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Abstract. In this paper, we investigate the existence of infinite nonradial solutions for
the Schrodinger equations

—Au+b(|x))u = f(|x|,u), xeRN,
u € HY(RN),
where b is allowed to be sign-changing. Under some assumptions on b € C([0,0),R)

and f € C([0,00) x RN, R), we obtain that the above system possesses infinitely many
nonradial solutions. The method of proof relies on critical point theorem.
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1 Introduction and statement of the main result

In this paper, we study the existence of infinitely many nonradial solutions for the follow-
ing semilinear Schrodinger equation

(1.1)

—Au+b(|x))u = f(|x|,u), x€RN,
u € HY(RN).

We suppose that b: [0,00) — R and f: [0,00) x RV — R satisfy the following assumptions:
(B1) b € C(]0,0),R) and inf, gy b(|x]) > —oo;

(B2) there exists a constant a > 0 such that

lim meas{xelRN:]x—yyga, b(|x\)§M}:0, VM>0,
|yl =>+oo

where meas(-) denotes the Lebesgue measure in RY;
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(B3) f € C([0,00) x RN, R) and there exist constants a1, a4, > 0 and p € (1, ¥#2) such that

|f(x,u)| < aylu| + az|ul?, V (x,u) € RN x R; (1.2)
(Bs) there exist y > 2 and R > 0 such that

0 < uF(r,u):= y/ f(r,o)dv <uf(r,u), foranyr>0and |u|>R; (1.3)
0

(Bs) f(’x|/ _u) = _f(’x|/u)/ v (x,u) € RN xR.

We say that a solution u: RN — R is a radial solution (see for instance in [4,7-9]) if u(x) =
u(|x|), that is, solution u has spherical symmetry. In the present paper, we consider the
solutions of (1.1) which are different from the radial ones.

The following theorems are the main results of the paper.

Theorem 1.1. Under assumptions (B1)—(Bs), if N = 4 or N > 6, then system (1.1) possesses an
unbounded sequence of solutions £uy, k € IN, which are not radial. The solutions are classical if f is
locally Lipschitz with respect to u.

Recently, by using variational methods and critical point theory, many authors have stud-
ied the existence of solution for system (1.1) or the following general type:

— Au+b(x)u = f(x,u), x € RV, (1.4)

The interest in equation (1.1) or (1.4) originates from various problems in physics and mathe-
matical physics. In cosmology and constructive field theory, system (1.1) or (1.4) is also called
nonlinear Euclidean scalar field equation (see [8,9]). As it was mentioned in [4], a solution of (1.1)
can also be interpreted as a stationary state (see [8,9]) of the reaction diffusion:

up = —Au—b(|x))u+ f(|x|,u),

for more physics background of (1.1), we refer the readers to [8,9] and the references therein.
In [28], professor W. A. Strauss did pioneering work for the autonomous case of (1.1), that
is:

—Au=g(u), x € RN, (1.5)
where g: R — R is continuous and odd in u. In [8,9], Berestycki and Lions obtained the
existence of infinitely many radial solutions of (1.5) under almost necessary growth conditions
on g. The solutions they obtained have exponential decay at infinity. When N = 1, they
obtained a necessary and sufficient condition for the existence of a solution of problem (1.5).
Some open problems are also mentioned in [8,9]. For more results of radial solutions of (1.1)
or (1.2) , we refer the readers to [5,7,32]. For more applications of critical point theory to PDE,
we refer the readers to the work of Michel Willem [32], Strauss [30], Rabinowitz [26], Zou [35]
and T. Bartsch, Z. Q. Wang, M. Willem [7].

We are motivated by [4] written by T. Bartsch and Michel Willem. They make the following
assumptions.

(A1) b € C([0,00),R) is bounded from below by a positive constant a.

(A2) f € C(]0,00) x R,R) and there are positive constants a1, R and a constant 1 < g < %

such that
\f(r,u)| <ai|lu|? foranyr >0, |u| > R.
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(A3) There exists u > 2 such that

uF(r,u) = y/uf(r,v) dv <uf(r,u), foranyr >0, u€R. (1.6)
0

(A4) There exists K > 0 such that inf,. |, —x F(r,u) > 0.
(As) f(r,u) =o(|u|) for u — 0 uniformly in r > 0.

(A¢) fisoddin u: f(r,—u) = —f(r,u) forany r > 0, u € R.
They state the following result.

Theorem 1.2. Suppose N = 4 or N > 6. If the assumptions (A1)—(Ae) hold, then there exists an
unbounded sequence of solutions +uy, k € IN, of (1.1) which are not radial. The solutions are classical
if f is locally Lipschitz with respect to u.

Remark 1.3. (1) As it is mentioned in [4] that solutions of (1.1) always occur in pairs because
of the oddness of f.

(2) Compared with Theorem 1.2, our result allows b to be sign-changing.

(3) Assumption (1.6) is known as global A-R condition which was introduced by A. Ambrosetti
and R. H. Rabinowitz (see for instance in [26]). It is obvious that the second part of
assumption (1.3) is weaker than (1.6).

(4) In our result, assumption (As) is not necessary.

In [4], (As) together with (A3) plays a key role while discussing the functional ¢ (see later)
corresponding to the system (1.1) satisfying the (P.S.)-condition (see [26,30,32,35]). If a function
f € C(RN x R, R) satisfies (A3) and (As), then for any ¢ > 0 (in application, we only concern
about sufficiently small positive ¢, that is 0 < € < 1), there exists a finite C. = C(¢) > 0 such
that

)] < elul + Celul. (17)

Though in (1.7), C; may change for different ¢ > 0, but by (A3) and (As) one can easily show
that we can always assume that

Ce < oo, uniformly for any ¢ >0, x € RN and u € R. (1.8)

That is, C; is independent of x € RN and u € R. But under our assumptions in Theorem 1.1,
(1.7) does not work any more, for example, let f(r,u) = f(u) = u+ [ulP~1u (1 < p < ),
then one can easily check that f satisfies the conditions (B3) and (Bs) in our result. Now we
|u|p+1
p+1

are going to prove that f also satisfies condition (By): firstly, we have F(r,u) = “72 + and
uf(r,u) = u? + |u|P*™!, choose some u € (2,p +1).
From

0 < uF(r,u) <uf(r,u),
that is,
2 +1
pus | plul” 2 1
< p
> T S + [ulP,

@F_ZMZS p+1_}”|u|p+l
2 p+1
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=

]«1—2 < p"’_l_.u’u’pfl’

2~ p+1
(n—2)(p+1) _
“ et M
(p—2)(p+1)]7"
[2(P+1—V)] < ful

1

LetR = [%} 7T, then we know that f satisfies condition (B,). But for any given ¢y > 0,

there does not exist a finite C¢, > 0 such that
|f(|x],u)| < eolu| + Celul?, uniformly for any e > 0, x € RN and u € R. (1.9)

If not, we assume that for some ¢y > 0 (without loss of generality, we suppose that
0 < g9 < 1), there exists some finite C = C¢, > 0 such that

|f(lxl, u)| = [ul + [u]” < eolul + Ce|ul?. (1.10)
By (1.10) we have C¢, > 1 and
(T —eo)ul < (Cep — 1)[ul?,

this implies that
Ce, Zm+l—>+oo as |u| — 0.

This is obviously a contradiction. That is, in this case C¢, in (1.10) depends on u. Also, one can
easily show that f does not satisfy (Az) and (As). As far as we know, while using the fountain
theorem [32,34] to discuss the existence of solutions of second order elliptic partial differential
equations , many authors always assume that (As), or similar type: f(x,u) = o(|u|) for u — 0
uniformly in x € RN holds (see for instance in [12,25,32]).

Finally, we recall an abstract critical point lemma which we shall use later. Let X be a
Banach space. We say that I ¢ Cl(X,]R) satisfies (C).-condition (or weak-(P.S.)-condition [35])
if any sequence {1, } such that

I(un) = ¢, (1 () (14 [[a]]) = O (1.11)
has a convergent subsequence.

Lemma 1.4 ([3,26]). Let X be an infinite dimensional Banach space, X =Y @& Z, where Y is finite
dimensional. If I € C}(X,R) satisfies (C)c-condition for all ¢ > 0, and

() 1(0) =0, I(—u) = I(u) forall u € X;
(L) there exist constants p,a > 0 such that I|aBme >

(L) for any finite dimensional subspace X C X, there is R = R(X) > 0 such that I(u) < 0 on
X\ B,

then I possesses an unbounded sequence of critical values.
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2 Variational setting and proof of Theorem 1.1

Our proof is divided into a sequence of lemmas. Throughout this section, we make the
following assumption instead of (B).
(B})) b € C(RN,R) and infgn b(|x]) > 0.

We work in the Hilbert space
X = {u c HY(RY) : /]RN (|Vul> + b(|x|)u?) dx < +00}
equipped with the inner product
(u,v) :/]RN (Vu-Vo+b(|x|)uv)dx, u,v e X,

the associated norm

lull = {/RN (IVul> + b(|x|)u?) dx}l/z, ueX.

Evidently, C¥(RM,R) C X and X is continuously embedded into H'(IRN) and hence contin-
uously embedded into L"(RN) for 2 < r < 2*, (where 2* = % for N > 3 and 2* = oo for
N =1,2), i.e., there exists S, > 0 such that

Jull, < Sellul, VueX, 2.1)

where || - ||, denotes the usual norm in L"(RY) for all 2 < r < 2*. In fact we further have the
following lemma due to [7].

Lemma 2.1 ([7, Lemma 3.1]). Under assumptions (B}) and (By), the embedding from X into L$(IRN)
is compact for 2 <'s < 2*.

Now we define a functional ® on X by

D) = ;/H{N(|Vu|2+b(x|)u2) dx— [ E(lxl,u)dx 22)

for all u € X. Then it is well known that u € X is a solution of (1.1) if and only if u is a critical
point of ® in X. By assumption (B3), we have

a a
|F(x,u)| < 31|u|2 + p—jl|u|i’+1, Y (x,u) € RN x R. (2.3)

Consequently, under assumptions (B}), (Bz) and (B3), the functional @ is of class C'(X,R).
Moreover, we have

1
O(u) = lulP= [ E(xwdx,  Vuex, (2.4)

(@' (u),v) = (u,0) —/Nf(|x\,u)vdx, VuveX. (2.5)
R
By (2.3), for |u| < R (R is the same as in (By)), we have

|f(lx] w)ul + plF(|x], u)| < dlul?, (2.6)
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where d = HT”al + ’H;%@Rpfl.

Now, we shall show that @ defined as (2.4) in X satisfies all the conditions in Lemma 1.4.
By (Bs), it is obvious that ®(0) = 0 and ®(—u) = ®(u) for all u € X. That is, (I;) is satisfied.
In order to prove that ® satisfies the (C).-condition, we firstly introduce an inequality (see for
instance in [1]) which we will use later: if 1 < p < oo and a,b > 0, then

(a+Db)P <2P71(aP 4+ bP). (2.7)
Lemma 2.2. Under assumptions (B}) and (B2)-(Bs), any sequence {u,} C X satisfying
D(uy) —c>0, (D (uy), uy) — 0 (2.8)
is bounded in X. Moreover, {u, } contains a convergent subsequence.

Proof. Let {u,} C X be a sequence satisfying (2.8), for the sake of discussion below, we
introduce an auxiliary function F(|x|,u) = f(|x|,u)u — uF(|x|,u) and Q, = {x € RN :
luy(x)] < R} where R is the same as in (Bs). By (Bs) and (2.6), without loss of generality, we
may assume that for all n € IN, we have:

1

c+1>D(uy) y(fb’(un),un)
= Vz;ZHunHZ + :, [ Ul )t = puF (x| )] i
:HEQHWWL+;£%FOMMde+;]Mv%fuﬂﬂﬁdx
zygauwwk+;lhfﬂﬂﬂ@dx
= Vz_ZHunHZ - ; /Q [1F (], 1) ] + | F(|x], ) |] dx
> LRl =5 [ v
= LRl = 29)

By (2.9), we have
lunll3 o p—=2  plc+1)

fuall> = 24 dfun]?”
So for sufficiently large ||u,||?> (actually we only require ||u,||> > %),
lunll3 o p—2
>—>0. 2.10
ual? = 4 210
If {u,} C X is an unbounded sequence in X, passing to a subsequence if necessary, we may
assume that ||u,|| — coasn — 0. Let v, = ﬁ, then (2.10) implies that
[0a]|5 > 0. 2.11)

Let A, = {x € RN : v, # 0}, then meas(A,) > 0. Furthermore, under the assumption that
||itn|| — o0 as n — oo, we obtain

|n(x)| — c0 asn — oo forx € A,. (2.12)
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Hence A, C RN \ ), for sufficiently large n € IN. By (By), there exists some d; > 0 such that
F(|x|,u) > dy|ul* for x € RN and |u| > R.

Hence by y > 2, we obtain

. F(lx|,u)
1 — Joo. 2.13
W T )
By (2.1), (2.3), (2.4), (2.11), (2.13) and Fatou’s lemma [21], for sufficiently large n € IN, we have
0= lim D)
n=vo |[uy |
1 E(xuw)
=5 /IRN 2 . dx
1_/ F(|x|,un) 2 _/ F(|x|,uy) 2 dx
2 O, u% ]RN\QH u%l
1 (& a4, o F(lx|,un) »
< = “a P _ Nl [etl2)
S5 + <2 —+ +1R > Sy hﬂglf RV\Q, u% vnd
1 M A L, . F(lx|,un)
St (G TR L g
<li(my 2 Y, [ timint L 2
—27\2 p+1 A, ne Ul S
S oo, ast— o, (2.14)

This is an obvious contradiction. Hence {u,} C X is bounded.

Now we shall prove {u,} contains a convergent subsequence. Without loss of generality,
by the Eberlein-Shmulyan theorem (see for instance in [33]), passing to a subsequence if
necessary, there exists a u € X such that u, — u in X. Again by Lemma 2.1, u, — u in L"(RV)
for 2 <r < 2%, that is

|luy —ully -0 asn — oo, (2.15)
and u, — u a.e. x € RN. Observe that

n = ul? = (@' () — @' (1), 1y — u +/ flxl un) = f(lx],u)](un —u)dx. (2.16)

It is clear that
(@ (uy) — D' (1), un —u) — 0, n — oo. (2.17)
By (B3), (2.7), (2.15), Holder’s inequality and the fact 2 < p +1 < 2%,

/]RN [(f(|x], un) — f(|x|, 1)) (up —u)|dx
CCFCel ) [+ £ (el w) )t — u] dx

ay(|un| 4 [u]) +ao(|un | + |u|p)] |y — uldx

\

R

IN
=

]RN

[2a1 (|up — u| + u]) + 2P az(Jun — ul? + [u|P)] |y — u| dx

N
=

RN

= Jon [2a1 (|un — ul* + |u||un — u]) +2Pas(Jun — u|P + [u]P|uy — ul)] dx

+1
< 201 ([t — 3+ a2l — ull2) + zpaz(nun—u|rz+1+uu|;fl||un u||p+1)

— 0, asn — 0. (2.18)
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This together with (2.16), (2.17) implies u,, — u in X as n — oo. O
Let {e;} be an orthonormal basis of X and define X; = Re;,
Y=l X;, Zi=e%.,X;, keZ (2.19)
Lemma 2.3. Under assumptions (B}) and (By), for 2 < r < 2*, we have

Br(s):= sup |lulls =0, k — oo. (2.20)

MEZk,HuH:l

Proof. By Lemma 2.1, X < L"(RN) is compact, then Lemma 2.3 can be proved by a similar
way as Lemma 3.8 in [28] or Lemma 3.3 in [4]. O

By Lemma 2.3, we can choose an integer m > 1 such that
2 1 2 ptl P +1 Pl
Jull2 < 2Tzlllull sl < || | Vu€Zp. (2.21)

Lemma 2.4. Under the assumptions (B}), (B) and (B3), there exist constants p,« > 0 such that
@[3,0z, > &

Proof. By (2.4) and (2.21), we have

() = ulP = [ FGxu)dx

1 ! 2 p+1
> QH”” - ?Hqu P-i-l |p+1
1
2 ULl = fluf|P45). (222)
Let 0 < p < 1, then &« = 1(p? — p*!) > 0 satisfies the conditions of the lemma. O

Lemma 2.5. Under assumptions (B}), (B2)—(Ba), for any finite dimensional subspace X C X, there
holds
d(u) — —oo, |ul| = o0, u € X. (2.23)

Proof. Arguing indirectly, assume that there exists a sequence {u,} C X with ||u,|| — co and
M > 0 such that ®(u,) > —M for all n € IN. Set v, = u,/||uy||, then ||v,|| = 1. Passing to a
subsequence, we may assume that v, — v in X. Since X is finite dimensional, then v, — v € X
in X, v, — va.e. on RY, and so ||v|| = 1. Hence, we can conclude a contradiction by a similar
fashion as (2.14). O

By (By), there exists a constant by > 0 such that b(|x|) := b(|x|) + by > 1 for all x € RN.
Let f(|x|,u) = f(|x|, u) + bou. Then b and f satisfy (B}), (B2)—(Bs) and it is also easy to verify
the following lemma.

Lemma 2.6. Problem (1.1) is equivalent to the following problem

{—AquE(!x\)u = f(lxl,u), xeRN, (2.24)

u € HY(RN).

At last, to complete the proof of Theorem 1.1, we need the following result (see [4]).
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Lemma 2.7. Let G be a group acting on X via orthogonal maps p(g): X — X and such that the
following hold.

(i) ®: X — R is G-invariant.
(ii) The inclusion XC < L$(RN) is compact for every s € (2,2*).
(iii) dim X© = oo.

Here X6 = {u € X : p(g)u = u forallg € G} is the G-fixed point set. Then ® has unbounded
sequence of critical values with associated critical points lying in XC.

Proof of Theorem 1.1. Firstly we shall find a group G and an action of G on X which satisfies
the assumptions of Lemma 2.7. We should point out the main idea of the discussion below
due to the work of T. Bartsch and M. Willem in [4]. G C O(N) is defined as follows. Choose
an integer 2 < m < % satisfying 2m # N — 1. This always holds for N = 4 or N > 6. The
action of

H = O(m) x O(m) x O(N — 2m)

on X is defined by
gu(x) = u(g™"x).

Let T be the involution defined on RN = R™ @& R™ ¢ RN~2" by
T(xl,xz, x3) = (xz, x1/x3>/

where (x1,x2,x3) € R" @ R" @ RN-2", Let G = (HU {t}) C O(N). Then elements of G can
be represented uniquely as h or hT with h € H and the action of G on X defined as

p(g)u(x) := hu(x) = u(h™'x), g=heH,
= —tu(x) = —u(tx), g=ht

Then it is clear that 0 is the only radial function in X©. By the work of T. Bartsh and M. Willem
in [4] (also see in [32]) we know that G and the action p(g) satisfy all the assumptions in
Lemma 2.7. Thus we obtain an unbounded sequence of critical values c; of ®: X — R. By
Lemma 2.7, we know the associated critical points u lie in XC, from discussion above we
know that uy are of nonradial solutions of (2.24). By Lemma 2.6, we know that uy are also of
nonradial solutions of (1.1). When f is locally Lipschitz with respect to u, by [14] we know
that u; are classical. O
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