conjecture (case k=2, (1.1) is assumed, Fy, F;, F,€ A).

If k=1 then much more is known. Several years ago it was proved by E. Wirsing
that F€A, |[F(n+1)— F(n)] -0 (n—<) implies that F(n)=tlog n+ H(n), where
7 is a suitable real number and H(n) is an integer valued additive function. Here
x|l denotes the distance of x to the nearest integer. This was a conjecture of the first
named author. By his method one can get that |F,(n)+F(n+1))|—-0 (n—-),
F,, ;€ A implies that F,(n)=t log n+ Hy(n), F(n)=—1tlogn+ H,(n) and Hy(n)=
=0 (mod 1) identically.

It is quite plausible to believe that F,, F, ..., F,€4, -

k
I3 EGenl~0 as e
J=
implies that
Fj(n.).= tylogn+Hy(n) (j=0,...,k),
k k
21 =0, and 2 H;(n+j)= 0 (modl).
i=0 j=0

Our purpose in this paper is to determine all those functions Gy, ..., Gs€ 45 for
which (1.2) (k=5) holds true. This is formulated in Theorem 3 which is an easy
consequence of Theotem 1 and 2.

Theorem 1. Let H;€A* (j=0,1,2),
(1.3)  V(n):= Hy(n)+ Hy(n+1)+Hy(n+2)— Hy(n+4) — Hy(n+ 5)— Hy(n+6).

+ Assume that V(n)=0 (mod 1 Jor every nEN. Then H;(n)=0 (mod 1) holds for
every j=0,1,2 and neN.

- Theorem 2. Let H;€ AL (j=0,1,2), and assume that
(1.4) V(@):=Ho()+ Hy(a+ 1)+ Hy(2+2)— Ho (2 +4)— Hy (2 + 5) — Ho (2 + 6)

is a Gaussian integer for all a€G\{0, —1, —2, —4, —5, —6}. Then H;(a)€G for
all ae G\{0} and j=0,1, 2. ' : '

2 Proof of Theorem 1.

- Lemma 1 If V(n)=0 (mod 1) holds for every ncN, then H(n)= 0 (mod 1)
holds for n=17 and j=0,1,2.

" Proof. The following ten expressions'are integers and they are linear com-
bmatlons of H;(2), H;(3) and H; (5) for j=0,1,2.

2, V(10) V(3)+V(6)+ V(2)
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V(20)+ 3V (1) + 5V (2) - 2V (3) + 2V (6) — ¥ (T) — 2V (8) — 2V (9) —
—2V(12)~ 2V (50)

V(28)+ V(1) =V (2)— 2V (3) = V(5)— V(6) — V' (11) + V' (24)

V(34)+ 3V (1) +2V (2 — 22V (3) + V(5 + V(6) V(1) — 2V (8) ¥V (9) + V (11) -
—2V(12) —V(13) = V(15) — V(19)— V(21) — 2V (50)

V(86)+ 8V (1) + 4V (2)— 3V (3) + 3V (6) — V(7) — 4V (8)— 3V (9) — 4V (12) —
—V(13) =V (14)—V(15) ~V(1T) =V (18) = V(19)— V(21) + ¥ (24) — V' (43) —
—V(45)— 4V (50)

V(90) — V(1) — 3V (2) — V(3) — ¥ (5) — 3V(6) + 4V (8) + ¥ (9) — V(11) + 2V (12) +
+V(18)— V(21) + V(45) + 2V (50)

V(110) + 2V (1) + 5V(2) + V(3) + 3V (6) — V(T) — V' (8) — 2V(9) — ¥ (11) = ¥ (12) —
—V(13) =V (14) — 2V (15) — V(17) — V(18) — V(23) + ¥ (32) — ¥/(50)

V(184) + 4V(1) + 2V(2) + 3V (3) — ¥ (5) — 2V (6) + V(1) + V(9) — V(11) + 3V (12) +
LV (13)+ V(14) + V(18) + 3V (19) + 3V (21) — V' (23) — V(29) + V(32) +
+ V(45) + 2V (50)

V(203) + 6V (1) — V(2) — 2V (3) — V(5) -+ 2V (6) + 2V (T) — 3V (8) + 3V (9) + V' (11) +
+V(12)+ 2V (13) 4+ 2V (14) + 2V (15) + 2V (17) + ¥ (18) + 3V (19) + 4V (21) +
£ 2V(23) + V(25) + V(2T) + V(29) + V(31) + V(37) + V(43) - ¥(45) + V' (50)

These conditions can be written in matrix form as RHT=0 (mod 1), where HT
is the transpose of the vector

H = [H,(2), Hy(3), Hy(5), H1(2), H,(3), Hy(5), Hy(2), Hy(3), H,(5)]

and R is the matrix with integer entries given by

1 0-1 0 =2 1 —2 1 o
-6 1 1 1 0-1 4 0 -2
13 2-1 1 —2-2 13 3 -9

6 2-2 4 -5 3 —8 6 0
-9 5-2-2 -2 1 11 4 -8
~11 4-5 3-13 4 19 15 =20

9 5 4 3 12-3-15-11 17
-8-3 0-5 0-1 12 2 -8
4 -9 _4-4-11 2 1 6 —8
11 0-6 1-16 4 11 9—14
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Using Gaussian elimination over the integers, it follows that the third row is linearly
dependent upon the others (but needed to perform the Gaussian elimination) and
that H;(2), H;(3) and H;(5) are integer valued for j=0, 1, 2.

To show that the same is true for the other primes less than or equal to 17 we
consider the following expressions, which are linear combinations of H;(2), H;(3)
and H;(5) alone and are therefore integer valued. Since ¥ (n)=0 (mod 1) it follows
that H;(p)=0 (mod 1) for j=0,1, 2, p=7,11,13,17.

i, V(D+Hy(7)
il, V(2)+ Hy(7)
iii, V(3)+H,(7)
iv, V(5)— H,(T)+ Hy(11)
v, V(6)—H(T)+ H,(11)
vi, V(8)+ Hy(7)+ H,(13)
vii, V(12)— H,(7)— H,(13)+ H,(17)
viil, V(50)+ Ho(7)+ H,(11)— H,(17) — H,(13)
ix, V(11)—H,(11)— H,(13)+ Hy(17)
X, V(18)+V(22)+V(14)— Hy(11) + H,(13) + Hy(11)
xi, V(20)— H,(T)— H,(11)+ Hy(13)
xii, V(26)+V(30)—Hy(13)+ H,(7)— H,(T)+ H,(17).
This proves Lemma 1.

The proof of Theorem 1 is completed by verifying the inductive step which is
done in the following

Lemma 2. If V(n)=0 (1) for all né N and H;(n)=0 (1) for all n=17 and
Jj=0,1,2, then H;(n)=0 (1) for all n€N and j=0,1,2.

Proof. We prove the lemma indirectly. Assume that there is some »n which is
smallest possible for which H;(n)#0 (1) for j=0 or j=1 or j=2. Then n=p,
p is a prime. Since ¥V (p—6)=0 (1), and ¥V (p—5)=0 (1), it follows that H,(p)=0 (1).
From V{(p—4)=0 (1) it follows that p and p+2 must be prime, and therefore
p=2 (mod 3). From V(p)=0 (1) it follows that p+6 is a prime as well. Since
(p+10) is divisible by 3, ¥V (p+4)=0 implies that (p+8) must be a prime and
therefore p=1 (mod 5). We now consider ¥ (4p+6), which is equal to

Hy(4p+6)+ H,(dp+T7)+ Hy,(4p+ 9)—H2(4p+ 10)— H,(4p+11)— Hy(4p +12).
But (4p+6)=0 (mod 5) and (4p+11)=0 (mod 5), while (4p+10)=2(2p+5) and
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(2p+5)=0 (mod 3). Also (4p+12)=4(p+3) with (p+3) composite and (4p+8)=
=4(p+2). Therefore V(4p+6)=0 (1) means that H;(4p+7)+H,(p+2)=0 (1).
If H;(4p+7)=0 (1) the lemma is proved, since H,(p)— Hy(p+2)=0 (1), which
follows from ¥V (p—2)=0 (1). Since p=2 (mod 3), it follows that (4p+7)=3n.
If n is composite, H,(4p+7)=0.

If n is prime, then (n+9)<2p since p=17. Therefore (n+k) is composite
and less than 2p for k=-1,1, 3, 5,7, 9, from which it follows that H;(n+k)=0 (1)
for these values of k and j=0,1,2. Since V(n—1)=0 (1) and V(n+3)=0 (1)
one concludes that H,(n)#0 (1) means that n, n+4 and n+8 must all be prime
which is impossible. Hence H,(n)=0 (1) and therefore H,(p)=0 (1), which con-
cludes the proof of Lemma 2 and therefore the proof of Theorem 1.

3. Proof of Theorem 2. To prove Theorem 2, clearly we may assume that H; are
real valued functions. Let us observe furthermore that H(ex)=H («) for each HEAE
and e=—1,i, —i. We introduce the notations

Vi (a):= Ho(0)+ Hy(a+ 1) + He(a +2) — Hy(a +4) — Hy (2 + 5) — Ho (2 +6),
V()= Ho(e) + Hy (@ +1) -+ Hy (o + 2i) — Hy(a +48) — Hy ( + 51) — Hy(a + 6i)

The norm of « is defined by N(¢)=ad. The proof of Theorem 2 is also done
by induction, this time using the norm of «. Because of Theorem 1, we need to
prove Theorem 2 only for elements of G which are not real nor purely imaginary.
The following lemma lists some properties of such elements.

Two Gaussian integers f=u+iv and y=c+di are congruent mod5 in
the arithmetic of G if u=c¢ (mod 5) and v=d (mod 5) hold simultaneously. This
is denoted by (u, v)=(c, d) (mod 5).

Lemma 3. Let o be a Gaussian integer such that:
(i) « is a prime number,

(ii) a=a+bi with a=b=0;

(ii) N(a)>13;

@iv) (a, b)#£(4, 1) (mod 5).
Then

(A) N(a—n)<N(x) for n=1,2,3,4,5,6
and

(B) both of a+1 and a-+i are composite numbers, and their norms are strictly
less than 2N(o).

In addition at least one of the assertions C, D, E holds true:

(C) a+2 is composite and N(a+2)<2N(x);

(D) a+2i is composite and N(a+2i)<2N(x), furthermore N(ou—4i)=N(x)
and N(a—ni)<N(&) is true for n=2 and n=3;

5
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(E) N(a—n+2i)<N(a) for n=2,3,4,5 and 6, while oa—1+2i is composite
and N(a—1+42i)<2N(a). Moreover N(a—4i)=N(x) while N(a—ki)<N(a) for
k=2 and 3.

Proof. Since N(«)>13 and (ii) holds, therefore a=4. Hence (A) follows
easily. Also (B) is obviously true. Since « is a prime, « is not an associate of 144,
therefore 1+i is a divisor of a+1 and of a+i, and so they are composite num-
bers. N(u+1)=a?+b2+2a+1, N(e+i)=a2+b*+2b+1, therefore the second asser-
tion in (B) holds as well.

We shall classify o according to its residue (mod 5). Let

M(C) = {(0, 1),(0,4), (1, 1), (1,4), (2, 2). (2, 3), (3, 0)};
M(D) = {(0! 3)’ (1: O): (3’ 2)’ (4, 0)},
M(E) = {(0,2),(2,0), (3, 3), 4, 4.

Since o is a prime, therefore (a,' b) (mod 5) belongs to exactly one of the sets M(C),
M(D), M(E), (4,1) (mod5) is excluded by the condition (iv). We shall prove
that the assertions (C), (D) and (E) are true if (@, b) (mod 5) belongs to M(C),
M (D), M(E), respectively.

Case M ). If (a,b)eM <) (mdd 5), then 5|N(x+2), which can be seen
easily. This implies that 2+/|az+2, and so «+2 is composite. Since a=b=0, there-
fore a=4. But a=4 cannot occur, therefore >4 and N(a+2)=a*>+b*+-4(a+1)<
<2N(ax) obviously holds. -

Case M(D). If (a,b)e M(D) (mod5), then 5|N(x+2i) which implies that
a+2 is composite. Since b1, therefore N(x—ni)=N(a)+n(n—2b), and so
n—2b is negative for n=2 and 3, nonpositive if n=4. This completes the proof
of Case M (D).

Case M(E). If (a, b)¢ M(E) (mod 5), then a=5, and az#b (mod?2), since
o is a prime. The case (a—b)=1 cannot occur, furthermore b1, whence we
have that b=2 and a—b=2. By using these inequalities, we can prove (E) easily.

Since the functions H; under the condition (1.4) satisfy the conditions of Theo-
rem 1, therefore we have that H;(x&@)=H;(a)+H;(@=0 (mod1). This implies
that it is enough to prove Theorem 2 either for « or for a.

Lemma 4. If V()=0 (mod 1) for all a€G\{0, —1, —2, —4, —5, —6} then
Hij(@)=H;@ (mod 1) for all «acG\{0} and j=0,1,2.

Proof. Let h;(e):=H;(e)— H;(@). Then h;(&)=—h;(®). To prove the lemma,
we prove that h;()=0 (mod 1) for j=0,1,2. We observe that, for j=O0,1,2,
h;(1+ )=0 and h;(n)=0 for all rational integers.
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The complete additivity of the function H; and the fact that H;(ex)=H;(o)
for e=—1, , — allows us to obtain the following 9 congruences modulo 1, which
prove the assertion for those Gaussian primes with norm less than 20. The 9 con-
gruences are:

i, hy(Q4i) = VHQo2) 4V H Q-4+ VHB=3)—V+(=3+i) = 0 (mod 1)
ii, ho(2—3{)=V*+(2—3i)=0 (mod1)
iii, h(3—2i)=V*(3—3i) =0 (mod]l)
Vi, h(d—i) =V (=1+)—V*(—1—i)=0 (mod1)
v, h(2+i) = VH(@—4i)+V+i(4—2)—V+(1-3i) = 0 (mod 1)
Vi, hp(2—i) = V*+(4—4i)+V+(@4—2i) = 0 (mod )
Vi, hy(4—i) = V+(4—3i) = 0 (mod 1)
vil, hy(3—2i) = V+(3—4i)+V+(3—2i) =0 (mod 1)
ix, hy(4—i) = V+H@B—=5)+V*(3—i)=0 (mod1).

We finish the proof by using induction. Let us assume that our Lemma 4 is
not true. Let « be such an integer for which h;(@)Z0 (mod1) for at least
one of the j€{0,1,2}. Let us choose that « for which N(x) is the smallest one.
Then N(2)=20, and o is a Gaussian prime. We may assume furthermore that
condition (ii) of Lemma 3 true also.

It is clear that

0=V+(@—6)—V* 1 (a@-6) = hy(x—6)+h(a—5)+
t hy (ot — 8) — hy (et — 2) — by (& — 1) — (@) (mod 1),

0= VHi(a—5)—V+(@—~5) = hy(a—5)+hy(x—4) +
4y (o — 3)— by — 1) — iy (&) + ho (4 1) (mod 1),

Since «+1 is a composite number, and N(a—k)<N(x) for 1=k=6, we con-
clude that hy(e)=0 (mod 1), and h,(x)=0 (mod 1).

To prove that h,(a)=0 (mod 1), we assume first that (iv) in Lemma 3 holds,
ie. that (a,b)2(4, 1) (mod 5). We observe that

O0=V+i(a—4)-V*+(a—4) = —hy(a) (mod 1)
in Case M (C),
3.2) 0=VH@a—-4)+V+@E—2i) =

= ho (00— )~ ho(ot + 21) — b (o) + g (ot — 20) + hy (e — 3)) — By (2 + 1) (mod 1).

which implies that hy,(¢)=0 (mod 1) in Case D. In Case E we start from the re-
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lation
—hy(@a+2) =V (a—6+2)—-V+(a—6+2i) = 0 (mod 1)

whence, by (3.2) we deduce that h,(e)=0 (mod 1).

Finally, we consider the case (a,b)=(4,1) (mod5). Since N(x)=20,
a#44i. Since 5 is a divisor of N(a+2i), in the case b1, a+2i is a com-
posite number and N(a+2i)<2N(x), N(a—ki)<N(x) (k=1,2,3,4) are sat-
isfied. Hence, by (3.2) we obtain that hy(@)=0 (mod 1). If b=1, then a=14.
In this case N(a—k+4i)<N(x) holds for every integer k in 1=k=6, and from
0=V *Ya—6+4i)— ¥V *1(a— 6+ 4i)=0(mod 1) we deduce that hy(a+4i)=0(mod 1).
Since 437/ and «+2i are composite numbers, and N(x+3i)<2N(«), N(x+2i)<
<2N(2), substituting first & by &, in (3.2), we get that h,(«)=0 (mod 1).

By this the proof of Lemma 4 is completed. '

Lemma 5. If V(«)=0 (mod 1) holds for every ac G\{0, —1, —2, —4, —5, —6}
then H;(@)=0 (mod 1) for every acG\{0}, with N(x)=13, j=0,1,2. Further-
more, Hy(4+i)=0 (mod 1).

Proof. The Gaussian primes 7 with N(n)<17 are (1+i),(2+i) and (3+2).
By Lemma 4 it suffices to consider either = or . Also by Lemma 4,

H(0) — Hy(&) = H; (o) + H,(&) = 2H,(¢) = 0 (mod 1).

This allows us to replace H;(®) by *H,(®, it means also that 2H;(x)=
=0 (mod 1) holds for every a.

The additivity of the functions H;, together with the factorization of Gaussian
integers, allows us to obtain the following ten congruences, in the given order, which,
as can be seen easily, prove the lemma:

i, HyQ2+i)=VH@-i)+V+(-2+4i) =0 (mod I).
il, Hy2+0) =V ({@+6)+VHE+)+VHQ)+VH{)+
+V*+(=2+i) =0 (mod 1)
ili, Ho(3—-2)=VH(6+20)+VIi)+V+(—24+i)+V+(2+2) = 0 (mod 1)
iv, Hy(3+2i) =VHO+)+V*+(3+2)+V+(5-2i)+
FVH(=24+ D)+ V(=14 20)+V+(=1+i) = 0 (mod 1)
v, Hy(2+3) = VH@+2)+VHQRi+ V(143 +
+VH(=1420)+V+(=1+i) = 0 (mod 1)
Vi, Ho(2—i)=VH (@) +VHI(1+D)+VHSE+)+VHQD)+V+() = 0 (mod 1)
vii, Hy(1+i)=V+(@-2)+V*+(~14+i)=0 (mod 1)
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viti, Hi(Q+)=VH@+i)+VH(=1+i)+VH(=1+2)+VHE-D)+
+V(1+3))+V*(—2+i) =0 (mod 1)
ix, Hy(14i) =VHE=D+V(1+3)+VH@+V+H(—1+i)+
+V+(—=1+2i) =0 (mod 1)
X, Hyd+)=VH@)+V+i(~1+i)+V*(5—i)= 0 (mod1).
The final step of the proof of Theorem 2 is contained in the next

Lemma 6. If V(¢)=0 (mod 1) holds for all acG\{0, —1, —2, —4, —5, —6},
and H;(@)=0 (mod 1) for all nonzero o with N(®)<17 and j=0,1,2, then
H;(@)=0 (mod 1) (j=0, 1,2) holds for all nonzero Gaussian integer.

Proof. Assume that the assertion is not true. Let o be such a Gaussian
integer with smallest norm for which H;()#0 (mod1) for at least one j.
By Lemma 4, we may assume that a=a+bi, a=b=>0. It is clear that « is a
Gaussian prime.

Since N(a)=>13, taking into account the relations, ¥V *1(a—6)=0, ¥V *1(a—S5)=
=0 (mod 1), by Lemma 3 we deduce that H,(a)Z0 (mod 1).

Let us consider first the case (a,b)=(4,1) (mod 5) which was excluded in
Lemma 3. If (a, b)=(4,1) (mod5), then o+2i is composite and N(x+2i)<
<2N(x). If b1, then b=6 and V*+'(2—4i)=0 (mod 1) implies that H,(x)=
=0 (mod 1). The case a=4+i was treated in Lemma 5, so we may assume that
o#4+i. Thus we may assume that b=1 and a=14. Then N(x—k-+4i)<N(x)
for k=1,2,3,4,5,6, and V*'(¢a—6+4i)=0 (mod 1) implies that Hy(z+4i)=0
(mod 1). Since 2+2i and «+3i are composite numbers with norm less than 2N (),
V+i(a—2i)=0 (mod 1) implies that H,(x)=0 (mod 1).

In all remaining cases Lemma 3 enables us to apply the induction hypothesis.

In Case C we consider V*1l(a—4)=0 (mod 1), while in CaseD we take
V+i(a—4i)=0 (mod 1), and hence deduce immediately that H,(«)=0 (mod 1).
If Case E is satisfied, then we start from V*1(a—642/)=0 (mod 1), which im-
plies that H,(x+2i)=0 (mod 1), and consider V*!(x—4i)=0, whence we have
that H,(2)=0 (mod 1).

By this the proof of Lemma 6 and therefore of Theorem 2 is completed.

4, The next theorem is an easy consequence of our Theorem 2.
Theorem 3. Let F,, ..., ;€ AL which satisfy the relations
4.1) FR@+FR@+)+F@+2)+F@e+3)+F@+4)+F@+5) =0 (mod G)

Sor all aeG\{0, —1, -2, —3, —4, ~5}. Then Fj(2)=0 (modG) holds for all
2€G\{0} and j=0, ..., 5.
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Proof. It is enough to prove our theorem for functions F; which take on
real values.
Let us write (4.1) in the form
U(e):= K@)+ F(a+ 1)+ Fa+2)+ Fa+ 3) + F(a+4) + Fs(a +5) + Fo(x + 6),
where Fg€ AE is identically zero. Then
0=U(—6-a) = Fg(a) + Fs(a+ 1)+ Fy(a+2)+ F(e+3)+

+FKe+4)+FR(@+5)+ F(a+6) (mod1).
Let
Hy(e):= Fy(a) - Fe(0), Hy(0):= F(a)~ F(a), Hy(0) = Fp(a)— Fy(a).
Since U(x)—U(—a—6)=0 (mod 1), therefore
4.2)
Hy(@)+ Hi(e+ 1)+ Hy(e+2)— Hy(e +4)— Hy (e +5)— Hy(+6) = 0 (mod 1)
is satisfied for all Gaussian integers « for which the sequence «, a+1, a+2, a+4,
a+35, a+6 does not contain the zero. Thus the conditions of Theorem 2 are sat-
isfied, consequently Fy(a)— Fe(a)=0, F,(a)=F;(a), F(a)=F(a) (mod 1) holds for
all nonzero Gaussian integers o. Especially f(x)=0 (mod 1). If we write now
Vie)y:= F_y(a)+ F(a)+ ... + Fy(a+5)
with F_,€ A§, F_1(2)=0 (mod 1) identically, then we get similarly, that F_,(x)=
=F;(a), Fy()=F(a), F(@)=F;(x) (mod 1) which implies that F(x)=F(x)=F ()=
=F(x)=0 (mod 1), and the recursion (4.1) finally implies that F;(x)=0 (mod 1)
true as well. .
By this our theorem is proved.

References

[1] I. KATAL, On additive functions satisfy'mg a congruence, Acta Sci. Math., 47 (1984), 85—92.
[2] M. vaN RossuM-WDSMULLER, Additive functions on the Gaussian integers, Publicationes Math.
Debrecen (in print).

(I. K) (M. R.-W.)

EQTVOS LORAND UNIVERSITY LA SALLE UNIVERSITY

COMPUTER CENTER DEPT. OF MATHEMATICAL SCIENCES
BUDAPEST, H-1117 PHILADELPHIA, PA 19141

BOGDANFY UT 10/B



