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Abstract. In this paper we investigate the existence of infinitely many solutions for the
following fractional boundary value problem

{tn%wu(t)) = VW(tu(n),  teloT) (FBVP)

u(0) =u(T) =0,

where a € (1/2,1), u € R", W € CY([0, T] x R",R) and VW(t,u) is the gradient of
W(t,u) at u. The novelty of this paper is that, assuming W(t,u) is of subquadratic
growth as |u| — 400, we show that (FBVP) possesses infinitely many solutions via the
genus properties in the critical theory. Recent results in the literature are generalized
and significantly improved.
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1 Introduction

Fractional differential equations, both ordinary and partial ones, are extensively applied in
mathematical modeling of processes in physics, mechanics, control theory, biochemistry, bio-
engineering and economics. Therefore, the theory of fractional differential equations is an
area intensively developed during the last decades [4]. The monographs [7,9,12] enclose a
review of methods of solving fractional differential equations.

Recently, equations including both left and right fractional derivatives are discussed. Apart
from their possible applications, equations with left and right derivatives provide an interest-
ing and new field in fractional differential equations theory. In this topic, many results are
obtained dealing with the existence and multiplicity of solutions of nonlinear fractional differ-
ential equations by using techniques of nonlinear analysis, such as fixed point theory (includ-
ing Leray-Schauder nonlinear alternative), topological degree theory (including co-incidence
degree theory) and comparison method (including upper and lower solutions and monotone
iterative method).
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It should be noted that critical point theory and variational methods have also turned out
to be very effective tools in determining the existence of solutions for integer order differential
equations. The idea behind them is trying to find solutions of a given boundary value problem
by looking for critical points of a suitable energy functional defined on an appropriate function
space. In the last 30 years, the critical point theory has become a wonderful tool in studying the
existence of solutions to differential equations with variational structures, we refer the reader
to the books by Mawhin and Willem [8], Rabinowitz [13], Schechter [16] and the references
listed therein.

Motivated by the above classical works, in the recent paper [6], for the first time, the
authors showed that critical point theory is an effective approach to tackle the existence of
solutions for the following fractional boundary value problem

(FBVP)

tDF(oDfu(t)) = VW(t, u(t)), te[0,T],
u(0) = u(T),

where & € (1/2,1), u € R", W € C!([0,T] x R",R) and VW(t,u) is the gradient of W(t,u)
at u. Explicitly, under the assumption that

(Hy) |[W(t,u)| <alul®+b(t)|u>*+¢é(t) forall t € [0,T] and u € R",

where @ € [0,T?(a +1)/2T*), T € (0,2), b € L¥7[0,T] and ¢ € L'[0, T], combining with
some other reasonable hypotheses on W(t, 1), the authors showed that (FBVP) has at least
one nontrivial solution. In addition, assuming that the potential W(¢, u) satisfies the following
superquadratic condition:

(Hp) there exists # > 2 and R > 0 such that
0 < uW(t,u) < (VW(t,u),u)
forall t € [0, T] and u € R" with |u| > R,

and some other assumptions on W(t, 1), they also obtained the existence of at least one non-
trivial solution for (FBVP). Inspired by this work, in [18] the author considered the following
fractional boundary value problem

{tD"T‘(onu(t)) = f(Lu(),  teT], W
u(0) =u(T) =0,

witha € (1/2,1), u € R, f: [0,T] x R — R satisfying the following hypotheses:

(f1) feC([0,T] xR, R);

(f2) there is a constant y > 2 such that

0 < uF(t,u) <uf(t,u) forallte [0,T]and u € R\{0},

the author showed that (1.1) possesses at least one nontrivial solution via the mountain pass
theorem. For the other works related to the solutions of fractional boundary value problems,
we refer the reader to the papers [2,5,10,17,19] and the references mentioned there.

Note that all the papers mentioned above are concerned with the existence of solutions
for (FBVP). As far as the multiplicity of solutions for (FBVP) is concerned, to the best of
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our knowledge, there is no result about this. Therefore, motivated by the above results, in
this paper using the genus properties of critical point theory we establish some new criterion
to guarantee the existence of infinitely many solutions of (FBVP) for the case that W(t, u) is
subquadratic as |u| — +co. Note that in [11] the same techniques are used to consider the
existence of solutions to nonlocal Kirchhoff equations of elliptic type. For the statement of
our main result in the present paper, the potential W (t, u) is supposed to satisfy the following
conditions:

(W1) W(t,0) = 0 for all t € [0,T], W(t,u) > a(t)|ul® and |[VW(t,u)| < b(t)|u|’! for all
(t,u) € [0,T] x R", where 1 < ¢ < 2 is a constant, a: [0,T] — R™ is a continuous
function and b: [0, T] — R™ is a continuous function;

(W3) there is a constant 1 < 0 < ¢ < 2 such that

(VW(t,u),u) <cW(t,u) forallte[0,T] and u € R".

Now, we can state our main result.

Theorem 1.1. Suppose that (W) and (Wy) are satisfied. Moreover, assume that W (t, u) is even in u,
ie.,

(W3) W(t,u) =W(t,—u) forallt €[0,T] and u € R",
then (FBVP) has infinitely many nontrivial solutions.

Remark 1.2. From (W), it is easy to check that W(t, u) is subquadratic as |u| — +o0. In fact,
in view of (W7), we have

W(t,u) = /Ol(VW(t,su),u)ds < bg)myﬁ, (1.2)

which implies that W(t, u) is of subquadratic growth as |u| — +oo.

(Hy) is the so-called Ambrosetti-Rabinowitz condition due to Ambrosetti and Rabinowitz
(see e.g., [1]), which implies that W(t, u) is superquadratic as |u| — +o0. Here we consider the
case that W(t,u) is of subquadratic growth. Therefore, the result in [18] is complemented. In
addition, in view of (1.2), it is obvious that if W(¢, u) satisfies (W), then (H;) holds. However,
in [6] the authors only obtained the existence of at least one nontrivial solution for (FBVP). In
our Theorem 1.1, we obtain that (FBVP) possesses infinitely many nontrivial solutions.

Example 1.3. Here we give an example to illustrate Theorem 1.1. Take
W(tu) = (2+sint)|ul2,  V(tLu)€[0,T] xR,

then it is easy to check that (W;), (W,) and (W3) are satisfied where a(t) = 2 +sint, b(t) =
2(2+sint)and o =8 = 3.

The remaining part of this paper is organized as follows. Some preliminary results are
presented in Section 2. In Section 3, we are devoted to accomplishing the proof of Theorem 1.1.
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2 Preliminary results

In this section, for the reader’s convenience, firstly we introduce some basic definitions of
fractional calculus which are used further in this paper, see [7].

Definition 2.1 (Left and right Riemann-Liouville fractional integrals). Let u be a function
defined on [a,b]. The left and right Riemann-Liouville fractional integrals of order « > 0 for
function u are defined by

Ju(t) = r(la) ./at(t — o u(s)ds,  te[ab]

and

tlpu(t) = 1“(111) /tb(s — )" Lu(s)ds, t € [a,b].

Definition 2.2 (Left and right Riemann-Liouville fractional derivatives). Let u be a function
defined on [a,b]. The left and right Riemann-Liouville fractional derivatives of order a > 0
for function u denoted by ,Dju(t) and ;Dju(t), respectively, are defined by

n

oDiu(t) = e

T u(t)

and
n
n d n—un

tDju(t) = (—1) ﬁtlh u(t),
where t € [a,b],n—1<a <nandn € N.

In what follows, to establish the variational structure which enables us to reduce the ex-
istence of solutions for (FBVP) to find critical points of the corresponding functional, it is
necessary to construct appropriate function spaces.

We recall some fractional spaces, for more details see [3]. To this end, denote by L?[0, T]
(1 < p < +00) the Banach spaces of functions on [0, T] with values in R” under the norms

lul, = (/OT\u(t)\Pdt>l/p,

and L*[0, T] is the Banach space of essentially bounded functions from [0, T] into R"” equipped
with the norm
||t]|c = esssup {|u(t)|:t € [0,T]}.

For0 <a <land 1< p < +oo, the fractional derivative space E," is defined by

ES” = {u € 1[0, ] : oDfu € LP[0, ] and u(0) = u(T) = 0} = C3[0, 7] ™,

where || - |4, is defined as follows

T T 1/p
ey = (| torrar+ [ ptuorar) @

Then E," is a reflexive and separable Banach space.
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Lemma 2.3 ( [6, Proposition 3.3]). Let 0 < a <1land1 < p < 4o0. Forall u € ENF, if o > %, we
have

olf (oDfu(t)) = u(t)

and

L 22)

< — . .
July < gy loDiuly
In addition, if & > % and % + % =1, then
1
T »
[uflo < loDgu[p-

1
[(a)((x =1)g + 1)
Remark 2.4. According to (2.2), we can consider in Eg,p the following norm
H”Hoc,p = H0D§X“||pr (2.3)
which is equivalent to (2.1).

In what follows we denote by E* = Eg’z. Then it is a Hilbert space with respect to the
norm ||u||, = ||u]|a2 given by (2.3).

The main difficulty in dealing with the existence of infinitely many solutions for (FBVP)
is to verify that the functional corresponding to (FBVP) satisfies (PS)-condition. To overcome
this difficulty, we need the following proposition.

Proposition 2.5 ( [6, Proposition 3.4]). Let 0 < a« <1and 1 < p < +oo. Assume that x > % and
U — uin Eg’p, then uy — u in C[0, T), i.e.,

[ug — uflo — 0
as k — +oo.

Now we introduce more notations and some necessary definitions. Let B be a real Banach
space, I € C!(B,R) means that I is a continuously Fréchet differentiable functional defined
on B.

Definition 2.6. I € C!(B,R) is said to satisfy (PS)-condition if any sequence {1}, C B, for

which {I(uy) },cp is bounded and I' (1) — 0 as k — +o0, possesses a convergent subsequence
in B.

In order to find infinitely many solutions of (FBVP) under the assumptions of Theorem 1.1,
we shall use the “genus” properties. Therefore, it is necessary to recall the following defini-
tions and results, see [13,14].

Let B be a Banach space, I € C}(B,R) and ¢ € R. We set

Y. ={A C B—{0}: Aisclosed in B and symmetric with respect to 0},
Ko={ueB:I(u)=cI'(u) =0}, IF={ueB:I(u) <c}

Definition 2.7. For A € X, we say the genus of A is j (denoted by y(A) = ) if there is an odd
map ¢ € C(A,IR/\{0}) and j is the smallest integer with this property.



6 Z.Zhang and |. Li

Lemma 2.8. Let I be an even C! functional on B and satisfy (PS)-condition. For any j € IN, set

L={AeX:v(A) =]}, cj = inf sup I(u).
A€x; ucA

(i) If % #+ @ and ¢j € R, then c; is a critical value of I;
(ii) if there exists r € IN such that
Cj=Cip1=""=Cpr=CcER,
and ¢ # 1(0), then v(K;) > r+ 1.

Remark 2.9. From Remark 7.3 in [13], we know that if K. C X and (K.) > 1, then K, contains
infinitely many distinct points, i.e., I has infinitely many distinct critical points in B.

3 Proof of Theorem 1.1

The aim of this section is to give the proof of Theorem 1.1. To do this, we are going to establish
the corresponding variational framework of (FBVP). Define the functional I: B = E* — R by

I(u):/OT E]OD‘;‘u(t)]Z—W(t,u(t)) dt. 3.1)

Lemma 3.1 ( [6, Corollary 3.1]). Under the conditions of Theorem 1.1, 1 is a continuously Fréchet-
differentiable functional defined on E*, i.e., I € C'(E%,R). Moreover, we have

Vo= [ [GDfu(t),oDFa(t)) ~ (VW(E,u(t)),o(e))d

forall u, v € E*, which yields that

T T
I'(u)u = / loD%u(8)|2dt — / (VWL u(t)), u(t))dt. (3.2)
0 0
Lemma 3.2. If (W;) and (W) hold, then I satisfies (PS)-condition.

Proof. Assume that {ur}, . C E* is a sequence such that {I(u)},.n is bounded and
I'(ur) — 0 as k — +oo. Then there exists a constant M > 0 such that

\I(uk)\ < M and HI’(uk)H(Ea)* < M (33)

for every k € IN, where (E*)* is the dual space of E*.
We firstly prove that {uy}; .y is bounded in E*. From (3.1) and (3.2), we obtain that

(1= 5 ) lell2 = ' (ugag = 1 ()
+ /OT[(VW(t, (1)), ug(t)) — oW (£, u(t))]dt (3.4)
< M||ug||lx + oM.

Since 1 < o < 2, the inequality (3.4) shows that {u}, .y is bounded in E*. Then the sequence
{ur }ren has a subsequence, again denoted by {uy}, ., and there exists u € E* such that

ux — u weakly in E*,
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which yields that
(I'(ug) — I'(u)) (ug — u) — 0. (3.5)

Moreover, according to Proposition 2.5, we have

/OT (VW (t, ug(t)) — VW (t, u(t)), up(t) — u(t)) dt — 0 (3.6)

as k — +oco. Consequently, combining (3.5), (3.6) with the following equality

T
WW@-”WNW—WZHW—Wﬁ—A(VW@WUD—VW@MOMMO—MUWE
we deduce that ||uy — u||, — 0 as k — +o0. That is, I satisfies the (PS)-condition. O

Now we are in the position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. According to (W1) and (W3), it is obvious that I is even and I(0) = 0. In
order to apply Lemma 2.8, we prove that

for any j € IN there exists ¢ > 0 such that y(I"¢) > j. (3.7)
To do this, let {ej};?‘;l be the standard orthogonal basis of E*, i.e
lleill« =1 and (ej,ex)pe =0, 1 <i #k. (3.8)
For any j € IN, define
= span{ey, e, ..., e}, Sj=A{u€Ef:|ull. =1},

then, for any u € E}?‘, there exist A; € R, i =1,2,...,J, such that

f) = i/\iei(t) for t € [0, T], (3.9)

which indicates that

Jul = [ loDgu P

—XM /bD% ()Pt (3.10)

—ZMMW Zﬁ

On the other hand, in view of (W;), for any bounded open set D C [0, T], there exists
7 > 0 (dependent on D) such that

W(t,u) > a(t)|u® > nlul®, (t,u) € D x R". (3.11)

As a result, for any u € S]-, we can take some Dy C [0, T| such that

ATW@u@yﬁ /‘ ( ZA@ )m>q/

—:0>0. (3.12)

ZAel
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Indeed, if not, for any bounded open set D C [0, T], there exists {1, },en € S;j such that

/ lu, (8)|%dt =
D

as n — +oo, where u, = 21::1 Aine; such that E{Zl A2 =1. Since Z§:1 A7 =1, we have

19

mei(t)| dt =0

lim A, =:Ajp € [—1,1] and Z)\,O =

n—+00

Hence, for any bounded open set D C [0, T}, it follows that

4

I
o

i0ei(t)

The fact that D is arbitrary yields that ug = 25:1 Aigei(t) = 0 a.e. on [0, T|, which contradicts
the fact that ||u||,=1. Hence, (3.12) holds.

Consequently, according to (W;) and (3.9)-(3.12), we have

2

1(ou) = Sl — [ Wit (o)) a

52 5 T j
= 5 llullx —/O W<t,52/\iei(t)> dt
i=1

2o e (T i v
< Sl =" [ a()| S dei(r)| dt
0 i=1
s? o
< 2wl -~ 0/ dt
< Sl -ns [
2
s
< Sl — os?
2
= % — Qsﬂ, ue€s;,
which implies that there exist ¢ > 0 and J > 0 such that
I(6u) < —e forucs;. (3.13)

Let ‘
={6u:ues} and Q= {(Al,Az,...,/\j) ER/: i)@ < 52}.
i=1
Then it follows from (3.13) that
I(u) < —e¢, Yu e S;S,

which, together with the fact that I € C! (E* R) is even, yields that

Sfc [fex.
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On the other hand, it follows from (3.9) and (3.10) that there exists an odd homeomorphism
mapping ¢ € C (S;?, 0Q)). By some properties of the genus (see 3° of Proposition 7.5 and 7.7
in [13]), we obtain

y(I7) = 9(S)) =, (3.14)

so (3.7) follows. Set
c¢j = inf sup I(u),
A€X; ucA
then, from (3.14) and the fact that I is bounded from below on E*, we have —co < ¢; < —¢ <0,
that is, for any j € IN, ¢; is a real negative number. By Lemma 2.8 and Remark 2.9, I has
infinitely many nontrivial critical points, and consequently (FBVP) possesses infinitely many
nontrivial solutions. O
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