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An additional note on strong approximation by orthogonal series

L. LEINDLER and A. MEIR

¢ 1. Let {¢,(x)} be an orthogonal system on a finite interval (a, b). In this note
we consider real orthogonal series

(L) S caon(x) with > 2 <eo.
n=0 n=0

It is well known that the partial sums s,(x) of any such series converge in the L?
norm to a function f(x)€L%*(a, b).

A very general theorem we proved in [5] concerning strong approximation by
orthogonal series included, as special cases, many of the results obtained previously
by several authors. In addition, our theorem in [5] yielded some new results per-
taining to strong approximation by certain Hausdorff and [J, f]-means. We refer
the reader to Theorems A, B, C, D and E cited in our paper as previously known
and to Theorems 2, 3, 2* and 3* as the new results obtained by means of our main
theorem.

In order to recall the main theorem and to state the purpose of the present
note, we need the following definitions and notations:

Let a:={o(w)}, k=0, 1, ... denote a sequence of non-negative functions defined
for 0=w< o, satisfying

1.2) 2 a(w) = L.
k=0
We assume that the linear transformation of real sequences x:={x,} given by
Ap(X) = k;; (@)X, @ oo,

is' regular [1, p. 49]. Let y:=y(?) denote a non-decreasing positive function defined
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for 0=t<o and p:={u,} m=0,1,... an increasing sequence of integers with
u,=0 satisfying the following conditions:
There exist positive integers N and k so that

(L3) Hms1 = N, Y(Bms1) = Ny(a), Y (Umsn) = 27(Um)

hold for all m.
For r>1, >0 and m=0,1, ... we define

1 Hmay1—1 r
(1.4) om(@, 1) 1= {ﬁ . =Z”' (“k(w))'} .

In terms of the quantities introduced above we can recall our result in [5]:

Theorem 1. Let p=>0 and g(t) a non-decreasing positive function on [0, o).
Suppose that there exist r>1 and a constant K(r,p,¥) such that for every =0

(15) 3 (@ DY ()7 = K(r, 1 D (2@ (@)
i

(16) 3 cty(n)* <=,

then

(D) Ay(f,p, Vs X):= {S ()15, (%) — [P} = 0, (g(@)iy())

almost everywhere (a.e.) in (a, b) for any increasing sequence v:={v.} of positive
integers.
If, in addition, for every fixed m,

(1.8) on(@, 1) = o((g(@)/y(w))?), as © —eo,

then the O, in (1.7) can be replaced by o,.
We mention that the most important special case of Theorem I is when both
(1.5) and (1.8) are satisfied with g(w)=1. In this case we get that

(1.9) Ao(fo 0,5 %) = 0;(y(@) ™)
holds a.e. in (g, b). _

Next we recall the definition of the generalized ordinary and very strong de la
Vallée Poussin summability methods (see [2]) and a theorem proved in [4].

Let A:={1,} be a non-decreasing sequence of natural numbers for which
lo=1 and A,,;=2,+1. Series (1.1) is (¥, 1)-summable if

KOs D= 3 s - f() ae;

k=n—2,
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and very strongly (¥, 1)-summable if for any increasing sequence v={v,} of positive
integers )

1 " 2
By sti={g- 3 s 0-sel -0 ae

n k=n—).”
We also note that if A4,=n then the V,(A; x)-means reduce to the (C, 1)-means,
- n
if 1,=1 then to the partial sums s,(x), and if ,1,,=[—2—] (n=2), where[f]denotes

the integral part of B, then we get the classical de la Vallée Poussin means.
In [4] the first author proved, among others, the following result:

Theorem II. If a monotone non-decreasing sequence V:={1,} satisfies the con-
ditions :
Hm+1l =

(1L.10) L. =K, with 1=K<V2 ad 3B =O0(®),
. k=0

m—1

where py=0 and pn,:= 2 2, ; then
k=0

(1.11) Sl <o
n=0

implies that

(1.12) Valh, v x| = o (1Y)

holds a.e. in (a, b) for any {¢,(x)} and v={v,}.

In spite of the wide applicability of Theorem I, unfortunately, in the most
important special case g(w)=1, it cannot be used to estimate the approximation-
rate of the partial sums s,(x) of series (1.1) because then (1.5) does not hold for
any p. Consequently Theorem I does not include the result of Theorem II in the
simplest special case when A,=1.

The aim of the present note is to fill this gap in Theorem I for O<p=2. The
corresponding problem for p=>2 remains open at this time.

In formulating our new result we shall use the notation as above and assume
hence forth that the following conditions hold:

(1.13) Y(Um+1) = Ny(Un),  E(Hme1) = Ng(itm)
and
(1.14) 2 vure(m) = Ny

hold for all m and n,vwhere o(#) denotes a non-increasing positive function defined
on [0, <),
Our theorem reads as follows.
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Theorem III. Suppose that there exists a natural number q such that for all k
and m

q
(1.15) (M) =N 2 a(tmsi) With fin <N < flus
i=—q
and
S () Hmn ! .
1.16 $ V=N .
( ) i=0 g(ﬂi)2 j;-",m a"(ﬂl) = Q(m)Y(Ilm)

hold. Then condition (1.6) implies that

(L.17) A (/s b5 v; X) = o (g(m)]y(n))
ae. in (a,b) for every p, O0<p=2 and for every sequence v.
2. In order to prove our Theorem we need the following lemma.

Lemma [3). Let =0 and {8,} be an arbitrary sequence of non-negative num-
bers. Suppose that for any orthonormal system the condition

36,3 ) <o
n=1 k=n

implies that the sequence {s,(x)} possesses a property P, then any subsequence {s, (x)}
also possesses property P.

3. Proof of Theorem III. By assumptlons (1.13) we have for any p,<Il<
<Wm+1 (m=0,1, ...) that

Ny(m) — 9D = Y(Hmsr)

so, on account of (1.15), it is sufficient to prove (1.17) only for the values g,.
First we prove (1.17) in the special case p=2 and v,=k; and as we have
said above, only for the indices p,, i.e. we verify that

3.2 Ay (0) 1= A4,,(f, 2, {k}; %) = 0.(g( 1)y (1n))

holds a.e. in (a, b).
Then

f A2 (x)dx = 2 2 (1) f L () — f(X)Izdx< 2 S ) 2 ct.

m=0 k=pp,, =+

Putting

R = 2 df,

i=pp,+1
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we get, by (1.16), that

0 HBms

0y S famars 3L S TS R -

oo oo 2 HUme1—1 oo
= SR S ST ) =N 3 R0y () = S
m=0 n=0 g(ﬂ") k=g, m=0

To estimate >, we use assumptions (1.6), (1.13) and (1.14), and so we have

(3.4) IINZ, = .,.Zo (;Z,,. _2” ck)e(m)v(u..,)2 =
g( ;2_ C%)mé e(m)y(um)®* = N Z( _Z” ck)v(uz)2 =N Zc,.v(n)2 <o,

By (3.3) and (3.4), applying Beppo Levi’s theorem, we get that

§' P2 () 2 A2, (%) =

= g) v(u..)zg(u..)‘zkg g () 156(2) = f ()2 < oo

a.e. in (a,b). Hence (3.2) obviously follows.
For O0<p<2

(3.5) A (f, . (kY X) = 0. (8(ualy (1)

follows from (3.2) using Hélder’s inequality and (1.2).
Now, on account of (3.1), relation (3.5) implies

(3.6) A (S, P, {k}s X) = x(g(n)/'}’ (n))
a.e.in (a,b).

Finally, if we apply the Lemma with property P characterlzed by (3.6), then
(1.7) follows for all p, O0<p=2 and all sequences v.

4. Application. We show that Theorem II can be derived from Theorem III.
Since in the special case A,=1, Theorem II represents a statement concerning the
partial sums of (1.1), it follows that under the proper conditions Theorem III yields
certain results for the rate of approximation achieved by the partial sums, as well.

Now we show that Theorem III in the special case when g(m)=g(m)=1,
y(n)=1, and

1/, for n—-1,<k=mn,
“.1) % (n) := {0 " otherwise,
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can be applied, with y,, defined in Theorem II, that is, then (1.6), (1.13), (1.14),
(1.15) and (1.16) are fulfilled.

Condition (1.6) holds trivially, (1.13) and (1.14) fo]low from (1.10).

In order to prove (1.15) we put g=1 and N=2, i.e. we want to verify that
for any k and p,,<n<p, 4,

4.2) % (1) = 2o (- 1) + 0 (im) + (M 41)]

always holds. Since 1,4,—4,=1 for all n, therefore p,—2, =n—71,, whence,
‘by (4.1),
4.3) (1) = o4 ()
holds for any (n—2,<)k=yu,.

On the other hand, taking into account that Aﬂm+1§ Ay Flmir—pm=22, and
pmﬂ-—).um“=p,,,+}.”m—}.”m“_<-= U, We get

4.4 () = 204 (Um+1)

for any p,<k(=n). Thus (4.3) and (4.4) verify (4.2), and herewith (1.15) is also
proved for the entries «,(n) given in (4.1).
To show (1.16) in the case given above we have to verify that

4.3) 3= 3B, 3w = W

i=0 J #pmtl
holds for every m.

By (4.1) it is clear that if j>pu; then a,(y;)=0, therefore

@.6) Se= 3 B3 o) =

i=m+1 j=u,+l

oo

= 2 B I‘: (ﬂm+1 —max (Up, (l‘ll “p,-)))+ =: 23,

i=m+1

where % denotes the positive part of §.
On account of the definition of g, we have that

(47) 23 = _2 Filﬂ( (Aum+l'_.u +ly()

_ Sop(i-tcten) e v 3 g 5,
. Hy A Hm+1 Fkomll L F‘t P ")

i~1
Am = (1=210 3 A7
k=m+1
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and taking into account that Aﬂmézx
i=m+1 that

i—1 1 i-2 +
Ai(m) = (1 _(2An;-1)~1 2 )“uk)+ = (?—(2)'#1—1)_1 2 )”"k) =
k=m+1 k=m+1

4 always holds, we have for any

1 i—2 + 1 i—3 +
s(3-@0 3 Auk) - (F-en07 30 =
k=m+1 k=m+1

1 L i—3 + 1 i—m—1

=m-+

Hence, by (1.10), (4.6) and (4.7), we obtain that

) oo t—~nt oo 2\i—m
S22 3 0] saa2 3 e (5] -oa,,
i=m+2 i=m+2
that is, that (4.5) holds. This proves that (1.16) is satisfied, as stated.
It follows that all of the assumptions of Theorem III are fulfilled if the para-
meters are chosen according to the requirements of Theorem II; therefore we have
proved that Theorem III implies Theorem II.
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