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Abstract. We consider the Dirichlet problem for the fractional Langevin equation with
two fractional order derivatives

—oDf (oDfu(t)) = f(t,u(t),oDfu(t)), tel0,1],
u(0) =u(l) =0.

The existence of a nontrivial solution is stated through an iterative method based on
mountain pass techniques.
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1 Introduction

The Langevin equation was proposed by Langevin [18] in 1908 to give an elaborate description
of Brownian motion. In his work, Newton’s second law was applied to a Brownian particle
to invent the “F = ma” of stochastic physics which is now called “Langevin equation”. On
the other hand, Einstein’s method of studying Brownian motion is based on the Fokker—
Planck equation governing the time evolution of the Brownian particle’s probability density.
Langevin’s approach is more simple than Einstein’s at the cost of forcing into existence new
mathematical objects (Gaussian white noise and the stochastic differential equation) with un-
usual properties. For a long time, the Langevin equation was widely used to describe the
dynamical processes taking place in fluctuating environments [11]. However, for systems in
disordered or fractal medium, some interesting phenomena such as anomalous transport [15]
are observed. In these cases, the ordinary Langevin equation cannot give a correct description
of the dynamics any more. Thus, the generalized Langevin equation (GLE) was introduced
by Kubo [17] in 1966, where a fractional memory kernel was incorporated into the Langevin
equation to describe the fractal and memory properties. The generalization of the Langevin
equation has since become a hot research topic.
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As the intensive development of fractional derivative, a natural generalization of the Lan-
gevin equation is to replace the ordinary derivative by a fractional derivative to yield fractional
Langevin equation (FLE), which can be considered as a particular case of the GLE. FLE was
introduced by Mainardi and collaborators [22, 23] in earlier 1990s. The literature on this
respect is huge, several different types of FLE were studied in [5, 6, 9, 10, 30, 19, 20, 21]. The
usual FLE involving only one fractional order was studied in [9, 21]; the Langevin equation
containing both fractional memory kernel and fractional derivative was studied in [10, 30];
the nonlinear Langevin equation involving two fractional orders was studied in [5, 6, 19, 20].
We focus on a particular case of the last type of FLE proposed first by Lim et al. [19] in 2008:

oDf (6Df + A)u(t) = f(t,u(t)).

More precisely, we study the Dirichlet boundary value problem of the Langevin equation with
two fractional orders derivatives given by

oD (oDfu(t)) = f(t,u(t),oDfu(t)), t € [0,1), (11)
u(0) =u(1) =0,

where } < a < 1, oD#u is the Riemann-Liouville fractional derivative and f € C([0,1] x R x
R,R). In particular, if f(t, u(t),oDfu(t)) = AoDfu(t) — g(t,u(t)), we recover a model of the
nonlinear fractional Langevin equation

oD (oD + Au(t) = g(t, u(t)). 12)

In recent years, the boundary value problem of fractional order differential equations have
emerged as an important area of research, since these problems have applications in vari-
ous disciplines of science and engineering such as mechanics, electricity, chemistry, biology,
economics, control theory, signal and image processing, polymer rheology, regular variation
in thermodynamics, biophysics, aerodynamics, viscoelasticity and damping, electrodynamics
of complex medium, wave propagation, and blood flow phenomena [16, 26, 28, 29]. Many
researchers have studied the existence theory for nonlinear fractional differential equations
with a variety of boundary conditions; for instance, see the papers [1, 2, 3, 4, 8, 25, 35] and the
references therein. However, as to the nonlinear Langevin equation involving two different
fractional orders, the research work is still in its infancy and is focused on boundary value
problems. The Dirichlet boundary value problem was studied in [5], while the three-point
boundary value problem was studied in [6], both of them by using fixed point theorem.

It should be noted that critical point theory and variational methods have also turned out
to be very effective tools in determining the existence of solutions for integer and fractional
order differential equations. The idea behind them is trying to find solutions of a given
boundary value problem by looking for critical points of a suitable energy functional defined
on an appropriate function space. In the last 30 years, the critical point theory has become a
wonderful tool in studying the existence of solutions to differential equations with variational
structures, we refer the reader to the books due to Mawhin and Willem [24], Rabinowitz [27],
Schechter [31] and the papers [12, 13, 14, 32, 33, 34, 36].

Motivated by these previous works, we consider the solvability of the Dirichlet problem
(1.1) by using variational methods and iterative technique. For that purpose, we say a function
u € E* is a weak solution of problem (1.1) if

— [ Dtu(e), Do) dt ~ [ f(tu(t),oDfu(t))o(t)dt = 0
0 0
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for all v(t) € E*, (see Section 2 for the definition of E%).

Since the nonlinearity f depends on the (D} of the solution, solving (1.1) is not variational.
In fact the well developed critical point theory cannot be applied directly. We follow the ideas
of Xie, Xiao and Luo [36] to overcome this difficulty. That is, we associate to problem (1.1) a
family of fractional differential equations with no dependence on (D} of the solution. Namely,
for each w € E*, we consider the problem

—oDf (oDfu(t)) = f(t,u(t),oDiw(t)), t € [0,1], (1.3)
u(0) =u(l) =0.

This problem is variational and we can treat it by variational methods.
Associated to the boundary value problem (1.3), for given w(t) € E*, we have the func-
tional I,: E* — R defined by

1 1 1
Lo(w) = =5 [ GDMu(t),Dip(t)dt— | F(t,u(t),aDiw(t) dt, (1.4)

where F(t,x,§) = fo f(t,s,&)ds. By continuity hypothesis on f we have I, € C!(E% R) and
Vv € E*

Lo = — 3 [ (oDfu(t),iD5o(6)) + (6Dfo(6), Du(t)) di

—/Olf(t,u(t),opfw(t))v(t) dt.

Moreover, critical points of I, are weak solutions of (1.3). Therefore, for each w € E*, we can
find a solution u, € E* with some bounds. Next, by iterative methods we can show that there
exists a solution for problem (1.1).

Before stating our results, we make precise assumptions on the nonlinear term f: [0, 1] x
RxR—R:

(1.5)

(Hp) limy_ f(txg) = 0 uniformly for t € [0,1] and & € R.
(Hz) There are positive constants ¢ and p > 1 such that
If(t,x,8)| <c(1+|x|P), forall te€[0,1], x,¢ € R.
(H3) There exist p > 2 and M > 0 such that
0 < uF(t,x,&) <xf(t,x,¢) foreveryte[0,1], |x| > M, ¢E€R,

where

X
F(tx,8) = [ flts,8)ds
0
(H4) There exist constants c1, ¢, > 0 such that

F(t,x,&) > c1|x|" —cp, forall t€[0,1], x,¢ € R.

(Hs) The function f satisfies the following conditions:

If(t,x,8) = f(t,x1,8)| < Lafx — x|, Vt€[0,1], x,x1 € [-p1,01], { ER
‘f(t/xrg) _f(t/xlél)’ < L2’€_ gl’/ vt € [0,1], X € [_plfpl]/ é/gl €R

where p; is a positive constant, which is given below.
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Now we are in a position to state our main existence theorem
Theorem 1.1. Assume that (Hy)—(Hs) hold, and the constant

_ Lol (a+1)
| cos(rma)|[T(a +1)]2 — Ly

satisfies 0 < I < 1. Then problem (1.1) has one nontrivial solution.

The rest of the paper is organized as follows: in Section 2 we present preliminaries on
fractional calculus and we introduce the functional setting of the problem. In Section 3 we
prove Theorem 1.1.

2 Fractional calculus

In this section we introduce some basic definitions of fractional calculus which are used further
in this paper. For the proof see [16], [26] and [29].

Definition 2.1 (Left and right Riemann-Liouville fractional integral). Let u be a function de-
fined on [a, b]. The left (right) Riemann-Liouville fractional integral of order & > 0 for function
u is defined by

T (t) = r(lw)/:(t—s)"‘_lu(s)ds, £ € [a,b],

Ju(t) = r(lw)/th(s—t)“lu(s)ds, t € [a,b],

provided in both cases that the right-hand side is pointwise defined on [a, b].

Definition 2.2 (Left and right Riemman-Liouville fractional derivative). Let u be a function
defined on [a,b]. The left and right Riemann-Liouville fractional derivatives of order a > 0
for function u denoted by ,Dju(t) and ;Dju(t), respectively, are defined by

d?l
an‘u(t) - ﬁal-{li“u(t),
ar .
Diu(t) = (—1)" e u(e),

where t € [a,b],n—1<a <nandn € N.

The left and right Caputo fractional derivatives are defined via the above Riemann-
Liouville fractional derivatives [16]. In particular, they are defined for the functions belonging
to the space of absolutely continuous functions.

Definition 2.3. If « € (n —1,n) and u € AC"[a,b], then the left and right Caputo fractional

derivative of order a for function u denoted by {Dju(t) and {D}u(t), respectively, are defined

by
1

t
DR (t) = I Ul () = r(n_a)/a (F—s)"*"1yn(s) ds,

Dfu(t) = (1)) = L s et ) a
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The Riemann-Liouville fractional derivative and the Caputo fractional derivative are con-
nected with each other by the following relations.

Theorem 2.4. Let n € Nand n —1 < a < n. If u is a function defined on [a, b] for which the Caputo
fractional derivatives (Dfu(t) and {Dju(t) of order w exists together with the Riemann-Liouville
fractional derivatives ,Djfu(t) and ;Dyu(t), then

n—1 u(k)(a)

(Dfu(t) = uDfu(t) = 1 7 (t—a)~*, telab,

= —a+1)
n—1 u(k)(b)
cw _ o _ _ \k—a
iDpu(t) = ¢Dju(t) )y F(k—a+1)<b B, t e [ab].
In particular, when 0 < « < 1, we have
14 ula —
SDfu(t) = Dfu(t) — s (=), te (ol 1)
and
u(b —a
{DRu(E) = Dfut) ~ 1 (b= 1 bl )

Now we remember some properties of the Riemann-Liouville fractional integral and deriva-
tive operators.

Theorem 2.5.
® /3 o DH-‘B
df L u(t)) = oI "u(t) and
JEGIPu(t) = L Pu(t) Ve, B >0,

in any point t € [a,b] for continuous function u and for almost every point in [a,b] if the function
u € L[a,b].

Theorem 2.6 (Left inverse). Let u € L'[a,b] and « > 0,

oDf ((Ifu(t)) = u(t), ae telab] and
Dy (¢(Ifu(t)) = u(t), ae t€la,b).

Theorem 2.7. For n —1 < a < n, if the left and right Riemann—Liouville fractional derivatives
«Diu(t) and ¢Dju(t) of the function u are integral on [a, b), then

B N =t S Ta—k+1)
b Mu = u(t) — : k—a,, (—1)”’]‘({7 — t)otfk
tIp (1Dyu(t)) = u(t) k;[t[n (t)] = T kil

for t € [a,b].

Theorem 2.8 (Integration by parts).

b b
/ LIou(t)]o(t) dt = / w(b)Lo(t)dt, a>0, (2.3)
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provided that u € LP[a,b], v € L[a, b] and

p>1,g>1 and ;+;<1+(x or p#1,9#1 and ;19+:]:1+0c.

b b
/mmmmmm:/umpmmﬁ 0<a<l, (2.4)
provided the boundary conditions

u(a) =u(b) =0, u' € L*[a,b], v € L'[a,b] or
v(a) =v(b) =0, v' € L®[a,b], u € L'[a, 1]

are fulfilled.

2.1 Fractional derivative space

In order to establish a variational structure for BVP (1.1), it is necessary to construct appropri-
ate function spaces. For this setting we take some results from [13].
Let us recall that for any fixed t € [0,T] and 1 < p < oo,

t 1/p
lullwion = ( ) P as)

T 1/p
lullLr = (/0 lu(s)|? ds) and

[0

t)].
g%wﬂ

Definition 2.9. Let 0 < « < 1and 1 < p < oo. The fractional derivative spaces E," are defined
by

Ey’ = {u e LP[0,T) | oDju € LP[0,T] and u(0)=u(T) =0}
syl
= Clo, T ™.

where | - ||4,p is defined by

T T
lullty = [l de+ [ loDtu(nl? . @5
Remark 2.10. For any u € E,”, noting the fact that u(0) = 0, we have {D¥u(t) = oD¥u(t),
t € 0, T] according to (2.1).

Proposition 2.11 ([13]). Let 0 < & < 1and 1 < p < oo. The fractional derivative space Ey" is a
reflexive and separable Banach space.

The following result yields the boundedness of the Riemann-Liouville fractional integral
operators from the space L?[0, T| to the space L?[0, T|, where 1 < p < oo.

Lemma 2.12 ([13]). Let 0 <« < 1and 1 < p < oo. For any u € LP[0, T] we have

o

" t
lolzul[Lrjo < WH”HLP[(M]/ for g €[0,t], t €0, T]. (2.6)
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Proposition 2.13 ([14]). Let 0 < a < land 1 < p < oo. Forall u € Ey*, if &« > 1/p we have
olf (oDfu(t)) = u(t).
Moreover, E;" € C[0, T).

Proposition 2.14 ([14]). Let 0 < a < land 1 < p < co. Forall u € Ej”, ifa > 1/ p we have

o

u LP >~ OD ujjLr. (2-7)
Ifﬂ(> 1/pand %—}—% = 1,th€1’l

szfl/p
T T(@)((a=1)g+ 1)1

Remark 2.15. Let 1/2 < a < 1,if u € Ej”, then u € L1[0, T] for q € [p, +0o0]. In fact

lloDfu||p- (2.8)

[]leo <

T T
[ = [T popr i) a

< [lull&Pllull,
In particular the embedding E,” < L7[0, T] is continuos for all g € [p, +c0].
According to (2.7), we can consider in Eg’p the following norm
[#4]la,p = lloDsul[Lr, (29)
and (2.9) is equivalent to (2.5).

Proposition 2.16 ([14]). Let 0 <« < 1land 1 < p < co. Assume that o > % and {uy} — win Ey".
Then uy — u in C[0, T), i.e.

lug — uljee — 0, k — o0.
We denote by E* = E3?, this is a Hilbert space with respect to the norm |||y = ||ta2

given by (2.9).
Now we consider the functional

" — / (oDfu(t), Dju(t))
on E*. The following estimates are useful for our further discussion.

Proposition 2.17 ([13]). If 1/2 < a < 1, then for any u € E*, we have

T
| cos(ma)|[Jullf < —/0 (oDfu(t), 1Dyu(t))dt < ‘H ull3 (2.10)

|cos(7m)
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3 Proof of Theorem 1.1

In order to prove Theorem 1.1, we proceed by three steps.

Proof. Step 1: Let w € E*, we show that I, has a nontrivial critical point in E* by the mountain
pass theorem.

Firstly, it follows from (H;) and (H,) that, given €, with € € (0, |cos(7a)|[T(« + 1)]?),
there exists a positive constant C,, independent of w, such that

[f(tx,0)] < elx| + Celx[?, 3.1)

and

[B(t,8)] < S[x2+ == ]x]+. (32)

p+1
By (2.10) and (3.2)

Lo() = — 2/ (oD%u(t), D ())dt—/OlF(t,u(t),oD‘t"w(t))dt
|COS(7T0C)|H HZ /0 |u(t)|2dt_p(_::l‘/ol|u(t)|rl+1dt

1l = gy WDpw R

Ce 1 N
R ONAGIE </o 'ODf”(”'Z‘”)

_ (leostm)] e = alle™ | Nl
2 2M(a+1)P  (p+1)[T(a)/T(a+ 1)+ ¢

we can choose p > 0 such that

| \/

| \/

p+1
2

| cos(rmar)| € - Ce p—1
2 2T+ VP~ (p+ )F@)y/Iar Dt

hence, let u € E* with ||u||, = p, we know that there exists f > 0, such that for ||ull, = p,
Iy(u) > B uniformly for w € E*.
Secondly, for given u € E* with [|if||, = 1, by (2.10) and (H4) we have that for T > 0,

totem) =~ [ (DFT(e), D58 dt — [ F(t7i(e), oDfw(e)
T2 1
< Sreosiay IR = | F(twioDtw(n)
T2 1
< Scos(ra)] oy /0 [u(£)|F dt + o

Since u > 2, taking 7 large enough and let e = 77, then I,(e) < 0 with ||e||, > p.
Thirdly, we show that I, satisfies the Palais—Smale condition. Let {u;} € E* such that

| (ug)| <K, klim I,(uy) =0, forsome K > 0. (3.3)
—00

We have L n )
Lo(u) = =5 [ oDfue(t), Dfui(t)) dt = [ E(t,ui(8),aDfwo(n) ot
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and
1 1
Ly (ui) ug = —/0 (on‘”k(f)/tDﬁ‘Mk(f))dt—/o f(tur(t), oDfw(t))ux(t) dt.
Then by (3.2) and (H3),
cos(ma)| (3= ) el

< L(ug) — :{Izlu(uk)uk

oo [m’ () aDF (1)) = SA uk(t%oD?w(t))] i

i /{|uk<M} [F(t’ ui(t), 0Dy w(t)) — L;ff(t, uk(t),OD;"w(t))] dt
< Low(uy) = ;Iz,u(”k)uk +c3 )
< Kot ) e + e,

where c3 > 0. Combining with I},(ux) — 0, as k — oo, we know that {u;} is bounded in E*.

Since E* is a reflexive space, we can assume that u;y — u in E*, according to Proposition
2.16, we have that {u;} is bounded in C([0,1]) and limy . ||ty — || = 0. By the assumption
(H,), we have

/Ol[f(t, u(t), oDfw(t)) — f(t, u(t), oDfw(t))] (ug(t) — u(t))dt -0, k— oo
Notice that

[y (1) — Loy (u)] (e — 1) = Iy () (uge — 1) — Iy (u) (g — 1)
<L (i) [tk — el — Ty () (e — 1)
—0, as k— o0

Moreover,
1
[cos(a)l — ul}2 < = | (aDf (1 — ), 1D (we = w)

= /Ol[f(t, ug, 0Dfw(t)) — f(t,u(t), oDfw(t))] (ux — u)dt
+ [Ty (14x) — Ly (u)] (g — 1),

so ||u — u||x — 0 as k — oo. That is, {uy} converges strongly to u in E*.
Obviously, I,(0) = 0, therefore, by the mountain pass theorem, I, has a nontrivial critical
point u,, in E%, with

= i >
Iy (uy) ’lylglf"uer'ly’l(?()),(l]) Iy(u) > B >0,

where I' = {y € C([0,1],E*) : 7(0) =0, (1) = e}.
Step 2: We construct an iterative sequence {u, } and estimate its norm in E*.
We consider the solutions {u,} of the problem

_OD?(OD?‘L{”) - f(t/ un(t)/ ODItxun—l(t))/t € [O/ 1] (35)
1y, (0) = u, (1) =0,
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starting with an arbitrary uy € E*. By iterative technique, we can get a sequence of {u,}, the
nontrivial critical point obtained by Step 1.

In the following, we estimate the norm of {u,}. Since u, is the solution of problem (3.5),
we have

1 1
- /0 (oD%t (1), :D¥uy) dt = /O F(t 1t (£), 0D 1 (1) )it (£) dt. (3.6)
By (3.1), (3.6),
1
| cos(ra)|[|un(£)]5 < —/0 (0Dt un(t), 1 Dyun(t))dt
< 6/01 |un(t)|2dt+Ce/Ol I, (1) [P dit

€ Ce
< m””n(t)ni + [(a)v2a — 1)+

1
(DT,

that is,
€ Ce

cos(mu)| — —=————=5 u, (H? <
st ) 1R < G e
and since p+1 > 2 and u,(t) # 0, then there exists Ry > 0 such that

1
e (B1IF™,

|tn(t)||a > Ry > 0. (3.7)
On the other hand, by mountain pass characterization of the critical level, and (Hy), we have

L,y ()| < max L, , (7#)

T€([0,00)
S LA
~— 2| cos(ma)] —ar /0 [l dt + e
Let
H(O = greo iy — a7 [ WO a4 720,
2| cos(rtar)| 0 N

since p > 2, then H(7) can achieve its maximum at some 7. Hence
L, (un) | < H(w),

by (3.4) and I},  (u,)u, = 0, we have

costa)| (3 = 5 ) Il <ty () = By ()i
< H(m) +¢3,
SO
lttalla < J Hw)tes g,
| cos(mtat)| (% - %)

Step 3: We show that the iterative sequence {u,} constructed in Step 2 is convergent to a
nontrivial solution of problem (3.5).
By Step 2, we know 0 < R; < |lunlla < Ry, therefore, there exists a positive constant pg,
such that
ltales < p1. (3.8)
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By (1.5), and I, (t41)(tns1 —un) =0, I, (un)(uny1 — un) = 0, we obtain

1 1
"2 (0Dftps1,¢DY (tpg1 — ) + (0D (Uns1 — Un), DYty ) dt
1
= /O f(t/ Unt1, OD?MH)(unH - ”n) dt,
and
1 1
) 0 (o0Dfun, ¢DY (ttns1 — n)) + (0Df (Un41 — Un), ¢DTuy) dt
1
:/0 f(t, un,0Dfty—1) (U — uy) dt,
hence
1
~ [ D8 (i1 = 42), 1D (0131 = 02))
1
= /0 [f(t, Up41, OD;}XUH) - f(t/ Uy, OD?unfl)](unJrl - un) dt/
so we have
| cos () [||ttn 41 — ”nHi
1
< [ LA s, 0D ) = (&0, 03 0)] (41 — )
1
+/0 [f(t/ unIOD?un) _f(t/ unIOD?unfl)](unJrl - un) dt
1 1
< Lo [ s = Pt 4 Lo [ 10D (0 = 0y it — | dt
Ly
< @ e — wnlla + LalloDf Gen = stna) 2 atnsr — sl
Ll Lz
< m”unﬂ — |+ TatD) Nty — tn1llallttns1 — tin]a
hence

| cos(m)] — =1 Y Yttt — ttalla < =2ty — 1ty |
[1—'(0(—{—1)]2 n+1 nijjla = 1—-(“+1> n n—11la-

Since 0 < I < 1, we know that {u,} is a cauchy sequence in E%, so there exists a u € E* such
that {u, } converges strongly to u in E*, and by (3.7) we know that u # 0.
In order to show that u is a solution of problem (1.1) we need to prove that

1 1
—/ (oD%u(t), :Dio(t)) dt = / F(t,u(t),oDfu(t))o(t) dt, Vo € EX.
0 0
It suffices to show that

/O "t oDty 1)o(E) dt — /0 "t oDiu(t))o(H) dt, as 1 — co.
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Indeed, it follows from the assumption (Hs) that
[ (0,000 1(8)) — (6 (), oD (0o (1)
= [ 1t (8), 0Dt 1 (8)) — £ (), D000
4 [ un(0,08(0) — Ft,u(8), oD u(t)Jo (1)

1 1
<Ly [ (0 = u(®)lfo()]dt+La [ 10D (ua(t) = 051 (1) [0(0)]

< | i — e+ o s s =l [l
~ [r(“ n 1)]2 n o F(DC T 1) n—1 o o
—0, n— oo.
Therefore, we obtain a nontrivial solution of problem (1.1). O
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