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On the generalized strong de la Vallée Poussin approximation 

L. LEINDLER 

Dedicated to Professor Béla Csákány on his 60th birthday 

1. Let {(p„(x)} be an orthonormal system on a finite interval (a, b). In this 
paper we shall consider real orthogonal series 

(1.1) Í c „ <?„(*) with 
n=0 n=0 

By the Riesz—Fischer theorem the partial sums sn (x) of any such series converge 
in the L2 norm to a square-integrable function /(x). 

It is well known that there are many interesting results stating certain sum-
mability properties of series (1.1) or providing accurate rate of the approximation 
for special summation methods both in ordinary and strong sense. Some sample 
theorems for approximation can be found e.g. in the works [1], [2], [3], [5]. 

Analysing the theorems being in the above mentioned works we can realize 
that most of the results concerning any property of ordinary approximation have 
an analogue in strong sense. In other words, we have the same rate of approxima-
tion for strong means as for ordinary ones. But there is a lack in the case of the 
generalized de la Vallée Poussin summability. 

The aim of the present paper is to bring this discrepansy to an end, that is, 
to show that the analogy also holds for this summability. Namely we shall prove 
that two theorems of [2] (see Theorems V and VI) can be extended to strong ap-
proximation by the same rate, too. 

Now we recall the definitions of the generalized ordinary, strong and very strong 
de la Vallée Poussin summability methods (see [2]). 

Let A:={A„} be a non-decreasing sequence of natural numbers for which A0= 1 
and 1. Series (1.1) is (V, A)-summable if 

K(x) := K(A; x) : = -j— 2 sk(x) - f ( x ) 
K k=n-A +1 
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almost everywhere (a.e.); strongly (V, fy-summable if 

f 1 - 1 V 2 

VJx\ := Vn\k-x\ := — ^ M*)~/«l2 0 
t n * = n-A„ + l > 

a.e.; and very strongly (V, ).)-summable if for any increasing sequence v:= {vfc} of 
natural numbers 

r j „ ->1/2 
v;\x\:=vH\x,v\x\-.= {-y- 2 KW-/WI2 a-e-

l k=n-A„ + l J 

We also note that if l„=n then the ^(x)-means reduce to the (C, l)-means, if 

A„ = l then to the partial sums sn(x), and if A„ = JyJ (« = 2), where [/3] denotes the 

integral part of ft, then we get the classical de la Vallée Poussin means. 

2. Now we can formulate our theorems : 

Theorem 1. Let o := {¡?„} and /:={/„} be monotone non-decreasing sequences. 
If the condition 

(2.1) 
n = 0 

implies the (V, k)-summability of (1:1) for any (<p„(x)} and {c„} almost everywhere 
on a set E of positive measure, then the conditions 

(2.2) - and /„m+1 S Klnm with i ^ K ^ i l , 
n = 0 

m - 1 
where n0=0 and fim:= 2 , imply that 

k = o hk 

(2.3) V„\l, v; *| = ox{l^) 

holds almost everywhere on the set E for any increasing sequence v = {vt} of positive 
integers. 

Theorem 2. If a monotone non-decreasing sequence /={/„} satisfies the con-
ditions 

m 

(2.4) '/im+i — With l S i < / 2 ; and = 
k = 0 

then already the following condition 

(2.5) 
n = 0 

implies the validity of (2.3) almost everywhere in (a, b) for any (<p„(x)} and {v„}. 
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We remind the reader of that these theorems are the strong analogues of Theo-
rems V and VI proved in [2]. Furthermore we recall that the condition 

2 { "T Cn} 1 0 g 2 / K < ~ 
m=1 n=/im+l 

implies the (V, /)-summability of of (1.1) (see [2], Theorem II). 

3. In order to prove our theorems we require some lemmas. In what follows M 
will denote an absolute constant. 

Lemma 1 ([2], Lemma II). Let {pm} be an increasing sequence of positive 
integers, let {ym} be a non-decreasing sequence of positive numbers so that 

(3.1) 2 f P m ^ M f P n , / . = 1,2, . . . . 
m=1 

If 

(3.2) 2 c l 
n — 1 

then 
(3.3) S p„ i(x)-/(x) = ox(yp-m

1) 
a.e. in (a, b). 

Lemma 2 ([2], Lemma III). Let {/?„} be an increasing sequence of positive 
integers, {m„} be an arbitrary sequence, furthermore let {i>„} be a positive, monotone 
non-decreasing sequence with the property t;Pm+1=... =fP m + 1 (m = l ,2 , ...). If the 

p,„-th partial sums of the series 2 unvn converge then the pm-th partial Sums of the 
71 = o 

°° k 
series 2 un also converge, furthermore if s= lim s. , where sk\= 2 un> we 

n = l m n = l 
also have that 

Lemma 3 ([2], Theorem I). In order that series (1.1) a.e. on a set E of positive 
measure should be (V, X)-summable, it is necessary and sufficient that the partial sums 

m-1 
^ (*) of(\.\) (/¿o = l and pm:= 2 K j converge a.e. on E. m k = 0 k 

Lemma 4 ([4], Lemma 3). Let b > 0 and {<5„} be an arbitrary sequence of non-
negative numbers. Suppose that for any orthonormal system {<p„(x)} the condition 

n — 1 k = n 

implies that the partial sums sn(x) of (1.1) possess a property P, then any subsequence 
{iv (x)} (v„<v„+1) of the partial sums of (1.1) also possesses property P. 
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Finally we need to prove the following new lemma. 

Lemma 5. If a monotone non-decreasing sequence /={/„} satisfies the con-
ditions 
(3-4) /„m+1 S Kl,m with m = 1 ,2 , . . . ; 

then condition (2.5) implies that 

(3.5) {A-1 Z k M - ^ M l 2 } 1 ' 2 = 0 ,0;!) 

/IOWJ a.e. in (a, b). 

Proof . An elementary calculation gives that 

(3-6) 2 / - ? = - 2 \sk(x)-sllm(x)\*dx = 

m=l k = lim-Xllm+1 v ; 

Let a + denote the positive part of a. Using this notion we can estimate 2 i a s 

follows: 

(3.7) 2 2 4 2 
m=1 k=nm + l n=m 

Next we show that 

(3.8) Rm := 2 iSHm- Pn + AJ+ = O(/»J 
n~m 

holds. On account of the definition of \im we have 

(3.9) Rm = 2 = IL+ 2 2 
n=m v u_ ' n=m+1 t=m 

Putting 
n-1 

k — m 

and taking into account that AM S2AM always holds, thus we get for any n>m 
that 

/i<*> s ( i - ( 2 ; > „ . , ) - 1 2 K k y = S ' A J 

s ( T - ^ - j - ' I * ' » r - a (TP 
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Hence, by (3.4) and (3.9), it follows that 

l + i 5 m
n 

n=m+l VZ/ ^ n = m+lV ^ > ) 

and this proves (3.8). Consequently, by (3.6), (3.7) and (3.8), using the Beppo Levi 
theorem, we get that 

~ p h 

almost everywhere in (a, 6), whence (3.5) obviously follows. 

4. Proof of T h e o r e m 1. On account of Lemma 4 with ¿ = 1 and dn\=Q2ll— 
~Qn-i'n-i is clear that we have to carry the proof only when vk=k. 

On the other hand a straightforward calculation gives that if fim<n^fim+1 

holds then 

(F„|A; x|)2 s (F,mU; x|)2 + 2(F„m+1|A; x \f-, 

so in order to prove (2.3) it is sufficient to verify that 
(4-1) KJ*; x\ = ox(i-^) 
holds a.e. on E. 

Nowweput 7t:=/ for nm<k^nm+1, m=0, 1,2, ... . Then, by (2.2), the series 
* 

(4.2) 2 cjn<pn(x) 
n = 1 

is'(V, A)-summable a.e. on consequently, by Lemma 3, the fim-th partial sums 
of (4.2) also converge a.e. on E. In the next step we use Lemma 2 whence the esti-
mations 
(4-3) ^ J x ) - f ( x ) = ox(l£J = ox{l~l) 
follow a.e. on E. 

Since 
0 Pm 

(4.4) 2 

so, by Lemma 5 and (4.3), we get (4.1), what completes the proof of Theorem 1. 

Proof of Theo rem 2. By the same token as in the proof of Theorem 1 we 
only have to prove estimation (4.1). Now we can use Lemma 1 with ym'-—lm and 
pm'.—fim taking into account conditions (2.4) and (2.5), so we get that 

(4-5) s„m(x)-f(x) = ox(l;i) 

holds a.e. in (a, b). By (2.4) and (2.5) we can apply Lemma 5, too; therefore (3.5) 
and (4.5), regarding (4.4), verify (4.1). Herewith Theorem 2 is also proved. 
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