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In this paper we give integral expressxons for overlap integrals (nl|n’l’) with n, n’=3, 4 using
SLATER type orbitals for 3d, 4s and 4p atomic orbitals and an approxnmate function for the radial
part of 45 and 4p .

In LCAO—MO calculations on polynuclear complexes of transition metal
ions have to be calculated overlap integrals between 2s, 2p, 3d, 4s and 4p atomic
orbitals, From these integrals the expressions of (nljn’t) with n=2,3,4; n"'=2,3
are available in literature [1-4] but expressions of the other integrals — to our
knowledge — have not been published until now. As these integrals are important
in theoretical investigations of polynuclear complexes and similar molecular problems,
we give in the following expressions for these integrals using SLATER type orbitals.

The calculation of overlap integrals

The radial part of SLATER type orbitals is of the form

a*=1, ,—
r e,

where
Z—o

T hray’

n* is the effective principal quantum number and Z—o¢ is the effectlve nuclear

charge. If the pr1n01pal quantum number is n=1,2, 3,4, ..., n* has the following
values: n*=1,2,3;3.7,.... The constant « can be determined with the help of
SLATER’s rules

The overlap integrals of the real SLATER type orbltals can be divided into three
classes:

. 1. The overlap integrals (nljn’l’) with n= 2 3; n’'=2,3 can be calculated in
elliptical coordinates (u, v, @) defined by

Lr+r v_"*"' e,
pE—m V=g =0
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where 1=p=oc, —1=v=1, 0=¢p=2r and the meaning of r,r’, ¢ and R can be
seen in Fig. 1 (the coordinate system (2) is left-handed).

In these elliptical coordinates the overlap integrals (34, 2s), (34, 2p) and (34, 3d)
"can be expressed by the integrals

A@) = [ predy
1

1
B,(b) = f Ve tdy

where a=% (a+p), b—— (x~p) and a, f are orbital exponents. The values of A (a)

and B,(b) for various a and b can be found for example in [5] but it is inconvenient

x v X
A v 4

(1) AR (2)

Fig. I

to use this table in practice. It seems more practical to calculate these integrals
with the help of the following recurrence relations:

1 -a
An = ;[nAn-l'I“e ],

= $IB, s+ (~ 1yt —e7).

2. The overlap integrals (nl|n’l") with n=4; .n’=2, 3 can be expressed with
the help of integrals

! r
Tl =EUER e =g,
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where x = aR, y = R and

. yix o :
mlyxx)t= [ retd, I@= [ e
0 0

For the calculation of these integrals it is necessary to know the values of the
mcomplete I'-function, which are available in [6].

3. The overlap integrals (nl/n’l") with n, n’=4 cannot be expressed by any
closed forrulas. For this reason we approx1mated the radial part of 4s and 4p
by the function :

ckrk‘e—z’r

lp:

e

where ¢-s and o« are constants. These constants can be determlned in various
ways, for example under the condition

J@=Iyav=min
From this eondltlon for ¢-s (if a"=0a,,), we get for the Co atom the followmg results:
¢; =—0.047 530 507,
c; = 0.360 145 640,
s = 0.728 294 860,
s =—0.041 616 865.

Naturally the coefficients ¢,-s depend on «. We intend to determine these ¢,-s and
a’ for all transition elements.
Using the approximate function, the overlap integrals (4s, 4s), (4s, 4p), (4p, 4p) »
as well as (nljn’l") with n=4; n’=2, 3 can already be expressed with integrals A,,(a)
and B (b) .

Expressions. for integrals

L (dey, 3dey) = Gdya_2s 3dya_0) =
1 (ab 3.5 . .
= 5155 {AsBo=2A,By+Ac By —2A, Bo+3A.By—A B+

+Ag Bo— 3A, By+2A, By— A By +2A, B, — A, By}
2 (Bdens 3de) = (d,, 3d,) = '
2 (ab)®* -
3 128
3. (3ds, 3d) =

1 (ab)?®
=318 —~—— {ABo~6A B, +9A; B, —6A, Ba +3A,B;~9A;Bs+

{—A¢B;+AsBy+ABo—A B —A; Bo+A; By + AyB,— Ay By}

+9A,By—3A; B, +6A;B; —9A,B; +6A,B; —A, B}
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1.7 4.2
30407 x5 <
X e*[(360— 360x+ 192x2 — T2x% + 24x* —8x5) {G(4.7|y + x) —
~I(3.Tly+x)} +(360x — 36032 + 192x% — T2x4 + 2435) {G (5. 7|y + %) —
—1(4. 7]y +x)}+(144x3 — 14433+ T2x4 — 24x%) {G(6.Tly +x) =
—X(5.Tly+x)} +(24x* —24x4 +8x%) {G(1.7ly +x)—1(6.7ly+ )} +
A+~ *[(360+360x +192x3 + T2x% + 24x4 + 8x%) {I(3.7]y —x) ~
—G(8.7)y+x)} — (360x + 36053+ 1923 + T2xA + 24x5) {1(4.7]y — %)+
+G(5.Tly+ X))+ (144x* + 144x3 +-T2x4 +2455) {1(5. T}y —x) —
~G(6.Tly+x)) ~ (2433 +24x4 +8x9) {1(6.7ly — ) + G (1. Tly + D)}]

. 2]-7 yai.ﬂ
(49 3. = (py, 30 = s Lo

X {E* (720 ~T20x 4+ 31252 — 723+ 8x%) {27y + D~ G B.Tly+ D)} +
£ (720% —720x8 -+ 31258 = T2x4 4+ 88) {I(3.Tiy+ %)~ G (@ Tly+ 0} +
+(3122 — 31225+ 128x4 — 248) {I(4.Tly+x)— G 5. T\y+ 0} +
+(T238 = T2+ 2455 {I(5. 71y +x) ~ G(6. Ty + )} +
+(8x4—8x%) {I(6.7ly+ )~ G(1.Tly+ )]+ |

e F[(T20+T20x 4 3125+ T2 +8x8) {G BTy +x)—[(2.Tly —x)}+
+(720x+720x%+ 31220 + T2 +85%) {G (4. 7|y + )+ 13|y — )} +
+ (312504 312004+ 12854+ 2429) {G(5. Ty + )~ 1471y -0} +
(126720 424x5) {G(6.Ty+ 9 +1G.Tly— %)} +

(4s,3d,5) =

+(8x24+8x%) {G(1.7ly+x)-1(6.7y—-0} e
}/3_ 907 4.2
4p,,3d ) = T‘(7_4T)0—5!XT5'

x{e*[(15120 — 15120+ 7440x2 — 24003+ 57634 — 11235+ 16x) {1(2.7)y +x) —
—G(3.Tly+x)}+(15120x — 15120x + 74403 — 2400x* + 5765 — 11258 +
+16x7) {I(3.7ly+%) — G (4.7|y +x)} +(6480x2 — 648033 + 3168x4 —

— 10085 +240x° — 48x7) {I(4.7|y+%)— G (5.7l y+x)} +(1440x% —
— 144024 1 688x5 — 208x3+46x7) {I(5.7)y+x) ~ G(6.T[y+ )} +
+(144x4 — 14455 + 6428 —1627) {1(6.T]y+0) —G (7. 7ly+ 0} +

e~ *[(15120+ 15120x+ 74402 + 2400x" + 57634 + 1128 + 16x%) {G 3.7}y + )~

—1(2.7)y — x)}+ (15120x + 15120x% + 7440x® +2400x% + 576 x5 + 112x° +
+16x7) {G(4.7ly +x) +1(3.7)y — x)} +(6480x2 +6480x3 + 3168x* +
+1008x* +240x% +48x7) {G(5.7)y +x) —1(4.7|y — x)} + (1440x3 +
+ 1440x* + 6885 + 2088 +46x7) {G(6.7ly+x)+1(5.Tly— x)} +

(14437 + 14435 + 6438+ 16x7) {G (7. 7]y +x) —1(6.7ly —x)}]
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R)®
(4s, 4;) =2z (—2—) Ny (@) Ny, (B)X
X{a1b1[AsBy —2A,B; + AgBy] +

R ' ' :
a6y [AvBo—AuBy 285 By +2A1By+ A By~ Aoyl

<

R)? '
+a1b3 (?J [AQBO—2A5Bl—A4B2+AaBa_A2B4—2A1B5+AoBQ]+
. R 3 ) : . A . .
+ayby (7) '[AvBo—3A6B1+A5Bz+5AaBa—5A3BA—AsBu+3A1Be"AoB1]+_

. R - . o
+a2b1—2—[A5B0+A4Bl—2A3B2—2A2B3+A1B4+A0B,]+

Ry - ’
+azby (7) [AsBo —3A, By -+ 3A, B, — Ao Bl +

" [ R} N .
+a, by [—2—-) [A;By—~A¢B:—3A;By+3A,B;+3A;B,—3A;B; —A; By + A, B;] +
R4 ’ o -
+a,by (7) [AsBy —2A; B, —2A4B; +6A;B; —6A; By +2A, By +2A, B, — Ao Bgl +
. Ry . .
+agh, (7) [A;Be+2A;B; —A;B; —4A;B; — Ay B, +2A;, By + Ag Bl +
R s ) . . ‘V N
+azb, (7) [A;Bo+AgB, ~3A; By — 3A, By +3A, By +3A,B; — A By — Ay Byl +
) R\ . |
+azbs (—2—) [Aq By —4AB;+6A,B;—4A, By + Ay Bg]+
R 5 ’ . .
+azby (—;) [AyBo —AgB; —4A; B3 +4A; By +6A; By —6A,B; —4A; B +4A,B; +

Bs — A, Bg] + )
3 . .
[A;Bo+3A¢B;+As; By —5ABs—5A; B+ A B + 3Aqu+AoB7] +

. -
[AsBo+2A,B, —2A4B, —6A; Bs+6A;Bs+2A;B; —2A,B; —A Bl +

St m—

NERIERIEES

e

. _ , N
[AyBy+As B, —4A, B, —4A,B; +6A; By +6A,B;—4A; B, —4A, B, +
A.Bg+AoB]+ '

+ :
2
NS

fo— ——

R\¢ ' .
+a,by (—2—) [A10Bo—5A¢B; +10A, By~ 10A, Bs +5A, By — Ao Byl}

R\?%
(45, 4p,) = 2n [7) Nuw@N,,_(B)X

X {a;bl[—AgBl‘*‘AaBe—A3B3+A3B1+A2B3—A1B3+A13J+
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R
+a,b, ? [—AsBi+A;By+2A;B;—2A; B, —A; B+ Ao B,] +

. R i
-*—alba[ )[ A5B1+A5B0+A5Bg—A.Bl+2A4B3 2A;B3—2A3B,+

+2AsBa—AsB5+A1B4+A1Bs”Aons]'*'
R

+a,b.( )[ A;By+AgBy+2A¢B; —2A;B; +A B, — A, B; —4A B, +4A,; By +
+A3B5—A2B4+2A2B5—2A1B5—A1B,+A.,B.]+

+a2bl [ A5 B1+A‘ Bo 2A4 B2+2A3B1+2A2 B4 2A1 B3+A1B5 _AO B4]+

+axb, (?) [—A6B1+AEBO —AsBy+A¢B1+2A,B; —2A;B;+2A; B, —2A, Bs — A, B, +
+A1B.—A1B3.+A0B5]+

R ) .
+a2b8( )[ A7B1+A6Bu+3A5B3 3A;By—-3A;B;+3A:B,+A, B, —A Byl +

+a,b.(R)[ ABy+A,Bo+AyBy— A By+3A, By — 34, B,— 3A, B, +
+3A,By—3A,Bs+3Ag By-+ 385 Bg — 34, By + A, B, — A, By— A, By + Ao By +
+a3b,[R][ AgBy+AsBo—3A; By+3A,B, —2A, By +2A, B, + 24, B,— 24, By -
A +3A,Bs—3A,B.+AlB.,—A01§;,]+ :
+a3b2(R][ A;By+A;Bo—2A,By+2As B, + Ay By— A, B, +4A, B, —4A, By +
+ A By~ Ay By —2A, Bo+ 24, By— A; By-+ A, By + AoBil +
+aabs[R][ AsBi+A,By— A,B2+A3B1+3A5B3—3A5B2+3A5B;—3A‘B3—3A.B,+
+3A3B,—3A3B,+3A2B5+A,B,—A,Bs—-AoB-,]+ '
+a3b4(R)[ A,B,+A,Bo+4A.,B3 4AB,—6A;By+6A,B,+4A,B,—4A, B, —
~ABy+ AoBil
+a.b1(RJ[ A;B,+A By—4A,B,+4A, B, — 5As B+ SA By -+ 5A, B; — 5A, B, +4A, B, —
—4A,B;+A;B,—A,By] +
R
+ayby [7] [—AsBy+A; By—3A, B, +3A0 By — AgBa Ac Ba-+ 5A.By— SA, B+

+5A‘B5_SAaB‘—A3B3+A3B5"3A3B1+3A1B5_AIBQ+A0B7]+
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+a.b,(R)[ — AyBi+ AgBo—2A, By + 2, By + 2A, By —2A,By +6A, B, ~ -6A4By~6A.Bo-+
+6A3By—2A4By +2A1By-+ 24, By ~2A1Br +ArBy— AgByl +

+a4b.(R)[ AroBa-+AuBo—AvBy-+AsBy +4A By —4A; By +4A, By —4A, By—6A, By +
+6A5By—6A,By+6A, By +4A,B, ~4A; By+4A,B, —4A, B, ~ A, By+ '

+A1 By — A1AB10 ‘_"AéBol}

2
X {@151[A4Bo— AyBy — A3 Bo-+ AsBe+ Ao By — AgBd +

RY® ' .
(4px, 4px = (4py, 4py) = Tt[—) N4ﬂx(a)N4px(ﬁ)X

+alba§[A5B°—AgBa—A4BI+A4B3—‘-AsBo+A3B4+A2B1—A2B5+A1Bg—
o ABi—AsBy+AoBil+ o

+a1b,(R) [Ae¢By— AQB,—ZAsBx+2A5B3—A4Bo+A‘Bg+2A3Bl—ZASBS—AgB“f-
+AgBy—2A, By 24, By + AgBy— Ao Bl +

‘+a1b.(R] [ArBo—ArBy—~3A¢By-+ 3 B — Ay Bo-+ 3A; By~ 24, By + 3A,By ~ ABy -

—2A;Bs —2A;By—AyB,+3A;B;—2A; B3 +3A, B; — A B, +3A, B, -
—3A,B;+AyB,]+ )

+a2b1 A5Bo A;By+A;B; —AB;—AsBy+AsB— A3B1+A3B5
+A;B;—A,B,+A;B; —A¢B;] +
R : .
+azba[ )[AeBo A¢Ba—A;Bo—~A;Ba+2AB+2A:B;—A; By —A;B, -
—A0B4+A0Bd]+ »
Ry . .
+agbs [—2‘] [A7Bo_,A7Bz—AeB1+AeB3 AsBo A5B2+2A5B‘+2A3B2

— AgB,—AyBy+A B, +AB;—2A,B; —2A; By + Ay By +Ag B, —
'—AIB.+A,B,+A0B5_—A'0B,]+

R : : 4
+asb¢ [ ] [AgBo AsBz—'2A7B1+2A7B3—A3B0+A6B4+2A5B1+2A5B3_

—4A5B5+A4B,-—2A4B4+A4B6—4A3B3+2A3B5+2A3B-,'—I-A2B4—
— 8By +24,B;—2A, B, — Ao By + Ao Byl +

+a3b1[ ][AGB., AGBZ+2A5B1—2A5B,—A4B0+A4B2-2A,B1+2A3B5—A3B..+

13
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| +AsBy+2A,By—2A, By+ AgB,— Ay Byl +
R 3 : .
+a3b2 (3') [A7BO_A7Bz+AcB1 TAoBa—AsBx“l"zAgB‘—A‘Bl—A4B3+2A4B5+

+2A;B, Ay B — Ay Bg+2A;By— Ay B, — A, B, — A, B, + A, By — Ao By +
+AgB,+ A, B+ '

R)* '
+asbs (?] [AsBo— Ay By — A By —2A, By +3A,B,+3A,B, —3A, B, — 3A, B, +
+2A;By+ Ay By + AgBg— Ao By +
R)s )
+aab4 (—2“] [AgBo"Ang—A8B1+AsBa—A7Bo_2A7Bg+3A7B‘+A¢Bl+2AgB3—_

—3AsBs+3A; By —3A5 Bs—3A, By +3A,B;— 3A, B, +2A, By +
+A;Bs+3A; By —2A; B, — Ay B+ A, By — A, By — Ao B, + Ao Byl +

R)\3
+ab; (—Z-J [A;Bo—A;B;+3A4B, —3A;B; —A; By +3A; B, —2A, B, —2A; B, — A; B, +

+3AyBs +2A:B; —3A,B;+A; B, —3A,B; + A, By +2A,B; +3A, B, —
—3A,Bg+A¢Bs—AgB;]+

RY* E
+ayb, (—2—] [A¢Bo—AgBy+2A,B, —2A, By — A¢ By + Ay B, — 2A, B, — 2A, B, +

+4A;B;+A B,—2A,B,+A,B,+4A,B; —2A,B; —2A,B, + A, B, —
—A;By—2A,B; +2A, B, —ABg+ Ao Bgl + '

. R 5 N .
+a4b3 (—Z"J .[AQBO-Ang‘i'AgBl_Ang_A7Bo_2A7B2":3A7B4—AQB‘"

- —2A¢Bs+3A;B;+3A; B, —3A;B;+3A,B; —3A,B; —3A; B, +
+2A;Bs+ A By —3A, By +2A,B; +A,By+A; Bg—A; By + AgB, —A,Byl+

RY)® ~,
- +a3b, (-i-) [A1oBo—ABy —AsBy—3As B +4As B, T4AB: +2A,B, —6A;B; —

—.6A4 By+2A,B; +4A,B;+4A, B —3A; By — Ay Big— Ag By + A Byol}
. RS .
(4p.,4p.) = 2n (7] N4P: (?)N4pz(ﬂ)x
X{a1 6] —AyBy+AgBy+A; By — Ay By] +

R
+a1b2 ? [_A5B2+A4B3+AsBo+_AaB4_A2B1-A3B5_A1B2+A083]+ .
R)? ) ] :
+a by (E-J [—A¢By+2A; B3+ Ay By —2A; B, —2A3B; + Az Bg +2A, B; — A B, ]+

RY? :
‘+a b, (—2-] [—A;B:+3A¢B;+As By—~2A; B, — 3A, B, —2A, Bs +2A4 By +3A3Be + .
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+2A3By Ay B, —3A, By + Ao Bs] +

R . . .
© 4ab, -E- [—As;B:—A;Bs+AgBy+A3B —A; B, —AgB; + Ay By + A3 By +
Ry .
+azbs |— [ A6B2+A4B0+2A4B4 2A;B: —A; B +A B+

+agb3(R)[ ArByt AgBat AsBy+2A: By~ AdB, - 2A,B;—2A,B,— A, B, +
+2A4By+ Ay B, + A, By—Ag Byl +

‘+a2b.,(R)[ AgB;+2A,B;+AgBo+ AgBy— 2A'5B1—4A5B5.—'A4B,+A4B6+4A'3].33+
__+2A,,B,—AZBA—A;BS—2A1135+A.,'Bs]+ |

+aab,[ )[ Ach 2A5B3+A4B°+2A3B1+2A3B5+A2B6 2A,B;—~A,BJ+

R . :
. +aaba[ )[ A;B,— AGB3+A5B°+2A5B4+A4B1+2A‘B5'—2A3B2 A,;B6 2A2B3
—A2B7+A1B4+A0B5]+

R
+a3ba( )[ A3B2+AGB0+3A6B,, 3A B, —3A,Bs+3A: B+ Ay Bg — Ay Bgl +

: R
+a3b4( ][ A¢B:+A¢B;+A;By+3A;B, — AgB, —[3A, B; — 3A; B, — 3A; By + 3A, By +
+3A,Br+3A;By+ A By —3A, B, — A; By — A, Bo+ A, Byl +
R _
+a,b,( ][ —A;B;—3A¢Bs+A;By—2A;B, 4+ 3A, B, +2A,B; +2A,B,+ 3A,B; —
—2A2B3+A,B,—3A,B4—A0B5]+
R -
4—a4b2( ][ AsBz—2A,B3+A6B0+A6B4+2A5B1+4A5B5 —A,B,+A,Bs—
—4A,By—2A,B;— Ay Ba— Ay By+2A, By+A, Byl +
R : '
+a4b3 [ ] [ ABBB A8B3+A1 Bo+3A7B4+AeB1+3A5B5 —3A5 Ba —3A5 Bs_
'A4B3—3A¢B7+3A3B4+A3B3+3A5B5+Ang_AlBe_AoB'l]‘l"
R B - .
+a4b4 [ ) [ A10B3+A8Bo+4AaB4 4A5 Bg _6A3B3+6A4B¢+4A_|B3 -

—4A,B,— A; By, +Ao Bs]}
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MHTETPAJIbHBIE BBIPAXKEHUA JJIA (nl (n'l’) ¢ n,n'=3,4
B. Mapas

IIpencrapneHs! HETErpajibRLE BRIPAXXEHHs A1 HHTerpana nepekperras (nl |n’l) cn,n’=3,4
¢ momommo opOmrane#t THna CJIETEPA mna aroMusx opburaneit 3d, 4s u 4p, @ mpubnm3u-
TenbHaA ¢yHKUas A pamgHabHOM YacTH 4s H 4p.



