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Moufang Lie loops and homogeneous spaces

PETER T. NAGY

0. Introduction

The classical model of the Moufang Lie loops is the multiplication on S defined
by Cayley numbers of norm one. This multiplication is in a close relation with the
spherical geometry of S, which is a symmetric Riemannian space of constant curva-
ture. This connection has been generalised by O. Loos in [9] to any Moufang loop
by proving that the modified local multiplication (x, y) ~x1/2. y . x1/2 gives the (local)
geodesic loop multiplication of a symmetric space (cf. [6]). The analogous corres-
pondance gives a differential geometric machinery for the investigation of analytic
Bol and Moufang loops (cf. [2], [4], [10]). For group multiplications, one has a
I-parameter family of modified local loop multiplications x S y=x°-y-x=? (6€R)
investigated by M. A. AKIvIs [1], that are geodesic loops.

This paper is devoted to study geodesic loops of reductive homogeneous spaces
associated with Moufang loops. Such a geodesic loop is gotten from the modified
multiplication x S y=x°-y-x177 for each g€R in the case of the groups. For Mouf-

ang loops one obtains geodesic loop of reductive homogeneous space only for

1 1 2 1
=55 and 3 For a=3, the geodesic loop of the symmetric space was in-
vestigated by O. Loos in [9].

o

2 . _ . .
For a:;, we give a description of the corresponding reductive space struc-

1
ture in this paper. An analogues description can be obtained for a=-3— using the

right multiplication instead of the left one. Our method to describe this reductive
space structure is to represent the original loop multiplication on the Moufang
loop by a geodesic loop multiplication of an invariant connection on a reductive
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homogeneous space. Then we deform this latter geodesic loop multiplication as

2
x(g)y=x"- yext=c (a=—3—) and prove that this gives the geodesic loop multiplica-

tion of the canonical connection of the reductive homogeneous space.

1. The local loops x(g)y=x” -y+x'=? (6€R) on a group

Let % be a connected Lie group and let us consider the action of the group
X =%X% on ¥ given by ((gl,gz),g)E(@Xg)Xg—»gl-g‘gz‘lefﬁ. The isotropy
subgroup of this action is the diagonal # =A4(%X¥%)={(g,2);gc¥}. We denote
by #2° the transversal subspace in the Lie algebra 7, (9 X%9)=g+g of A =
=¥ X% to the diagonal 4A(g+4) defined by »°={(cX, (6—1)X), X9}, where
#=7.9 and g€R. Itis clear that Ad ,.»2" C2»°, hence the subspace 4.’ is a reductive
complement of 4(g+4) in g+ 4. Let V° denote the canonical connection of the re-
ductive homogeneous space /3¢ given by »:°.

Theorem 1.1. The geodesic loop multiplication of the canonical connection
V° of the reductive homogeneous space A [ defined by

expgote co(exps) 'y, x,y€d
can be expressed in a normal neighbourhood of ec% as
exp3oTe, co(expy) Iy = X0y = x7-y X177,
where exp, denotes the exponential map at x€¥ and 13, is the parallel translation
T.%~T.% along the geodesic through e and x with respect to the connection V°.

Proof. If (aX, (I—J)X)em" then the orbit of the 1—parameter subgroup
exp t(oX, (1 —0)X) through e€¥ is

expt(oX, (1-0)X)e = (exptoX, expt(c—1)X)e =
=exptoX-e-expt(l—o) X = exptX.

Using Proposition 2.4 in [7, Chap. X.] we obtain the parallel translation 17, in
the form 17 ., ,x=Telexptox©Telexpra-ayx> Where 4, and ¢, denote the left and the
right multiplication maps on ¥, respectively. Since the mapping A.,,1sx© Qexpr(1-o)x
is an affine transformation of the connection V?°, the geodesics of this connection
have the form

Aexptax©Qespt(1-)x €XPSY = exptoX-expsY-expt(l—a) X =

= exp X' exp S(Ad‘xp t(c—1)X Y).
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It follows that the geodesics of the connections V° (¢€R) are independent of the
parameter ¢. Hence the geodesic loop multiplication of the connection V° satisfies
the equations

~1 _ _
engxp x© T:, exp X o (CXPpr Y) 244 Y= expgxp Xotg, expX Y=
— 1 — 1
- expexp X 0'7; }'exp cxog—e chp (1-a)X Y= expexp XOZ A’exp x© Adexp (e—-1)X Y.

Since the group multiplication coincides with the geodesic loop multiplication of
its left canonical connection V! we obtain

exp:xp Xorg.cxpxo(exp:xp Y)—l exp Y = exp X ° expoAdexp (c—-1)X Y =

=expoX-expY-exp(l—0) X,

that proves the theorem.

2. The left canonical connection of a loop

Let £ be a smooth loop with identity element e€.%. We define the translated
loop multiplications centered at ac.% by the formula

x;y =x-a\y, (@eP)

where x- y=x:y and x-x\y=y. This loop is isotopic to the original loop
multiplication and has a€.% as identity element.

Let 2, denote the left multiplication map of the loop & and Z.1,: 9.9 ~T.¥
be its tangent map.

Definition 2.1. The left canonical connection V of the loop & is defined by
the parallel vector fields
X(x):=T,1.X(e).

Since these vector fields are globally defined, the connection V is obviously
flat.

Proposition 2.2. Theleft canonical connection of the translated loop multiplica-
tion x .y (a€ Z) on L coincides with the left canonical connectionV of the original loop.

Proof. The assertion follows from the definition, because the left multlphca-
tion map of the translated loop multiplication x - .y is 2,271
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Proposition 2.3. The covariant derivative (Vz;T)(X, Y) of the torsion tensor
field T(X,Y) of the connection V is

V)X, Y)=(Z,Y,X)—(Z, X,Y),
where (X, Y, Z), is the associator of the translated loop multiplication x-y.
Proof. We denote by 7(x) the mapping 7,4,: 7,% -7.%. Using the covariant

constant vector fields X(x)=1(x)X, and ¥Y(x)=1(x)Y,, the torsion tensor field
takes the form

T(X,Y) = Va Y-V X—[X, Y] = —[X, Y] = —t(x) ¥, (X(x)) + t(x) X. (Y (x)) =
= —t() L (t(x) X))+ 1(x) X. (t(x) Y.),

where #(Y) denotes the derivative of the mapping 7 by the variable x in the di-
rection Y. It follows

(T)X,Y), = Z[' () T(X, V)] = = t()T(X, ¥).(Z)+ ZIT(X, Y)). =
= —t(e) [~ 1) Y.(1(x) X)) + 1(x) X, (: () )} (2) - T(@) V(X _, Z,) —
— t(@) Yo (t(e) Xo(Z0) +T(e) X (Yo, Zo)+ t(e) X, (1() Ye(Z))-

We consider now a local coordinate system defined on a neighbourhood of the
identity e on which the loop multiplication is of the form

x.y =x+y+q(x, y)+r(x, x, y)+s(x, y, y)+ {higher order terms},

where ¢ is a bilinear, r and s are trilinear maps on the coordinate vector space. Then

we can write

(VZT)(X’ Y)e = Q(Z, q(X9 Y))_q(Z’ Q(Y, X))—V(X, Z, Y)_’(Zs X: Y)_
—9(@(Z, X),Y)+r(Y, Z, X)+r(X, Z,Y) +q(9(Z, Y), X).

By the Theorem IX. 6.6. in [5], the commutator and the associator of the loop have
the forms

ind [X,Y] =q(X,Y)—q(¥, X)
(X, Y,Z)=q(q(X,Y), Z)—q(X, q(Y, Z))+r(X, Y, Z)+
+r(Y, X, Z2)-s(X,Y, Z)-s(X, Z.Y),
respectively. Hence we obtain
(%T)X,Y), = (Z,¥, X)—(Z, X, Y),

which proves the assertion at e€.#. For ase we consider in the same way the
loop multiplication x:y instead of x - y to prove the assertion.
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3. Alternative family of loops

Definition 3.1. The family of loop multiplications x:y defined on & is
called alternative if the identities

x:(x:y) =(x:x):-y, x-(y:y)=0;9):3 x:(y.x) =)
are satisfied for all x, y, ac %.

Proposition 3.2. If the family of loop multiplications Xy defined on & is
alternative then the torsion tensor field of its canonical connection V satisfies

1
(V:T)X,Y) = 3 {T(T(X,Y), Z)+T(T(Y, Z), X)+T(T(Z, X), Y)}.
Proof. By the assumption of the alternativity of the loop system the associator is

(X, Y,Z) = %{[[X, Y], Z)+[Iv, 2], X} +[(Z, X1, Y]}

(cf. Remark IX. 6.18. in [5]). Since T(X, Y)=—[X, Y], the assertion follows from
Proposition 1.3.

Proposition 3.3. The connection V defined by §XY=VXY+ -;—T(X, Y) is
complete. Its torsion and curvature tensor fields T X, 1), I°{(X , Y)Z satisfy
V,T=0, V,R=0,
i.e. the manifold & with the connection V is a locally reductive homogeneous space.

Proof. Since the connections V and V have the same geodesics Vis complete.
The relations V,;T=0, %zli=0 follows by standard calculations from Proposition
3.2.

Theorem 3.4. Let & be a connected and simply connected manifold equipped
with an alternative family of loop multiplications Xy Then ¥ can be represented as
a global reductive homogeneous space £ =%[#, where the Lie algebras of the Lie
groups 4, H satisfy g=+rA-+m and Ad pmCom. If V is the canonical connection
of the homogeneous space 4/ and T is its torsion tensor field, then the left canonical
connection V of the family of loop multiplications takes the form

VxY = Wy Y—T(X, Y).

Proof. The assertion follows from the preceding propositions because a comp-
"lete, connected and simply connected locally reductive homogeneous space is a global
one (cf. Chap. X. Theorem 2.8. in [7]).
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4, Geodesic loops of the left canonical connection

Proposition 4.1. Let & be a Moufang loop and let V denote its left canonical
connection. If x(t) is a geodesic through the point a=x(0) with respect to V then
x(t) is a one-parameter subgroup of the translated multiplication XY and the parallel
translation along x(t) coincides with the map t(x(t))ot(a)™, where t(x)=T,2,.
Consequently the loop multiplication can be written in the form

x.y = expyot(x)ot(a)~toexp; 'y

in a neighbourhood of a.

Proof. Since the Moufang loops are alternative and their isotops are also
Moufang loops, the family of loop multiplications x.y consists of diassociative
loops (cf. Chap. VI. in [3]). The geodesic loop multiplication x; y=exp,o1(x)o
ot(a)"loexp,; ! y of the left canonical connection of the diassociative loops coincides
with the original multiplication because the geodesics of the left canonical connec-
tion of the diassociative loops are the curves x-exptY (x€.%, Ye £,¥), where
exp tY is the 1-parameter subgroup of & tangent to Y€Z,%. Hence the assertion
follows from the results in the Section 1.

Proposition 4.2. Let xoy denote the local loop multiplication with identity
element a defined by
Xoy = x2/3. (y . xl/s)
a a a

on a Moufang loop L. If x(t) is a geodesic with respect to the left canonical connec-
tion V through x(0)=a, then it is a one-parameter subgroup of the loop with multipli-
cation xoy. The parallel translation along the one-parameter subgroup x(t) with

] 1 a
respect to the connection VxY=Vy Y+? T(X,Y) coincides with the map T,2,(x(?)),
where )o.,, denotes the left multiplication map ia(x) y=xoy. Consequently,
xoy = expyod, L,oexp;?y
in a neighbourhood of a.

Proof. We know, that the loop multiplications Xy (ac ¥) have 1-parameter

subgroups in each direction X¢J,.%, that are geodesics of the connection V. Since
a.exp, tY is a l-parameter subgroup of the multiplication 382 it can be written

in the form
a-exp.tY = exp,t7.A.(a)Y.

Similarly, x~*-(exp, tY;x) is a 1-parameter subgroup of the multiplication x:y
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hence it can be written in the form exp, t7,4.(x) 107 0.(x)Y. Thus we have
XO0€XP, tY=x- (x—1/3 ‘ (expe tY;xlls)) =Xx- (expe tg; Ae(x1/3)—log; Qe(xlls) Y) =

= exp; 17,4, (les)o'% Qe (x1/3) Y
and so :
x0y = expy T, A (x*F)o T, 0. (') exp~'y
follows.

We prove now that the mapping 7_1,(x%?)0T,0,(x'/®) is the parallel translation
of the connection V along the geodesic segment exp, tX (0=t=1), where exp, X=x.
First, we note that the l-parameter groups of the multiplications x:y and xoy

coincide for all a€.#. Let Y(¢) denote the vector field
2 1
¥(1) = T4 |eXp. 3 tX JoTcQ | €XP, 31X}

2 1
along exp, tX, where Y € 7 .%. If x,=exp, 1, X, y,=exp, (—5 . X ) .Y ,exp, (? t, X )
and X(1)=,2.(x,)X then we can write '

2 1 2 1
= exp, '§(t" to)X;yo;exp, g(f—to)X = €Xp. tX;y;exp, 3 tX.
Now
2 1
V) = Truha [ 65010 3 (=10 X )0 Trtn [63Prr -1~ 0 X0) Y0
follows, and then
d
(VD) (to) = = (T 2 (XD, (1 = 10) X (1) Y (1)}, =

= {7z (5 4~ 0 X W) o T (o701 5~ 1) X (1) Y(’o)}‘o-

We introduce a coordinate system around Xx, in which the multiplication X-y is
. [
of the form

x.y=x+y+q(x,y)+r(x, x, y)+s(x, y, y)+ {higher order terms}.
*o
Then we obtain that

(Ve ¥) () = 5 4(X (1, ¥ (1) + 5 a(F (1) X(1)) = 5 T(X (10, Y1),
or

B F)() = (Tt~ 5 T(X (), ¥(19) = 0.
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. 2 1
Thus F,4,=9,4, [expe 3 19.¢ ) od,0, (expe 3 tX ) gives the parallel translation along
exp, tX with respect to the connection V, which was to be proved.

Theorem 4.3. Let & be a connected Moufang loop with the multiplication
x .y and ¥ is the Lie transformation group generated by the maps }; (x):=2,(x%) g (x11%)
(x€ ). Let # be the isotropy subgroup of 4 at e€ %. The loop can be represented
as a reductive homogeneous space G{H# with the reductive decomposition g=~#+ o,
where g and /4 are the Lie algebras of 4 and 3, respectively. The complementary
subspace n of % in g consists of the tangent vectors of the one parameter subgroups
{):e(x(t))} at the identity of 9, where the curves {x(t)} are the one parameter subgroups
in the loop &. Let T be the torsion tensor Jield of the canonical connection \Y of G/
and let V be the invariant connection of the homogeneous space 4/ defined by

Vi Y = VyY-T(X, Y).
Then the multiplication x.y locally coincides with the geodesic loop multiplication of V.

Proof. Let % be a connected Moufang loop. The translated multiplications
x:y:=x-a\y locally coincide with the geodesic loop multiplications of the canonical
connection V. Let p: £~ be the universal covering of the loop %. The kernel
p~e) is a central abelian discrete subgroup of %, which is naturally isomorphic
to the fundamental group of & (cf. Proposition IX. 1.24. in [5]). Since p: ¥~
is a covering homomorphism it is covering homomorphism for the translated multi-
plications X:y=x-a\y too. Let V denote the covering connection of V defined
on the manifold &Z. It is clear from the construction of the covering loop multiplica-
tion on % and of the covering connection V that & is a Moufang loop and the
translated multiplications x-yon Z locally coincide with the geodesic loop multi-
plications of V. By Proposition 3.3. & is a locally reductive homogeneous space
with the connection V. Since it is simply connected, it can be represented as a global
homogeneous space Z=%/#, where ¥ is the transvection group (cf. Theorem
1. 25.in [7]) of &£ generated by the affine transformations having the local representa-
tion ‘ :

1.(3) = exp,0 T (y)oexp;?,
where

jx )= Ax 67 2/8) éx (}’ 1/3)

and 1,(p) is the left multiplication map of the translated covering loop x.yon Z.

Since the mappings i,’(z) are isomorphisms between the multiplications ie(x) y and



Moufang Lie loops 267

i,(x)y we have ie(z)ie(x)y=i,(ie(z)x)ie(z)y. With the notation u=i,(z)x, we
obtain

Lw=1Leido vieo

Thus the transvection group ¥ is generated by the maps i -(2), ze &, Consequently,
the subgroup generated by the maps i (1), t€p~L(e) in @ is central and the homo-
morphlsm p: P~ can be extended to a homomorphism A(p): 4—~% so that

A p)(Ie(z))=}.e(z) and the group ¥ is generated by the maps  4,(z):=4,(x2/3)p,(x'/%)
(x€.#) and acts transitively on Z.

Since the complementary subspace # of £ in g correspond to the subspace
spanned by the tangent vectors of the parallel translated franmies in the linear frame
bundle over %, we obtain from Proposition 4.2. that » consists of the tangent

vectors of the one parameter subgroups {;'Le(x(t))} at the identity of 4. Thus the
assertion follows from Theorem 3.4,
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