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On the divergence phenomena of the differentiated
trigonometric projection operators

S. P. ZHOU

1. Introduction

Let r be a nonnegative integer, C}_ the class of 2n-periodic continuous functions
which have r continuous derivatives, C.,=C5_, Z, the set of trigonometric poly-
nomials of degree at most 7. Let

FeCon ~ 7,

be projection operators, that is, linear operators with the following properties:
(i) B(f,ix)eT, if f€Cy,,
() ER(f,x)=f(x) if fe,.

Furthermore,
P(') , X
1O sup EOUIN
ozrec,, NSl
is the norm of the r times differentiated operator, || - | denotes supremum norm over

the real line, E,(f) is the best approximation of f€C,, by trigonometric polynomials
of degree n, and

o(f, 8) = max | f(x+h)~f(x)l.

Recently, P. O. RUNCK, J. SzaBapos and P. VERTESI [1] studied the convergence
of differentiated trigonometric projection operators, they established

Theorem A.If feC}, and PECyn—~T,, then
1P = B2 (f, )l = O(E(f )+ EL(NIBD]).

On the divergence phenomena [1] showed
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Theorem B. Given r=0, a modulus of continuity w(t) such thar

M 0,

M em -
and a sequence of projection operators P,E€C,,—~7,, then there exists an f,(x)¢
€C,(w) such that

. ISP )= BO (f, DI
lim sup a(n~Y)logn

> 0,
where
(r)
=i <o}
Theorem C. Given r=0, a sequence of projection operators P,6Cy,—~5,

and a sequence &, 5822...,}12‘2 e,=0, then there exists an f,(x)éW"Lip1 such
that

C,((D) = {f(X)' feC;ts fEE

. r(') X, —I)n(r) rs X
g MO B _
n

where
WrLip 1 = {f(x)€Cs,: fP€Lip1}.

From the above discussions, a natural question thus arises: Can we remove
condition (1) eventually while the same conclusion of Theorem B still holds?
Using some new ideas, together with the basic methods given in [1] and careful
calculation, the present paper will prove this fact.

2. Result and Proof

Lemma 1. Let

» sinjx
SN.u(x) = -j ’
=N J

then for leén“”/",
' Sy, a() = O(n=73),

and for |x|=N-2,
ISx,a(¥)| = O(N-3).

Proof. It is easy to see that

() ISh,a(X)] = nix|
since
Isin jx| = j|x|.
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At the same time, by Abel transform,

n sm]x nt J | B
sinkx+— 2 sinkx,
Z;v Z J(J+1) Zn nk=2~ '
while
.o ] 1
J cos(]+7]x+cos[N—7Jx
2 sinkx = . ,
k=N .
2sin >
so %)
® ISral = It~ Z' <+ = o1,
’ JG+1

Now Lemma 1 follows from (2) and (3).

Lemma 2. Given r=0 and n=1, there exists a function g, (x)cCg, such that

C) I8 ()] = Crr,
) gL =Crly j=rr+1,
o+, |x}=n?

© 18520 = ooy 1 = met,
and
) % [ 89 () Du(tydt = Crrlogn,
where -

. 2n+1

sin—5—1
D,(t) =
2sin 5
is the nth Dirichlet kernel.
Proof. Set
, rn . re
n%/8) cos [(n—.l )x+’_2-) 2/ Cos [(n +J )x+"2_')
nr x)=n T r - T - )
8w() 1=%’=1 J(n—jy j=[§”] J(n+jy
then
[n%/3] 3 {n2/3] . M9 i s
g9 (x) = [ cos(n' x cos(n:i-j)x) ~ wrsinnx S s1n'jx
J=lnt/%] J j=lnt/g J i=twaJ

1) In the whole paper, C always indicates some positive constant depending upon r but inde-
pendent of n which may have different values at different places.
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Furthermore,
[n2/3] sin 7x n2/3)
g&+V(x)| = |2 cosnx I owsinnx S coijl =
=t J j=n''7
[”2/3] Sln [,,2/3]
=2ur (n 2 " |+ sin nx| ] cos jx |)
[,,1/2] /

Altogether with Lemma 1 and
Isin nx} = n|x|,

[,,zla]
| 2 cosjx| = O (min {n*?, |x|~1}),

i=m

we then get for |x|=n"1, ,
850 () = 0+,
and for |x|=n—14,

850 (x) = 0@+,
(6) is completed. By above discussions and the well-known estimate

» sin jx
2 —

=

= 0(1)

for all n, (5) is trivial. The estimate (4) is also not difficult. If r=0, then (5) implies
(4). Let r=1, we have

n2/3] 1
- (Ol = 207 - = o(n'), g
len (N =2 2 e = o), n
which implies (4). At last,
":/8]
— fg(’)(t)D,,(t)dtz "> -—J:-%Cn'logn,
J=(n/7)

that is (7).

Theorem. Given r=0, a modulus of continuity w(t) and a sequence of projec-
tion operators P€C,y,—~T,, then there exists an f,(x)€C,(w) such that

. 1A (x)— B (.fr9 x)|
hx}l_.s;lp wmYHlogn = 0.

Proof. Considering Theorem B, we only need to prove our theorem in Lip 1
case. If for any fixed N,

(r) (r)
llm sup ”g (x) _f (gNra x)"
n-rco logn
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then gy,(x) is the required function. Now we suppose otherwise for any fixed N,

- 1R ()= B (gn,, X))
® Jm n~tlogn =0

Using the argument from [1], p. 291, we have

1 e 1 7
—_— r) . - —_ . (r)
30 J B0l 4 —i)di =2 [ gROD0)dr
"By (7) we get
® - | B (gne X)|| = Cr log 1.

We select a subsequence from natural numbers mn,<mn,<... by induction.
Let n,=1. After n,, we choose n,.,, satisfying the following properties:

(10) nehy s

an ncty = min{L, |BOI g

853 (x)— B, (8nyes 2
neilog gy

(12)

=k-log 'k, j=1,2, ..,k

Due to (8), (12) is possible. Define

f;(X) = Zgnjr(x)n—' l

Clearly, f,€C;.. For 6=>0, let n;}= 6<nk . Then by mean value theorem
there is a 6,€[0, 1] such that

k oo
IO+ -0 =6 2 Ig.ﬁ:"’(X+9h5)ln,-""’+2j %’Llllgﬁﬂl(X)llnf’“‘i=
j= =

= E,1+22°
Due to (5), (6) and (11),

L=C 3 njt=0(n}) = 00)
j=k+1
Meanwhile since (7%, n; V) N(ny?, n;'#)=0, 1 =i<j(by (10)), if x+0k6€(n, ,n“/‘)
for some i,, 1 =i;=k, then
x+0,6¢(n;t, Y
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for 1sjsk,j#i,, thatis, x+6,0 satisfies (6). Therefore,
Z = 5(|g,(,;:;1) x+6.)nm 7+ 3 |8 +D (x +6,8)| nj*-Y) =

135j5K, joiy
= C5(1+ 3 nj¥) = 0(9),
i=1
thus we have proved f,¢W" Lip 1. On the other hand,

192G = BO fos 21 = 1B @nyrs =2

k-1
- Z; lg$ () — BL (gnyr Dimy =1~ Z' g (ol ny7 =2~
F=

- Z " (gnlnx)” n—r-l = Xy— £4—Z5—23.
J=k+1
From (9),
(13) Zy = Cnillog my,

while (5), (11) and (12) imply that

(14) %, = O(é nj?) = O(nY,

15 Zy = Ok 1n;tlogny),

finally using (4) and (11) we get

(16) L= 0(IBQN 3 n7*) = ORI nicty = Oic?)
Combining (13)—(16), we thus have

1A )~ B (f, x)| = Cni logn,

for sufficiently large k. Theorem is proved.
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