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Linear operators with a normal factorization through Hilbert space

BRUCE A. BARNES

Introduction. Let (£, u) be a o-finite measure space, and suppose that K(x, ¢)
is a kernel on QX Q which is selfadjoint, that is, K(x, t)=K(t, x) a.e. on QX Q.
Let X be some Banach space of functions on €, and assume that the integral operator

S(HE = [Kx nf@)dur) (feX)
(7]

is a bounded linear operator on X. When X=L2%(Q) and the kernel |K| determines a
bounded linear operator on X, then § is a selfadjoint operator on X. However, in
general, the operator .S may not have properties analogous to those of a selfadjoint
operator. The purpose of this paper is to study a large class of operators which in
many respects do behave like selfadjoint (or normal) operators. One motivation here
is to find conditions under which selfadjoint kernels determine operators which
have many of the properties of selfadjoint operators. This question is addressed
implicitly in the context of the examples considered in Section 3.

There is a long history of interest in operators on a Banach space that have
some properties in common with selfadjoint operators. Examples include sym-
metrizable operators [10], [11], the quasi-hermitian operators studied by
J. DIENDONNE [7], and hermitian operators on Banach spaces [5], [6, Part 3]. The
class of operators we study has some overlap with these classes. We consider linear
operators that have a selfadjoint (or normal) factorization through a Hilbert space
in the following sense.

Definition 0.1. An operator S€Z(X) has a selfadjoint (normal) factoriza-
tion through a Hilbert space H, if there exist bounded linear maps A4 and 7,

T- X~ H, A: H- X,
with §=AT and TA selfadjoint (normal) on H.
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- When S=AT is a factorization of S with 74 normal, then many properties
of S and T4 are closely linked. In particular, the spectral theory of the two oper-
ators is very much the same. For example, using the operational calculus of the
normal operator T4, a rich operational calculus may be defined for S. This is done
in Section 2. There is a large collection of examples in Section 3 which makes it
clear that the theory has broad application.

Now we establish some notation. Throughout X is a Banach space and H is
a Hilbert space. The algebra of all bounded linear operators on X is denoted #(X).
For S€#(X), let o(S) be the spectrum of S. If T is a linear map, then let R(7T)
be the null space of T, and let £(T) be the range of T.

1. Some preliminaries. In this section we derive some preliminary results con-
cerning factorizations. We assume throughout that S€¢#(X) has a factorization
S=AT where T: X~H, A: H-~X and TA is normal on H.

Definition 1.1. Let E, be the selfadjoint projection in Z(H) with range
RN(TA). Set N=AE,T. Then N is called the nilpotent part of S. Note that NA=
=AE,TA=0, and SN=NS=0.

Proposition 1.2. Let E, and N be as above and set S=S—N. Then § has
a normal factorization S=AT through a Hilbert space H with the property that
R(TA)={0).

Proof. Set H=(I-E,)H, and define T: X—H by T(x)=(I—E,)Tx and
A: H-X by A(y)= Ay. For x¢X, AT(x)=A(I—E))Tx=ATx— AE,Tx=Sx—
—Nx=8(x). For ycH, TAy=(I—Ey)TAy=TAy. Since TA restricted to (I —EO)H
is normal, we have T'4 is normal on H.

Next we verify that R(T4)={0}. Assume ycH and TAy=0. From the
previous computation, we have TAy=TAy=0. Then by definition, E,y=y, so
y=(I—Eg)y=0.

Let §=S—N as in Proposition 1.2. Then the spectral theory of § is essentially
the same as that of S. Now by Proposition 1.2 § has a normal factorization with
the property that R (T4)={0}. This means that from the point of view of spectral
theory, we may make the following assumption without loss of generality.

(A1) N(T4) = {0}.

An operator R€Z(X) is similar to a normal operator WeZ(H) if 3U: X—~H
such that U is a bicontinuous linear isomorphism of X onto H with R=U"1WU.
In this situation X is a Hilbert space in an equivalent renorming, and the spectral
theory of R is completely determined by that of the normal operator W.
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Proposition 1.3. If TA4 is invertible and N(S)={0} then S is invertible.
When (A1) holds and S is invertible, then TA is invertible. Furthermore, in this case S
is similar to the normal operator TA.

Proof. Assume (Al) holds and S is invertible. The Z(A4)=X and RN(T)={0}.
Also, since R(TA)={0}, N(4)={0}. We verify that 2(T)=H. For suppose y¢ H.
We have A(Z(T))=X, so 3z€X with ATz=Ay. Then A(Tz—y)=0, so Tz=y.
This proves that both 4 and T are one-to-one and onto maps. Thus, T4 is invertible
with (TA)"'=A7'T-1 Also, in this case, setting U=T, S=AT=U"1(TA)U.

The proof that when T4 is invertible and N(S)={0}, then § is invertible, is
similar to the proof above.

Suppose S=AT with T4 invertible, but N(S)={0}. We show that in this
case S is the direct sum of the zero operator and an operator which is similar to a
normal operator. Let R=(TA)™', and let P=ART. Elementary computations
show that P2=P and SP=PS=S. It follows that S(/—P)(X)={0}. Also, if
Sx=ATx=0, then since N(4)={0}, Tx=0, and thus Px=0. This implies that
N(S)=(I—P)X. Therefore X=P(X)®N(S), and S=SP@O0. Define U: P(X)—+H
by UPx=TPx=Tx. Since T(X)=H, U is onto, and when PxcRN(U), then
TPx=0, so SPx=0, and finally, Px=0. Therefore U has a bounded inverse.
An easy computation shows SP=UTAU on P(X). Therefore S is the direct
sum of an operator similar to a normal operator (SP on P(X) and 0 on (I— P)(X )).
In this case the spectral theory of § is easily derived from that of T'4. Thus, in
studying the spectral theory of .S, we can make the following assumption with-
out loss:

(A2) TA is not invertible.

Note that when (A1) and (A2) hold then Proposition 1.3 implies that S is not
invertible.

2. Spectral theory. Throughout this section it is assumed that S has a normal
factorization, S=AT with TA normal. Most of the properties of normal operators
used in this paper can be found in M. SCHECHTER’s book [13].

Theorem 2.1.
(1) a(SYU{0}=0(TA)U{0}. When (Al) and (A2) hold, then 0€c(S)=0c(TA).
2y If A0 with 1§0(TA), then

(A—S8)~! = A" 4 A4 (A~ TA)"'T.

Proof. Assume A¢o(TA4), A=0. The formula in (2) is verified by direct

computation:
A—ATY{A 1+ A7 A(A—-TA)" 1T} =

= I+ A(A—TA)" T— 2= AT— A=*ATA(A—TA)~T.
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Now the last term
—ATYATA(A—TA) T = A A(A—TAY(A—TA)"*T— A(A—TA) T,

and substituting the expression on the right for this term yields the result. This
proves (2).

To prove (1) note that the same computation that establishes (2) shows that
when A0 is in the resolvent of S, then

(A—TA)=! = A1+ A~1T(A—S)~1 A.

Now (1) follows from (2) and the remark following the statement of (A2).

Corollary 2.2. Assume S€%B(X) has a normal factorization through Hilbert
space. Then 3IM =0 such that when A¢a(S), .+#0,

A= S5)"" = MIA~ (1 +d()7Y)

where d(2)=inf {|A—u|: pca(S)}.

Assume 4 is a compact subset of C. Let BM (4) be the algebra of all bounded
Borel measurable functions on 4. Define M(4) to be the set of all fEBM (4) such
that JgeBM (4) with f(A)=A4g(l) for all AcA. Now assume that (Al) and
(A2) hold. Set 4=06(S)=0(T4). Using the fact that the normal operator T4
has an operational calculus g—g(T4) for all g¢BM (4), we construct an opera-
tional calculus f—f(S) for functions fcM(4).

Definition 2.3. For feW(4) with f(A)=2g(1) for all i€d, and where
g€BM (4), define
f(S) = Ag(TA)T.

By assumption (A2), 0€4. This means that g(0) is not uniquely determined by
the requirement f(1)=Ag(4) on 4. Nevertheless, f(S) is well-defined. To check
this it suffices to show that when e(2)=0, 2€4A\{0}, and e(0)=1, then e(TA)=0.
Since Ze(A)=0 for all 264, we have TAe(TA)=0. Then by (Al), e(TA)=0.

Theorem 2.4. Assume (Al) and (A2) hold. Let A=0(S)=0a(TA).

(1) The operational calculus f—f(S) is an algebra homomorphism of M(4)
into %(X).

(2) [The Spectral Mapping Theorem.] For fcM(4)

o (f(S)) = o(f (TA)).

In particular, if fEM(A) and f is continuous on A, then

a(f(S)) = {f(2): A€d}.
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(3) Assume {f,} is a sequence in M(4) with f,(A)=2g,(A), {g.} EBM (4) and
8,—g uniformly on A. Then f,(S)—f(S) in B(X).

(4) Assume either R(S)={0} or R(S) is dense in X. If PE€B(X) with PS=
=SP, then for every feM(d4), Pf(S)=f(S)P.

Proof. Part (1) follows from the fact that g—g(74) is an algebra homo-
morphism of BM (4) into #(H). We check the property that when f; and f, are
in M(4), then f,2(S)=£(5)1f2(S). Write f,(A)=2g,(A) on 4 for k=1,2. Then
Sfife(D)=2g(1) on 4 where g(l)=g,(1)2g:(2). Therefore f1/,(S)=Ag(TA)T=
=Ag (T A) TAg(TA) T=1,(S)/2(S).

To prove (2), note that f(S) factors through H where the factors are T: X—H
and Ag(TA): H—~X. We have f(S)=(Ag(TA4))T and T(A4g(TA))=f(TA). There-
fore Theorem 2.1 implies that the nonzero spectrum of f(S) and f(TA) is the same.
But also, by (AZ)'T 'A is not invertible, so f(TA)=TAg(TA4) is not invertible. By
Proposition 1.3 it follows that f(S) is not invertible. This proves 0¢o(f(T4)) and
0ca(f(S)).

The proof of (3) is elementary. Assuming the hypothesis in (3), it follows
8.(TA)—~g(TA) in Z(H). Therefore f,(S)=Ag (TA)T—~Ag(TA)T=/(S) in B(X).

Now assume Pc#(X) and P(AT)=(AT)P. Then (TPA)(TA)=(TA(TPA).
Assume feM(4) with f(A)=21g(1) on 4. Then

¢)) (TPA)g(TA) = g(TA)(TPA).
Applying the operator T on the right to the equality in (1), we have
TPAg(TA)T = g(TA)TPAT = g(TA)TATP = TAg(TA)TP.
When R(S)={0}, then R(7)={0}. Thus, ‘
P(Ag(TA)T) = (Ag(TA)T) P
which proves (4) in this case. When 2(S) is dense, apply 4 on the left in equality

(1), make a computation analogous to the one above, and use the fact that %(A)
must be dense to arrive at the conclusion.

Corollary 2.5 Assume that S€#B(X) has a selfadjoint factorization through
Hilbert space and (A1) and (A2) hold. Then AM =0 such that for all t€R

e = Mz

+ oo

Therefore, if f(t) and tf(t) are in L'(R), then f f(t)e*Sdt converges in B(X).

— o0

Proof. Assume S=AT with T4 selfadjoint. 37>0 such that |[w=1(e™—1)|=J
for all weR, w#0. For A€R, 10, let g(A)=A1"1(*—1). Then |g()|=J[t]

9
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on R. Thus )
le*S]| = | 4g(TA)T| = ATl

Corollary 2.5 shows that when S has a selfadjoint factorization through Hil-
bert space, then S is in the class of operators studied in [2].

Corollary 2.6. Assume (Al) and (A2) hold. Assume feMM(4) with f(A)=A4g()
A€A4, g¢BM (4), where in addition lli_r.r(lj g(2)=g(0)=0. Then 3{f,} a sequence of
simple functions in M(4) with f,(S)—~f(S) in B(X). In particular such a se-
quence exists for f(S)=S%

Proof. Let
&, = sup {lg(A)]: A€a, [A] <= n~Y).

Then by hypotheis, &,—~0. Choose {z,} a sequence of simple functions such that
for each n=1,
| /(@)= ta(@)l = n~? (wed).

(@)~ (e DI = n

whenever A€4 and |A|=n~!. Let yx, be the characteristic function of the
{A€4: |A|=n"1}. Define f, to be the simple function f,=yx,?,, n=1. Then

lg(D)—(fr(DIA)| = n~* +e,

for all Acd. Therefore (f,(4)/2)—~g(%) uniformly on 4, so f,(S)—f(S) in B(X)
by Theorem 2.4 (3).

Assume . S=AT with T4 normal, and assume 0€4=0(TA4). Let U be an
open set with AS U and suppose fis holomorphic on U with f(0)=0. Then g(1)=
=f()/% is holomorphic on U (g(0)=f"(0)), thus feWi(4). Let f(S) be the oper-
ator in Z(X) defined by the operational calculus constructed above. Now f(S) has
another meaning defined in terms of the usual holomorphic operational calculus.
In fact, in this case the two possible meanings of f(S) are the same. For Jet y be
an appropriate curve in U surrounding 4. Then using Theorem 2.1 we have

Thus,

1 - 1 - -1 -1 -
z—m_yff(l)(l—S) di -—?n—i—rff(l)[). 'y ATTAA-TA)'T)dA =

= ,4{2_;T ,f g(/l)(l—TA)‘ld/l}T = Ag(TA)T = f(AT).

Here we have used the fact that the operational calculus determined by functions
in BM (4) and the holomorphic operational calculus coincide for normal oper-
ators.
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As a consequence of the coincidence of the two operational calculi, it follows
that when I’ is an open and closed subset of 4 with 0¢ I, then the spectral idempotent
P determined by the usual holomorphic operational calculus satisfies Pr=y(S)
where yr denotes the characteristic function of I'.

Next we turn to some results concerning eigenvalues and eigenspaces.

Proposition 2.7. If 4,€C, 2,=0, then
N((2o—S)") = N(A—S) = A{N(%—TA)}.

Proof. If TAx=MA,x, then ATAx=2,Ax. Thus A{R(i— TA}SN(},—S).
Conversely, if ATy=2,y, then TATy=A,Ty, so TycR(ly—TA). Also y=
=A(A; ' Ty)E A{N(4y— TA4)}. This proves

(1) R(ip—S) = A{R(o—T4)}.

To show RN((A—S)")=N(4—S), it suffices to prove this for n=2. Suppose
x€R((A—S)?), s0 (Lo—S)xER(A—S). By (1), IyeN(h—TA) with (4,—S)x=
=Ay. Then (l4y—TA)Tx=T(Ag— AT)x=TAy=»Ayy. Therefore (ly—TA)*Tx=
=A(Ao— TA)y=0. Since T4 is normal, this implies 0=(4g—TA)Tx=T(1g— AT)x.
Then as (Ay—S)x€N(4,—S), we have 0=AT(A,—AT)x=214(4—AT)x. Thus,
(4g—AT)x=0.

Proposition 2.8. Assume (Al) and (A2) hold.

(1) If 4,0 is an isolated point of o(S), then A, is an eigenvalue of S.

(2) Assume A,#0 is an eigenvalue of S. Let X, be the corresponding eigenspace.
Let y, be the characteristic function of {g}, so x€W(4). Then PFy=y,(S) is a
projection with R(P)=X, and Z(A,—S)EN(R).

Proof. Assume 1,70 is an isolated point of ¢(S). Then 4, is an isolated
point of (T A), and since T4 is normal, it follows that 4, is an eigenvalue of T4.
By Proposition 2.7 4, is an eigenvalue of S.

Now assume 1,70 is an eigenvalue of S. Let Xj, x,, and B, be as in (2). By
Proposition 2.7 4, is an eigenvalue of T4. Let H, be the corresponding eigenspace.
Since T4 is normal, Qy=y,(T4) is the orthogonal projection with Z(Q,)==H,.
Now Aye(A)=l¢%0(4) on 4, so PB(A—S)=(4—S)FR=0. This proves Z(R)SX,
and Z(1,—S)SN(R). By Proposition 2.7 AH,=X,. We prove that AH,SZ(F)
to complete the proof of (2). Set g(A)=A"1x(4), A€4. Then Fy=Ag(TA)T, and
for x¢Hy, B Ax=Ag(TA)TAx=AQyx=Ax.

A number A€C is a Fredholm point of T€B(X) if A—T is a Fredholm
operator. Let my(7) denote the set of eigenvalues of T of finite multiplicity. When
T is a normal operator on Hilbert space, then a Fredholm point of T with 1€a(T)
is an isolated point of ¢(T) and A€my(T).

[ L
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In the next theorem we prove some results concerning eigenvectors and Fred-
holm points of S.

Theorem 2.9.

(1) Assume that #(S) is dense in X. For },€0(S), Ay#0, either 1 is an eigen-
value of S, or R (Ay—S) is dense in X. When (A1) and (A2) hold, 6(S) is the union
of the point spectrum and continuous spectrum of S.

(2) Assume 1€C, i520. Then ) is a Fredholm point of S if and only if 1 is a
Fredholm point of TA.

(3) When A€o(S), A#0, and A is a Fredholm point of S, then A is an isolated
point of 6(S) and A€nmy(S).

(4) If 2€my(S), A=0, thenlisa Fredholm point of S and (J— S) has index zero.

Proof. First we prove (1). Assume 4,0 and %N(1,—S)={0}. Then by
Proposition 2.7 9 (1,— TA)={0}, and since 74 is normal, we have (A,—TA)H
is dense in H. Since Z(S) is dense in X, it follows that % (4) is dense in X. Therefore
A(Qq—TA)H=(4y— AT) AH is dense in X. Thus, #(4,—S) is dense in X.

Now we prove (2). Assume 420 is a Fredholm point of TA. Then 3 R€B(H)
and 3JF, GEB(H) with Z(F) and £(G) finite dimensional so that

(A—TA)R=1-F and R(A-T4A)=1-G.
Then
(A—AT)(A™*+A7YART) = 1+ ART— A"*AT— A7  ATART =

= [—A"YAT+ A *A(A—TA)RT = I— A~* AT+ A~*A(I~F)T = I— A= AFT.

Similarly,
(A7 +A7YART)(A— AT) = I — 71 AGT.

Therefore A is a Fredholm point of S=AT. The converse is proved in exactly the
same way.

Now assume as in (3) that A€o (S), 4520, and A is a Fredholm point of S.
By (2), 4 is a Fredholm point of TA. Since T4 is normal, this implies that 1 is an
isolated point of o(T'4) and A€my,(T4). Then by Theorem 2.1 1 is an isolated point
of ¢(S). Also, by Proposition 2.7 N(A—S)=AN(A—T4A4). Since A is one-to-one
on N(A—TA), R(21—S) has finite dimension. Therefore A€myy(S).

Assume A€my(S), A0. Then just as above, A€my,(T4). Since TA is normal
A is a Fredholm point of T4 and an isolated point of 6(74). Thus, by part (2), A is a
Fredholm point of S and an isolated point of ¢(S). It follows that A—.S has index
zero [13, VI, Theorem 4.5]. This proves (4).

For an operator T€B(X), let

W(T) = {A€C: A—T is not a Fredholm operator with index zero}.
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The set W(T) is called the Weyl spectrum of 7. When T is a normal operator on
Hilbert space,
W(T) = 6(T)\7oo (T)

When this equality holds for some T€Z%(X), then one says that Weyl’s Theorem
holds for T; see [3].
Parts (3) and (4) of Theorem 2.9 imply the following corollary.

Corollary 2.10. When 04¢rg(S), then W(S)=06(S)\7w(S). Therefore in
this case Weyl’s Theorem holds for S.

An operator T€Z(X) is a Riesz operator if the nonzero spectrum of T con-
sists of poles of finite rank of the resolvent of 7. This implies that o(T) is either
finite or a sequence converging to zero, and o(T)\{0}&ny(T). Every compact
operator is a Riesz operator.

Proposition 2.11. If S is a Riesz operator, then TA is compact and S* is
compact. : .

Proof. Assume S is a Riesz operator. If S has no nonzero eigenvalue, then
a(S)={0}, which implies ¢(74)=0. In this case TA=0 and S2=A4(TA)T=0.

Now assume S has a nonzero eigenvalue, and let {1,},., be the sequence of
distinct nonzero eigenvalues of S (of course, this set may be finite). For each &
let X, be the eigenspace of S corresponding to the eigenvalue 4,. Since S is a Riesz
operator, 2,—~0 and each X, is finite dimensional. By Proposition2.7 4, is an
eigenvalue of TA and X,=AN(A,—TA), k=1. Clearly A is one-to-one on
N(A—TA), so N —TA) is finite dimensional. Then as T4 is normal, T4 must
be compact. It follows that S2=A(TA)T is compact.

Theorem 2.12. Assume S is a Riesz operator. Let {},},., be the sequence of
distinct nonzero eigenvalues of S, and let X, be the eigenspace of S corresponding to
the eigenvalue %,, k=1. Then there exists a Sequence of projection operators,
{PYc#B(X) with RP,=0 if ksj, SB,=BS=4P, and R(P)=X,, k=1, such
that for all x€X,

. Sx = > 33 B.x+ Nx.

k=1

Here N is the nilpotent part of S. Furthermore, for n=2,

S"= 2 MK

k=1
where convergence is in the operator norm.

Proof. By Proposition 2.11 T4 is compact. Let E; be the orthogonal projec-
tion with range the ei_genspace of TA corresponding to 4,. Define P,=2;'4E,T,
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k=1. Then
0 if k=j;

R = ;'3 AETAE,T = i ' AE,E,T = {ﬂ if k=]

Also, SB.=1*ATAE,T=AE,T=),P, and similarly, B,S=A,P.

Since SP,=AM.B, it follows that Z(R)SX,. Now by Proposition 2.7 X,=
=AN(A,—TA). If x€X;, then choose y with TAy=XAy and x=Ay. Then
Pix=A'AE Tx=2AE,TAy=AE,y=Ay=x. This proves Z(B)=2X,.

Let E, be the orthogonal projection with range 9t(7A). Since T4 is normal and
compact, for every y€ H we have

y= kZZIEty‘*'Eo}’-

Thus, for x€X,
Tx = J ETx+ ETx,

k=1

and applying 4,
Sx = ATx = 3 AE,Tx+ AE,Tx = 3 A B.x+ Nx.
k=1

k=1

Finally for n=2, (TAy'~'= 3 }71E,, so

k=1

S" = A(TAy‘T= 3 2B,
k=1

The next result concerns the restriction of § to a closed S-invariant subspace
of X. It has application to the situation when X=L>(Q, p), where Q is a locally
compact Hausdorff space and p is a regular Borel measure, and S€Z(X) leaves
invariant the subspace of bounded continuous functions on 2.

Proposition 2.13. Assume S=AT where TA is selfadjoint. Assume Y is a
closed S-invariant subspace of X. Let § be the restriction of S to Y, so ScB(Y).
Then S has a selfadjoint factorization through Hilbert space. Furthermore, ¢(5)S
Sa(S)U{0}.

Proof. Let # be the closure of T(Y) in H. Define T: YA by T(y)=Ty
for yeY. Define A: H-Y, A(z)=Az for z€ H. Here one notes that A(T(Y))SY,
so A(H)SY. Then §=AT and T4 is selfadjoint in A. In fact, since A(A)CY,
we have TA(H)CST(Y)SH. This last inclusion shows that H is TA-invariant.
It follows that o(TA)Sa(TA)U{0}. Therefore ¢(S)Sa(S)U{0}.

3. Examples. This section is devoted to examples of classes of operators on
Banach spaces which have selfadjoint or normal factorizations through a Hilbert
space. The specific operators involved are of the type that occur commonly in oper-
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ator theory and the applications of operator theory. There are also a few examples
of operators which are closely related to selfadjoint operators, but which do not
have a selfadjoint factorization on Hilbert space.

Example I. Let H be a Hilbert space. Assume V,W, RE#(H) with R=0
and WV selfadjoint. Then S=¥VRW has a sclfadjoint factorization through H. For
set T=RY:W and A=VRY2 Then A, T€¢B(H), S=AT and TA=RVEWVRV?
is a selfadjoint operator.

Specific examples of operators S of the type considered above are well known
in operator theory; see [10, p. 345].

Example II. Let X be a Banach space with a bounded pre-innerproduct (x, y),
x, y€X. This means that the form (x,y) has all the properties of an innerproduct
except that
K = {xeX: (x,y) =0 for all yeX}

may be nonzero. Also, that the form is bounded means 3C=0 such that

e, )| = Clxlliyll (x, y€X)-

The quotient space X/K has an innerproduct determined in the natural way
(x+K, y+K)=(x,p) (x,ycX).

Let H be the completion of X/K in the norm determined by the innerproduct. Many
authors study operators in (X) which are selfadjoint with respect to a given bounded
innerproduct on X; see for example [10, Chapter 9]. We consider the case where
SE€A(X), S has an adjoint S*€B(X) where (Sx,y)=(x, S*y) for all x, y€X,
and 3J=0 with

(#) ISx]x = J(x, )2 (x€X).

Using the special assumption (%), we will show that S has a factorization through H.
Note that (#) implies that S(X)={0}. Then S determines an operator §: X/K—X
in the natural way
S(x+K)=Sx (x€X).
(#) implies that
IS8G+K)lx = J(x+ K, x+ K2 (x€X),

and it follows that S has an extension to a bounded linear operator 4: H—~X with
A(x+K)=Sx for all xcX. Let T: X—~H be given by Tx=x+K. The fact
that the pre-innerproduct is bounded implies the continuity of 7. Then Sx=A4Tx
for all x€X, and

TA(x+K) = Sx+K (x€X).

It follows immediately that when S=38%*, then T4 is selfadjoint. When § is normal
further argument is necessary. First, let W be the adjoint of T4 on H. Note that
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S*(K)={0} since (Sx, Sx)=(S*Sx, x)=(SS*x, x)=(S*x, S*x) for all xcX.
Let S* be defined on X/K in the usual way, S*(x+K)=S*x+K. For x, yeX,
(x+K W(y+K)=(Sx+K,y+K)=(x+K, S*y+K). Therefore W(y+K)=
=S*p+K for all yc¢X. Thus, for y€X,

(TAW(y+K) = SS*y + K = S*Sy+ K = W(TA)(y+K).

This proves T4 is normal on H.

Note that in the situation describe above, T'4 is the unique extension of S to an
operator on H. By the theory in Section 2, § and this extension have essentially the
same spectral theory.

Now we consider a specific class of examples where this discussion applies. Let
(2, 1) be a o-finite measure space, and let X=L2=L%(Q, u). Assume €L~ (Q)
with @(£)=0 a.e. on Q. Define a pre-innerproduct on X by

(/9= [f0E@e(x)dux) (f, gX).
(o]

Then .
I(f; 8l = NellIlfNlgll  (f; g€X),

so this pre-innerproduct is bounded. Let VEZ(X) be selfadjoint, and define
S€B(X) by
S(f) =V(ef) (feX).

It is easy to verify that § satisfies (£): For feX, |Sfl=IV(eNI=IVlefl=
=Vl el ( [1/G)Fe(x) du(x))”*. Also, S is symmetric with respect to the
Q

preinnerproduct :

(S8 = [V(ef)gedu = (V(ef), cg) = (/s V(eg)) = (: S(2),-

In this case H=L?(p), the L?space corresponding to the measure ¢ du. Then S
has a selfadjoint factorization S'=AT with T4 the unique extension of S to a
bounded selfadjoint operator on L%(g). As noted before, the spectral theory of S
.on L? is essentially the same as that of the selfadjoint operator T4 on L2?(g).

Now we give an example of an operator selfadjoint with respect to an inner-
product which does not have a selfadjoint factorization through Hilbert space. Let
X be the disk algebra; the algebra of all continuous complex-valued functions defined
on the closed unit disk D, and holomorphic on the interior of D. Define a bounded
innerproduct on X by

oo

(f, 8 = lf(n‘l)g(n‘l)n‘2 (f: g€ X).

n=
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Let S€#(X) be given by
S(f)(z) = zf(z) (z€D,feX).

Then S is selfadjoint with respect to the given innerproduct. But ¢(S)=D, so S
has no selfadjoint factorization on a Hilbert space.

There is an extension S of S to a selfadjoint operator on H, the comple-
tion of X with respect to the innerproduct. The vectors in H are sequences in
12(n=%), and

g({an}nél) = {n—lan}nél'

It is easy to see that S is a Hilbert—Schmidt operator on H. Thus, there exists a
Hilbert—Schmidt operator on H which when restricted to an invariant Banach
subspace of H no longer has the properties of a selfadjoint operator.

Example III. Let (£, x) be a measure space with x a finite measure. We set
IP=LP(Q, u) for 1=p=-oco. Assume S: L'-L>. Then for 1=p=-co,

S(L?) € S(LY S L~ S L*.

It is straightforward to check that S is closed as an operator from L? to L?. Thus
for each p, S determines a bounded linear operator S,: L?—~L?. We prove that
for each p, S, has a factorization through Hilbert space. First consider the case where
1=p<2. Then '

S(I?) S L* < [* and L:C L*.

Let T: LP—~L? be determined by S (again, T is closed, hence continuous). Let 4
be the continuous embedding of L? into L?. Then S,=AT is a factorization of §,
through L2 Note that TA(f)=S(f) for all f€L? so TA=S,.

Now suppose 2<p= oo, in which case

S(L) S L> < I?, and L?C I*.

Let T be the continuous embedding of L? into L?, and let A be the bounded linear
operator from L? into L? determined by S. Then S,=AT is a factorization of S,
through L2, and TA=S, on L2 We¢ summarize these results in a theorem.

Theorem 3.1. Let (R, p) be a finite measure space. Assume S: L'—~L>. Then
for each p, 1=p= o, S determines an operator S,€ (L), S, has a factorization
S,=AT through L*, and TA=S,. Therefore if S, is normal then the factoriza-
tion is normal.

Now we look at two specific classes of examples where Theorem 3.1 applies.
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Corollary 3.2. Assume (R, p) is a finite measure space and that K€ L™ (2 X Q).
Let S be defined by

SUNE) = [Kxe0f@)dur) (feLY).
2

Then S(LM)CSL™. If S, is a normal operator, then S, has a normal factorization
through L? for 1=p=cs. In particular, if K(x, t)=K(t,x) a.e. on QXQ, then S,
has a selfadjoint factorization through L? for all p.

Corollary 3.3. Let Y(t) and ¢(t) be complex-valued measurable functions on
(a, b) with

@) ()| increasing on (a, b);

(i) | (¢)| decreasing on (a, b);

(ii)) Y€ L™[a, b].
Define

oY) as=t=x=b,

Ko ) = {qo(t)tp—(?) a=x=t=bh

Let S be the integral operator determined by the kernel K. Then S: L'[a, b]—L"[a, b]
and S, is selfadjoint.

Proof. It is straightforward to check that K(x, ) is bounded.

Example IV. Let X be a Banach space which is a subspace of a Hilbert space
H with X continuously embedded in H. Assume Rc#(H) with R selfadjoint (or
normal) and suppose R(H)SX. Let S be the restriction of R to X. It is easy to
check that S is closed on X so S€Z(X). Let T: X—~H be the continuous
embedding. Define A: H~X by Ay=Ry, y¢H. Again, A is closed, hence con-
tinuous. Then S=AT and TA=R. Examples of this type are quite common.

Here is a specific example. Let G be a locally compact unimodular group with
a fixed left Haar measure. Fix k€L*G)NL%*(G) such that k(x~Y)=k(x), x€G.
Then k(xt~1) is a selfadjoint kernel, and the corresponding convolution operator

R(N)x) = [kt @)dt (fEL*(G))
G
is selfadjoint on L%(G). Let X be the Banach subspace of L?(G) consisting of all
those f€IL?(G) which are continuous and bounded on G. By [9, (20.19)(iii)]
R(L*(G))SX. Thus, as indicated above the operator S€#(X) defined by

SN = [k@tYf(de (feX)
G

has a selfadjoint factorization through L3(G).
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We give one more specific class of examples. Let X=1L2[0, «)NLP[0, «) for
some p, 1=p=; or let X be the set of f€L2[0, ) which are bounded and con-
tinuous on [0, «). For ¢, y€X, let K(x,t) be the kernel

_[ey@) O0st=x,
K(x’t)a{ﬁl’(f)m O=x=1

Let R be the selfadjoint operator on L2[0, ) determined by this kernel. For
SJEL[O, + <),

RN = o) [vOF0di+y ) [ o@)f(@D)ar.
[} x
For x=0, fc L?[0, o),

IR(A) = o Wl f Nz + 1 ) lellz 1/ Y-

This inequality proves that R(f)€X. Thus, as before, the integral operator S on
X determined by the kernel K has a selfadjoint factorization through LZ2[0, ).

Example V. Let (Q, u) be a o-finite measure space. We construct a class
of operators on L™ (and later on L') which have a selfadjoint factorization through L2

If £ and g are measurable functions on Q with fgc L', then let (f, g)= f fg du.
Assume “

(%) V: [}~ L= with (V(f),g)=(f,V(g) forall f geLl.
Assume k€Ll k=0 ae. on Q. Define T: L*—~I2 by
| T(f) = K2f (feL=).
A(f) = VRS (fel?).

1A o = VK o = VIl = VIS N2

where the last ineguality follows by applying the Cauchy—Schwarz Inequality.
Therefore A is bounded. Thus, S=AT: L= —-L",

S(f) =V(kf) (feL>),

has a factorization through L2. We check that TA: L2—~L? is selfadjoint. For
f,g€L? KkM:f and k?g are in L, so using (%) we have

(TA(f), 8) = (K2V (K1), g) = (V(K'Ef), k'Pg) = (K2 £, V(K'?g)) = (f, TA(g)).

Now we consider a related operator on L! that factors. Again, assume ¥V is
as in (%), and k€IL*, k=0 a.e. on Q. Define T: L*—~L2? by

T(f) = K'2V(f) (feLl),

Define 4: L*—~L~ by

For feL?,
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and A4: L*—~I!' by
A(f) = K2 f (feL?.
R(f) = kV(f) (feLY),

and a computation similar to that above proves that T4 is selfadjoint on L2
We summarize this discussion in a theorem.

Theorem 3.4. Assume V: L*~L™ with (V(f), g)=(f, V() for all f, geL*.
Assume k€L, k=0 ae on Q. Then S: L”—~L* and R: L*-~I' defined by

S(f) = V(kf) (feL=),
R(f) =KV(f) (felh,

have selfadjoint factorizations through L2.

Then R=AT: L1},

Next we give some examples of operators ¥ which satisfy ().

Proposition 3.5. Let (Q,u) be a o-finite measure space and assume
Ke L= (QX Q) with K(x,t)=K(t,x) a.e. Let V be the corresponding integral operator

VN = [Kx0f@mdt (feL Q).
o)
Then V satisfies ().
The proof is elementary, so it will not be given.

Proposition 3.6. Assume ¢ and  are C-valued functions on (0, -} with
@) Y @) is increasing on (0, + ==);
(i) |@(0)| is decreasing on (0, +<);
(iii) @Y L= (0, + ).
Let
ex)W(@® 0=t=x,
Kex 0 = {q)(t)Wx) O0O=x=1

Let V be the integral operator determined by the kernel K. Then V satisfies ().

The proof of this proposition is straightforward.

Now, without providing the details, we discuss two concrete situations involving
kernels of the types in Propositions 3.5 and 3.6. Let W be the space of all bounded
C-valued continuous functions f on (0, =) such that S’ exists and is continuous
on (0, «), and f”(x) exists for a.e. x in (0, =). Assume ¢(¢t)>0 on (0, =) and
€ L1(0, »). Fix a=0.

First consider the differential operator

d2
£ = ot +4)
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with domain Z(L)SL=(0, =) given by
L) = {feW: o) (D) +a f(D)EL=(0, =)},
L and L(f) = ¢ (f" (O +af(1)) for fea(L).
et
cos (a@x)sin(at) 0 <t < x,

— -1
K(x 1) 4 {sin (@x)cos(at). 0 <x=<t.

K(x,1t) is a bounded kernel. Set J(x, 1})=K(x, t)o(t), x, =0, and let S be the
integral operator on L”(0, «) determined by J. By Theorem 3.4 S has a self-
adjoint factorization through L2(0, «). Also, S is a right inverse for L, meaning
S(L™)E2(L) and L(S(f))=f for feL™. In addition, S is a Fredholm inverse
for L.

Let W, o, and a be as above. We consider a second differential operator

with

(L) = {feW: ()~ (f" ()= f())EL=(0, =)}
Let
ee™"* (0<t<ux,

_ -1
~K(x, 1) = —(2a) . {e""e_“' 0<x<t.

K is a kernel of the type considered in Proposition 3.6. Set J(x, t)=K(x, t) o(t),
x, =0, andlet S be the integral operator on L™ (0, ) with kernel J. By Theorem 3.4
S has a selfadjoint factorization on L2(0, «). Again in this case § is a right inverse
of L and a Fredholm inverse for L.

Example VL. Let g(¢) be the weight function on [0, 1] defined by ¢(t)=¢"",
O<t=1. Let L%(g) be the Hilbert space of L?-functions on [0, 1] relative to the
measure ¢(7) dt. Let L2=12[0, 1], and note L?(g)&S L% We construct a selfadjoint
Hilbert—Schmidt operator S on L2(g) such that S has an extension S¢%(L?)
such that S is not compact and ¢(S) is not a subset of R.

Let K(x, t) be the kernel

_fxTte@®t Ost=x=1,
K(’"’)“{ 0 Osx<i=1.

(1) K is a Hilbert—Schmidt kernel on L*(p).

Proof. First note that

X X X N
f e=M dt = f 22" dr = x2f 12~ UM dt = xte~Wm,
] 1] 0
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Then
1 1 1 x
[ ([ Kx Peydi)e(x)ax = [ x%ox)[ [ e di]dx =
0 0 0 1]

1
= f x"2g(x)[x2e~WP]dx = 1.
1]
Let T be the Hilbert—Schmidt operator determined by the kernel X. The adjoint
kernel of K, K*, is given by

0 O=st<x=1,
7o)t O=xst=1.

K*(x, 1) = {

The correspondiﬁg operator is the adjoint of 7. Let S=T+T* on L%(g). S is
determined by the kernel K+ K*, so for fe€L%(g),

SNE = [ K& 0fOe®di+ [ K@ 0f0)e@dt =

=x71 [ f@Odt+e(®™ [ 1) f(D)dr.

Let
0 O=sr1<x=1,

I 1) = {g(x)-lt‘lg(t) O=sx=t=1
(2) J is a Hilbert—Schmidt kernel on L2

Proof. For x>0
1 1 1 1
2 1 _ -2 -2,2 _ -2 % o, 1 ox
0fJ(x,z) dt = o(%) !t e dt = g(x) [ ye+se ]
which is a bounded continuous function of x on (0, 1].
Define S on L2 by
. x 1
S(Hx) = > [ f@dt+ [ I(x 0@ ar.
] [1]
The first summand is the Cesaro operator on L%[0, 1], while the second, as verified
in (2), is a Hilbert—Schmidt operator on L2 The Cesaro operator is studied in {4]

where it is verified that it is bounded on L2 Thus, S€B(L?, and by definition S
is an extension of S. Now the Cesaro operator has spectrum a disk [4], and the

1
operator f— f J(x, £)f(t) dt is compact. These two facts imply that S is not.com-
1)

pact, and that ¢(S) is not a subset of R.
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4. Regularity, hyperinvariant subspaces. Let &/ be a commutative Banach alge-
bra with unit. We denote the Gelfand space of & by 2, (Q,, is the set of all nonzero
multiplicative linear functionals on & equipped with the relative weak- x topology).
For fc.of, let f denote the Gelfand transform of f, so Ff=y(f) for ye¢ Q.
A subset D of & strongly separates points of @, if whenever y,, y,€ Q,, ¥, #Y,,
then 3f¢D with f())#f(s), and whenever Y€Q,,, 3g€D with g()#0. The
algebra o is regular if whenever I' is a closed subset of Q, and Y€Q_\TI, then
3fcss such that f(I)={0} and f(¥)=0. Let rad(sf) denote the Jacobson
radical of &f. A good reference for the theory of Banach algebras is [5].

Now we prove a general result in a Banach algebra setting which applies to
operators S that have selfadjoint factorizations. Some form of this result is certainly
known (see [8]), but we include it since the proof is short and elementary.

Theorem 4.1. Let & be a regular commutative semisimple Banach algebra with
unit. Let of be a commutative Banach algebra with unit. Assume ¢@: B~ is a
unital algebra homomorphism such that (%) strongly separates points of Q,,. Then

(1) o is regular,;

(2) Assume S€B(X) and o is a closed subalgebra of #(X) with S and I in o/
such that s/ satisfies the hypotheses of the theorem. Also assume that s/ has the prop-
erty that when RE€B(X) and RS=SR, then RT=TR for all TeL. If o(S)
contains more than one number, then S has a proper closed hyperinvariant subspace.

Proof. Define 7: Q,—~Q4 by t(Y)=yop. Then 7 is one-to-one and con-
tinuous. Now assume I is a closed subset of 2, and y,€ Q_\[I'. Since I is compact,
7(I') is compact, and also, t(y;)§t(I). Then 3fc# such that f(z(I))={0} and
f(z () #0. This proves o is regular.

Now assume S and & are as in (2). By hypothesis a(S) contains at least two
points. Since ¢(S)So,,(S), 0,(S) contains at least two points. Thus, 3y, ¥,€Q,,
with ;#,, then T(f;)=1(¥,) so wecan choose f;, /26 % such that fk(r(ll/k))¢0,
k=1,2, and f,f,=0. Therefore ¢(f)#0, k=1,2, and @(f)e(f)=0. Let W
be the closure of ¢(f;) X in X. W is proper since ¢(f)W={0}. If REZ(X) com-
mutes with S, then Ro(f=¢ ()R, so R(W)CW.

Theorem 4.1 applies to the situation where S has a selfadjoint factorization on
Hilbert space. The map ¢ involved is the operational calculus. As part of the proof
of this result, we prove a preliminary proposition.

Let 4 be a compact subset of C. For f€BM (4), define

If1s = sup {|f(A)I: €4}

Also, let C(4) denote the algebra of all complex-valued continuous functions on 4.
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Proposition 4.2. Assume that S has a selfadjoint factorization through Hilbert
space. Also, assume that (A1) and (A2) hold. Set A=0c(S). Define

F = {feC(4): 3geC(4) with f(1) = Ag(2) on 4}.

Let # be S with a unit adjoined. Let of be the closed subalgebra of B(X) generated
by S and I. Then # is a regular semisimple Banach algebra, and J¢: B—~sf with
@ a continuous unital algebra homomorphism such that ¢ (%) separates points of Q_,.

Proof. One easily checks that £ is an ideal in C(d4) and that .# is a Banach.
algebra in the norm | fl=max {lifl4 glls) where f€£, gc€C(4) with f(i)=
=Jg(2) on A. It follows that #, and hence 4, is a regular semisimple Banach
algebra. ,

Now JESM(4). For fc#, let ¢(f)=f(S), and extend ¢ to # by setting
¢(1)=I Note that ¢ is continuous on # by Theorem 2.4 (3). We still must check
that ¢(S£)S. Assume f€F with geC(4), f(A)=2Ag(4) on 4. Choose a sequence
of polynomials {g,(4)} such that {g,—g,l,—~0. Set p,(})=2¢,(2), so {p,}SS.
Then |p,—fl,—~0, so p,~f in the norm on #. Therefore {p,(S)}E& and
Pa(S)—=f(S) in #A(X). Thus, f(S)€«. Finally, ¢(%) separates points of Q
since I, S€@(%).

Theorem 4.3. Assume Sc%(X) has a selfadjoint factorization through Hil-
bert space.

(1) If o(S) contains at least two numbers, then S has a proper closed hyper-
invariant subspace.

Let s/ be the closed subalgebra of B (X) generated by S and I. Assume (A1) and
(A2) hold. Then _

(2) « is a regular Banach algebra, rad («£)*={0}, and SR=RS=0 for all
Rerad (o); ,

(3) If &(S) is dense in X or N(S)={0}, then o is semisimple.

Proof. If $#0 and N(S)={0}, then N(S) is a proper closed hyperinvariant
subspace of S. Thus we may assume M(S)={0}. Let N be the nilpotent part of S.
Since SN=0, in this case N=0. Then by Propositions 1.2 and 1.3 we may assume
that S has a factorization S=AT with T4 selfadjoint such that (A1) and (A2) hold.
If T4 is invertible, then by Proposition 1.3 S is invertible. In this case S is similar to
the selfadjoint operator TA. It follows easily that S has a proper closed hyper-
invariant subspace (assuming ¢(S) has more than one point). Thus, to establish
(1) we may assume (Al) and (A2) hold.

Assuming (A1) and (A2) hold, Proposition 4.2 applies. Then Theorem 4.1 proves
(1) and that & is regular.
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Now assume Ré€rad (&f). Choose a sequence of polynomials {p,(1)} such
that p,(S)—R in . Since & is a closed subalgebra of #(X), the spectral radius of
Veof relative to & is the same as r(¥), the spectral radius of ¥ in B(X). Now
r(pa(S))~r(R)=0. Since a(p,(S))={p.(1): nca(S)}, it follows that p,(2)—0
uniformly on 4. Therefore by Theorem 2.4 (3) Sp,(S)—-0, so SR=0. Also, it
now follows that Rp,(S)=p,(0)R, and since p,(0)—~0, we have R?=0. This com-
pletes the proof of (2).

(3) follows easily from the fact derived in (2) that for Rérad (&), SR=RS=0.

In our final result, we show that when S has a selfadjoint factorization through
Hilbert space, then S can be approximated by operators which are similar to self-
adjoint operators.

Theorem 4.4. Assume S€B(X) has a selfadjoint factorization through a Hil-
bert space, and that (A1) and (A2) hold. Then there exists a collection of projection
operators {P}, ,S%(X) such that P.S=SP, for ¢>0, and

(i) P,S considered as an operator on P.(X) is similar to a selfadjoint operator for
each £=>0; and

(ii) S is the strong limit as ¢—+~0% of SP, on X.

Proof. Assume S=AT is factorization of S through H with T4 selfadjoint
and that (A1) and (A2) hold. Let 4=0(T4). For #R, let x_.., be the charac-
teristic function of the specified interval and set E,=y_., ,(TA4). Thus, {E},y is
the usual spectral resolution of the identity for TA4. In this situation the strong limit
of E,—E, as t—~0~ is the projection on N(T4) which is 0 by (Al) [11, p. 361].
Also, E, is strongly continuous from the right on R, so the strong limit of E,—FE_,=0
as ¢—~0%. Let x, be the characteristic function of (— s, g]U(e, + ). Then Q,=
=Y. (TA)=I—(E,—E_,) has strong limit  as ¢-~0%. Let P,=y.(S). Consider the
operator SP. on the space X,=PX. Let H,=Q.H. Applying the operational
calculus to the function 1y.(1), we have -

(1) SP, = AQ,T.
Then TA(TP,A)=T(SP)A=T(AQ,T)A by (1). Then TA(TP,A—Q,TA)=0, so

2 (TA)Q, = TR A.
Let
T.=0,TP: X - H,, and A4,= PAQ,: H, ~ X,.

Then using (1) and (2) we have
AT, = PAQ, TP, =SB, and T, A, = Q,TRAQ,= (TA)Q,.
Now let f(A)=A"1x,(4). Then TAf(TA)=Q,, while Sf(S)=F,. Therefore TAQ,

10
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is invertible on H, and SP, is invertible on X,. By Proposition 1.3 SP, as an oper-
ator on X, is similar to the selfadjoint operator T74Q, on H,. This proves (i).

- To prove (ii), recall that we have shown that I is the strong limit of O, as ¢—0+.
Then for x€X, Q,Tx—Tx, and therefore by (1),

_ SPx = AQ,Tx -~ ATx = Sx.
Thus, (i) holds.
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