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Abstract. In this paper, we are concerned with the multiplicity of nontrivial radial
solutions for the following elliptic equation

{—Au +V(x)u = —AQ(x)[ul"?u+ Q(x)f(u), x€RN, (P),

u(x) =0, as|x| = +oo,
where 1 < g <2, A€ R, N >3,V and Q are radial positive functions, which can be
vanishing or coercive at infinity, f is asymptotically linear or superlinear at infinity.
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1 Introduction and main results

In this paper, we deal with the multiplicity of nontrivial radial solutions for the following
elliptic equation

{—Au +V(x)u = —AQ(x)|uli2u+ Q(x)f(u), xRN,
P)a

u(x) -0, as|x| — +oo,

where 1 < g < 2, A € RT, N > 3, V and Q are radial positive functions, which can be
vanishing or coercive at infinity.
When Q) is a smooth bounded domain in RY, the problem

—Au = FAulT2u + f(x,u), x€Q, ,
(PLa

u(x) =0, x € 0Q),

where 1 < g < 2, A > 0, N > 3, has been widely studied in the literature. It plays a
central role in modern mathematical sciences, in the theory of heat conduction in electrically
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conductive materials, in the study of non-Newtonian fluids. However, it is not possible to
give here a complete bibliography. Here we just list some representative results. In the case
f is superlinear in u near infinity, problem (P’,), is the famous concave-convex problem, after
the celebrated works [2,6], this kind of problem has been drawn much attention. In the case
f is linear in u, in [12], at least two nonnegative solutions have been got for a more general
question

—Au=h(x)ul + f(x,u), xe€Q,
0<u€eH|(Q), 0<g<1,

where the function i € L®(Q) satisfies some additional conditions. For problem (P’ ),, in
the special case: f(u) = au+ |u|P, where 2 < p < 2, one nonnegative solution for any
a € R and A > 0 was found in [15] via the mountain pass theorem. Several papers have also
been devoted to the study of nonlinearities with indefinite sign, for example [9,20] and the
references therein.

When Q = RY, there are a large number of papers devoted to the following equation,
—Au+V(x)u= f(x,u), withuc W+(RN). Q)

So far, in almost all the results concerning equation (Q), the nonlinear function f is assumed

to be globally superlinear, that is to say, lim, f (J;’”) = 0 and there exists 8 > 2 such that
0 < OF(x,u) < uf(x,u) forall (x,u) € RN x (R\{0}), where F(x,u) = [’ f(x,t)dt. The case
in which V(x) — +00, |x| = o0 and f is globally superlinear was firstly studied by Rabinowitz
in [16]. The assumptions in [16] ensure that the associated functional of the equation satisfies
the Palais—-Smale condition, this fact was observed in [4,5] where the results in [16] were
generalized. For a radially symmetric Schrodinger equation with an asymptotically linear
term, one radial solution has been obtained in [17,25] by Stuart and Zhou and their results
were generalized to more general situations in [8,10,11,13].

Since the class Sobolev embedding is W1*(RN) — LF(RY), p € (2, 2%5), we cannot study
the sublinear problems in W'2(RYN) via variational methods directly. In order to overcome
this obstacle, a regular way is to add some restrictions on potentials V and Q. For example
in [14], the authors obtained the existence of infinitely many nodal solutions for problem (Q),
where V € C(RN,R), V(x) > 1, fJRN ﬁdx < +o00, the nonlinearity f is symmetric in the
sense of being odd in #, and may involve a combination of concave and convex terms. There
are also some other results about the concave and convex problem on RN, such as [7,21,23,24]
and the references therein. However, to the best of our knowledge there is few result about
problem (P), with both sublinear terms and asymptotically linear terms.

Recently, in [18], the authors established a weighted Sobolev type embedding of radially
symmetric functions which provides a basic tool to study quasilinear elliptic equations with
sublinear nonlinearities. Motivated by the works of [18], we consider (P), with more general

potentials and nonlinearities. In this paper, we assume that

(V) Ve C(RV,(0,+)) is radially symmetric and there exists a; € R such that

lim inf V(x)

x| =oo |X[™

> 0;

(Q) Q€ C(RN,(0,+00)) is radially symmetric and there exists 4, € R such that
Q(x)

lim sup == < co.
| too X1
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It is clear that the indexes a; and a, describe the behaviors of V and Q near infinity. On a4, ay,
we assume that

2(N-1)+a; N-2

> — S _N<ag<-=2
(Al) ap, =~ 5 N, 5 N_az_ 2,
2 —1 -2
N-2 2(N —1
(A3) a1 < -2, 2—N<a2<(2)+al—N}
N -2 2(N —1 2(N —1
(A) m<N=2_y, AN=-D4a g, 2N-Dta
2 4 2
2(N —1 2(N —1
(As) o > -2, <4>+al_N§az<<2>+al_N

According to the indexes a1, a;, we define the bottom index 2.,

2+ N) if (a1,a2) € A;, i =1,2,3;
, _ ) N=2
TN ameN) -
— Y, f s A" :4’5'
2(N—1)+m o) € At

Let C3°(RYN) denote the collection of smooth functions with compact support and
Co(RN) == {u € CP(RN) | u is radial }.

Denote by D;*(RY) the completion of Co(RN) under the norm

o = [, \Vu(x)yzdx)%.

WA(RN; V) = {u € DM2(RN) ‘ /IRN V() |u(x) > dx < oo},

Define

which is a Hilbert space [1,19] equipped with the norm

1
- 2
Jull = ([, I90GOR + V(o )
Let
LP(RY; Q) := {u RN — R ‘ u is Lebesgue measurabe,/N Q(x)|u(x)|Pdx < oo} ,
R

which is a Banach space equipped with the norm

s = ( [, Q@)

Following [18, Theorem 1.2], under the assumptions (V), (Q) and (4;), i = 1,...,5, it
holds that the embedding W;*(RN; V) — LP(RN; Q) is compact for p € (2., 2N, ). We remark
that the index 2, < 2 by (A4;), i = 1,...,5, so it is possible to study (P), with sublinear
nonlinearities. We make the following assumptions on f:
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(f1) feCR R);
(f2) there exists a positive constant C, such that |f(u)| < C(1+ [u[P71), 2 < p < 2* := 2

(f3) there exist one small positive constant ry and another positive constant C’, such that
[f()] < C'lul, for [u] < ro;

(i) tim 20

jul oo |u|?

=b.

Since under the assumptions (V), (Q) and (4;), i = 1,...,5, it holds that the embedding
W2(RN; V) < L2(RN; Q) is compact, the eigenvalue problem

{—Au + V(x)u = uQ(x)u, x € RV, (P)u

u(x) — 0, as|x| — +oo,
has the eigenvalue sequence
O<m <ppo<pz<---— +oo.

Similar to the eigenvalue problem in bounded domain, y; > 0 is simple, isolated and has an
associated eigenfunction ¢ which is positive in RN.
Our main results are the following.

Theorem 1.1. Under the assumptions (V), (Q) and (A;), i =1,...,5, if f satisfies (f1), (f3) and
(fa) with yy < b, (P), has at least two nontrivial solutions.

Theorem 1.2. Let us assume that conditions (V'), (Q) and (A;), i =1,...,5hold, and that f satisfies
(f1) and (fa) with pgq < b < 400 for some k € IN, moreover,

2F
(f3)" F(u) > %ﬂuz, ue€R, lims(l)lp u(zu) < Umt1, for some m € N, m < k;
u—

(fs) Um H(u) = oo, where H(u) = %f(u)u —F(u) >0, ue R, F(u) = /Ouf(s)ds.

|| —o0
Then, there exists A* > 0, such that for A € (0,A*), (P), has at least three nontrivial solutions.
In the case b = +0o, we establish the following version of Theorem 1.2.

Theorem 1.3. Under the assumptions (V), (Q) and (A;), i =1,...,5, if f satisfies (f1), (f2) and

(f) tim L0

jul—+eo |2

(f6) there exists @ > 1, such that 6H(u) > H(su), (s,u) € [0,1] x R. Moreover, F(u) > P%muz,

F(u)

. u 1
u € R, limsup —5= < S py1, for some m € IN.
u—0 u 2

Then, there exists A** > 0, such that for A € (0, A**), (P), has at least three nontrivial solutions.

Remark 1.4. In Theorem 1.1, f may be superlinear or asymptotically linear near zero, we can
get two nontrivial solutions by the mountain pass theorem and the truncation technique. In
Theorem 1.2 and 1.3, in order to guarantee the functional associated to problem (P), enjoys
linking structure, f has to satisfy some stricter growth condition near zero.
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Remark 1.5. In Theorems 1.2 and 1.3, we can get three nontrivial solutions: two mountain pass
solutions and one linking solution. We can distinguish them by choosing special “paths”.

Remark 1.6. As we have known, there are few results about problems on RN with both
sublinear and asymptotically linear nonlinearities at the same time.

The paper is organized as follows. In Section 2, we give some preliminary results. The
proof of our main results will be given in Section 3.

2 Preliminary
In this section we give some preliminaries that will be used to prove the main results of this
paper. We begin with a special case of results on Sobolev embedding which is due to [18].

Lemma 2.1 ([18]). Let (V), (Q), (A;), i = 1,...,5 be satisfied, the Sobolev space W, (IRN; V) is
compactly embedded in LP (RN; Q), for any p such that 2, < p < %

Foru € W}’Z(IRN ; V), we denote

~—

B = gluP+5 [ QW) [ QuF(u(x) dx, @)
B = ghlP +5 [ Qi wlds— [ Q)R (0)dx 2

where u™ = max{u,0}, u= = min{u,0}, then under the conditions (f1)-(f3), by (2.1) and
(2.2), I and I§ € CH(W/?(RN; V), R).
Recall that a sequence {u,} is a (PS). sequence for a functional I, if

I(uy) — ¢, I'(uy) =0, asn— oo.
a sequence {u,} is a (C), sequence for a functional I, if
I(up) = ¢, (14 lunl)I'(un) — 0, asn — oo.

Definition 2.2. Assume X is a Banach space, I € C! (X,R), we say that I satisfies the (PS). con-
dition, if every (PS). sequence {u,} has a convergent subsequence. I satisfies (PS) condition if
I satisfies (PS). at any ¢ € R.

Definition 2.3. Assume X is a Banach space, I € Cl(X,]R), we say that I satisfies the (C),
condition, if every (C). sequence {u,} has a convergent subsequence. I satisfies (C) condition
if I satisfies (C). at any ¢ € R.

Lemma 2.4 (Mountain pass theorem, Ambrosetti-Rabinowitz, 1973, [22]). Let X be a Banach
space, I € C}(X,R), e € X and r > 0 be such that ||e| > r and

b:= inf I(u) > 1(0) > I(e).

[[ull=r
If 1 satisfies the (PS). condition with

:= inf I(y(t)),
¢:= inf max (v(1))

[i={y e C([0,1], X) [ 7(0) = 0, ¥(1) = e}.

Then c is a critical value of 1.
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Lemma 2.5 (Linking theorem, Rabinowitz, 1978, [22]). Let X = Y & Z be a Banach space with
dimY < oco. Let R > r > 0 and z € Z be such that ||z|| = r. Define

M={u=y+tz||u| <R t>0,yeY},
Mo:={u=y+tz|yeY, |lu| =Rand t > 0or ||u|| < Rand t =0},
Ni={ueZ||ull =r}

Let I € CY(X,R) be such that

d:=infl > a := max|.
N Mo

If 1 satisfies the (PS). condition with

f max I
¢ := Inf max (7(w)),

I'i={yeCMX)|7|m,=id}.

Then c is a critical value of 1.

It is well known that the above two minimax theorems are still valid under (C). condition.
In our paper, we denote X := er’z(]RN ; V), C denotes various positive constants.

Lemma 2.6. Under the assumptions (V), (Q) and (A;), i = 1,...,5, if f satisfies (f1)—(f3), then
for given A > 0, there exist p1, B1 > 0, such that

inf  If(u) > By >0. 2.3
wex Ty 00 2 P 23

Proof. By (f1)-(fs), there exists ¢ > 0, such that |F(u)| < ¢(|u|? + |u|P). Then,
A
I+

e QU ) — [ OGP ()

1

> Sl e [ QP —c [ Q)u(x) P ds+ % [ Q) (x)1dx
1 , A

> el e [ Q@ P =l + 7 [ Q) (x)f .

1
IXF(”) = 5””

Hence, for ||u|| small enough

[ = glulP —e [ QUi (P ds+5 [ QLo (1) dx. @4)

Then, we can choose i € N, such that ¢ € (&, 5). Let X; := span{¢;}, j € N, and
G == X1®Xo® - D X;, where ¢ is the eigenfunction associated to the eigenvalue p; and
¢ means the orthogonal sum of the subspace. We note that X := G; ® G;, thus, u™ can be
decomposed as ut™ =v+w,wherev € G;, w € Gii. Observe that for v € G;, there holds

2 2
ol = 1 [ Qe dx,
and for w € Gf, there holds

] > i [ Q) dx.
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Therefore, (2.4) implies that

1 1
> g+ (1-

4c , 1 <4C > ’ /\/ 4
-—=|l—=-1 + = 1d
1+1> lwl” =7 {7 [l J QT ()7 dx

) N 2.5)
— 22 2 _ 2, A + ()17
P+ ellelP ol + 2 [ QGlu (x)[7dx
It suffices to show that there exists p; > 0 small enough, such that for 0 < [Ju|| < p,
A
() = Sl — ol + 5 [ QG @l dx > 0. @6)

Seeking a contradiction, we suppose that there exist u, # 0 satisfying ||u,| — 0 as n — oo,
and I;fl(un) < 0. Decompose u,; = v, + w,, where v, € G;, w, € Gf. We have

e = Sl = plonl+ 7 [ QU0 (x) 7 <0, @7)

Then u;f # 0, in X. Let z, = T +”, up to a subsequence, we get that

Zy — 2z, asn — oo, in X,

2N
zZy =z, asn — oo, in LS(RY;Q), 2, <s < N3
zn(x) = z(x), asn — oo, a.e. x € RV,
Dividing both sides of (2.7) by ||u;; |4,
2 2
éHwn’H‘u—anzHUnH 1779+ = / x)|zn(x)]|7dx < 0.
n

Let n — oo, there holds [pn Q(x)|z(x)|[7dx < 0, in view of [ju}|| — 0, as n — co. Thus,
z(x) =0, a.e. x € RN. Then, we have

loal2 _ Cllonllzmg)
127 |12

C||zn||L2 rN,g) 0, asn — oo (2.8)

Using the equivalence of all norms on the finite dimensional space, choosing n sufficient large,
we obtain that

A
I (un) = &llwal* = ylloal* + 7 /RN Q(x)|uy (x)]7dx
>l [|* = (& +n)lloal? (2.9)

B [ [ —
C (§+17)||u14{||2:| Hun H 4

in view of (2.8), we get a contradiction from (2.9). Therefore, from (2.5) and (2.6) we can
choose p; > 0 small enough such that for ||u|| = p,

1
() 2 ol + i (0) = 1563 =5 1 > 0.

= 1zp !
Therefore, (2.3) is true. O
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Using a similar argument as in Lemma 2.6, we have the following result.

Lemma 2.7. Under the assumptions (V), (Q) and (A;), i = 1,...,5, if f satisfies (f1)—(f3), then
for given A > 0, there exist pp, B2 > 0, such that

inf I (u)>pr>0.

ueXx, |lul=pz

Remark 2.8. In fact, for any A > 0, 0 is a local minimizer of If. In the bounded domain,
it is easy to obtain this result by the fact that the local H}(Q))-minimizer is also the local
Ci(Q)-minimizer (see [3]).

3 Proof of main results

Proof of Theorem 1.1. It is easy to see that I} (0) = 0. We note that (f1) and (fs) with 3 <b <
+o0 imply (f2). Then, from Lemma 2.6, given A > 0, there exist p; > 0, f1 > 0, such that

inf I (u) > > 0.
ucX, |ul|l=p1 A ( ) - ‘Bl

On the other hand, (f1) and (f1) imply that

. 2F(u)
| —===b> . 3.1
iiotoo Juf? . G0

Thus, choosing u = ¢4,
q
) = 3P0+ [ Q@ ds— [ 0GPt

1 Atqu F(t
= 12 (2||¢1||2+ ; /}RN Q(x”‘nbl’qu_/ﬂw Q(x) t(z(f%)?"%dx)'

By (3.1) and 1 < g < 2, we have I; (t¢1) — —oo, as t — +o0. Thus, for large enough #,
we have [|t1¢1]| > p1, and I} (t1¢1) < 0. Define

T = inf I (y(t
¢’ = inf max A (r(1)

where I'" := {7y € C(]0,1], X) | v(0) =0, v(1) = t1¢1}.
Now, in order to apply Lemma 2.4 to prove Theorem 1.1, it is sufficient to verify that I;\’
satisfies the (C).+ condition.

Lemma 3.1. Under the assumptions (V), (Q) and (A;), i = 1,...,5, if f satisfies (f1), (f3) and
(fa) with uy < b, then for any fixed A > 0, the functional 1| satisfies the (C).+ condition.

Proof. For every (C).+ sequence {u,}
IF (uy) = ¢, asn— oo, (3.2)

1+ [JunlD I (un) — 0, asn — o, (3.3)
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we claim that the sequence {u,} is bounded in X. Seeking a contradiction, we suppose that
|un| — oo. Let z, = ﬁ, up to a subsequence, we get that

Zy — 2z, asn — oo, in X,

Zyn — 2z, asn — oo, in LS(IRN;Q), 2, <s< %,
zn(x) = z(x), asn — oo, a.e. x € RY.
We claim that z # 0. otherwise, z = 0, since by (3.3)
o(1) = (1" (), ) = a2+ 4 [ Qe (1) dx = [ Q) f sk () (x) dx. (B
Dividing both sides of (3.4) by ||u;f||?,
_q_ f (g (x))uy (x)
o(1) =1 /RN Q) (3.5)
Assumptions (f1), (f3) and (fs) with py < b < +oco imply that there exists C > 0, such that
|f (1 (x))] < Cuiy (). (36)
Combining (3.5) and (3.6), we have
+ +
1= Q(x)f(” ’Ti)?‘lé ) g +0(1)
<C / (x)|2dx + o(1).

Letting n — oo, we get a contradiction. Thus, z # 0 in X.
Set

M, for x € RN, u,(x) >0,
Py(x) =< un(x)
0, for x € RY, uy(x) <0.

From I} (u,) = 0(1), we can get that

/ VunV4>dx—|—/ un(pdx—i—/\/ u )1 pdx — /]R Q(x)f(u,f)pdx = o(1),

N

for all ¢ € C§,(RN). Dividing ||u,|| in both sides of the above equality, there holds

/ Vzanbdx—i—/ zncpdx—/]RN Q(x)Py(x)z,f pdx = o(1). (3.7)

By (3.6), |P:(x)| < C for x € RN. Then we have

'/{xGRN|Z+(x)—0} Q(x)Pn(X)Z;l‘—(X)qb(x) dx
Q(x)z;; (x)[¢(x)] dx (3.8)

{x€RN |zt (x)=0}

=o(1)+C Q(x)z" (x)[¢(x)] dx = o(1).

{xeRN|z*(x)=0}
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On the other hand, since z;/ (x) — z*(x) for a.e. x € RN, we have lim, o u;} (x) = +oo for
ae. x € {x € RN | z(x) > 0}, which implies that lim, e P,(x) = b, for a.e. x € {x € RV |
zt(x) > 0}. Besides, |P,(x)| < C, for a.e. x € RN. Using Lebesgue’s dominated convergence
theorem, we obtain that

Q(x)(Pa(x) = b)z,; (x)(x) dx

’/{XE]RN| zt(x)>0}

_ plot
= /{xew gm0y QOP(x) = bz (1) ()] dx N
=° (/{XERM s (oysqy QP () =B (0)] dx)
=o(1).

By (3.8) and (3.9),

[ QIR ()2 (x)p () dx
Q)P ()2 ()p(x) dx

[{xe]RN |zt (x)=0}
+
i /{xew gy Q)2 (X)) dx (3.10)

0( ) * {x€RN |zt (x)>0} Q

—o(1) + b/]RN Q(x)z* (x)¢(x) dx.
Combining (3.7) and (3.10), letting n — co, there holds
/]R (V2Vg+ V(x)zg) dx = b /R Q). (3.11)
We claim that meas{x € RN | z*(x) # 0} > 0. Otherwise z* = 0, taking ¢ = z in (3.11), we

have z = 0, which is impossible. Taking ¢ = z™~ in (3.11), we can get z > 0. Moreover by the
Hopf lemma, we also can get z > 0 in RN. Taking ¢ = ¢; in (3.11), we obtain

/ (VzVe1 + V(x)z¢y) dx = b/ Q(x)z" ¢y dx.
RN RN

Since ¢; > 0 is the eigenfunction associated to 1, and z > 0, we have

/RN(VZVcPl + V(x)z¢y) dx = uq / Q(x)z¢y dx.

IRN

This is impossible, since b > py. Then {u,} is bounded in X. Since the embedding from X
into L*(RN; Q), s € (2., #%5) is compact, there exists u € X, such that u, — u strongly in X.
Thus from (3.2) and (3.3), we can get that

Lw=c >p, I'(w)=0
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Finally, we are now ready to conclude the proof of Theorem 1.1. Since Ij/(u)u_ =0, then

/ (VuVu™ +V(x)uu )dx = —A [ Q(x)(u™)T 'u"dx+ / Q(x)f(ut)u dx =0.
RN RN

RN

We have u~ =0, i.e. u > 0. Thus, u is a nonnegative solution for problem (P),. Similarly, for

() = glelP+2 [ QU= [ QP ds,

RN RN

we can also get a nonpositive solution for problem (P),. Thus, problem (P), has at least two
nontrivial solutions. The proof of Theorem 1.1 is complete. O

Proof of Theorem 1.2. In order to prove Theorem 1.2, we firstly verify that the functional I
enjoys the linking structure.

Lemma 3.2. Under the assumptions (V), (Q) and (A;), i =1,...,5, if f satisfies the assumptions
of Theorem 1.2, then there exist positive numbers r, d, R and 5 = y(A), such that

(i) forallu € Xy := D, ker(—A+V —1;Q), we have

L) gV, limog(d) =0,

(ii) forallu € N := {u € X;5 | ||ul| = r}, we have
Iy(u) >d >0, forallA>0;

(iii) for all u € X411, and |\u|| > R, we have I, (u) < 0.

Proof. (i) Let u € Xy, since F(u) > %ymuz, u € R, there exists ¢ > 0, such that F(u) >
2(pm + €)u?, then

1 A
L) = gl + 2 [ QElultdx— [ QGF(w)dx
1 pm+e CA (3.12)
m 1 2
<l|lz-—F—= — ||u]|9.
< (51 i+ )
Let g(t) = <% — V"ZITT) 2 + %t’i, we have
1
(t) = g(tp), wherety= Hm ) o
maxg(t) = glio), wherety = (£rca)
and

glty) = ——L (”’"C) Pt (’”m) o

Then from (3.12), we can get that

2
€1 ((Hm\*1 1<ym>” 2
Lilu)<[|———|"— + - — CA)71 =:y(A) >0, asA —0.
m_( () (€)1 = (1)
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(i) Let u € X;;, by (f1) and (fs) with pgy1 < b < +o0, and limsup,, ., F) SHmi1, we

u?

have that there exists e, > 0,C > 0, p > 2, such that F(u) < J(pm+1 — €2)u* + C|u|?. Then

B = 1uur|2+3 | o@lultax— [ QG)F(w)dx

1
> Sl = S — ) [ QEluPax—c [ QwPar  (313)
1 1— &2
> 5 (1= B8 g cluly,

HUm+1

thus, choosing r > 0 small enough, (3.13) implies that

inf  Iy(u) >d >0, independentof A > 0.

ueXy, |lull=r

(iii) For any u E Xm+1, set f(u) = bu+ g(u), by (fs), we have GLE?) — 0, as |u| — oo,
where G(u) = [’ g(s)ds. Then

1 A
hw) = gl + 5 [ Olftdar—2 [ o@luPax— [ Q@G dx

Since b > iy 41, for every z € span{¢y 11}, t € R, w € X,yy,
£2|2)1% + [|w]? — b/N Q(tz + w)?dx < 0. (3.14)
R

Arguing by contradiction, we find a sequence {u,}, satisfying ||u,|| — oo, u, = t,zo + wy,
where zy € span{¢y 11}, tn € R, w, € X, such that

1 1 A
L) = 38110l + 5 lwal?+ 5 [ Qlunliax— [ QE)F@m)dx=0.  (315)

q
Dividing both sides of (3.15) by ||u,|?, there holds

Dun) 1 50 1n 1 2 A / F( n)
= -7, ||z0l|” + =z ||onl|” + =—— x)|u qu—/ dx >0, (3.16
where T, = m, Uy HZL‘Z“H Since 72||z0/|?> + ||va||> = 1, after passing to a subsequence

T, —» 7, in R, v, — vin X,,. Let u’ = 1z9 + v, by (3.14), there exists a bounded domain
QO c RY, such that

22|20 + |02 — b/ Q(x)(tzo + v)?dx < 0. (3.17)
O

As F(u) = $bu® + G(u), it follows from (3.16) that

A
0<T222—vz/ )d—i— / x)|un|Tdx
H OH H ”H Q ‘unH2 qHunHZ ]RNQ( )’ "’
- frzuz()uu fuvnw - 3 [ Q) (mz0 + o) dx

A
Q(x dx—|— / Q(x)|uy,|Tdx.
-1, HunH2 ATan]? Jrw Q)1
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Clearly, |G(u)| < cou?, for some ¢y > 0 and % — 0, as |u| — oco. Since T, — T, in R,
vy — v, in Xy, then T,20 + v, — u' = Tz9 + v, in L>(RY; Q). It is easy to see from Lebesgue’s
dominated converge theorem that

[ owTie = [ o

Hence, together with (3.17)

(12 4+ v%) dx — 0.

1 1
0= 37zl + 01 — 50 [ Q@lizo + o dx <0,

this is impossible. O
Therefore, for Y = Xy, Z = X;, z € span{¢,, 11} with ||z| =7,
M:={u=y+tz||u| <R t>0,yeY},
Mo:={u=y+tz|ye€Y, |u| =Rand t >0or |ju]| < Rand t =0},
Ni={ueZ]||u|=r}
Lemma 3.2 implies that there exists A* > 0, such that for 0 < A < A%,

mf I(u) > sup I)(u).

ueN ueMp
Define

f max I ,
¢ = Inf max A(r(u))

I'={yeCM,X) | v|m, =1id}.
Next, we prove that the functional I, satisfies the (C)., condition.

Lemma 3.3. Under the assumptions (V), (Q) and (A;), i =1,...,5, if f satisfies the assumptions
of Theorem 1.2, then for any given A > 0, the functional 1, satisfies the (C)., condition.

Proof. For every (C)., sequence {u,},
Iy(uy) — ¢y, asn — +oo. (3.18)

(1+ |lun|) I} (1) — 0, asn — +oo. (3.19)

We just prove that {u,} is bounded. Seeking a contradiction we suppose that ||u,|| — oco. Let
Wy = ”Z—"”, up to a subsequence, we get that

w, = w in X,
w, —w in L*(RY;Q), 2. <s <
wy(x) = w(x) ae x € RV,

Now, we consider the two possible cases.
Case 1. w = 0 in X. From o(1) = (I} (), uun), we have

o(1) = P+ A [ QElultdx ~ [ Q) () dx.
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Dividing both sides of the above equality by ||u,]|?, we get that

o(1)=1— /}RN Q) LUt 4 (3.20)

([ ||2
Assumptions (f1), (f3)" and (fa) with pgyq < b < +oco imply that there exists C > 0, such that
|f ()| < Clun|?. (3.21)
Combining (3.20) and (3.21), we have

_ f (1) uy
1= /RN Q) " dx (1) < C/RN Q(x)|wn |2 dx + o(1).

Letting n — oo, we get a contradiction.
Case 2. w # 0 in X. (3.18) and (3.19) imply that

cx+0(1) = (i) — 5 (1 (o), )
= [ Q) (3w = Fu) ) x4 (5 =3 ) [ QL

> [ 00 ()i — Fu) )

Set O := {x € RN | w(x) # 0}, thus, for x € Oy, u,(x) = +oo, as n — +o0. By (f5), we
obtain that

ey +o(1) > /Q] Q(x)H (uy) dx. (3.22)

Since [(1| > 0 and for a.e. x € O, lim,,_,0o H(11,) = +o0. Using Fatou’s lemma,

lim [ Q(x)H(u,)dx = +oo,

n—o0 Ql

which contradicts to (3.22). Thus, every (C)., sequence is bounded. O

Finally, following the above two lemmas, all the conditions of Lemma 2.5 are verified.
Then, there exists ) € X, such that Iy (uy) = cy > d, I} (1)) = 0. Thus, there exists A* > 0,
such that for 0 < A < A*, u, is a nontrivial solution of problem (P),. Furthermore, from the
proof of Theorem 1.1, we know that for any given A € (0, A*), problem (P), has already had at
least two nontrivial solutions. We can estimate the mountain pass levels by considering paths
v € I't, whose images are contained in X,,. By Lemma 3.2 (i), the maxima on such paths
are at most 77(A) < d, for 0 < A < A*, then ¢ < d, this implies that the linking solution is
different from the two mountain pass solutions. Thus, for 0 < A < A*, problem (P), has at
least three nontrivial solutions, where one is nonnegative, one is nonpositive. this finishes the
proof of Theorem 1.2. O

Proof of Theorem 1.3. In view of the proof of Theorem 1.1 and Theorem 1.2, under the assump-
tions of Theorem 1.3 we can get the functionals enjoy the mountain pass structure and linking
structure easily. We only need to prove that for any ¢ € R all the (C). sequences for I, and I}
are bounded under assumptions of Theorem 1.3.

For {u,} satisfying

c+o(1) = Iy (un),

0(1) = (L4 [lunl) 15 (1) (3.23)
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We will prove that {u,} is bounded in X.
Since {I,(uy)} is bounded, dividing both sides of (3.23) by ||u,||?, we have

. F(uy,) 1
1 dx = - .
FRN . Q(X)Hunuz Y=g <t

Setv, := ﬁ, then there exists v € X such that v, — vin X, denote Q:={x € RN | v(x)

then |u,(x)| — +oo for a.e. x € Q. If meas(Q)) > 0, then by (f1)’

F(un) _ F(un)

2
= v, — 400, asmn — oo.
[unl® fual® " '

Since Q(x) > 0, using Fatou’s lemma, we obtain

: F(up)

lim / X dx = +o0,
M Jin O o 2

which is a contradiction to (3.24). So meas(Q)) = 0. Therefore, v = 0.
Next, we set

I (tyuy) = trén[g)l(] Iy (tuy).

For any M > 0, set v, = V2Muo,, by (f1), (f2) and (fs), there exists C > 0 such that
|F(u)] < C(|u|®+ |u|P), forallu € R.

Then

/RN Q(x)F(Ty) dx

Consequently, for large enough 7, one has

<c [ Q)i+ [oal)dx >0, asn .
R

1 M
I(taitn) = (@) 2 5 |5l2 = [ Q)F @) dx = -

RN

This means that lim,, e I (t,u,) = +o0 and t, € (0,1).
In view of the choice of t,, we know that (I} (t,u,), tsu,) = 0. Hence

+o0 < 2I) (tyuy) — <I§\(tnun)/tn”n>

= <3 — 1> /\/]RN Q(x)|thuy|Tdx + /]RN Q(x) (f (tnttn ) tnuty — 2F (tpuy)) dx

< <3 _ 1> /\/]RN Q) dx+9/RN Q) (F (1)t — 2F (1)) dx
< 020 (un) — (I3 (), un)).

This is a contradiction to (3.23), so {u,} is bounded in X.
Similarly, we can prove that If satisfies the (C). condition, the details are omitted.

15

(3.24)

7 0},

O

Remark 3.4. The sublinear term |u|7~2u can be relaxed to more general type, and the function
Q before the sublinear term and the asymptotically linear or superlinear term can also be

different.

Remark 3.5. Generally, the sublinear term determines the geometry structure of the functional
near zero. In this paper, 0 is a local minimizer. In our forthcoming work, we will discuss the

other case
—Au+V(x)u = AQ(x)|ul7%u + Q(x)f(u), x € RV,
u(x) — 0, as|x| — 4oo.

(Q)a
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