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On Jessen’s inequality
J. E. PECARIC and I. RASA

1. Introduction

Let X be a compact Hausdorff space and let C(X) be the space of all continuous
real-valued functions on X, endowed with supremum norm and usual ordering. Let
M. (X) be the set of all probability Radon measures on X. The following fact is
well-know [7, Sect. 6):

(1) If p is a bounded linear functional on C(X) such that [u[|=u(1)=1 then
p is positive, i.e. u€M} (X).

Let K be a compact convex subset of a locally convex Hausdorff real space B
and let B’ be the topological dual of B. Let péM" (K). Then (see [7, Sect. 1 and
Sect. 4]): : S : - '

(2) There exists a uniqgue beB such that u()=I(b) for all 1cB’. (In fact,
beK; it is called the barycenter of p).

(3) f(by=u(f) for every convex function feC(K).

The inequality (3) is related to the Jessen’s inequality (see [1], [4], [5], {6], [10]).

We shall use these results to prove a Jessen-type theorem similar to Theorem
5 of F. V. HusseNov [3] and we shall extend (1), (2), (3) by considering a class of
sublinear functionals studied by V. ToTik [12] instead of linear functionals ué€ M (K). ,

2. A Jessen-type theorem

Let E be a nonempty set and let L be a linear space of real-valued functions
defined on E; suppose that the constant function 1 belongs to L. Let M: LR
be a linear isotonic (i.e., M(f)=M(g) whenever f,g¢cL, f=g) functional such that
M(1)=1.
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Let B be a locally convex Hausdorff real space and let £ be a set of B-valued
functions defined on E such that loF¢L for all FE¥ andall I€B’. Let #: ¥—~B
be such that I(#F)=M(loF) for all IeB’ and FcX.

Let K be a compact convex subset of B, let p€C(K) be a convex function and
let Fe%. Suppose that F(E)cK and ¢oF¢L. Denote H={hcC(K): hoF¢cL}.

The following theorem contains a Jessen-type inequality (see [1], [2], [6], [10]
and, especially, [3]).

Theorem 1. a) #FCK and @(AMF)=M(¢oF).
b) If ¢ is a strictly convex function then @(MF)=M(poF) if and only if
h(MF)=M(hoF) for all hcH.

Proof. Let us remark that 1¢H, ocH and I¢H for all leB’. Consider
A: H-R, A(hy=M(hoF) for all h¢H. Then A is a positive linear functional with
Al =1. Using the Hahn—Banach theorem we deduce that there exists a bounded
linear functional x4 on C(K) such that p coincides with 1 on H and |ul|=[4]. It
follows that |yl =p(1)=1. Using (1) we infer that uc M* (K).

Now let /eB’. Then u()=A{)=M(oF)=I(#F) and (2) implies that .#F
is the barycenter of u, hence #F¢K. Using (3) we deduce @ (AF)=u(p)=A(p)=
=M(¢@oF).

Suppose now that ¢ is strictly convex (such a function exists in C(K) if and
only if K is metrizable) and @(#F)=M(poF). Then u(p)=¢(MF). By virtue
of [8, Lemmal, i is the Dirac measure corresponding to #F. It follows that M (ho F)=
=A(h)=u(h)=h(HF) for all hEH

3. Inequalities for sublinear functionals

Let X be a compact Hausdorff space. Denote by (X) the set of all sublinear
functionals A: C(X)~R such that 4(1)=1, A(—1)=-1 and |4]=1 (ie,
[A(HI=1 for all feC(X) with |f]=1).

V. TotIk has proved in [12] that if A€Z(X) then A(/)'—ém}?xf forall feC(X);
moreover, if X is metrizable then for every 4€ 7(X) there exists a sequence (x,),¢n
in X such that A(f)=lmsup (f(x))+...+f(x,))/n for all feC(X).
~ We shall extend (1), (2) and (3) replacing M (X) by T(X).

Example 1. Let p, vé M’ (X). Define A(f)= X[max (v(N, f(x))du(x) for
all feC(X). Then AcT(X).

Example 2. Let (v;) be a net in M% (X) Define A(f)=limsup v;(f) for
all feC(X). Then AEI(X).
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Although the following extension of (1) is a consequence of Proposition 2
below, we insert here a direct proof.

Proposition 1. Every A€J(X) is isotonic.

Proof. Let f,gcC(X), f=g, A(f)=>A(g). Then 0<A(f)—A(g)=A(h)
where h=f—g=0. Let m= —m}i{n h. Clearly m=0. We have O<A(h)=A(—m)+
+ A(h+m); this yields A(h+m)>m. On the other hand 0=h+m=m and | 4]|=1
imply A(h+m)=m, a contradiction.

Propositon 2. 4€J(X) if and only if there exists a nonempty set SCM> (X)
such that A(f)=sup {u(f): u€S} for all feC(X).

Proof. Let A€ 7(X) and let S={u:C(X)—R: plinear, u=A4}. Using the
Hahn—Banach theorem we deduce that A(f)=sup {u(f): peS} for all feC(X).
But if u€S, then [u|=u(1)=1; therefore ScM?’(X).

The converse is easy to prove.

The following result extends (2) and (3).

Theorem 2. Let K be a compact convex subset of a locally convex Hausdorff
real space B and let A6 T(K). There exists a unique nonempty compact convex subset
0 of K such that A(h)=m51xh for all h€ B’. Moreover:

a) Aislinear on B’ if and only if Q reduces to one point.

b) Let McK. Then A(f)zsgp [ for every convex function feC(K) if and
only if Mc Q.

Proof. By Proposition 2 there exists ScML(K) such that A(f)=
=sup {u(f): ucS} for all feC(K). Let C=conv{b(u):ucS} where b(u) is the
barycenter of u. Let Q be the closure of C. If h€B’ we have A(h)=
=sup {u(h): p€ S}=sup {h(b(n): peS}=sup {h(x): xEC}=man h. The uniqueness
of O is an easy consequence of separation theorems.

a) Clearly A is linear on B’ if Q reduces to one point. Conversely, let 4 be
linear on B’. For h€B’ we have maxh A(h)——A(—h)——max (—h)= mm h.
It follows that every he€B’ is constant on 0, hence Q reduces to one point.

b) Let McQ and let f€C(K) be convex. Then A(f)=sup {u(f): ueS}=
zsup {f(b(w)): ueS}=sup {/(x): x€C}=maxf=sup /.

Conversely, suppose that A(f)%sblllp S for every convex function f€C(K).
If teM and t¢Q, there exists h€ B’ such that h(t)>m51x h. We have sup h=
%h(t)>maxh=A(h)Zsuph a contradiction. Hence M.c Q.

Example 3. Let a€[0,1], 4: C[0, 1]-R, A(f)= fmax(f(a) f(x))dx. Then
4e7(0,1]) and Q=[(1-(1—a)?)/2, 1+a?/2]).
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Example 4. Let K=][0, 1}> and A4€J(K),

1 1
4 = sup {3 (&0, 00+ 3(0,1)), > a0+ 6(1,1))}

where g, is the ‘Dirac measure corresponding to £.

Then
0= {[x, %] x€fo0, l]}.

Example 5. Let K=[0, 1]* and
1 1
4= SUP{5(8(0,0)+6(1:1)), 5(3(0,1)+8(1,o))}-
) 1 1

Then Q reduces to the point [7’ -—2~]

Remark 1. Let pe M (K) and let b=>b(n). For geC(K) define

Big®) = [g((it . +t)n)d(® ... @ @) (01, --os 1)
KTI

(B, is a Bernstein—Schnabl type operator; see [11] and the references given there.)
For every convex function f€C(K) we have the following improvement of (3):

p(f) =B f(b)= B f(b) =... = f(b)
and lim B,f(b)=/(b) (see [11]). In [9] it is shown that u(f)=f(b) if and only if f
is affine on the closure of conv (supp p).

Remark 2. Let now K be a Choquet simplex. Let ue ML (K) and b=b(y).
Let &, be the Dirac measure and let p,€ M* (K) be the unique maximal measure
which represents b. Then for every convex function f€C(K) we have (see [7, Sect. 9]):

@ &(f) = n(f) = m(f)

For K=[a, bJc R inequalities similar to the second inequality are studied and
generalized in [1] and [6], Lemma 1.

Let A€T(K), ScML(K), A=sup {u: ucS}. Let fcC(K) be convex. Then
A(f)=sup {u(f): peS}=sup {u,(f): b€ Q}. Hence
®) sup {&(/): b€ Q) = A() = sup {u,(/): beQ}.

This is an extension of (4).
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