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Remarks to the theory of semi-modular lattices
By G. SZASZ in Szeged

Dedicated to Professor L. Rédei on his 60th birthday

1. By a theorem of G. BIRKHOFF ([1], p. 105) a semi-modular lattice
of finite length is complemented if and only if its greatest element is the
join of atoms. The ,,only if” part of this theorem does not depend on the
semi-modularity: it holds obviously for all atomic lattices too. The ,,if” part
may be also considerably generalized: such a generalization is given in our
Theorem 1.

In the first half of the proof of Theorem 1 we make use of semi-com-
plements which are represented as joins of atoms. This fact makes one inte-
rested in semi-complements of this type. Here, considering a semi-modular
lattice L, an arbitrary element e and a countable set P of atoms of L, we
give in Theorem 2 a condition which is sufficient for the join of each finite
stbset of P to be a semi-complement of e.

Finally, using this Theorem, we generalize Theorem 2 of our earlier
paper [6].

2. We begin with some definitions; for the concepts not mentioned
in this section, see [1].

By an upper-directed set S we mean a partly ordered set having the
following property: given a, b € S, there exists some ¢ € S satisfying ¢ = a and
c=b.

A lattice L is called upper-continuous if: (i) L is complete; (ii) for
each upper-directed subset {ss}scs and for each efement ¢ of L,

W= 00

A lattice L will be called semi-modular if it satisfies the following
condition due to S. MACLANE and R. Croisot"): if a and b are incomparable

1) For lattices of finite length this condition is equivalent to that of [1], p. 100;
see [2], p. 99, Théoréme 4.



320 (3. Szédsz

clemenis of L and x any element of L such thal a~b<x<a, then there
exists an clement ¢ such thal anb<t=0 and (xw)Na=x.

Further, if a lafticc has a least or a grealcst clement, then we shall it
denote by o and i, respectively.

Finally, for the definition of semi-complements, proper semi-complements
and semi-complemented lattices, see [5].

3. In this scction we shall make use of two lemmas.

Lemma 1. Let L be an upper-continuous lattice, {py}yer a set of
atoms and e an arbitrary element of L. If e ley=o Jor each finite sub-
Y&y

set [o of I, then e~ \ py=0 too.
yer

This is a corollary of Hilfssatz 1.7 of Chapter I of [3].

Lemma 2. Let pi,...,p. be atbitrary atoms of a semi-modular lattice
with least element o. Then the length of the interval [o, pyw -+ p,] is at most n.

Proof. By Propriété 2 on page 90 of [2], all distinct elements of the set
0;p1;p1Up2, . UPIU see Up"

form a maximal chain C between o and p;w---p,. The length of C is at
most 7. Thus, Lemma 2 is implied by the Corollary of Theorem 1 in [4].

Now we prove

Theorem 1. Let L be an upper-continuous semi-modular lattice with
greatest element i. If there exists a set {py}yer of atoms in L such that

\ py=1, then L is complemented and atomic®).
yET

Proof. In the first half of the proof we follow the way given in [3],
pp. 78—T9. Nevertheless, for the sake of completeness we give a full
discussion.

Let a denote an arbitrary element of L different from o and i. Consider
the family 9 of all index sets 4(=1") having the property

an'\ ps=o.
dc4d

Then, firstly, dIU is non-empty, because — by a==i — ap,=—=o for some
y € I. Next, let 9 be a (non-empty) subchain of I and gy denote the

(set-theoretical) union of all sets 4 belonging to . We show Agn € M.
Indeed, consider an arbitrary finite subset 4 of Agy. Then, by the definition

2) For upper-continuous modular lattices, see [3], Chapter IlI, Satz 2.1.
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of dgy, there exists a set 4" in O which includes 4. Consequently,
an ps=an \ ps=o.
=¥\ sed’

Hence, by Lemma 1,
° an V' ps=o;
66A@Z
in other words, gy € IN.
By the preceding paragraph, the Zorn Lemma may be applied for .
It follows that there exists a maximal subset 4* of I', i.e. a maximal set
A* with the property

(1) anmn V ps=o.
sc 4
We show that just the element
(2) b= \/ Ds
sE Ak

is a complement of a; by our assumption on {py}yer, it suffice to prove
that axv b = p,, for all y € I'. Clearly, bs=o.

Suppose p==py, £ a\wb for some yo€ . Then ab and p are incom-
parable elements and
(3) (@wb)ynp=o.
On the other hand, a\wb=~b, because a\vb=>b would imply, by (2) and
(1), o=a~b=aq, in contradiction to our assumption a==o0. Hence

(avwb)ymnp<b<awub.

It follows, by the semi-modularity of L, that there exists an element ¢ such that

4) (@aubynp<t=p
and
) bty (awb)=b.

But, by (3) the inequalities (4) have no solution other than {=p. Therefore
() implies
(bwp)(awb)==0>.

From this equation we get, with respect to (2) and (1),
o=anb=an(@awb)n(bwp)=an(bp)=
:am( V paup):ar\( V p,;up%),
s 4t =

which contradicts the maximality of #*. Thus the first assertion of our theo-
rem is proved.
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Now we prove the second asscrtion. By definition,

ar '\ py=ani==qsfo.
ver

Therefore, by Lemma 1,

acry Y pysko
YET
for some finite subset Io of /°. Denolc ¢==\ py. Then, by Lemma 2, the
y&lo

interval [o, c] is of finitc length. Consequently, thcre exisls an atom ¢q in
[0, c] such that ¢ = a~c=a. This compleles the proof of Theorem 1,

4. Now we dcal with our abovc-mentioned theorems concerning semi-
complements in semi-modular lattices.

Theorem 2. Let e be an arbitrary element of a semi-modular lattice
L with least element o. If the (finite or infinite) sequence P={pi,ps, ...}
satisfies the condition

©6) (ewprv - Upr )N pr=0 (k=1,2;...),
then the join of every finite subset of P is a semi-complement of e.
Proof. Denote
(7 en(pru-up)=d, (r=1,2;:x:)
Clearly, it suffices to show d,.==o0 for each r.
Let us consider a d, with fixed r. Since by (7) e = d,, we have
eupiv- - Up )N pr = (dr U p1 U U Pra) N Dy
for k=1, ..., r. Hence, by our assumption (6),
Di Ay o 1o U Py (k=1,...,0.
This implies, together with (7),
() A <doopr< oo <AIPID e e UPp=D1\J e \UPD,.

On the other hand, by Lemma 2, the length of the interval [o, pi\w--- U pi]
does not exceed r. Thus from (8) we conclude d,=o.
As a corollary of Theorem 2 we get

Theorem 3. Let L be a semi-complemented semi-modular afomic lattice.
If an element e(s~0) of L has no complement, then to each non-negative
integer v there exists a semi-complement of e whose height is equal fo .

Proof. Being L semi-complemented, e has a proper semi-complement x;.
Since L is atomic too, there exists an atom p; in L such that p = x;. Then
enpr=enx;=o. If e has no complement, then ewp, (=i and thus it)
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has also a proper semi-complement x». Again, there exists an atom ps such
that pe = x2 and (e p;) "p2=o0; and so on. Applying now Theorem 2, we
get Theorem 3. :
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