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On some aspects of the algebraic description -
of automaton mappings

By A. Apim

Introduction

The present paper is devoted to studying the super-finite partitions of finitely
generated (non-commutative) free semigroups, i.e. such partitions C for which the
relation C= C* is satisfiable with a right-congruence C* of finite index. The importance
of super-finite partitions arises from the fact that they are in a natural one-to-one
correspondence with the automaton mappings realizable by finite automata.

_ The . (sufficiently constructive) description of the super-finite partitions seems
to be a difficult task. The present article is intended to make only the first steps
to this direction; consequently, the introduction of the concepts and the elucida-
tion of their easily accessible properties take up a remarkable size in the paper.

Chapter I contains a survey of the (more or less known) correspondences be-
tween automaton mappings and partitions of sémigroups (§§ 1—2); furthermore,
after summarizing the previous results on finite right-congruences published in [2] (§
3), the main purpose of the investigations is exposed (§ 4). L2

Chapters II, III explain certain suggestions in order to give a description of
the super-finite partitions of finitely generated free semigroups, and obtain some
results in this direction. These two chapters are independent of each other, the
same problem is attacked by two different methods in them. Especially, the results
of Chapter II give an answer to the following problem: determine all partitions C
of a finitely generated free semigroup F(X) such that C is no right-congruence and,
by forming the union of two classes modulo C, a previously given right-congruence
C* is obtained (any other classes mod C remain unchanged). In Chapter II1, the
critical pairs of a right-congruence of F(X ) are characterized.

1 The results exposed in § 1—2 are given with or without proof; in the latter case, we refer to
the paper [1] where related questions are treated.

2 We note that the basic correspondence, asserted in Proposmon 8, was firstly discovered by
Nerode [4], see also {3], [6].

1 Acta Cybernetica



2 A. Adam

1. The super-finite partitions and their fundamental properties

§1

As in [2], we denote by F(X) the free semigroup (non-commutative, with unit
element e) generated by the finite set X= {x®, x®, ..., x(}.3 The elements of F(X)
are called also words, the elements of X are called generators, too. The length I(p)
of a word p is the number of generators whose product equals to p. &;(p), B;(p) are
defined by '

p = Ki(p)-B;i(p), l(mi(P))= i(él(P))-

Evidently, 8, (;(p)) equals to the (/(p)—i)-th factor in the “product of generators”
representation of p (0=i<I(p)).

The index ind C of a partition C of F(X) is the number of classes modulo C.
We note that C,=C, implies ind C,=ind C,. If the index of C is ﬁnite, then we
say that C is a finite partition. The finite partitions form a sublattice £, of the lat-
tice of all partitions of F(X). A partmon C is called a rtght congr uence if the im-
plication

p=q (mod C) = px=gx (mod C)

is satlsﬁed for every p(€ F(X)), g( € F(X)), x(€X):

Let 2,(£ 2,) be the lattice of all finite right-congruences (i.e. all finite partmons
being right-congruences) of F(X).

We say that the lattice & possesses the upper finiteness property (abbreviated:
UFP) if to any C,(€2) the relation C,> C, is fulfilled only by a finite (possibly
_zero) number of elements C,( € £), £ has the lower infiniteness property (abbreviated :
LIP) if to any C,(€2) there exists a C,(€2) such that C,<C,. (Consequently,
there exists an infinity of C,’s with the desired character.) The lattices-£,, £, possess
clearly both UFP and LIP. )

Let C be a finite partition of F(X). We define the partitions N (C) and M, (C)
by the following rules. (see also [1]):

- let p=q (mod N(C)) be true exactly if p=¢ (mod C) and px=gx (mod C)

for each x (where p € F(X), g€ F(X), x€X),

let p=q (mod M, (C)) be true exactly if pr=gr (mod C) for each r (where p,
g, r are elements of F(X))

Ev1dently, N(C)=C and M,(C)=C. We use the shorter notation ER'(C) in-
stead of .

123 i

: R(NTR(...N(C)...)))
and let N*(C) denote C. »

For the (easy) proofs of the following Proposition 1 and Lemma 1, we refer
to [1] (see there the assertions (1.2), (1.3), (2.12), (2.13)).

Proposition 1. For any partition C of F(X), M,(C) is a right-congruence, more-
over, M, (C) is maximal among the right-congruences C* satisfying C*=C.

3 X and F(X) are always considered to be fixed.
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Lemma 1. For any C(€2L,) we have
ind R(C)=(ind C)"*+1

where n denotes the cardinality of X.
Lemma 2. W(CY=M,(C) holds for each i.

Proof. We use induction for 7. If i=0, then N°(C)=C=M,(C). Suppose
R(C)=M,(C), let p=g (mod M,(C)) be true for the words p and q. The right-
congruence property of ilJIl(C) 1mp11es px=gx (mod M, (C)) for each generator x;
we get

p=q (mod N(C)) and px=gx (mod N(C))

by the supposition. This means that p, ¢ are congruent modulo R(R(C))=R+1(C).

Proposition 2. The subsequent three assertions are equivalent for any partition
C of F(X):

() Cis a right-congruence,
(i) N(C)=C,
(iii) M (C)=C

. Proof. Our preceding considerations show that M, (C)=N(C)=C for each C.
- Suppose p=q (mod C) where C is a right-congruence. We get pr=gr (mod C)
for every word r (by successive application of the right-congruence property), thus
p=q (mod M, (C)), hence C=M,(C); this implies (ii) and (iii).
Assume that C is not a rlght -congruence. There exist two words P, q and a
generator x such that p=¢ (mod C) and px Z¢x (mod C). Hencep #g mod (ﬁt(C)),
thus M, (C)=N(C)<C, consequently (ii) and (iii) are not fulfilled.

Proposition 3. The following three conditions are equivalent for any finite partition
C of F(X):

(1) There exists a finite right-congruence C* such that C*=C.
(2) The right-congruence MM, (C) is finite.
(3) There exists an integer i(=0) such that N (C)= ‘R‘”(C)

The partitions (belongmg to €,) that satisfy the conditions posed in Proposi-
tion 3 are called super-finite partitions of F(X). This notion is of basic importance
in the paper. The set of super-finite partitions is denoted by £;; clearly, 2,22,28,.
We shall see that £, is a lattice, as well (Proposmon 4).

- Pr. oof of Proposition 3.

()=(2). If C*=C and C* is a right-congruence, then C*=%M,(C) by the
minimality stated in Proposition 1, thus the finiteness of C* implies the finiteness
of M, (C).

(2)=(3). We prove the assertion indirectly. If (3) does not hold, then

- C>N(C)>N(C)=>N(C)> ...,
hence
ind 9(C) = i+ind C.
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On the other hand, Lemma 2 implies
ind M, (C)=ind N(C)

for any i; consequently, M, (C) is of infinite index.
(3)=(). If (3) is true, then (C) is a right-congruence by Proposition 2.
A successive application of Lemma 1 shows that

ind 9¥(C)=(ind C)*+V,
therefore N!(C) belongs to L,, i.e. N(C) is a convenient C* in (1).
Remarks. The equality in (3) implies
M, (C)=N(C)=NHYC)=N+2(C)=...
— [1] contains a detailed treatment of the equivalence of (2) and (3).

Proposition 4. The set L, of super-finite partitions of F(X) is a sublattice of the
lattice of ail partitions of F(X'). The lattice £ possesses both the upper finiteness property
and the lower infiniteness property.

Proof. In order to verify the first assertion, we have to prove that C, € £; and
C, €8, imply C;NC,€8, and C,UC,€9,. There exist two elements Cf, C,* of £,
such that Cf=C, and C=C, (by Proposition 3, (1)). C¥ N C¥ belongs to £, (since

. £, is a lattice) and the relations

CiNCs =G NC, =C UG

are obviously valid. Hence (1) is true for C;NC, and C,UC;, too.
£, has the UFP because £, has; £, has the LIP since £, has.

§2

In this §, we treat the natural correspondence between the super-finite parti-
tions of F(X) and the finitely realizable automaton mappings of F(X).

The customary definition of automaton mapping is: an assignment §, defined
on F(X), into a free semigroup* F(Y) is called an automaton mapping (or sequential
Junction) if ’ ' ’

(1) 1(B(p))=I(p) for each p(€ F(X)) and

@ Ku(B®)=BF(Ru(p) for each p(€ F)—{e}).

An automaton mapping f is called to be proper if to-any y(¢Y) there exists a
p(€ F(X)) such that B,(B(p))=y. The next result.shows that the notion of proper
automaton mapping is not an essential restriction of the general concept.

Proposition 5. Let B be an automaton mapping of F(X) into F(Y). Define the
set Y,(S Y) by the following rule: y(€Y) belongs to Y, exactly if there exists a
p(€ F(X)) such that y occurs in the representation of B(p) as a product of elements
of Y (in other words: if there exist p and i such that y=%3,(K;(8(p))), 0=i<I1(B(p))).
Then B is a proper mapping of F(X) into F(Y,).

¢ X and Y are (not necessarily disjoint) finite sets.
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Proof: 1t is evident that the range of § is mcluded in F(Y;). Let y be an arbltrary
element of Y;. Then
y="3,(8:(8(p)))=B:(B(K:(p)))

where the first equality follows from the definition of ¥;, the second one from
property (2) defining the automaton mappings (applied successively i times). Thus
B is proper if it is viewed as a mapping into F(Y;). The proof is completed.

Let B be an automaton mapping. We assign to ﬁ a (finite) partition Cj of F X)
_ in the following way:

p=gq (mod Cp) if and only if 23 {(B(P))= %l(ﬂ(q))

Now we state an assertion expressing that C; is common for two mappmgs (deﬁned
on F(X)) precisely when they are isomorphic in a certain (natural) sense:

Proposition 6. Conszder two proper automaton mappings B and B’ where B maps
F(X) into F(Y) and B’ maps F(X) into F(Y’). The equality Cj=Cy holds if and
only if (|Y|=1Y’| and) there exists a one-to-one correspondence 1.between Y and Y'

such that
B, (K:(B'(p))=1(B.(K:(B (p))))

Jor every p(€ F(X)) and i (0<1<l(p))

: Proof. Suppose Cy=Cy.. Let the ass1gnment B of the factor set F(X )/Cﬂ into

Y be defined by B(p) 5!31(13 () where p is the class (modulo Cp) containing p.
B is clearly a one-to-one ass1gnment onto Y (since B was supposed to be a proper
mapping). B’ can be defined in an analogous manner (with C,, instead of C s)- D
may denote the class mod. Gy, as well. Introduce the mapping 1 by the formula

1(»)=F(B~1(»)). Then we have
B, (KB »(P))) = B,(f(R:(p)) = F(Rip) =
= 1(B(R:(p) = (B, (B(R:())) = L(BL(K:(B(D)))).

Conversely, assume that an "assignment 1 satisfies the condition and z=1(y)
(where y€ Y, z€Y’). Define the sets W/(S F(X)), WZ(SF(X)) by what follows:’

peW” " if and only if 931(ﬁ(P))-— »s

' » pPE€ wr i and only if B,(8(p)) =z~
" The equivalence

i B,(B()=y (% B (P)=) (B B@))=1 () (= Z)
assures W’= W”' This holds for each y and 1(y)=z, consequently Cﬂ—Cﬂ.

Proposmon 7. To any finite partition ‘C of F(X), there exists an automaton
mapping B (defined on F(X)) such that Cg=C.

"Proof. Let Y be a set such that |Y |=ind C and p be a one-to-one mapping
of the factor set F(X)/C onto Y. The mapping B of F(X) into F(Y) defined by

B(p) = 1(&e_1(P) - k(K2 (D)) - (R Z5(P)) - 1(R1(P)) - u(Re(P))

(where k=1(p)) satisfies the requirements. The proof is completed.
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The last statement of this § elucidates the close connection between super-
finite partitions and finitely realizable automaton mappings. By virtue of this con-
nection, a (sufficiently constructive) description of the super-finite partitions would
also mean a description of the mappings in question. For the definitions of finite
automaton (of Moore or Mealy type), the mapping realized (in another terminology:
induced) by an automaton, moreover for the proof of the following assertion, we
refer to [1] (especially, assertions (4.12) and (5. 11)) where these questions are dis-
cussed in details.

Proposition 8. The subsequent three conditions are equivalent Sfor an automaton
mapping B (defined on F(X)):

1) C; is a super-finite partition of F(X).
- ﬂ . . ..
(ii) There exists a finite Moore automaton realizing p.
iii) There exists a finite Mealy automaton realizing f.
g

§3

In this § we give a short survey of the matter of the previous paper [2] where
a recursion procedure is introduced by which any finite right-congruence of F(X) is
obtained precisely once.

We say that the relation a(p, ¢q) is true (1) for the words p, g if there exists a
number i (1=i=I(g)) such that p=K;(g). For any H(ES F(X)), we denote by y(H)
the set of words p satisfying a(p, h)—1 with a suitable #(¢ H).

A finite subset H of F(X) is called an independent. complete set (abbreviated:
IC-set) if h;= K;(h,) implies h;=h, (and, consequently, i=0) for any two elements
hy, hy of H and to almost all words p(EF(X)) there exists an /(€ H) satisfying
h= 8, (p) with an appropriate z(>0) If H is an IC-set, then A and y(H) are dis-
joint.

Let a full ordering < be fixed in the set X of generators. We extend this rela-
tion to F(X) followmgly p<qif elther {pl=1q] and p precedes ¢ lex1cograph1cally
or [p|<lg|.

In § 3 of [2], a construction of (all) the IC-sets is given.

Let H be an IC-set, let us fix an arbitrary assignment ¢ of H into y(H). We
define the mapping 7% of F(X) onto y(H) by the subsequent recursion:

if p €y(H), then < (p)=p, -

if pcH, then 1%(p)= o (p), ‘
if the word P does not belong to y(H)U H, then

%(p) = H(H (PN B (p))-

Proposition 9. (The first statement of Proposition 4 and Proposmon 6 in [2]).
T H(Rl ()B4 (p) belongs to y(H ) U H for any p(€ F(X )) The domain of 1%, is the whole
semigroup F(X). The range of <% is precisely y(H). 14 is idempotent.

We define the partmon Cf; of F(X) such that p=g (mod C§) exactly if t4(p)=
=1% (g). The mapping ¢ is called rormal if ¢(p)< p for any word p.

The main result of [2] is:
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Proposition 10. (Theorems 2, 3 in [2].) Any partition Cf is a finite right-con-
gruence of F(X). If only normal mappings ¢ are permitted, then each finite right-
congruence C* can be produced in exactly one way in the form C§. _

In what follows, we shall use also the following facts asserted in [2]:

Proposition 11. (Proposition 7in [2].) If p is an arbitrary word and x is an arbitrary
generator, then

h(px) = 1§ (TH (p) x).

Proposition 12. (The first sentence follows from Proposition 8 of [2], the second
one from the constructions exposed in [2].) Any class modulo C§} contains exactly one
element g which belongs to y(H). If ,

g=p (mod Cf))  (gey(H)).

then 5 (p)=g and either g=p or g p.

§4

. In consequence of the propositions stated in § 2, the problem of describing all
(essentially different) automaton mappings (defined on F(X)) is equivalent to the
problem of the description of.all super-finite partitions of the semigroup F(X).

‘In § 3 we have sketched a description of the finite right-congruences of F(X); any
element of £, was produced um'quely.-Unfortunately, this method has the dis-
advantage that the lattice-theoretical structure of &, remains unexplained, i.e. even
if we know H, ¢, H’, ¢’, there exists no easy way to dec1de the validity of the relatlon
Ci=Cf.

If we fix a finite rlght—congruence C* and we ask for all the super-finite partl-
_ tions C satisfying C=C™, then these partitions C can be constructed rather easily
(the number of the partitions C is finite by the UFP of £,). If C* is varied, .then
every super-finite partition C is produced; however, the LIP of &, implies that, -
for each C, there are infinitely many constructions obtaining C (because of the ex-
istence of an infinity of finite right-congruences C* fulfilling C*=C). Consequently,
“this simple idea does not give a unique representation of the super-finite partitions
of F(X).

By a modlﬁcatlon of our prev1ous ideas, the following problem arises: the
finite right-congruence C* is varied and, for any C¥*, it is required to produce’ uni-
quely the partitions C satisfying M,(C)=C*. Then each C is obtained exactly once
(for the equality M, (C)=C* is satisfied by precisely one right-congruence C¥).
In what follows, the problem exposed now will be called “basic problem’.

In Chapter II, we shall make some considerations (being far from completeness)
concerning the basic problem. In Chapter I some other related questions will be
touched upon.



8 A. Adam

II. On the description of super-finite partitions by using complexity numbers

§5

Let an IC-set H of F(X) be given. Denote the set y(H) by G, too. Let ¢ be a
mapping of H into G. The pair (H, ¢) detérmines a mapping % of F(X) onto G
and ari ght-congruence C§; by virtue of § 3. Since H, ¢ are throughout fixed, we shall
write 7 for® 1%.

" Let C® be an arbitrary partition of the set G(=v(H)). Let us a551gn to C@®
two partitions o (C®), o*(C) of F(X) in the following manner:

p=q (mod o (C®))
t(p)=1(q)  (mod C@);
P=q }(mod o*(C9))

exactly if
moreover,

precisely if either p=gq or
PEG & gcG & p= q ~ (mod C®)
" (where p€ F(X), g€ F(X)). '
Proposition 13. The equality
®(C®) = w*([CO)UCY

* is valid. The restrictions of the partzttons o(Cand o*(C (G)) to G coincide with C @,
“ Moreover, we have
ind C@=ind w(C (G))

Proof. Let us recall Proposition 9 and the definitions of @, w*, Cg. The restric-
tion of @*(C@) to G equals trivially to C©. The relation

. p=q (mod w(C(G)))
implies

p=1(p), q=1(g) (mod Cf)
and .- o
_ t(p)=1(q) (mod w* (C(G)));
consequently,

. w(C@®) = p*([CHUCE.
On the other hand, if
' P=q (mod w*(C@YU CP),

1(p=1(q) (m(_)d w*(C®)UCP),

then

hence . |
(mod w*(C9))

(p) = t(q) {(mod c©®)

5 However, we do not use the simple notation C instead of Cg. °
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(since 7(p), 1(g) belong to G and the elements of G are pairwise incongruent mod Cf),
thus :
P=q (mod w(C(G))).

The above considerations show also the validity of the assertion on the restric-
tion w (C*9) to G and the inequality :

ind C@=ind w(C9),

t00. Proposition 12 implies that each class modulo @ (C‘®)(=C§) has a non-empty
- intersection with G, hence :
: : - ind C*9=ind w(C©).
N ‘ A
Proposition 14. The assignment C'9 —w (CD) is a lattice-theoretical isomorphism
(where C® runs through all the partitions of G(=y(H)). The range of this assignment
is exactly the set of the partitions C of F(X ) Sfulfilling C=Cf.

Proof. Suppose C(G)<C(G) and
~ p=g  (mod o(C©@)).

Then : ] . .
: (p)=1(q9) (mod C®),
hence A
1(p)=t(q)  (mod C{),

thus .
. p=q (mod w(C{?)).

We have proved o (C@)=w (C{®).

Now assume that the relation C‘G)<C(G) does not hold. This means that there
exists a pair (p, g) (where p€G, q€G) such that p, g are congruent mod C(® but
incongruent mod C{®. The assertion on @ (C‘®) in the second sentence of Proposi-
tion 13 ensures that p, g are congruent mod w(C‘®) but not mod w(C{®), thus
w(CO=w(C{?) cannot be true. The first assertion of the proposition is verified.

Let C be a partition of F(X) satisfying C=C§. Denote by C@ the restriction
of C to G. We are going to show that C=w(C(9). Indeed, the three relations

p=q (mod C)
t(p)=1(q) . (mod C®)
P=q (mod w(C(G)))
are equivalent (by
p=1(p)

mod C

q= r(q)} ( )

and the definition of w). Thus C=w(C®), hence the range of w includes the set
- mentioned in the second sentence of the proposition. The converse inclusion follows
from the first assertion of Proposition 13,
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§6

The following idea seems to be a possible method for investigating the basic
problem (exposed in §4): :

(1) we assign a complexity number ¢(C) (being a non-negative integer) to
any super-finite partition C of F(X) (characterizing the “distance” of C and M, (C)
in some appropriate manner),

(2) for any pair (C*, m) (where C* is a finite right-congruence of F(X) and m
is a natural number) we denote by S(C*, m) the set of partitions C@ fulfilling
M, (w(C9))=C* and ¢c(w(CP))=m,

(3) for any finite right-congruence- C* of F(X), we give a description of the
partitions lying in S(C*, 0), S(C*, 1), ..., S(C*, m) where m is the largest number
such that S(C*, m)= &. .

Three different concrete choices of the complexity numbers ¢(C) seem to be
applicable:

(D Let ¢(C) be the difference

ind M, (C)—ind C.

(I) Let c(C) be the smallest integer j such that 9t/ (C)=M, (C) (cf. Remarks to
Proposition 3). ‘

(IID? Let ¢(C) be max min/(r) where the maximum is taken for all pairs
P, q such that

pZq  (modM(C)) (pEF(X), g€ F(X))
and (for each pair p, ¢) the minimum is taken for all words r such that
prZqr (mod C).

In what follows, we adopt the first choice, i.e. we define the complexity number
of C by .
, ¢(C) = ind M (C)—ind C.

The relation 9, (C)=C implies immediately the

Proposition 15, ¢(C)=0 exactly if M, (C)=C (ie. if C is a right-congruence).
Now we return to the former point of view that the IC-set H, the normal mapping
@ are fixed and 1=1%, C*=C§};, G=y(H) are defined by means of H, ¢. The fol-
lowing paragraph is devoted to get a certain representation of the partitions C (@ of
G satisfying
M (0(CO))=C* and c(w(C)=1;

this task is the same as that of characteriiing the set S(C*; 1).
Next we state some simple facts. The first of them is obviously valid:

Proposition 16. Let C©) be a partition of G such that M, (w(C9))=C*. Then
c(w(CO))=0exactly if CD is the smallest partition of G (i.e. if every class modulo C®
has only one element). ‘ :

¢ This third definition is justified only if the maximum always exists (i.e. if the set consisting
of the numbers min /(r) is bounded). I do not know whether or not this existence is valid for every
super-finite partition C.
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Proposition 17. Let C'9 be a partition of G such that M, (w (C9))=C*. Then

: c(0(CO)=1 B ()
- if and only if: . , o
ind C® = [G]-1. (62

Proof. By the deﬁmtlon of the complexity number, (6.1) can be wntten in
the form .
ind co(C(G)) = ind M (w(C(G)))—l
this equality is equlvalent to (6.2) because

ind C{j=|G]|
is implied by Proposition 12. .

Proposiﬁon 18. Let C9 be a partition of index |G|—1. The equality

|  Mye(CO)=C*.
" holds if and only if o(C®) is not a right-congruence.

~ Proof. We note that o(C@)=C* and
ind @(C®) = ind C¥ = |G|—1 = ind C*%I :
imply o (C(G)) >C*,
If w(C @) is a right- -congruence, then
om (w(c<G>))—w(c<G>)>c*

‘ If w(C(G)) is not a right-congruence, then

My (w0 (C@)<w(CD)

implies : .
- ind My (0€C@)) > ind w(C9)(= ind C*-1),
hence C ' '
-ind M, (0 (C@))=ind C*;

. on the other hand, Proposition 1 guarantees

. - S My (e(C@)=C*
The last two formulae ensure '
. M, (w0 (CD))=C*,

§7'

~ Let g4, g be two different elements of G such that g1< g.. We denote by c©,,
the partition of G in which {g,, g,} is one of the classes and any other class has one
element. In the form C(®, all the partitions (of G) of index |G|—1 (and only these)

91,92
can be obtained.
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THEOREM 1. The partition C=w(C{®,) is a right-congruence of F(X) if and

g1, 92

only if" g, XC H and each x(€ X) satisfies one of the following four assertions:®
() 8:1x€G & @(gx)=g,x.
(i) g1x=g, & @(g:X)=g:.
(ii)) gy x€H & ¢(8,X)=¢(8:X).
(iv) g1x€H & {9(g:1%), 9(g2X)}= {21, &2}-

Proof
Necessity. Suppose that Cisa rlght-congruence We have &ixeG UH by g;€G
and G=y(H) for each x(€ X) (where i may be 1 or 2).

E81=82 (mod C{))

g1 92
implies
- 81582 (mod C),
hence -
: &1x=gx  (mod C),
thus ’

(g1 x)=1(g.x)  (mod C{9,).

91,892

Caée 1: g,x€G and
gix=g,x  (mod C*).

Then g, x < g, x (by Proposition 12) and 2:x(GU H) cannot belong to G, i.e. gzx €H.

Moreover,
&1 x=1(8%)=1(g:X)= ¢ (g2X),
this means that (i) is satisfied.
Case 2: g, x€G and ’

- ’ 81X #gaX (mod C*).

In this case

81x=1(g X) #1(g2X),

hence

: &x=g; and 1(gX)=g,

(because g, x(=1(g,x)) and t(g,x) are different elements of G but congruent mod C),
consequently

gx€H and ¢(g.x)=1(g:x)(=gy)

(by g1 < g, g,x). (ii) is fulfilled. ’
Case 3: g, x€ H and :
g x=gx  (mod C¥).

Similarly to Case 1, we cah deduce g,x € H and
L (&1 x)=1(g1%)="1(g%)= 9 (g2 %),

thus (iii) is valid.

Case 4: g,x¢ H and
. : s x#gx  (mod C*).

? Usually, g, X denotes the set of words g,x where x runs through the elements of X
® The assertions (i), (if), (iii), (iv) exclude each other.
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- In analogy with Case 2, .
{1(81%), 1(g:%)}= {81, 82}

If 7(g,x)=g, and 7(g.Xx)=g,, then g,#g,x implies g,x€ H; in case of validity
of 7(g1x)=g, & t(g,x)=g,, H must contain g,x likely to Case 2. In both sub-
cases, r(gzx) equals to ¢ (g, x), hence (iv) is true.

Suﬁ?czency Assume g, XS H, let p, g be two words being congruent mod C
and x be a generator. Suppose that one of (i), (i), (iii), (iv) is valid for x.

Case 1:
p=q (mod c*.

Then o
px=gqx (mod C%),
hence
Cpx=gx (mod C).
Case 2: :

p#q (mod C¥).
Then we have

t(p)=g and 1(g)=g,
(possibly after interchanging p and ¢q), thus

T(PX)= t(g1)=t(gx)=1(¢x)  (mod C;%)

(because the equalmes follow from Proposmon 11, the congruence is implied by
each of (i), (ii), (iii), (1v)) consequently

px=qx (mod C).
The proof of Theorem 1is ﬁmshed

Now we are going to describe a procedure for obtalmng the elements C of -
S(C*; 1) such that any partition Ci is produced (not uniquely in general, but) at most
{X| times.

Denote by R(p) the set of elements g of F(X) fulfilling ¢< p (where peF(X ))

Construction I. The construction is described in the subsequent rules.

Rule 1. Consider the generators x¥, x®, .., x™ (the superscripts are thought
to be fixed), let us choose an arbitrary x(")(EX )

Rule 2. Denote by G; the set of elements® g(€G) satlsfymg gxWecH.

“Rule 3. If g, €G—G,, then define the set ;(g,) by

6:(g:) = GNR(gy).
Rule 4a. If g,€G;, B,(g.)= x®x® and R (g2)= 0 (g:x?), then define the set

®;(g.) by
6; (g, = (GﬂfR(gz))—(G,-U {RZ(gZ): R1(82)})-

® The number of elements of G, is, in general, small in comparation to [G|. This fact has
the consequence (advantageous when Constructlon I is performed practically) that, in what follows,
the more complicated Rules 4a, ...,.4d (and more rather Rules 5a, 5b) are executed remarkably.
fewer times, than the simpler Rule 3.
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Rule 4b. If g£,€G;, B,(p(gx™)=xP and g,#¢(g.xP)x®, then define

®; (g, by .
6/ (g) = (G ﬂ‘ﬁ(gz))—(G,- U {Rl(q)(gZx(')))})‘

Rule 4c. If g,€G;, By(go)=xPx® (where x1V) is a generator, different from x(?)
and 8, (g2)=¢(g2x), then define G;(g,) by

®;(g2) = (GNR(g2)—(G: U {Ku(g2)})-
Rule 4d. If £,€G;, B,(p(gx)=x? and g,#¢(g.x?)x®, then define

®;(g2) b
we 6/ (g») = (GNR(g))— G-

Rule 5a. If g.€G; and ¢@(g.,x™)=g,, then define the set 03” (g.) as the set of
the elements g,( € G; NR(g,)) satisfying

(g1 x?) ¢ {81, g2}

Rule 5b. If g.€G; and ¢(g.x")=g,, then define B (g,) as the set of elements
g:1(€ G;NR(gy) fulfilling at least one of the formulae

o(gx ) €{ge, p(g2x )}, (82X 4 {&1, @ (81X}
Rule 6. If g, € G;, then define the set ®;(g,) by 1°
0;(g2) = 6; (g UG/ (g,)
Rule 7. Let us form the set I'; of pairs (g;, g») in the following manner: (g, gz)

belongs to I'; exactly if g,€G and g, € ®;(g,).
Constructlon 1 is completed.

THEOREM 2. The partition C= w(C;f)gz) of F(X) is no right-congruence if and only
if the pair (g,, g>) is contained in :

r,ur,u..ur,
where n=\|X1 and any I'; (where i can be 1,2, ..., n} is produced by Construction I,

Proof

‘Necessity. Suppose that C is no right-congruence. We verify g, € ,(g,) (with a
suitable i) according to several possible cases.

Case 1: there exists a generator x® such.that g,x®€G. Then g,€ G—G; (by
Rule 2), consequently, g, €®;(g,) (by Rule 3).

Case 2: g,x€ H holds for every x(€X). Then there exists an x?(¢€X) which
does not satisfy the assertions (i), (i), (iii), (iv) occurring in Theorem 1.

Case 2a: g,xW € G (thus g, € G—G)). If the premissa of Rule 4a are satisfied,
then g, K,(gs) (by the falsity of (ii)) and g;# R (¢(g.x"))(=K,(g,) (by the
falsity of (i)), hence g, € ®{(g,). If the premissa of Rule 4b are true, then we get
g1 # 8,(0(g.x")) in a similar way, consequently g,€®/(g,). If the premissa of
Rule 4c hold, then g; = &, (g) (since the contrary would imply (ii)), hence g, € ®; (gz)
In the case of the vahdlty of the premissa of Rule 4d, the membership g, € 6 (g,) is
obvious.

10 The sets ®;(g,) and ®; (g,), defined in the previous rules, are obviously disjoint.
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Case 2b: g,xV ¢ H (thus g, €G)). If the. premissa of Rule 5a are fulfilled, then
¢ (g, x") differs from both g, and g, (by the falsity of (iii) and (iv)), hence g, E(ﬁ (go).
If the premissa of Rule 5b hold and g,= @ (g,x"), then the same inference is valid.
If the premissa of Rule 5b are true and g; = @ (g,x¥), then the inequality ¢ (g, x®¥) =
#p(gyxV) (implied by the falsity of (iii)) guarantees g, € ®; (g.).

We have obtained g; €®;(g,) in every case, this membership is equivalent to
(gl, g2) €I'; (by Rules 6, 7).

Suﬁ?czency Assume (g,, g,)€I'; for some i, hence g1€® (g2) by Rule 7 We
are going to show that either gzx(') € G or each of the assertions. (i), (ii), (iii), (1v) is
" false for g, g, and the generator x®.

Case 1: g,€ G—G;. Then clearly g,x? ¢ G. ‘
Case 2: 2,€G;. Now g:xP ¢ H and the set ®;(g,) (containing g;) was defined
by Rule 6. Thus g; belongs either to & (g,) or to &7 (g,).
Case 2a: g, € ®{(g,). We can distinguish four situations according as the premissa
of Rule 4a or 4b or 4c or 4d are satisfied. In every situation, it is trivial that (iii),
(iv) are false (because of g,x ¢ G) and it is easy to check that also (1), (i) do not
hold.
Case 2b: g, €®/(g,). Then (i), (i) cannot hold (since g,x® ¢ H) and; whether
the premissa of Rule S5a or the premissa of Rule 5b are valid, we can simply show
- that (iii), (iv) are false, too. '

Theorem 2 and Prepositions 17, 18 imply at once

COROLLARY. Let (gy,8,) run through the elements of
‘ nunu Ur,.

Then each partition C;f’y2 belongs to S(C*, 1); conversely, any element of S (C* 1)
is obtained thus at least once, at most n=|X| times.

(T he multlphclty of an element of S(C*, 1)‘is here understood from a construc-
_tive point of view;i. e. our last assertion corresponds to the facts that Construction
I produces the elements of any I'; umquely and, of course, the same pair (g, g,)

occurs in =n conponents of the union I'y/U .. UF )

III. A characterization of the critical pairs of finite right-congruences
§8

First we expose three problems concerning the finite partitions of F(X).

(D Let Cf and Cg be two right-congruences of F(X). Let a necessary and
sufficient condition of the relation C§=C§. be given such that the condition con-.
cerns to the pairs (H, ¢) and (H’, ¢’).

(ID) Let C*= C§j be a right-congruence of F(X). Describe the right-congruences’
C**(> C*) satisfying the assertion: if C**=C’"=C* for a right-congruence C’, then
either C'=C™** or C'=C*
© (II) Let C*=Cgbea rlght-congruence of F(X). Describe the partitions C(>C*)A
fulfilling the statement: if C=C’=C" for a right-congruence C’, then C’'= :
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It seems that the solution of (I) would be a remarkable aid for solving (II),
furthermore, an analogous relationship exists between the problems (II) and (III).
It is clear that (III) is another formulation of the basic problem posed at the end
of §4.

In the remaining part of the paper, we shall make some considerations concerning
the problem (I).

Let C be a right-congruence. We say that the unordered pair (p, g) of words is a
critical pair of C if .

. p=q (mod C)

and one of the following four assertions hold:
p=e;
. q=e,
’ B, (p) =B, (9),
fu(p)ERi(g)  (mod C).

The correspondence between a right- congruence and the set Q of its crmcal pairs
was studied in Chapter II of [3].
Among others, the subsequent result was proved:

Lemma 3. The congruence
P=q (mod C)

is true if and only if there exists a critical pair (p’,q") of Canda word F such that
p=p'r,q=q'r.

. Proposition 19. Consider two right-congruences C=C§ and C’'=C§g. of F(X).
Let Q, Q' be the sets of critical pairs of C, C’, respectively. The following four statements
are equwalent

(A) C=C".

(B) For each h(€ H) :
h=q(h) (mod C’).
(C) For each p( € F(X))

p=tg(p)  (modC).
(D) For any (p, q) € Q there exist three words p’, q’, t such that

p=p't, 9=q't, (¥, q)EQ.
Proof
(A)=(B). h and ¢(h) are congruent mod C, hence-also mod C’.
(B)=(C). We shall use induction. The unit element e satisfies (C) obviously
~ (by t%(e)=e). Assume that (C) holds for p(€ F(X)), we show that (C) is true for
px, too, instead of p (where x € X).
Case 1: 1% (p)x € G(=y(H)). Then

%(px) = G(Px=px  (odC)
(by Proposition 11 and the right-congruence property of C’).
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\

Case 2: 1§ (p)x € H. Then we get

%(px) = ¢(1%(P)x) = th(p)x =px  (modC’)

by a similar way (using also Proposition 12).

The first statement of Proposition 9 shows that there exists no further pos-
sibility.

©O)=(A). If

‘ p=g  (mod (),

p=g(M=w@) =g (modC)

(by Proposition 12 and the connection of C and %).

(A)=(D). If (p, g)€ Q, then p and g are congruent mod C, thus also mod C’.
Lemma 3 assures the validity of (D).

(D)=(A). Let p, g be congruent mod C. There exists a critical palr (P1» ql)'
of C such that p=p,r and g=¢,r (by Lemma 3). (D) guarantees pl—p t, =q't
with suitable (p’, ¢’ )€ and t(EF (X)). Consequently, p=p'tr, q=q tr, hence.
p=4q (mod C’).

In what follows, we shall characterrze the critical pairs of a right-congruence
represented in the form C§. First (recalling the first sentence of Proposition 9)
we introduce a notation: let H be the set of elements p(€ F(X)—{e}) satisfying

% (8.:(p) %r (p)eH.

§9 will contain certain preparations to the proof of Theorem 3, exposed in § 10.
~ In the remaining part of the paper, we write t instead of t§ and C instead of C§.

then

§9
Lemma 4. HEH’ and HNy(H) =
Proof. If p€(y(H)— {e}) U H, then fu(p) € y(H), hence
©(8:(9))B1(P)= K:(P)B1 (p)=p.
This implies peH or pQH accordmg to pEH or p€y(H), respectively.

Lemma 5. Let p, q be elements of F(X). Ifr(p)qu(H) then ‘t(pq)—r(p)q If
1(p)g € H, then 1(pq)= o(t(p)q)-

Proof. We verify the first statement by induction with respect to the length
of g. The assertion is trivial for e (as ¢). Suppose that it is true for the words of
length &, assume I(q) = k4 1. Denote &,(q) and B,(q) by x and ¢’, respectively

(thus g=xq’, x€X, I(q")= k). We note that the supposition r(p)qu(H) implies
T(pxey(H), therefore 'r(r (px)=1(p)x. We have )

1(pg)=1(pxq )=1(px)q'=(x(P)X)g'=1(p)xq’ —f(p)q

where the second equality is implied by the induction hypothesis and the th1rd one
follows from Proposition 11. The first statement is proved.

2 Act'a Cybernetica
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Suppose 1(p)g € H (thus g=e¢), write ¢ in the form!! g=¢’x (x € X). Then 7(p)q’
belongs to y(H) and the inference

t(pg)=1(pg’ x)=1(2(pq")x)=1(t(P)g’ x)=1(x (P)g)= 0 (r(p)q)

is valid (the second equality is again a consequence of Proposmon 11).
We are now able to assert a result, which yields, supposmg pEH particularly, a
recursive characterization of H:

Proposition 20. Assume p¢ F(X), g€ F(X)—{e}, t1(p)g€y(H)UH.. ]f‘r(p)qe
€v(H), then pg¢ H. If t(p)q€ H, then pgc H.

Proof. In both cases, the condmon posed on 1(p)g 1mphes t(p)Rl(q)Ey(H),

hence
($2(p0)B1 (p9)= (PR @)B1 ()= (PR, (OB, @ =(P)g
(using Lemma 5). The definition of H completes the proof.
Lemma 6. If pc F(X)—({e}UH), then t(p)= e, K;(1(»)=1(8:(p)) and
B,(c(p)=B:(p). ‘
Proof. ©(8,(p))B.(p) €y (H) 1mplles
1(P)=1(8:(2)B1(P))= (K1 () B1(p)(+e)

(by Lemma 5); the equalities to be proved follow by applying the operators &,, %,
for the left-hand and right-hand sides of this equality.

Lemma 7. Let p, q be elements of F(X)—({e}UH). Ifp=gq (mod C), then & (p)= -
=RK,(g). (mod C) and B,(p)=B,(q). .

]’roof. The supposition implies 7(p)=1(g). Thus
. T(Rl (P))= R1(T (P)): Rl(f (Q))= T(Rl(q))

and . _
B,(p)=3,(t(p))=B1(7(9))=B:(q) -

-are true by Lemma 6.
Lemma 8. If p€ H, then_either 1(p)=e or
f(p) Z/(x(p))  (mod C)

B, () % B, (1 (p)).

Proof. Suppose that each of the three alternatives, stated in the lemma, is false
for p(€ H), we are going to get a contradiction. The supposition

S1(p)=R(x(p))  (mod C)
 (K(p)=1(Ki @ (P)) = K1 (7(p))
(since T(p), &, (z(p)) belong to y(H)).

or

implies

11 This notation differs from the previous meaning of ¢’, x.
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Denote by i the minimal posmve number fulfilling K;(p)€HU {e}. Use the

- notation p;= K;(p), p.=B;(p). We have 1(p))p, € H (smce ©(p)p. € y(H) would
imply p¢ H and t(p)p. € F(X)—(y(H) U H) would lead to a contradiction to the

minimality of 7 by Proposition 20), thus <p(r(p1)p2) is defined (and belongs to y(H)).
We have the equalities

(Y (H)> )Rl (T (Pl)Pz) =1(py) Rl (Pz) T (Pl K, (Pz)) =
=1 (R1 (Plpz)) =8, (T (PlP2))= K, (q’ (= (Pl)Pz))
(the second and last ones follow ‘frc')m Lemma 5). On the other hand,

B, (7 (pUP2)= B (pr)= b 1(p)= 931(1(11)) B, ((prp2))= 231(</>(r(p1)pz))

Hence we get
T(pIP=¢ (T (Pl)Pz),

this is a contrédiction to the disjointness of H and y(H).

§10.

Let p, g be two elements of F(X) (p=gq is permitted). We shall obtain a neces-
sary and sufficient condition for the pair (p, ¢) in order to be a critical pair. Evidently,
7(p)=1(q) is a necessary condition; however, it is not sufficient.

Denote by i the least posmve integer satisfying &;(p)¢€ {e}UH; analogously,
byj the least posmve integer fulfilling &;(¢) € {e} UH.

THEOREM 3. The pair (p, q) is a critical pair of the right congruence C§ if and
only if one of the subsequent conditions (i), (ii), (iii) is satisfied (, posszbly after inter-
changing p and q) : .

(i) e=p=1(q),
(i) p€ F(X)—H, qEH and t(p)=1(q),
(iii) peH gcH, r(p)—z(q) and either

K(P£K;(g) - (mod CP)
B,(p)=B,(q). |

Proof. As we have formulated the theorem, (i) and (ii) do not exclude each
other. A non-overlapping system of conditions (equivalent to the system consist-
ing of (i), (i), (111)) can be got by replacing (i) by the following condition (i"):

(') g€ F(X)—H and e=p=1(q).

In the verification of the theorem we shall dlstmgmsh three cases:

(I) p and q are contained in F(X)—.

(I) pe F(X)~H and g¢H.

(I1I) p and ¢ belong to H.

"~ We shall show that, in the cases (I), (II), (III), the crlterlon for the inclusion ( P, q)€ Q
is (1"), (ii), (iii), respectlvely

or

2%
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Case 1. Suppose (p, q) € 2. If p#e and g#e, then Lemma 4 leads to a contradic-
tion; if p=e, then t(q)=1(p)=e, hence (i) is satisfied. — (i") 1mphes (p, 9)ERQ.
ev1dently

Case IL. (p, g) € Q implies (ii) trivially. — Conversely, assume that (i) is valid.
Then clearly .
p=q  (mod (),

we are going to prove that either p=e or
Ki(p) 2 81(9) (mod C)

B, (p) =B, (q).

ezt(p)=1(q)

or

Suppose p=e. Then

by Lemma 6, moreover, one of the inferences
t($,(0)= Ku(:(0)= Kt (@) Zt(Ru(9)) . (mod C), -
B, (p)=B,(t(p))=B,(7(9)) #B.(9)

is true (the equalities follow from Lemma 6; either the incongruence or the inequality

is implied by Lemma 8). Hence (p, ¢)€ 2 in any possible case. '
Case III. Assume that (iii) is not fulfilled, we want to show (p, ¢) ¢ Q. It suf-

fices to study the possibility when r(p) 7(q). ‘Since (iii) is supposed to be false,

we have
ﬂgi(p)"‘%j (‘I) (thus ’—])
and . : .
Ki(p)=K;(g) (mod C).
Hence ' :
g B,()=3,(B:(p)=B:1(B,(9)=B.,(q)
an '

K= KUPK(B(D) =R, @)K (B,@)=Ri@)  (mod C),

consequently (p, g) € Q. — Suppose (p, q)q Q, our aim is to prove thét (iii) is false.
This follows trivially unless 7(p)=1t{(q), i=/j. Assume that these equalities are true.

The suppositions imply
fu(p)=R4(q) (mod )
-B,(p)=3,(9).

Apply Lemma 7 for the elements %,(p) and 8,(g) (mstead of p and q, resp) where
h can be1,2,3,...,i—1. We get, on the one hand,

K:(P=Ki(@=8,(¢g) (modC),
By (K ()=Bu(K(9)  @=h<i),
B,(p)=B:(q)=;(q).

and

on the other hand,

hence



On some aspects of the algebraic description of automaton mappings 21

O HeKOTOpLIX acCHeKTaX ajreGpandecKoro ONHCAHHA
: ABTOMATHBIX OTOOpaxeHHil

Ilycte F(X) — cBoGoanas noayrpynna (C eAMHUUEH), NOPOKAEHHASA KOHEYHBIM MHOKECTBOM
X. Usyuarotcs pasbuenus C nonyrpynnsl F(X) Tak, uto oTHomerne C=C* ynoBieTBOpSEMO He-
KOTOPOii NMpPaBOil KOHTPYIHTHOCThEO C*, MMEIOIICH KOHEYHOE YMCIIO KiaccoB. Takwe pa3buenus
C Ha3wIBAIOTCA Cynep-KOHEYHEIMH. B §§ 1—2 M3JIaTal0TCA HEKOTOPBIC OCHOBHBIE (110 CYILECTBY, U3~
BECTHBIE) CBOMCTBA CyNep-KOHEYHBIX pa3bHeHHi, BKIIOYAsi MX CBsI3b C KOHEYHO INPEACTABUMBIMH
aBTOMaTHbIMU OTOOpaxkeHusaMu. KpoMe Opyrux mpensoxexmii npusogutcs (6€3 10Ka3aTenbsCTBa)
TeopeMa Nerode-a: pa3OHeHHe COOTBETCTBYET KOHEYHO NPEACTABAMOMY aBTOMAaTHOMY OTOOpaxe-
HHIO TOTZA H TOJILKO TOTAA, €CIIH OHO SIBJISIETCS CYNeP-KOHEYHBIM.

* § 3 naér pa3toMe npenpLayliel cTateu [2] aBropa. B §4 dopmymmpyercsa cieayroias apo6-
JIeMa: I1yCTb 11 IPOU3BOJILHOM NPABO# KORTPYIHTHOCTH C* € KOHEMHBIM YMCJIOM KJIACCOB OMHCAHBI
ONMHCTBEHHBIM 06pa3oM Takue pa3buenust C, yro C* sBUseTCs HanbGONMbIIEH M3 BCeX TIPaBbIX KOH-~
Irpy3HTHOCTEH Menble yem C. B § 6 BBoauTcs yucno cnoxHocTi ¢(C) Cynep-KOHEMHOTo pa3oueHuns
C xak ind C* — . ind C (rze ind C* — 4KCIIO KJIACCOB 110 MOAYJIIO 3TOH HaubOMbIIE} NPaBOi KOHTPY-
entHocTH C*). § 7 CONEPKUT METOXR ONMMUCHIBAIOLIHA CYMep-KOHEYHbIE pa3GueHUs, BBIIOJIHAOLIME
¢(C)=1, 310 onucanre, BOODLIE TOBOPS, HE OIHO3HAYHO, HO MHOTO3HAaYHOCTH HE IPEBOCXOAMT
yyclIa 3JIEMEHTOB MHOXECTBa X.

Tlapa (p, q) >neMeHTOB MOJYrpynne!l F(X) HA3BIBAETCA KPUTHYECKOH [JIs MPaBOii KOHIPY3HT- -
HoctH C, ecyit p =g (mod C) 1 X014 661 OAHO H3 HETHIPEX YCIIOBHI BLIONAAETCA: p=¢, g=e, By(p) =
=B,(q), Ri(p) = K,(q) (mod C), roe e — enunnua nonyrpynnst, 1 8,(p), B,(p) onpenensiorcs oTHO-
wenusmMi p=8:(p) Bi(q), Ki(p) ¢ F(X), Bi(p)€ X. B § 10 ycTaHaBNMBAKOTCA KPHUTHYECKHE TAphI
TIPOK3BOJIbHOM NPaBOH KOHIPYIHTHOCTH C C KOHEYHEIM YHCJIOM KIIaCCOB, PEANONATasi, 4To C maHo
MeToaAoM paboTsr [2].
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Quasisequentielle Funktionen

Von G. WECHSUNG

Die Arbeit stellt einen Beitrag zur Theorie der Wortfunktionen dar. Unter
einer Wortfunktion Gber dem Alphabet X verstehen wir eine eindeutige Abbildung
der Wortmenge X * in sich. Eine Wortfunktion.f heiBit sequentiell [2], wenn sie die
Anfangswortrelation invariant 14Bt, d. h. wenn gilt

YuVYo(u, vEX*/\u S v~ f(u) S f(v).

Hiufig beniitzen wir die Sprechweise ,,sequentielle F unktlon fiir ,,sequentielle Wort-
funktion®’,

Ausgangspunkt der vorliegenden Arbeit ist eine Beschreibung der Halbgruppe i
der lingentreuen sequentlellen Wortfunktionen iiber einem Alphabet X durch den
projektiven Limes einer projektiven Familie endlicher Halbgruppen ([3]). Eine nahe-
liegende Verallgemeinerung dieses Zugangs liefert abzihlbar viele verschiedene Klas- -
sen lingentreuer Wortfunktionen, die im allgemeinen nicht mehr retrospektiv sind.
Dabei wollen wir eine Wortfunktion f retrospektiv nennen, wenn gilt: Ist f(x, ... x,)=
=J;...¥a» SO ist y; hochstens von x,, ..., x; abhingig (fir jedes i=n). Die neuen
- Funktionen erscheinen als Morphismen einer bestimmten Funktorkategorie und sol-
len wegen starker Analogien zu den sequentiellen Funktionen, die im 2. Abschnitt
ausgefiihrt werden, quasisequentiell genannt werden. Unter diesen spielen die Klas-
sen der sogenannten f-sequentiellen Funktionen eine Sonderrolle, weil sie beziiglich
der Substitution Halbgruppen bilden, die zur Halbgruppe der sequentiellen Funk-
tionen isomorph sind. Hinsichtlich des Berechnungsverhaltens unterscheiden sich
die quasisequentiellen Funktionen jedoch von den sequentiellen. Dies zeigt insbeson-
dere der Satz 6, der den Grad der Nichtretrospektivitit der quasisequentiellen Funk-
tionen genau beschreibt. Eine ausfiihrliche Untersuchung der Berechnung quasi-
sequentieller Funktionen und der dazu nétigen Automatentypen soll in einer wei-
teren Arbeit erfolgen. Der 3. Abschnitt ist den gegenseitigen Beziechungen verschiede-
ner Klassen quasisequentieller Funktionen gewidmet. Die von der Menge aller
quasisequentiellen Funktionen erzeugte Halbgruppe (Q der sogenannten quasi-
sequentiellen Funktionen im weiteren Sinne erweist sich als freies. Produkt der
Halbgruppe der sequentiellen Funktionen und einer. Gruppe P von gewissen Wort-
permutationen.
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Bezeichnungen

Nz=Menge der natiirlichen Zahlen (einschlieBlich der 0); X ist ein endliches
Alphabet; |w| ist die Linge des Wortes w; < ist die Anfangswortrelation (uSv=
=pes IW(uw=1)); e ist das leere Wort;

Xr={wiw=x ... X, Axp, ., %, €X}; X°=le};

id ist die identische Abbildung von Nz auf sich bzw. von X* auf sich (Verwechslungcn

kommen nicht vor);
fog(®) = g(f(x)

= {¢: t allgemein rekursive Funktion von Nz in Nz/\Vn(nENz —:'lét(n)én)‘}.

1. Quasisequentielle Funktionen

Wir verwenden den Begriff des projekﬁVen (inversen) Limes einer projektiven -
Familie (vgl. [1]). .

Def. 1. H=[{H,;: € A}, {of: ), n€ AAp=2)]heibt prO_]thlVC Mengenfamlhe =Def

a) A ist bezughch = von unten gerichtete Menge.

b) Jedes Hj ist eine Menge.

¢) of ist eine eindeutige Abbildung von H, in H, fiir u>,1 und es gilt: ol ist
die identische Abbildung von H, und -

. A
akoay, = of.

Unter einem Faden versteht man eine Familie {x;:A¢ A} mit x,¢ H, und
af(x,)=x, fir u=1. Die Menge aller Faden heiBt projektiver Limes von A und
wird mit lim H bezeichnet. Sind alle H, Halbgruppen und alle o4 Homomorphismen,
so spncht man von einer projektiven Halbgruppenfamilie.

Im Falle einer projektiven Halbgruppenfamilie wird der projektive Limes eben-
falls eine Halbgruppe, wenn das Produkt zweier Fiden komponentenweise (durch die
jeweilige Halbgruppenmultiplikation) definiert wird.

Um die quasisequentiellen Funktionen deﬁmeren zu konnen stellen wir einige
Hilfsbegriffe bereit.

Def. 2. Fir 1=k=n+1 definieren wir die Abbildung (IT,)2+? von X”+1 auf
X" durch
(T3 (Xy o Xp41) =per X1+ Xko1Xps1 --- Xn+1-

Aus Bequemlichkeitsgriinden lassen wir manchmal die Indizes n und n+1 weg.

Def. 3 ’
1. Essei 1€ §. Mit F, bezeichnen wir die projektive Mengenfamllle [{X*:ne Nz},
{(ar)n m,n€ NzAm = n}] mit (%) =per (_HI m)m—10 o (I (n+1))n , ()m=id.
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. 2. F sei die Kategorie mit der Objektmenge {F,:t€§}, ‘deren Morphismen
folgendermaBen definiert sind: (fy,f1, -..) € Hom (F;, F,)=p.s
a) Fiir jedes n€ Nz ist f, eine emdeutlge Abblldung von X" in snch

" b) Das Diagramm
X,,;@(m}-l))n X"+1 e

i [f

Fo: ... .__)‘(n ‘M))EXH.I._
ist kommutativ.

Bemerkung. % kann als Funktorkategorie einer geelgneten Kategone in die
Kategorie der Mengen aufgefal3t werden.
Die Morphismen von & bilden den Untersuchungsgegenstand der vorliegenden

© Arbeit. Ist (fy, f1, ...) €Hom (F,, F,.), 50 ist f=p¢ U /i eine eindeutige langentreue,

Abbildung von X* in X*, aus der die Folge (fo,fl, ...} durch £, = pi(f) =pes SN
NXIX XY zuruckgewonnen werden kann. Diese Wortfunktlonen die mit den Ele-
menten von Hom (F,, F,) identifiziert werden koénnen, sollen (z, t)sequentlell ge-
nannt werden. Weiter legen wir folgende Sprechwelsen fest. -

Def. 4. Sy =pet Klasse aller {t, t")-sequentiellen Wortfuriktionen. Ist f€ S,
so nennen wir {t,¢’) den Typ von f. S,=p. S, ist die Klasse der r-sequentiellen
(anstatt {z, r)-sequentiellen) Funktionen. s heilt quasisequentiell=p3¢3¢°(¢, t7 € FA
A€ Sy).

Leicht- ergibt sich der’

Satz 1. Fiir Jedes e ist [S;, o] eine Halbgruppe [Sig, o] ist die Halbgruppe
der langentreuen sequentiellen Funktionen iiber X.

, Beweis. Die erste Behauptung gilt, weil Hom (F,, F,) eine Halbgruppe ist. Die
‘zweite ist aus [3] bekannt. Wir bemerken, daB3 [S,, o] auch fiir nichtrekursive ¢ eine
Halbgruppe ist. Da wir jedoch nur berechenbare Wortfunktlonen betrachten, blelben
solche 7 unberiicksichtigt.
Wir erwithnen nun einen Satz, der entscheldenden AufschluB uber die Struktur
der Elemente von S, glbt '
Setzt man

" Ser,n =pet {1 31 (S €Sw APu(S) = B)} (gHom('X", X))
un
(Htt )n+k(f;s+k) =petSns falls ein fEStt eXIStlert mlt f;x+k = Pn+k(f) und f;r Pn(f)
so gilt

Satz 2

1. 6, =pet [{Su, n:n €Nz}, {(H,, Yotk n, k¢ Nz}] ist eine projektive Famlhe Im
Falle t=¢" handelt es.sich um eine pro;ektlve Familie (endlicher) Halbgruppen.

2. S, =lim &, (mit 11m &, bezeichnen wir den projektiven Limes von 6,,)

Der Bewels wird wie in [3] gefuhrt
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Da offenbar (vgl. das obige Diagramm) (I1,,.)a_1([u, v])=[11, () (), T, (y (V)] ist;
kann Satz2 folgendermaBen anschaulich interpretiert werden: Streicht man im
Argumentwort x;...x, der quasisequentiellen Funktion f(x,...x,) den Buchstaben
Xy, SO entsteht der zugehorige Funktionswert aus f(x;...x,) durch Streichen des
t’(n)-ten Buchstaben. Damit haben wir bereits eine deutliche Vorstellung von der
grundsitzlichen Beschaffenheit der quasisequentiellen Funktionen.

Die Bedeutung von Satz 2 besteht darin, da das Studium von S, auf die
Untersuchung der endlichen Mengen S, , zuriickgefiihrt wird. In [3] sind fiir den
Fall r=¢"=id algebraische Eigenschaften der endlichen Halbgruppen S, , auf den
projektiven Limes, d.h. auf die Halbgruppe der sequentlellen Funktionen iiber-
tragen worden. Nach Satz 4 der vorliegenden Arbeit gelten jene Uberlegungen auch
fiir beliebige S,.

2, Eigenschaften der quasisequentiellen Funktionen

Die quasisequentiellen Funktionen k&nnen durch eine Reihe weiterer Eigen-
schaften charakterisiert werden, die gegeniiber der einfithrenden Definition den Vor-
zug groBerer Anschaulichkeit haben.

~ Wir setzen II; =p; U (I1,(n)s_,. Damit kénnen wir die Definition der quasi-
n=1 B
sequentiellen Funktionen in niitzlicher Weise umformulieren:
Satz 3. f¢€ S, genau dann, wenn gilt IT,of = foll,..

Beweis. Die genannte Bedingung ist offenbar gleichbedeutend damit, daB die-
zu f gehorige Folge (fy, f1, -..) zu Hom (F;, F,)) gehort. Das ist aber 4quivalent zu
feS,. . .

Als Folgerung aus diesem Satz registrieren wir das

Lemma 1. Ist f€ S,»und g€ S,.,», SO ist fog€ S,n.

Beweis. Aus Il,of = foll, und Il,og = goll,. folgt M,ofog = foll,,og = .
= fogoll,.. Lemma 1 ergibt sich auch unmittelbar aus : '

Hom (F,, F.)o Hom (F,., F..)=Hom (F,, F,.).

Fiir das weitere Studium der quasisequentiellen Funktionen sind sogenannte
Wortpermutationen- von Bedeutung. :

Def. 5. Eine Wortfunktion s heiBt Wortpermutation =p Fiir jedes n gibt es
eine Permutation ¢, von {l,..,n} mit VYaVx,..Vx, (nENz/\xl, ey X, €X —
= (X X)) = X 1)Ko (n)- S heiBt die zu {o,:n€ Nz} gehérige Wortpermutation.

Lemma 2. In jedem S,,. gibt es genau eine Wortpermutation s,,..

Beweis

1. Eindeutigkeit. Wir zeigen: Sind s und § Wortpermutatlonen in S, so gilt
s=§. Dazu beweisen wir 5,=35, (s =p.(5), 5 —p,,(s)) durch Induktion iiber n.

a) s;=id,=3;.

b) Sei s,=5,. Damit gilt nach Satz3 fiir [w| = n+1

Hl’(n‘+1)(sn+1(w)) = sn(nr(nn)(w)) = §n(Hl(n+1)(w’)) = Hl'(n+1)(§n+1(w))‘ (1)
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Es sei 5,41(W)=X,,,, @) Xo, 1 (a1 UNd §ppq (W)= Xgpr1 (D) X, 11(n+1) Wegen (1)
folgt 6,,1(i1)=0,+,() fur i#Zt’'(n+1). Da o,,,; und 6n+1 Permutationen von

{1, ..., n+1} sind, folgt hieraus auch O (4 1) = Gopn(t (n+1)), d. h. 5,4,=

- sn +1-
2. Existenz. er setzen

Def. 6. 6, (1) =pe 1 .

| o), falls i< t(n+DAa,G) < t(+1)

1+0,(0), "falls i<t(n+DAe, (i) =t(n+1)

0,(i—1), falls i> t'(n+DAc,(i—1) < t(n+1)

l+0,(—1), falls i>(+DAg(i—1)=1(n+1)
t(n+1), falls i=1+t'(n+1).

<7n+1(i) =Def

Die zugehorxge Wortpermutation werde mit s, bezelchnet

Mit Hllfe von Satz 3 zelgen wir, daB Sy ZU St, gehort. Denn emerselts gilt nach
Definition von 0,4, .

Hr’ (n+1)(5ir’(x1 eee xn+1)) = xa,.+1(i) v X1+ D - DX oy 1 (C(n+ 1) 1) o+ xo,.+‘1(n+1)
Xon(D)4er - Kol (4 D=1+t (n s 1y -1 K@ a ¥ D) e/ (1) = Xonn) +en

: 1 falls o,() = t(n+1)
&= 0 sonst.

mit

Andererseits ist
Stt’(nt(n+l)(x1,"‘ xn+1))_= Sy (31 o Xt -1 X+ +1 v Xyg1)-

Hieraus folgt mit der voriibergehenden Umbenennung
V1 =Detf X1» "'$yt(n+1)—1 =Del xt(n+1)—17~yt(n+1) =Def xt(n+1)+1’

<3 Vn TDet Xnr1l = ya,.(l)"'ya,,(n):

woraus sich durch Ruckbenennung der y; unter Benutzung der eben elngefuhrten
g; ergibt
Sn’(Ht (n+1)‘(x1 xn+l)) = Xop(1) 46 - xa,,(n)+s,.'

Damit haben wir ,
Hr'(n+1)(snj(x1 xn+1)) = Stt’(Ht(n+1)(x1 e xn+1))’

also I1,0s, = sy 0Il, und nach Satz3 s, €S,
Als einfache Folgerung aus der Definition 6 notieren wir

Lemma 3. s,,=id genau dann, wenn ¢=¢’ ist.
Hieraus ergibt sich

 Lemnia 4. Es ist sg1= 5.
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Beweis. Nach Lemma 1 gehort die Wortpermutation 's,,.05,,, zu S,. Demnach
ist nach Lemma 3 _s,.0s,, = id. Ebenso erhdlt man s, 05, = id, woraus die Be-
hauptung folgt.

~ Wir sind nun in der Lage eine zwelte Charakterlslerung der Funktionen aus
S,,» zu beweisen.

Satz 4. f¢ S, genau dann, wenn es eine sequentielle Funktion ¢ gibt mit
f= sxido¢osidx'- .
Beweis

1. Es sei @ sequentiell. Dann gilt fiir ¢ die Beziehung I],,o<p = ¢oll, (nach
Satz 1 (zweiter Teil) und Satz 3). Hieraus folgt

o f = I1,05;0 Q0S4 = 8401130 QO Sy = Srido(l)onidos-idt' =
= 5,40 QO Sy 0 Il = foll,.

Daher ist f€ S,, nach Satz 3.
2. Es sei f€S,.. Wir setzen ¢ = 54,00 8.y und erha]ten

Il y0¢ = Hidosidxofosx’id = sigoll,ofosuyy = sidlofOHt‘ost’id =
= siyofospyolly = @olly.

Daher ist ¢ sequentiell. Nach Lemma 4 erhalten wir f= s“.dAO(pos,-d,f.'
Aus Satz 4 ergibt sich erneut, daf} jedes S, eine Halbgruppe beziiglich o ist.
Dariiber hinaus haben wir die

Folgerung Fiir beliebiges 7€ § ist die Halbgruppe [S;, o] isomorph zur Halb-
‘gruppe [Si4,0] der sequentiellen Funktionen.

Denn die Abbildung 8(¢) =ps 5:4© @ 0 534, ist offenbar eine eineindeutige, beziig-
lich o relationentreue Abbildung von S, auf S,.

Damit Gbertragen sich alle Halbgruppenelgenschaften der sequentiellen Funktio-
nen auf die Halbgruppen §,.

Um weitere Eigenschaften der quasisequentiellen Funktionen angeben zu kén-
nen, definieren wir fiir jedes ¢ eine zweistellige Relation <, auf X™*,

Def. 7. w1 S Wy =pes SiaWD) S Sua ().
Lemma 5. |o| = Jul+1Au S o — ITI,(v) = u.

 Beweis. [o] = Jul+1Au S, v = [o] = [+ 1 Asuq (@) S 5ia(0) = 504 )=
= Hid(sn'd(u)) = Sn’d(nx(")) ~— u = II,(v).

Damit sind wir in der Lage, die iibliche Beschreibung der sequentiellen Funk-
tionen als Homomorphismen der Anfangswortrelati'on auf die quasisequentiellen
" Funktionen zu iibertragen.

Satz 5. f€ S, ~ YuVo(uS,v ~ WS f(v))
Dieser Satz stellt elgenthch nur eine andere Interpretatlon der Aussage von
Satz 3 dar.
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Beweis - .
1. Es sei f€S,.. Dann existiert nach Satz 4 eine sequentielle Funktion ¢ mit

$1ig QP = fO Seria- ' ’ . (2) -

Sei nun u S, v. Nach Definition 7 und wegen der Sequentlalltat von ¢ erglbt sich
(514 () S @ (544 (v)). Wegen (2) erhalten wir -

oSy zd(f(u)) CS,',d(f(b))
‘woraus sich nach Definition 7

, @S, f(v)
ergibt.

2. f erfiille die Bedingung von Satz 5. Da nach Lemma 5 fiir jedes ueX* die.
Be21ehung ,(u)S,u gilt, folgt insbesondere f(I1,(u))S, f(u). Wegen |f(u)| =

= | fI, (u))[+1 folgt wiederum nach Lemma 5 f(IT,(u))= 11, ( f(u)) Alsoist [T,of =
_foH, , und nach Satz 3 ist f¢ S,..

Wird ¢ die Aussage dieses Satzes als Definition verwendet, so kénnen durch Ver-
zicht auf die Langentreue auch mchtlangentreue quasnsequentlelle Funktlonen defi-
niert werden.

Im folgenden Satz geben wir eine expllzlte Beschrelbung der quasisequentiel-
len Funktionen an. Es seien s,;,; und sy die gemaB Definition 5 zu {o,:n€ Nz} und’
{on: nENz} gehorlgen Wortpermutatlonen Sw gehort offenbar zu {r,:n€ Nz} mit
T, = 0,00, :

Def 8 Es sei w=x;...x,. Dann setzen ‘wir
A )
Whnj =Def X5,(1) *++ xa',,(a:,(,i)—l) .
Wenn keine Verwechslungen vorkommen k(‘)'nnen schreiben wir kiirzer w, =W

‘Satz 6. fgehdrt genau dann zu S, wenn es eine eindeutige Abbildung o von
X* in XX glbt die jedem pEX* ein a, EXX zuordnet, so daB fur alle n€ Nz und
alle w= .x, € X" gilt :

f(W) L S (xrn (1)) LT (xr,. (n))
Beweis ’
1. Es sei f¢ S,. Nach Satz 4 gibt es ein sequentlelles @ mit @ = 5,000 Sz

Das bedeutet _ .
' fw) = Sia:'((P (Su'd(W))) = sidr'((P(xa,.q) xo’,.(n))) =
. .= sidt'(¢(xan(1)) (Dxa"(l)(xa,,w)) goxo';,(l)""q,.(n—l) (xd,.(n)))'

Zur Erleichterung'vder Rechnung fithren wir voriibergehend die Abkiirzung y;=
=Dt Py (1) X (i 1)(xt,"(i)) ein. Damit ergibt sich.

JW)=Siar (D1 Y) =Yooy - Yau(m
. f(W) = Prg 1y Xalonm) - 1.) (xa"(a;‘(l)))' o Pxg,(1) % splaniny-1) (x""(";'("))) =

=0y, (x.fn(l)) o Py, (xr,.(n)) (3)

mit den in Definition 8 eingefiihrten w,;. Die im Satz genannte Abbilduhg « ordnet
jedem p-den zugehdrigen Zustand ¢, zu. - ‘
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2. f habe eine Darstellung der in Satz 6 angegebenen Form. Damit verfiigen wir
liber eine sequentielle Abbildung a, die durch a(x; ... x,)=a, (), (xX2) ... ey x._, (X0)
definiert ist. Die Umkehrung der im ersten Teil des Bewelses durchgefuhrten Rechnune
mit « an Stelle von ¢ liefert

f(xl X") = aw,.](xf,.(l)) aw,.,.(xr,.(n)) = sia’t’(a(srid(xl xn))).

Daher gilt f/=s,,,0%05,,., und nach Satz 4 ist f€ S,,..

Zur Erlduterung von Satz 6 geben wir ein Beispiel einer (t, t")-sequentiellen
Funktion an. Die Permutationen g, a,, 1,, durch die wie oben die Wortpermuta-
tionen s,;, S und s,,. definiert sind, seien durch Tabellen gegeben, von denen wir
die ersten 6 Zeilen angeben wollen: '

6|1 23456 o|123456 7|1 23456
11 1|1 I

2121 201 2 2121

3031 2 3131 2 312 31
41312 4 41312 4 41231 4
5141352 5131 5.2 4 5134215 .
61524631 61315246 6453261

In der i-ten Zeile der a-Tabélle stehen von links nach rechts a;(1)... 0;(i). Ebenso sind
die anderen Tabellen zu lesen. ¢ sei eine sequentlelle Funktlon und f= 5,0 Q0 Sye.
Dann ist zum Beispiel

f(x1x2 xG) = (pxsxg(xti)(p(x:':)q)xvsxzx.gxs(xa) M (pX5(x2) (px5x2x4(x6) (pX5ng.|sza(xl)‘

Die Verwandtschaft zur Sequentialitﬁt wird deutlicher bei Betrachtung der Klassen
Sed> Sir> Sy (hierbei sind alle o, bzw. ¢, bzw. 1, die identischen Permutatlonen)
a) Ist f€ Sy, so gilt mit passendem ¢

f(xl see x,,) = (p'(x'o',.(l))q)xan(l)(xa",‘(Z)) cee (p"o',.(l)'""a,,(n—l)(x”"("))'
b) Ist f€ S,,, so gilt mit passendem ¢ ’
f(xl xn) = (le...xa;(l)_l(xa;(l)) ' (pxl...xa:‘(n)_l(xo',;(n))'
¢) Ist f¢ S,, so gilt mit passendem ¢

f(xl xn) = go"o:,.(l)"'xan(o‘;.(l)—l)(xl) (pxc,,(l)"-"a,,(a;‘(n)-l)(x")'-

3. Beziehungen der Klassen S, untereinander

Zunichst beweisen wir den einfachen

Satz 7 Co :

1) Jedes f€ S, mit allgemein rekursiver zugehdriger sequentieller Funktion ¢
(vgl. Satz 4) ist allgemein rekursiv.

2) Nicht jede lingentreue allgemem rekursive Funktion von X™* in X* ist quasi-
sequentiell.
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Beweis ’

1. Da mit¢tund ¢ auch Stid und Siar allgemem rekursiv sind, folgt die Behauptung
aus Satz 4.

2. Die durch

SO o Xpp) = Xono1X9aXsnp -or X2 X1 X oon Xog_3
JX1 o Xonp1) = Xopy1XonXonog oo Xo X1 X3 oo Xog_3Xop_q -

" _festgelegte Funktion f ist offenbar allgemein rekursiv, aber sie gehort zu keiner
Klasse S,,. Denn man prift leicht folgendes nach:. Streicht man einen beliebigen
Buchstaben aus dem Wort x; x,X;x,x; und wendet man darauf f an, so kann das
" entsprechende Bildwort nicht aus f(x;Xx,x;x,x;) durch Streichen eines passenden
Buchstabens gewonnen werden. .

Funktionen, die nicht in S,

Satz 8. Ist t1¢t3 oder 1a#1y, SO glbt esin S
llegen

it

Beweis

1. Fall. Es sei L1, Dann g1bt es ein n mit i =pg tl(n)¢t3(n) =perj. Ferner
sei 1;(n)=k. s,,;, sei durch {o}:n¢ Nz} gegeben. Nach Definition 6 gilt ¢;(m)=1.
Aus (3) (im Beweis von Satz 6) folgt hiermit, daBB der j-te Buchstabe des Arguments
X;...X, von f an wenigstens zwei Stellen in das Bildwort emgeht Dabher ist die An-
gabe einer Funktion ¢ S, ,. so méglich, dal

t1ty
SO X1 X X1 X)= Y1 Ve Y

und fiir xj>=x; - '

’ f(xl X; .. lx Xjg1 ee- n) =V1- Vi Dn

gilt, wobei y, y; wemgstens fiir ein /#k vorkommt DICSCS f gehort mcht U Spe,s

weil sonst einerseits

. f(xl Xj—1Xj41-- X)=IL(yy.. ¥y V)
andererseits aber

v f(xl"‘xj—lxj+1"'xn)=Hk('y;.-'-y;"'y;l)
wire, was wegen IT,(y1...y...v) # i (y1...y[ ... yn) unmoglich ist.

2. Fall. Es sei t,51,. Dann gibt es ein n mit m =p £,(n) =, (n) =pe; k. Wir
Betrachten nur den Fall m < k/\z = t,(n) = j = t3(n). Die anderen Fille lassen sich
analog behandeln. Es sei w=x;...x;... X;... X, mit x;= x;4 ;= ---=X;, so da} II;(w)=
= II;(w). Die Funktion f¢ §, ,, wird so gewahlt d_aB

f(w)zyl"'ymym+1"'yn mlt ym¢ym+1
gilt. Dies 148t sich erreichen, denn nach Satz 6 ist

1t

ym = dw"m(rn(m))s ym+1 = aw",m+1(1n(m+ 1))
und ' X ) :
wnm_¢ Wn ome1
so miiBte H_,aofzfoH,‘ gelten, d.h.

£ 174

Wire f¢S,.,.

f(Hta(w)):yl oo VmVYm+reo - YVe-1Ve+1n-
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Wegen f¢€S,,, haben wir
f(H,l(W)) ng(f(w)) yl ym lym yn’

M, (w)=11;(w)=1I1;(w)=I1,,(w)

und aus

folgte f(IT,,(w))=f(I1,,(w)), was wegen y,,5y,,,, unmdglich ist.

Folgerung 1. Jede Klasse S, mit t>id oder t’=id enthdlt nichtsequentielle
Funktionen.

Beweis. Man wende Satz 8 fiir t,=f,=id an.
SY

t3ly”

Folgerung 2. Fiir 1,1, oder t;7#1t, ist niemals S,
Aus Satz 6 ergibt sich leicht der

2=

Satz 9. Jede Klasse S, enthilt alle Homomorphlsmen (. h alle sequentiellen
Funktionen vom Gewicht 1). :

Beweis. Jeder Homomorphismus kann gemiB Satz 6 bei beliebigem ¢ mit Hilfe
einer konstanten Abbildung « realisiert werden.

Wir untersuchen jetzt S, NS, fiir ,1,. Es sei f¢ S N S,,. Nach Satz 6 sind
dann zwei verschiedene Darstellungen fir f moglich:

f(xl."' n) - aw,.l(xl) . w,.,.(xn),
f(xl e n) - aw,.l(xl) w,.,.(xn)

Dabei sind die w}; bzw. w2 die nach Definition 8 zu ¢, bzw t, geh6rigen Worter.
Hieraus ergibt sich als.notwendige Bedingung fiir f€ S, N S,,: a1, =dyz, firi=1,
., n.Um eine notwendige und hinreichende Bedingung zu erhalten, definieren wir

P ~t112 9 =Det JvIwIndm3;j k(p=wrANg=vr AWr;=V2x).

=, Sei die transitive Hiille von ~,,,.

Ist f gemdB Satz 6 durch « dargestellt, so setzen wir

'p'=—az q =Def ap=aq .
Dann gilt offenbar der - :

Satz 10. f€ S,, gehort genau dann za S,,, wenn gilt Vqu(p~,],,q -p=,9),
d.h., wenn =, eine Vergroberung der transitiven Hiille von ~,,, ist.
-~ Man priift auf Grund dieses Satzes leicht nach, daB beispielweise SiNSy =
= Menge aller Homomorphismen ist. Dabei ist | die konstante Funktion 1. Dasselbe
ergibt sich fiir S,MNS;; mit
n—1 fir n>1,

1 n=1.

Bisher ist die Menge der quasisequentiellen Funktionen als Kategorie betrachtet:
worden. Wir stellen nun die Frage nach der durch diese Menge erzeugten Halb-
gruppe [0, o]. Die Elemente von Q nennen wir quasisequentielle Funktionen im
weiteren Sinne. Q enthilt nimlich mehr als die quasisequentiellen Funktlonen Um

t(n) ='Det‘{
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dies einzusehen, betrachten wir noch einmal die Funktion f aus dem zweiten Teil des
Beweises von Satz 7. f ist das Produkt zweier quasisequentieller Funktionen g und
h, die folgendermaBen definiert sind

g(xy .. Xap)=Xop ... XgXa X1 Xg... Xop—q

8(Xy .o Xopy )= X Xg X Xy X500 Xoy—1 Xop 41
und )
h(xy... ) XpXpeoo Xy

1, falls »n=0(),

gESid’I mit ,(n) = {n, falls n=1().
Ist ¢, eine beliebige Funktion aus § mit Vn(n>1-1(n)<n) und t; = t,+1, so ist
h¢S,,,. Demnach ist f = goh quasisequentiell im weiteren Sinne. fist jedoch nicht
quasisequentiell, wie aus dem Beweis von Satz 7 bekannt ‘ist.

Es sei P die Gruppe der Wortpermutationen, die von {s,;,:¢€ &} erzeugt wird.
Bezeichnet # die Bildung des freien Produkts, so gilt trivialerweise der

Satz 11. Q = S;;* P.

Damit ist das Studium der quasisequentiellen Funktionen im weiteren Sinne
im wesentlichen auf die Untersuchung der Wortpermutationen zuriickgefiihrt. Diese
lassen sich indessen nicht durch einfache Eigenschaften charakterisieren.

Keasnnoc.reoBaTe bHOCTHbIE (YHKINH

O6006maeTcst onpeesicHue NOCIEA0BATENLHOCTHRIX YHKIIME KaK IIPOSKTUBHEIN npenes npo-
€KTHBHOTO CeMeCTBA KOHEYHBIX TOJIYTpymm. Bo3HHKAIOT TakuM 00pa30M HOBEIE KJIACCHI TAK HA3BI-
BacMbIX KBa3WNOC/ICHOBATENbHOCTHBIX (YHKUMH Pa3HEIX THOOB. VcciemyroIcss CBOHMCTBAa 3THX
(YHKIMM U HX COOTHOIIEHHS K IOCIEA0OBATEIEHOCTHBIM QYHKLMAM.
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Generalized context-free gfammars

By J. Gruska

1. Introduction. Generalized context-free grammars can be thought of as context-
free grammars all rules of which are of the form A —« where « is a regular expres-
sion. Generalized context-free grammars and their representation by a set of finite-
state diagrams are a convenient tool to describe context-free languages. In this
paper a classification of context-free languages accbrding to the minimal number of
non-terminals of generalized context-free grammars is studied and the corresponding
decision problems are investigated.

2. Definitions. By a generallzed context-free grammar we mean a quadruple
G=(V, X, P, 6) where ¥, X and ¢ have the same meaning as for context-free gram-
mars (see [2]) and P is a set (maybe infinite) of context-free rules such that for any
nonterminal AeV—2Z, the set {w; A—~w¢cP}c V* is regular. The relations = and
" 3 for a generalized context-free grammar are defined in the same way as for context-
free grammars.

It is obvious that a language L is context-free 1f and ony if L= L(G) for a gen- -
eralized context-free grammar G.

3. Representations. A generalized context-free grammar G=(V, X, P, ¢) can be
represented by a finite set of rules 4 —u, one for each nonterminal in ¥— 2, where
o is a regular expression over V. This in turn means that a generalized context-free
grammar can be represented by a finite set of transition diagrams, one for each
nonterminal of G, each of which represents a finite-state automaton which is cap-
able of recursively calling other finite state automata {1}, or G can be represented
by a finite set of the so-called flag diagrams, one for each nonterminal of G [4].

4. Problems. As suggested by Kalmar [4], for a context-free language L let
-N(L) be the minimum of the number of non-terminals of generalized context-free
grammars generating L. Since N(L) is also the minimum of transition diagrams
for L, N(L) may be thought of as a measure of non-finite state character of L.

5. Results. 1t will be shown now thit for any integer n there is a context-free
language L, such that N(L,)=n and that there is no effective way to calculate N(L).

Theorem 1. For any integer n there is a context- free language "L, C {a, b}* such
-that N(L,)=n.

3*
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Proof. The case n=1 is trivial. Let now n>1 and let L, be the language genera-
ted by the context-free grammar

o —aob, o -~aba’A,bab
A;—~d'Ab, A;~ba'*'4;, ba 2=i=n—1
A,~a"4,b, A,—bea, A,—b%a.

Let G be a generalized context-free grammar generating L, and such that no
generalized context-free grammar for L, has fewer nonterminals. It'means that
from any nonterminal of G an infinite set of terminal words can be derived. All words
of L, posses a very regular structure. It holds
4)) If x€L,, then x=ub?a?v, u (v) is uniquelly determined by v (by u) and neither u

nor v contains b2a4? as a subword.

From (1) it follows
(2) Allrules of G are of the form A —~uBv or A —~ub?a®v where u, v€ 2* and B E V—-x
(3) If A—~uBv, A—u’Bv or A —~ub®a’v and A —u’b?a*v are rules of G, then u=uv’".

If A—~uBv, A~uBv’ or A-ub*d’v, A—~ub®a*v’ are rules of G; then v=v".

- Since for any nonterminal A of G, the set {w; 4 ~w¢cP}is regular it follows
“easily from (1) to (3) that the set P must be finite and therefore G is a “‘normal”
context-free grammar. It was shown in [3], that the language L, can not be generated
by a context-free grammar having less than » nonterminals and therefore N (L,,) n.

Since N(L,)=n is obviously true we get the theorem.

Theorem 2. Let n=1 be an integer. It is undecidable for an arbltrary context-
free grammar G whether or not N(L(G))=n.

Proof. Let.us first consider the case n=1. Let x and y be arbitrary m-tuples of
non-empty words over the alphabet {a, b}. Let L(x), L(x, y) and L, be the langu-
ages defined by : ,

L(x) = {ba'rba® ... ba'*kcx;, ... x;,x;,; 1 =i;=m}

L(x,y) = L(x)cL*(y)
L, = {wycwyewBewl; wyw, € {a, b}*}

where, for a word w, wR is the reverse of w and for a language L, LR= {w®; we L}.

. By [2], given x and y, one can effectively construct a context-freg grammar G, ,
generating the language
- Lx,y = {a, b: C}*_L(X, y) an ’

If L(x, y)ALs; = 0, then obviously N(L,,)=1. Let us now consider the case
L(x, )AL, # 0 and let us assume that again N(Lx »)=1. Then there is a generalized
context-free grammar G=(V, X, P, o) with only one nonterminal ¢ which generates
the language L,

Since L(x, y)/\L # @, there are 1nd1ces Iy, ..., I such that if we denote

I=ba’1...ba"‘ X=x,-k...x,-l, j:IR, Y=X~&

then I"cX"cY el €L, , for no integer r=1.
Since the set R= {oz, o —~a€ P} is regular, there must exists an mteger N such
that if i> N, then z;=I'cX'*1cYi*1cJ*1 ¢ R and, moreover, if u;60,€ R, u;v;#¢,
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u; € {a, b, c}*, u;o0;5z;, then u; does not contain the symbol ¢. Hence there exists
a word #;¢p; € L(G) such that i; € {a, b}* and u;@i; cb; v;=z;. But then the word &, Ici; is
alsoin L, , and therefore L(G) generates the word u; &i; Icb;v;=I't1e X *1cYitteJi+1¢
- ¢L,, what is a contradiction. Thus N(L, ,)=1 if and only if L(x, y)AL; = 0. Since
it is undecidable for arbitrary x and y whether or not L{x, y)AL, = 0 [2], we get the
theorem for the case n=1.
For n=> 1 we proceed as follows. By Theorem 2, for n>2 there is a context-free
language L, {d, e}* such that N(L,_,)=n—2. For n=2let us consider the language
wy2 = {@,b,¢} = Lx, YAL,U{f} and for n>2let L,,,= L, , U{f}UL,_,
where f, d, e are new symbols. It is easy to verify that N (Lx . ,,) n if and only if
L(x,») AL, = @ and now the theorem for the case n>1 follows in the same way as
for n=1. .

Corollary. There is no effective way to construct for an arbitrary context-free
grammar G a generalized context-free grammar with fewest states and generating
the language L(G). _

It follows from this corollary that there is no effective way to determine for an".
arbitrary context-free grammar G the minimum of transition diagrams for the
language L(G). Can we, however, at least to minimize effectively the overall number-
of states of transition diagrams for L(G)? It was shown implicitly in the course of
the proof of Theorem 2 that the answer is again in negative.

O0oBuieHAble KOHTEKCTHO-CBOOOANBIE IPAMMATHKH

O6061IeHHbIe KOHTEKCTHO-CBODOHEIE TPAMMAaTHKH — 3TO TPAaMMAaTHKH UMeEIOIIRE OpaBuila
Braa A ~«, TAe A BCIIOMOraTeNbHbIi CUMBOI M & PETYIISIPHOE BHIPAKEHAE HAZl OCHOBBLIMU M BCIIOMO-
raTeNbHBIMU CHMBOJNIaMH. B paboTe ycTaHOBIeHa Kmaccu(HKAIMs KOHTEKCTHO-CBOOOAHBIX S3BIKOB
B 33aBUCHAMOCTH OT MHHMMAMNLHOTO YHCJAa BCIIOMOTATEJLHBEIX CHMBOJIOB OOOIIEHHBIX KOHTEKCTHO-
CBOOOOHBIX TPAMMATHK, KOTOPble HOPOXAAIOT HAHHBI KOHTEKCTHO-CBOOONHDI sa3bIK. JlokazaHa
aNropATMHUYECKas HEPa3pelIMMOCTh OCHOBHBIX. IPOGIeM CBSI3aHHBIX C 3TOM KiaccuduKammel, kaxk
Hanp. npobJeMa NOCTPOUTh MUHMMANBHYIO FPAMMATHKY AJIS HAHHOTO f3BIKA.
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Eine verbandstheoretische Klassifikation
der Eingentreuen Wortfunktionen

Von G. WECHSUNG

" Feststehende Bezeichnungen:- Nz= Menge der natiirlichen Zahlen; fog(x) =
= g(f(x)); X*=Menge aller Worter iiber dem Alphabet X cinschlieBlich des leeren
Wortes e; |w|= Linge des Wortes w; B(M)= {U: US M } — die Potenzmenge von M.

1. Elnleltung

Die vorhegende AI‘bClt ist dem Studium algebraischer Elgenschaften von Klas-
sen langentreuer Wortfunktionen tiber festem Alphabet X gewidmet. Dabei sollen
vorerst keine Berechenbarkeitsforderungen gestellt werden. Die Einschriankung auf
Lingentreue, die bei allen betrachteten Funktionen auch ohne ausdriickliche Er-
wihnung stets gelten soll, ermoglicht eine deutlichere Beschreibung der Abhéngig-
keit der Buchstaben der Bildworter von den Buchstaben der Originalwdorter. Die
Unterscheidung verschiedener Arten eines solchen Abhéngigkeitsverhaltens fiihrt zur
Einteilung der Wortfunktionen in Klassen von Funktionen gleichen Typs. Dies wird
prizisiert durch die ‘

Deﬁmtton 1. ‘

1. Eine eindeutige Abblldung aus Nz? in ‘B(Nz) heilt Typ=p.¢

a) VaVm(m=n—~T(n,mE{l, ..., n}),

b). T'(n, m) ist nicht definiert fur n<m.

An Stelle von T(n,m) wollen wir kiinftig auch T,(m) schreiben.

2. Ist T Typ, w=x;...x, EX* und T,(m)={iy, ..., i} mit iy<ip<--<i
setzen wir : '

SO

§$?
Wm =Def x,-l e x,-s .

Werden nicht mehrere T gleichzeitig betrachtet, so schreiben wir einfacher w,,.

3. Die Wortfunktion f heiBit vom Typ T (wir schreiben dafiir kurz ftT)=p
Fiir jedes n€ Nz existieren eindeutige Abbildungen f,,, ..., f,, von X* in X, so
daB gilt

VWY n(w e X*AW] = 1 = f0) = fu WD) .. funWD)).

4, W__Def Menge aller (langentreuen) Wortfunktionen tber X, A=p. Menge
aller Typen, Fr =p {f:fEe WASFT} fiir TEA R_Def {Fr:T€A}.
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T,(m) interpretieren wir als die Menge derjenigen Stellen des Originalworts der
Linge n, von denen der m-te Buchstabe des Bildworts abhéngt.

Fir T,(m)={1, ..., n} entstehen genau die sequentlellen Funktionen. Die nicht-
retrospektiven Wortfunktlonen fsind diejenigen, zu denen ein n und ein m existieren
mit m<n und (T),(m)N{m+1,..,n} > B, wobei T, in Satz 1b erklart wird.
Bei diesen Funktionen hingt nicht fur jedes Wort der m-te Buchstabe des Bildworts
nur von den ersten m Buchstaben des Originalworts ab. Ein einfaches Beispiel dafiir
ist die Funktion

S X=Xy Xy Xy,
fiir die ein Typ T durch

- {m,m+1} fir m<n,
n(m) = {1, m} fir m=n,
gegeben ist. Dabei ist :
: ’ y fir m<n,
Jom(xy) = x fir m=n, x,ycX.

Es zeigt sich, daB die Menge 4 der Typen in natiirlicher Weise zu einem voll-
stindigen atomaren Booleschen (und damit totaldistributiven) Verband gemacht
werden kann, der isomorph zu einem Verband mit der Trigermenge & und damit
zu einem Teilbund des Potenzmengenverbandes von W ist. Dieser Teilbund ist
insofern ausgezeichnet, als er aus allen und nur den Mengen besteht, die beziiglich
eines Hiillenoperators abgeschlossen sind, der von der zur Relation t gehérigen
Galoisverbindung abgeleitet ist (Abschnitt 2). Der 3. Abschnitt fiihrt zu der Fest-
stellung, dafl F; dann und nur dann eine Halbgruppe beziiglich der Substitution
bildet, wenn jedes T, ein abgeschlossener Operator ist (vgl. Definition 4). Insbesondere
gehéren dazu diejenigen sogenannten topologischen Typen, bei denen jedes T, ein
topologischer Hiillenoperator ist.

2. Der Verband der Typen

Jede lingentreue Wortfunktion f kann in der in Definition 1 angegebenen Weise
dargestellt werden. Dazu setze man T,(m)={l, ..., n} fir jedes n und jedes m=n
und f,,,(x,...x,)=m-ter Buchstabe von f(x,...x,). W kann daher als F; mit dem
-eben angegebenen Typ T angesehen werden. : :

Definition 2. Fiir T, S¢ A definieren wir TNS, TUS, T durch
(TN S)u(m) = T,(m)NS,(m),
(TUS),(m) = T,(m)US,(m),
(M) (m) = {1, ..., }\T,(m). -
Unmittelbar klar ist damit die '

Folgerung. [A, N, U, 7] ist ein vollstindiger atomarer Boolescher Verband.
Die zugehérige Halbordnung ist durch

T=S=p¢ Vnvm(m=n—T,(m)E S,(m))
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gegeben. Die Atome von 4 sind diejenigen 7% mit

{k} fir n:i/\j‘:m,-
uk —
T (m) = {Q

sonst.

DaB der Typ einer gegebenen Wortfunktion nicht emdeutlg bestimmt ist, zeigt
der triviale ‘

Satz la. Istfe Frundist T=S, so ist auchfe Fs.
Dieser Satz kann jedoch ergénzt werden durch

Satz 1b. Zu jeder Wortfunktlon JS€ W gibtes einen eindeutig bestimmten kleinsten
Typ T, in A.

Beweis. T, ist das Infimum aller Typen von f.
Satz la kann wesentlich verscharft werden zu dem.

Satz 2. K ist beziiglich der mengentheoretischen Inklusion _<_§ ein zu [A4, =
isomorpher Verband :

Beweis

1. Die Zuordnung T ~>FT ist eineindeutig. Es sei namllch T S. Dann glbt
es ein 72 und ein m mit T,(m)= S,(m). O. B. d. A. existiert daher ein j mit j€ S,(m), -
aber j¢ T,(m). Damit gibt es eine Funktion f€ Fgund x,,..., X,, J1,...; ¥, € X mit der
Eigenschaft f(x;...x;...X,) = V1.:.¥p... ¥y, und y,, hingt echt von x; ab, d.h. y,
andert sich, wenn sich x; bei sonst gleichbleibenden x; (i#/) andert Keine Funk-
tion aus F dagegen darf wegen] ¢ T, (m) dieses Verhalten aufweisen. Also ist Fp= Fg.

2. Die Aussage T=S—F;E Fs ist genau Satz la.-

3. Wir zeigen noch: F;S Fg—~T=S. Es sei F;& Fg. Fir jedes n und m=n
gibt es ein f¢€ Fy, so daB3, wenn f(x,...x,)=¥;..., gilt, y, von allen x; mit i€ T, (m)
wirklich abhédngt. Da f nach Voraussetzung zu Fg gehért, muf3 S, (m)_ T,(m) sein.
Also gilt T=S, vomit die behauptete Isomorphie bewiesen ist (vgl. [2]).

Bemerkungen :

1. Den Verband [4, N, U, -] nennen wir den Typenverband. Wegen Satz 2 -
wollen wir diese Bezelchnung auf [}, €] libertragen und die Klassen F gelegentlich
als Typen ansprechen.
: 2. Das kleinste Element von & ist der Typ der Konstanten, das groBte ist die
Klasse W (siehe den Beginn dieses Abschnitts).

3. Man iiberzeugt sich leicht davon, daf3 die Infimumbildung in & die gew&hn-
liche Durchschnittsbildung ist. Damit ergibt sich fir MS K ([2])

supM = N{F:FEKRAVC(CeM —~ C S F)},
insbesondere E :
sup (Fr, Fs) = N {Fr.:Fy 2 FrU Fg}.

8 ist ein Teilbund des Potenzmengenverbandes von W, dessen Bedeutung noch
deutlicher wird, wenn man die zu der Relation 7 gehorige Galoisverbindung und die
zugehorigen Hiillenoperatoren betrachtet.
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Definition 3. Fir B& A und U& W setzen wir

Y(B) =pet { [ fEWAVT(TEB —~ fiT)},
0(U) =pet {T:TCANVS(fEU ~ fiT)},
I =pe 60y, A =pegyoo.

[B(A4), B(W), y, 8] ist eine Galoisverbindung, I und 4 sind Hiillenoperatoren,
die beziiglich I' und 4 abgeschlossenen Mengen bilden je einen vollstindigen Ver-
band, und beide Verbidnde sind zueinander dual isomorph (vgl. [1], [2]). Wir wollen
diese Verbdnde genauer beschreiben. Dazu stellen- wir zunichst fest

Y(B) = Fipep, 0(U) = {T:T éfyu TI},
wobei T, wie in Satz 1b verstanden wird. Damit ergibt sich
rwy= FU r,» AB)={T:T=inf B}.

Weil U T alle Elemente von 4 annehmen kann, sind die I'-abgeschlossenen Mengen
feu
genau die oben eingefiihrten Typen F;, und der Verband [R], &] erscheint somit

als Verband der I'-abgeschlossenen Mengen fiir den von der Galoisverbindung er-
zeugten Hﬁllenoperator I'. Ordnet man jeder 4-abgeschlossenen Menge ihr Infimum
zu, so erhdlt man einen dualen Isomorphismus vom Verband der 4-abgeschlossenen
Teilmengen von A4 auf den Verband [4, =].

3. Halbgruppen

Es erhebt sich die Frage, wann mit f und g stets auch fog vom Typ Tist. Um
die Antwort besser formulieren zu kdnnen, fassen wir 7}, als Operator auf {1, ..., #n} auf

Definition 4. T,(0)=0, T,{iy, ..., &) = T,(iDU ... UT,(@).

T, heiBt einbettend=p¢, YM(M S, .. n} -MCT, (M))

T, heiBt abgeschlossen=p., VM(MES {1 ,ny—~T, (T (M))ceT, (M))
Dann kann der folgende Satz ausgesprochen werden

Satz 3. Die Klasse Fr ist genau dann eine Halbgruppe beziiglich o, wenn fiir
jedes n der Operator T, abgeschlossen ist.

Beweis ,
1. Es seten f, g€ Fr, und T erfiille die Bedingung des Satzes. Dann ist

g(f(xl n)) g(f;ll (wl) f;m (wn)) yl

Hierbei héngt y,, hochstens von den f,;(w;) mit j€ T,(m) ab. Diese f,;(w;) hangen
héchstens von den x, mit k€ T,() ab. Insgesamt hangt Vm daher hochstens von

den x, mit
ke U T,()) = T,(T,(m) = T,(m)
€T (m)
ab. Damit 1stfogeFT
2. Es sei [Fy, o] Halbgruppe und T(T (m))gT(m) Dann gibt es ein
JeT, (T (m)) mltj({T (m). Dazu gibt es ein i€ T,(m) mit j¢ T,(). Werden T,(i)
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(bzw. T, (m)) der GréBe nach aufgezihlt, so seien j (bzw. i) das s-te (bzw. r-te) Ele-
ment. Wir wihlen jetzt zwei Funktionén f, g ¢ F; mit den Eigenschaften

Jui(w)=s-ter Buchstabe von w;=x;,

Vin=Gum((f (X1 ... x,)))=r-ter Buchstabe von (f(x;...x,))n=/fu(w)=x 1

(Die Bezeichnungen stimmen dabei mit denen von Punkt 1 dieses Beweises tiberein.)
Also hingt y,, echt von x; ab. Das ist aber nicht méglich, weil nach Voraussetzung
. foge€ Frist und daher j¢ T,(m) sein miiBite, was der obigen Annahme widerspricht.
Infolgedessen ist fiir jedes n und m=n T,(T,(m)) S T,(m), womit die zu beweisende
Eigenschaft von T, aus Definition 4 folgt. :

Definition 5. T (bzw.. Fy) hei3it abgeschlossen (topologisch) =p.¢ Fiir jedes #n ist
der in Definition 4 erklarte Operator 7, ein abgeschlossener Operator (topologx-
scher Hiillenoperator).

Satz 4. Die Menge $ aller Halbgruppen Fr bildet einen vollstandlgen Teil-
bund' (keinen Teilverband) von [&, &]. Die Menge H aller abgeschlossenen Typen
bildet einen vollstindigen Teilbund (keinen Teilverband) von [4, =]. .

Beweis. Ist M eine Teilmenge von 9, so gehdrt wegen der Vollstindigkeit von
[], SIF =p; MM zu K. Da F als Durchschnitt von Halbgruppen auch eine Halb-
gruppe ist, gehdrt F zu . Daraus ergibt sich, daBl die abgeschlossenen Klassen
einen vollstindigen Teilbund von K bilden. Es handelt sich dabei nicht um einen
Teilverband von K, weil mit zwei abgeschlossenen Typen ihre Vereinigung nicht
notwendig abgeschlossen ist, was wir durch folgendes Beispiel zeigen. Wir setzen

()= {1'}: T,(2)= {2’ 3}a T;(3)= {2’3}:
S;(M={1}, S:@={2}, SEB)={1.3},

und wihlen T und S. ansonsten so, daB auch fiir n#3 die Operatoren T, und’ S,
abgeschlossen sind. 77U S ist nicht abgeschlossen weil

(TU $)((TU 5):(2) = {1 2,3} & (TU S)3(2) = {2,3}

Bemerkung. Die beiden Aussagen von Satz 4 sind wegen Satz 2 véllig gleich-
wertig. Dieser Satz rechtfertigt auch die zur Vereinfachung des Beweises angewendete
Methode, einen Teil der Behauptung (vollstindiger Teilbund zu sein) in & zu zeigen
und den Rest (kein Teilverband zu sein) in 4 durchzufiihren. Ahnlich verfahren wir
beim Beweis des nichsten Satzes. :

Satz 5. Die Menge T der topologischeanypen FT bildet einen vollstindigen
Teilverband von $. Die Menge Top S 4 aller topologischen Typen bildet einen voll-
stindigen Teilverband von H.

Beweis

1. Fiir beliebige M S Top ist N M ¢ Top. Denn nach Satz4 ist N M abgeschlos-_
sen, und daB (TM wieder einbettend ist, ist offenkundig. Daher ist N M ETop und
Top ein vollstandlger Verband.
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2. Wir zeigen noch. Ist METop,soistinfy M= meop M und supy M=supq,, M.
Trivialerweise ist infy M= 1nfT(,p M= (M. Dagegen ist

supy M = N{T:TcHAYS(SeM —~ S=T)},
SUpre, M = N{T:T€TopAV S(SeEM —~ S=T)}.,

Wegen TopE H ist immer supy M =supy,, M. Ist M S Top, so ist dariiber hinaus
jedes Element T, das bei der Durchschnittsbildung von supy M vorkommt, ab-
geschlossen (wegen T¢ H) und notwendig einbettend (weil ein nicht einbettendes T
kein einbettendes S majorisieren kann), also topologisch und kommt daher auch bei
der Durchschnittsbildung von supg,, M vor. Daraus folgt supy,, M =supy M, also
SUpi.p, M=supy M fiir jedes M S Top.

Folgerung. Zu Jeder Klasse FT gibt es eine kleinste sie umfassende abgeschlossene
Klasse 8(F;) und eine kleinste sie umfassende topologische Klasse 6* (F;). Dasselbe
gilt fiir die Typen aus 4.

Beweis. 0(Fy) ist der Durchschnitt aller Fr umfassenden Halbgruppen Fy,
0* (Fy) ist der Durchschnitt aller £ umfassenden topologischen Klassen Fg.

Man konnte vermuten, daB 0(F;) mit der von F; erzeugten Halbgruppe Fj -
zusammenfillt. Wir zeigen, daB dies 1.a. nicht zutrifft. Wir beniitzen die Bezelchnungen
0 und 6* auch fiir die Typen T'¢ 4. Dann haben wir

Lemma 1. Fiir Jedes TeA gilt 0(Fp)= Fy¢y. Die glelche Beziehung gilt auch
fir 6*.

Beweis

1. 6(T) ist abgeschlossener Typ oberhalb von T, Damit. ist Fy) Halbgruppe
oberhalb von Fr und demnach 8(Fy) & Fyr,.

2. Wire Fg=p¢ 0(Fr)C Fym), 50 wire T=S<0(T). Da S abgeschlossen ist,
wire @(T) nicht der kleinste abgesch]ossene Typ oberhalb von T.
- Ab jetzt beschranken wir uns auf embettende T. Fiir diese ist offenbar 0(7T)=
= 6* (7). Fiir einbettende T gilt stets

T(m)CTZ(m)CTB(m)C LJE{L, ..., n}
Demnach gibt es fiir jedes » und m=n ein k,,, mit
Tirm (m) = Tk (m).
Mit diesen Bezeichnungen gilt
Lemma 2. Fiir einbettende Typen T ist (0(T Na(m)=T, . (m).
Beweis. R sei abgeschlossener Typ mit T=R. Das bedeutet nach- Definition 2
T,(m)S R,(m)

fiir alle n und m=n. Hieraus.folg\ unter Beachtung von Definition 4

- TI(m) & T,(R,(m) € Ra(m) S R, (m)
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und durch vollstindige Induktion
T7 (m) S R, (m)
fiir jedes k. Jeder abgeschlossene Typ oberhalb von T umfaBt daher den in der Aus-

sage des Lemmas angegebenen Typ. Da dieser offenbar selbst abgeschlossen ist,
ist das Lemma bewiesen.

Definition 6. Der einbettende Typ T heifit von endlicher Ordnung =Der E}kVn(T"
Tk+1) )

Satz 6. Ist der embettende Typ T nlcht von endlicher Ordnung, so ist Ff
#Z0(Fp).

Beweis. Fiir jedes f¢€ Ff ist Ty<0(T). Ist ndmlich f= f o of,, so ist jeden-

falls (Tp),(m)S Ty (m) fiiralle nund m=n (vgl. Beweis von Satz 3) Nach Voraus-

setzung existiert eine solche unendliche Folge k, <k, <..., daB T,"=(0(T)),, i
Man wihle nun { so groB, daB r=k,, ist. Dann gilt fiir passendes m

(T, (M) S Ty, () S Tyt () (0 (1)), (m).
Wire Ff=0(Fr)= Fyry, so miiBte Jedesfmlt T,= 0(T) in F} liegen, was dem eben
bewiesenen wxdersprlcht _ ,

Folgerung. Die Klassen Fr mit abgeschlossenem T sind nicht die einzigen Unter-
halbgruppen von W..

Beweis. Wir brauchen nur zu zeigen, daB es Typen gibt, die keine endliche
Ordnung haben. Als Beispiel wihlen wir

T [({m—1,m} fir- 1l<ms=n,
M= qy  fir m=1.

F; ist die Klasse der l-stabilen sequentiellen Wortfunktionen, wihrend 6(Fy) die
-Klasse der sequentiellen Funktionen ist. Da 7 offenbar nicht.von endlicher Ordnung
ist, gehdrt FF nicht zu K, weil sonst Ff=0(F;) gelten miifite, was nach Satz6
unmdglich ist. (Diesem Sachverhalt entspricht die bekannte Tatsache, daB nicht
jede sequentielle Funktion als Produkt 1-stabiler sequentleller Funktionen darstell-
bar ist.)

Die Umkehrung von Satz 6 ist i.a. nicht richtig.

Omicanye CA0BAPHHLIX (PYHKUHH, KOTOpPble COXPAHAIOT MJIMHY,
NPH NOMOIIH NOHATHI U3 TEOPHH CTPYKTYP

HYCTb T ogHO3HAYHOE oroGpameﬂne H3 MHOKECTBA BCEX ITap HaTypaanm( YHCEJI B MHOXKECTBO
BCEX KOHEHHBIX MHOXECTB HaTYPaJIbHBIX YUCEII CO CBONCTBAMU

) vnvm@m=n-T#n,m¢c(l,...,n}),
(2) T(n, m) He OUpEHENeHHO I M >N.

CrioBapbHAA COXPaHAoWAs AMHHY GyHKUMA f Ha3bBaeTCs GyHKuuMeR Tuna 7, KOraa BEIIOITHS-
eTca cneaylomee yciosre: Korga f(x; ... X)) =Y1 ... ¥n» Vi 3QBHCHT TONBKO OT OYKB MHOXECTBA

{x;:ie T (n,m)}.
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MHOKeCTBO BCEX THIIOB €CTECTBEHHBIM 00Opa3zoM 00pa3syeT nojbHYIO, aTOMapHYIO OyJjeByio
CTPYKTYPY, KOTOpas usomopdua cTpykrype Bcex Fr (Fr sBAsfeTCS MHOKECTBOM BCeX (DyHKumMii
Tvma 7). PaccMaTphIBalOTCA 3aMKHYTHIE M TOIMOJOTHYECKME THIIK W UCCAENYIOTCH HMX CBOMCTBA.
Hanpumep, F; Toraoa H TOALKO TOT AQ ABJIAETCA NMOAYTPYNIO#, Koraa 7 3aMKHY B THIT.
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The notion and some applications of generalized
initial segment '

By A. MAKAY

Introduction

In computational practice we are often confronted with situations where we
have to hardle strings composed of elements that can be put into two disjoint classes
according to the way they influence the outcome of the operations to be performed
on these strings. E.g. this happens in the case of translating higher-level programming
languages. A programme written in such a language is a combination of terminators
(operation symbols, parentheses, etc.) and quantities (identifiers and numbers, these
are composed of letters and numerals). During translation the terminators control
the compiler, while- quantities play only a passive role: the translation process is
. not influenced e.g. by replacing each occurrence of an identifier with occurrences
of another, while a similar statement for terminators is obviously false. Other types
of formula-handling algorithms serve also as good examples in which such mixed-
sequence situations arise.

In the present article we are going to define the notion of generalized initial-
segment for strings composed of elements of two disjoint sets. This notion simultane-
ously extends those of initial segment and of subsequence. We also present an algo-
rithm which can decide whether or not any string is a generalized initial segment
of another. The applicability in practice of the algorithm is illustrated with two
examples. The second one of these deals with the Universal Decimal Classification
(UDC), which is generally used in library practice. The ideas outlined in this con-
text have been used in  an information-retrieval system here working on the basis
of UDC. . ' ' :

Definitions

Let ¥ be a finite set and 2 a subset of V. The elements of V" are usually called
signs, the elements of X letters, and the elements of ¥— X terminators.

Let V* designate the set of all finite sequences which can be formed of elements
of V (i.e. the free semigroup over the set V). We mean by the length |x| of a sequence
x € V* the number of signs (including repeats) in x, while || x| denotes the number of
terminators (again including repeats) in x. :Obviously 0=|x||=|x| and |x]| is O if and
only if x=g¢, where ¢ is the empty sequence. '



48 A. Makay

Assume x, y€ V*. The notion of the generalized initial segrﬁent 1s defined by
recursion on |x||. In case ||x[|=0, x is called generalized initial segment of y if

X=jijedns Y=J1J2---Jn?s
where n=0, z€V*, j,, ja, ..., j,€Z (.. x is an initial segment of y and contains no
terminators). Assume now |lx|| = n+1. We say that x is the generalized initial
segment of y if there are sequences xy,X., ¥y, Yo € V* such that

X=Xy Xe, Y=Y1X2Ya, Xo=Uijz.--Jm>
where x; is the generalized initial segment of y,, and, moreover, m=0, t¢ V-1,
and jij: :ij z.
' In other words, x is a generalized initial segment of y if and only if the fol-
lowing holds: y contains any such sequence as is either an initial segment of x con-
taining.no terminators or is a subsequence of x such that its first element and only -
this is a terminator, moreover, choosing any set of such nonoverlapping sequences,
these occur in y in the same order as in x. .

The generalized initial segments of a sequence y consisting only of elements
of Z are simply the initial segments of y in the usual sense. Thus if Z= V, the general-
ized initial segments are also initial segments. However if 2 is the empty set, then
any subsequence of y is a generalized initial segment as well. ’

We will define an algorithm which decides for any x, y€ V* whether x is a
generalized initial segment of y. By selecting X in a suitable way, the same algorithm
can decide whether x is an initial segment or a subsequence of y.

" We define the algorithm as an ALGOL-60 [1] Boolean function. The signs
of the formal parameter-strings x and y are denoted by x,, X, ..., Xy and by y;, y», ...
..., ¥1y1» Tespectively. For lucidity’s sake we use the nonstandard notations |x], ||x{,
|¥|, ¢ as well. The outcome of the procedure is the value true if x is a generalized
initial segment of y, otherwise it is false.

boolean procedure GEN IN SEG (x, y); string x, y;
begin integer array F, G [1:||x|]; integer i,j, k;
= ji= k= 1; _
C: if j>|x| then GEN IN SEG:= true else
if i>|y| then GEN IN.SEG:= false else
if x;=y; then v
 begin if x;¢Z then begin F[k]:= i; G[k]:= j; k:= k+1 end;
i'=i+1; j;== j+1; goto C »
end else if x;¢ 2 then begin i:= i+1; goto C end 4else
begin k:= k—1; if k=0 then A )
begin i:= F[k]+1; j:= G[k]; goto C end else GEN IN SEG:= false
~ end ' )
end GEN IN SEG,;
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Applications

The notion of the generalized initial segment and the algorithm defined above
is quite widespread. Here we disregard the special cases of the initial segment and
- subsequence, and give two applications wh1ch are useful in information retrieval
systems .

"Example 1. Let us suppose that in our information system abstracts written
in a natural language serve as descriptions of the content of documents. The request
for retrieval is written in words or expressions consisting of several words. In the
request the single words are given as root-words and in the abstracts in their inflected
forms. Disregarding rootchanges, when comparing a request consisting of only one
word and an abstract our task is to ascertain of the word in the request whether it
agrees with the begginning of any of the words of the abstract. If the request is an
expression we have to ascertain of several words whether all these words agree with.
the beginnings of some words in the abstract, that have the order same as given in
the request. To sum up, if hyphens and spaces between words are regarded as ter-
minators, it is to be decided whether the word or expression in the request is a gen-
eralized initial segment of any of the sentences of the abstract. -

-‘Example 2. The most widespread system of content classification of the library
practice is the Universal Decimal Classification (UDC) [2]. The tremendous amount
- of time, money and spirit devoted to the system makes it imperative that these results
and forms should be used by up-to-date automatic information systems. Below a
formal definition is given for the following statement: the notion denoted by UDC
number y belongs to the category denoted by UDC number x.

When setting up the UDC system mainly manual methods had been in mind,
their application in automatic systems was not considered. Therefore certain trans-
formations for computer information systems are required. This can be done by
decomposing UDC-numbers into parts (general subject, facets separately) [3]. An-
other way (which we follow here) is the mechanical transformation of the UDC-
numbers. In particular we omit redundant signs (.right-hand”,)) and, moreover,
instead of sings consisting of several characters we use only a single character
(-0,.0,.00,(0,(=). The schematic description [1] gives all these transformations.
" However, the categories of the general connective (+), the inclusive connective (/)

and the relative connective(:) are left undefined: instead of them in the informa-
tion system various UDC-numbers can be used or there are several other ways of
“excluding them [2).

(UDC-number) : := (general subject> (subordmate facets) (facets)
{general subject) ::= (empty)|(deplmal number)|(synthetic connectiv)
{synthetic connectiv) : := (general subject)’(decimal number)

(subordinate facets)::= (empty)|(subordinate facet)(subordinate facets) (subordi-
nate facet)

(subordinate facet} := (special aux111ary>[<pomt of view)
(special auxiliary) ::= —(decimal number)|.0{non-0 decimal number)
(point of view) ::=.00(decimal number) ‘ :

4 Acta Cybernetica
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(facets) ::= (empty)|facet)|(facets) (facet)

(facet) ::= (language)|{form of work)|(place)|(race)|(time)
(language) : :== (non-0 decimal number)

(form of work) ::= (0 (decimal number)

{place) : :=((non-0 decimal number)

(race) ::= (=(decimal number)

{time) : :="(decimal number)

(decimal number) : :={digit){decimal number) {digit)
{non-0 decimal number) ::= (non-0 digit)|{(non-0 decimal number) (digit)
(digit) ::= O|(non-0 digit)

{non-0 digit) ::= 1]2{3]4|5{6/7|8|9

(empty) ::=

If the UDC-numbers are decomposed in parts in an information system (gen-
eral subject, facets), the requests are also to be built of these units. Therefore, if
we want to formulate the simultaneous existence of two elements, we are in need
of the logical operation of “conjunction”, which is a notion unknown in library
practice. A ) ) S ‘
The form of formulating requests is brought closer to the UDC system when
complete UDC-numbers are used as units. In view of the above syntactic rules it
is easy to see that if the numeral digits are regarded as letters and all the other signs
as terminators, the notion denoted by an UDC number y belongs to the category
denoted by an UDC number x if and only if x is a generalized initial segment of y.

TTonsiTie 0G00IMIEHHOr O HAYAJABLHOIO CEIMEHTa
H HEKOTOpbIE €r0 MPHMeHeHH:

B BEIMHCIIMTENBHOM TEXHHKE AOBOMIBHO YaCThIi Cilyuaii, KOrJa 3aHAMaeMCs TAKHMH MOCIIeN0-
BaTENbHOCTAMM, KOTOPbIE C TOYKH 3PEeHHs 00pabOTKH, NOCTPOEHB! M3 3JIEMEHTOB ABYX APYr OT
ApYyTa XOpOWIO pa3IM4YHHBIX MHOXeCTB. Takoe ke MONOXEHHE TOrAa, KOTAa, HalpUMep, H3roTaB-
JIABAEM TPAHCHATOP A3bIKA 1)1 IPOrPaMMAPOBaHMH Gosiee BHICOKOM CTeNerH, B 3TOM CIyYae 9acC/a
H OyKBBI CyXaT AJ1 0603HAYEHUS «BEIHYHHY, a TIOCIENOBATEILHOCTh CKOGOK M 3HAKOB OmNepalyii
COIEPNHUT CTPYKTYPY POT PaMBL.

CTaThs, C NMOMOIIBIO IOHATUA «OOOOIIEHHOrO HAYaJBHOTO CCIMEHTA», OAHOBPEMEHHO H
0000111aeT MOHATHE HAYAJIBHOTO CerMEHTA M YaCTHYHOM NOCNeA0BaTENbHOCTH TAKAX (CMEILCHHBIX»
DOCIICAOBATENBHOCTEN, a Takxke NyONMKyeTcs aNTOPATM PelIEHHE TOTO, YTO HOCHENOBATENbHOCTE
ABNACTCA N 0006MEHHBIM HAYATbHBIM CETMEHTOM APYTO# NMOCIeA0BaTENMLHOCTH.

Bropas H3 ABYX COOOILIEHABIX BO3MOXHOCTEN NpUMeHeHHs 00paiaeT BHUMaHHE Ha CBOMCTBO
AITOPHTMa, KOTOPHI MOXeT ObITh NPMMeEHEH B CHCTeMax oOpaTHOro oThIcKaEHsA HHGOpMALBH
B cucTeMe YHuBepcanmbHo# Hdecarnynoit Knaccnpuxammu (VIAK).

RESEARCH GROUP ON MATHEMATICAL LOGIC
AND THEORY OF AUTOMATA OF THE HUNGARIAN
ACADEMY OF SCIENCES,

SZEGED, HUNGARY
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Combihed'application of drawing and steepest descent
in generating initial estimates for subsequent optimization

By K. VARGA and P. FEJES

Introduction

The determination of the unrestricted local minimum of a function of several
variables by the “direct search” methods consists in the sequential examination of -
function values belonging to randomly selected vectors as the independent variables.
A comparison of each trial solution with the “best’ one up to that time helps locate
the approximate value of the minimum. Even the more sophisticated gradient
methods [1, 2, 3] cannot dispense with a similar method for generating initial esti-
mates for subsequent iterative optimization. In certain cases (e.g. in the Gauss—New-
ton method) a favourably chosen initial value is a prerequisite of convergence,
whereas in others it.allows the gradient method to be used for finding the absolute
minimum of a function in a bounded region. Finally, the number of iterations can
be reduced considerably if a good initial estimate of the minimum is available. -

- We have found that the effectiveness of this method can be substantially improved
if the initial estimate is chosen not as the vector corresponding to the lowest func-
tion value but, starting with the drawn vector, a step is performed according to the
principles of the steepest descent and the function values are compared in these
modified points.

Both methods are described from the v1ewp01nt of probability, and some
problems of application encountered in practice are discussed.

Statistical basis of the direct search method -

For the sake of simplicity let us consider the case of minimization. Let the func- .
tion to be optimized be the scalar-vector function '

f(pllmpzs ’Pn)Ef(p)

assumed to be continuous and single-valued in the bounded n-dimensional rectangle
TCE,. Letus suppose further that function f(p) exhibits a rmmmum in an inner point
Dmin of the region. .

In’order to find the point p,,;, € T that makes the functlon to attain its minimum,
Jet us select some optimizing method which unambiguously determines a T,,,,
(eventually multiply interrelated) parameter interval characterized in such a way .
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that any point of this interval could serve as initial value for the method to yield
Dmin> iDl short: the method is convergent. By using the usual set theory notation

Teonv={p; from which the gradient method converges to p;,}-

If the initial value is selected from the (T— T,,,) region, the method “‘gets stuck’
in local minima or some other special points, i.e. it is divergent. In other words,
this region contains those points of T where such unfavourable properties of an
“ill-conditioned” function may be experienced as e.g. saddle points or, if the Hes-
sian matrix is used, points where the Hessian is singular or not positive definite.

If the problem is solved by successive iteration, a preliminary knowledge of
some initial value p} € T is an important condition. Should no other information be
available, drawing is to be used for selecting an appropriate pf. Let us suppose that
a process is available for drawing n numbers at random with equal probability to
represent the components of pf. We shall now examine thé probability of drawing a

“good” point that lies within 7T,,,.

Let u(X) be the Lebesgue measure of some region X C T C E,; then the probability

of finding a point within 7T, is given by

P(.pr E TCOI’IV) = ﬂ(Tconv)/# (T) = Qconv‘

The probability of obtaining a good initial value can be increased by making
several independent drawings one after another. The probability that at least one
vector from among the set: pF, ..., p¥ chosen independently lies within T,,,, can be

~written according to the binomial distribution as

P,(m) = P(for at least one i: pf€Teonys i=1,2,...,m)

{l

=1- [0] Qconv(l Qconv) =1 _(1 —Qcon;/)'fl' 3 ’ (l)

The number of drawings to be made if we want to find at least one point inT, onv
with a predetermined probablllty Pis

) m (P) lOg (1 - P)/log (1 Qconv) (2)
whence the number of drawings is given by. ’
m,(P) = entier [m;(P)]+1

mi(P) being not an integer number.

Now, provided that g,,, is known, in case of some certainty we can perform
in principle as many drawings as are necessary for determining at least one suit-
able initial value. The only problem is: which one of the m (P) vectors belongs
to Tconv -

The generation of initial parameters by drawmg for minimization is an evident
yet not widely applied possibility just because it is difficult to give a reliable answer
to th e above question. In practice there is no other possibility of selection from the
vectors drawn than to compare the pertaining function values. This method, how-
ever, is not reliable because the vector resulting in the lowest function value often
does not belong to T.,,,. Therefore a comparison of this kind, as a method of distinc-
tion, might be misleading. :



Initial estimates for optimization 55

-In order to evalute this error characteristic of the direct search methods, let
us consider now the probability that the vector with the lowest function value in a
set of m vectors is an element of T,,,,.
Let A, be the event that k of the selected m pomts are elements of T, and
" introduce the following notation ’

Po(m, k) = P(minf(pf) < minf (P A45).

pi € Tconv qu Tconv
Further on, let p* be the vector for which

f@) =, _min f ().

" Now, considering thalt uI')Aon drawing, .the probablhty of finding k points in T, is
. m . -
: Pb(m’ k) = P(Ak) = [k] Qléonv(l _Qconv)m_!‘
the probability we are looking for can be expressed as ‘
. m - )
P*m) = P(p*€Teony) = 2, Po(m, k). Py(m, k) =
k=1 _ .
_ 3 ; * mi g . ik
= 2 B(_min f(pi) < jmin - f(p3)) [ k] Geonv(l =0ean)™ ™ ()

This equation is, however, unsuitable for prnctiéal calculations. But even. so, it
reflects the uncertainty involved in the comparison of function values. A s1mple
consequence of the equat1on is for example the inequality

‘ P*(m)=P,(m), ()
which-follows from : :

P*(m) é kzl’ [r]:] Qléonv(l Qconv)m -k 1‘—(1 Qconv) = Pl(m)

This inequality implies that a comparison of the function values provides absolute

certainty for the selection of a point in the convergence region (provided that such -

a point is. contained in the set) only under ideal conditions (i.e. if the function to

be optimized has appropriate characteristics), whereas in other cases the compara-

tive technique may impair the efficiency of the search by drawing. This means that

more than m,; (P) drawings should be carried out in order to be able to single out

_a point which is an element of T,,, with probability. P. Although no certain distinc-
tion is possible between the points belonging to T.,,, and others (e.g. those lying

in the vicinity of a local minimum), generally there always exists a region T,,;,, < T,

1(Tin) #0, where the selection on the basis of function values leads to correct results.

In other words, there exists a region where no mistake arises, and this is nothing .

. else but the largest nelghbourhood around p,,;, for all the points of which f(p’ )<
© <f(p) is true, unless P €Ty and p” €(T— T,yn). The exact definition of 7,

min - {p f(p)

4It follows from the definition that T,

min =—= TCOHV

mln

)} ©)

min
149 (T" Tconv)
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The probability of finding a point in T,;, among m drawn vectors by compar-
ing the function values can be calculated by the binomial distribution; for the selec-
tion does not lead to error in this region - :

Py(m) = P(p* €T pin) = 1= (1= 0pmia)™ . (®
- using for g, the simple relation .
Omin =1 (Tmin) /0 (T).
Finally, considering Eq. (5), it can be proved that
' Py(m)=P* (m). | ™

The probabilities P, (m) and P,(m) are easy to calculate for any value of m and
through definitions (4) and (7), they determine the lower and upper bounds of the
probability function P*(m)

1= (1 —Qmin)m = P*(m) =1 —(1 - Qconv)m'. . ' (8)
The inverse m(P) of the function P*(m) shows how many drawings are to be car-
ried out to get one point lying in the convergence region in case of a predetermined
certainty P. Although the inverse function cannot be calculated, an estimate of m(P)
can be made usmg Eq. (8)

my(P)=m(P)=my(P),

where : .
my(P) = entier [my(P)}+1

i (P) = log (1— P)flog (1— gmi)s ©

respectively which follows from (6) by. ana]ogy to Eq. (2).

The upper and lower bounds defined in this way are, unfortunately, far from
each other because in reality u(7y;,) is several orders of magnitude smaller than
(T eonv)s consequently

and

Qmin < Qconv-
"On the other hand, from Egs. (2) and (9) A
mZ(P) lOg(l Qmm) = ml(P) IOg (1 Qconv)

Now consxdcrmg that the function xlog (I'—x) is negative and monotoneously
decreasing in the interval (0, 1), we get

m;(P) — log (1 QCOI’IV) QCOI’IV

=

mi(P) - log(l Qmm) @min-

b

therefore
» my(P) == my(P)=>mi(P)=m,(P).

The modified method. Search from random sets modified by a step of steepest descent

From the above considerations we conclude that a comparison of the function
values belonging to a number of m,(P) vectors leads to pf € T,,;,. The smaller set
m,(P) also contains at least one vector belonging to T,,,,, but we cannot find it
owing to the lack of a perfect method for selection.
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Since the comparison of function values as a principle of selection cannot be
replaced with anything else, the error can be reduced only by generating a point-
within T,,;,. Such a point could be made available only if an m,(P) number of
drawings had been performed. This task becomes especially Liard when practically
nothing is known about g,;,; €.g. in the case when, upon increasing the number of
drawings from 100 to 1000, still no pj;, € Thin can be expected with certainty We
can get out of this apparent deadlock by not generating the parameter vector in T,
by simple drawing.

- Let us carry out one drawing; then modify this point by moving along the
direction-grad f(p)|,s until a minimum of the function at pi* on this line is found.
The number of drawings and searches be altogether m, (P). It is a practical experience,
which can be proved for a number of functions also theoretically, that if pf € T.ony,
then p *€ Toin Is also valid. Therefore, by applying this strategy, an erroneous deci-
sion is practically out of the question.

This statement has been verified in many pract1ca1 apphcatnons In parameter'
estimations and also in the case of the test functions to be shown later it has been
found that the probability P** (m)=P(p** € Teony) by far exceeded P* (m) The vector

p** is that for which
S = _min f(pf).

Asa consequence if the random vectors are modified by a search for the minimum
along the gradient direction, it is sufficient to make only m, (P) drawmgs correspond-
ing to the lower bound in Eq. (9) . A

Examples

'We have succesfully used the modified method of generatmg initial values for
optimization in the determination of rate constants in reaction kmetlcs The functlon
to be optimized was the sum of squares function -

'f(p) ;2( y,(p))2

wnere
—(ylay29 . aytl) .

stands for the experimental data and
y(P)=(n (P), 32 (P, - 2:(p))

for the response function. The values of the response function y(p) in kinetic work
can be obtained only after laborious calculations involving expansion, numerical
"integration, etc. For optimization of the sum of squares functions, we have used the.
Fletcher—Powell [4] method and a procedure we developed by modifying the New-
ton—Gauss type of iteration [5].. The modified drawing, when combined with one
of the known gradient methods, is well suited according to our experiences for
generating initial estimates in practical optimization procedures [35, 6]. Nevertheless,
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‘this paper should be confined to a lesser job, i.e. to illustrate the appllcatxon of the
method on two test functions.

In Table I, the results obtained with two test functions exhlbmng several local
minima in the parameter-space are shown. The absolute minimum for both functions
lies at pi.=1(0, 0), where f(pmin)=0. The functions themselves, and the parameter
and the convergence regions, expected on the basis of the analytical properties of
the functions, are specified in the first part of the table. In the second part of the
table are listed the lower and upper bounds evaluated from probability functions (1)
and (6), as well as the relative frequencies for both standard and modified drawings
obtained as a result of several hundred computer runs. The values of g.,;,=0.01
and @, n=0.13 used for the computation of the lower bounds have been esti-
mated from the analytical properties of functions I and II, respectively. The upper
bounds have been calculated not from the trivial measure of the convergence region
defined in the table but from the relative frequencies found for single drawings, making
use of the definition of T, i.e. putting p(0cony) = P*(1)=P**(1).

I. Table
1. Optimizations 1. ' 1I.
test functions f(p) = (25 —pY)sin® Ip, +p} Fp) = pi((P3— D+ +pi -
parameter region T={p;|p.| = 45,[p| = 1.5} T= {p;Iﬁll = 2.5, |p.| = 2.5}
convergence 1egion |  Teony = {p; [P2]<0.5, |pa| < 1.5} Toonv = {P; |P1l<1.2,|p:| <2.5}

2. Probability of convergence depending on number of drawings

number of drawings| 1 - 3 6 9 12 1 2 4 6 . 8

lower limit 0,010| 0,030{ 0,059 | 0,087 | 0,114] 0,130 | 0,243 0,427 0,566| 0,672

simple drawing 0,137} 0,35 | 0,50 | 0,63 | 0,68 | 0,550} 0,57 | 0,74 | 0,84 | 0,88

modified drawing | 0,137] 0,35 | 0,55 | 0,71 | 0,83 0,‘550 0,78 | 0,92 | 0,97 | 1,00

upper limit 0,137 0,357 0,587 0,735 0,843 0,550 0,798 | 0,959} 0,992 0,998

By comparing the lines of the table, it becomes obvious that the modified
drawing, as expected, is more efficient than the simple one. Also, the relative fre-
quencies for modified drawings are in good agreement with the theoretical maxima,
thus the method seems to be suitable for the elimination of -the error involved in
simple selection.

A similar result has been obtained in multlparameter fits. The lllustratlon
however, would be more complicated in this case, owing to the features of the sum
of squares functions mentioned above and the excessive computer time needed for
setting up a similar table.

Though the modified method practically eliminates the error in the comparlson
of function values, the problem of generating initial estimates for optimization is
far from being solved. As yet, no satisfactory answer has been found to the main
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question: how many drawings have to be made in a given case (with or without
modification of the vectors drawn) in order to obtain good initial values. No m(P)
_inverse can be given for the theoretical function in Eq. (3), and the limits m, (P)
and m,(P), which might be of theoretical interest and were applied successfully
in this work, cannot be calculated in practical problems. (It is easy to show that the
computation of .., and g@n;, would be a more complex problem than finding the
optimum itself.) The only definite statement which can be made is that the number
of drawings needed to assure convergence in the modified search is always of a
lower order of magnitude than that needed in the direct search. In practice it proved
to be a good strategy to try to find the initial value by modified search from as many
drawmgs as there are parameters involved and to repeat the whole of optimization
in case of divergence. .

Summary

When one tries to determine the unrestricted local minimum of a function of several variables
by an iterative algorithm, it frequently happens that the algorithm is successful only if a sufficiently
good estimdte of the starting vector can be .provided. Authors consider the following process:
generate nrandom vectors, and apply one iteration of the steepest descent method for each of them;

~select as starting vector for subsequent optimization one that yields the least function value. The

_ paper deals with the probability theory foundation of the modified drawing method, and with the
discussion of the experiences of its application. It is proved that this strategy enhances the probablhty
of convergence in practical optimization procedures

CopMecTHOE NpHMEHEHHe Pa3birpbima u MeToHa “steepest descent”
B 3a/1a4e onpede/ieHHs HAYAJBHBIX 3HAYCHHIA NJA Aa/bHeiuleili ONTHMH3 auuH

Ecnu A0KaAbHbIA MUHUMYM GYHKLUHA OT HECKOJIBKHX TIEPEMEHHBIX HYXKHO OIPEACNUTh HTEpa-
- THMBHBIM AJICOPUTMOM, TOTAA OHEpands B OOJILITHHCTBE CiIy¥aeB TOJIBKO B TOM ClIyYae yJayHas,
©CNTM MOXHO IPEANHCATE OTHOCHTEIBHO XOPOMME HAYANbHbIE 3HAYEHWS CO CTOPDOHEI IEPEMEHHBIX,
ABTOPEI U IIPEJIATAIOT CHEAYOIMI METOM MJiA OUPEAETICHUSA TAKUX HAYAIIBHBIX 3HAYCHHUN:

oCJIe TeHePALMH H CIIYYaifHBIX BEKTOPOB, HCXOM U3 HHUX, OCYINECTBIIAEM MO OOHOH HIepalun
MeTonoM “‘steepest descent’’ ® M3 MONYYEHHBIX BEKTOPOB TOT HYXXHO BBLIOpaTh IJIsi MXCOOHOIO 3Ha-
YeHUs, KOTOPBIA ABIAETCH MEHBLIOHM 3HauyeHueM yHkuun. CTaTbsa 3aHUMAETCSI HOBBIM. METOIIOM,
KaK TEOPEeTHYECKHM CHOPMYTHpPOBAaHMEM 3aJiayd TEOPHUH BEPOATHOCTHBIX HCYHCICHHMH, M JaeT
‘Pe3ysibTAT MPAaKTUHECKUX OMBITOB, KOTOPbIE JOKA3BIBAIOT, YTO TaKas CTPATErUA B nencrnnrenbx{ocm
YBETHYHBACT BEPOATHOCTE KOHBepI‘eHHHI{ MeTOJa OUEHKH IapaMETPOB.

INSTITUTE OF RADIOCHEMISTRY
JOZSEF ATTILA UNIVERSITY-
SZEGED, HUNGARY '
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Some remarks on the paper of K. Varga and P. Fejes

By P. HuNya

In practical applications of the iterative.unconstrained optimization methods
(for example-in the gradient method discussed in [1]) a difficult problem is to find
the initial estimation of the solution. Generally m points are randomly chosen
from the region containing the optimum place and that which represents the mini-
mum (maximum) value of function is considered as the initial estimation. Follow-
ing this strategy the sequence generated by the iterative process converges with
a probability generally less then 1. By the modified method.proposed in [1] one -
~ .step of the iteration is performed for all the m points before the selection and this
~ may improve the probability of the convergency. However the verification of this
property is heuristic, it is based on a number of experiimental calculations with
various type of functions. The upper and lower limits of the convergency are also
given in [1].

In this paper a generahzatlon of the modified method is described and the
probablhty of the convergency is discussed in detail.. (The problem of minimiza-
tion is exemined, smce all considerations are analogous in the case of maximi-
zation.)

- Let us consider the continuous function of real values F(x) defined on the
complete metric space S. Let T be a subset of S with: nonzero measure and let us
suppose that F takes its minimum on 7. Let y=-Mx be a mapping of T 1nto T with
the property

F(Mx)= F(x). o _ (1)
There ex1sts obv1ously a T,,,, %0 subset of T for the elements x of which the sequence
x=M®°x, M*x, M%x, ..., M"x, ... is convergent and
lim M"x = X, , ()]
: n—~oo i . . -
where ’ ' '

| F() = min F);

that is, the iteration process genérated by M converges to the solution of the optimiza-
tion problem. To simlify. the considerations we suppose the uniqueness of X, how-
ever, this fact is not essential in the followmg proofs.

Suppose further that

0(Teony) # 0 | | ‘ o 3)
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(o(r) means the measure of the set 1< S) and

Q(Tmin) #= O ) (4)
where T, is a subset of T, defined by . .
Toin = (x| FG) < _inf  F(). 5)

Now let us consider the following procedure;

a) let the points x,, X, ..., x,, be chosen from T independently, with homogene-
ous distribution on T;

b) then form the sequence

M"x,, M"x,, ..., M"x,,
for n=0 and .
¢) let a point Xx"=M"x,. be chosen for which -
FM"xp.) = mr(nl F(M"x)).
" We shall prove that by the previous conditions for 7 - the probability P=
=PE"eT, conv) CONverges to the limit P while

P,=P=P (6)
where P, is a monotonic increasing sequence i. . _ ;
PnéPn+1 ’ ’ (7)
and .
lim P, = P. (7a)

n— oo

In other words: by increasing the number of the iterative steps before selection the
.probability of the convergency approumates its upper limit with an arbitrary degree'
of accuracy. (The dependence on m is not considered in this paper)

For the proof we define the following events: .

1) A, denotes the event -that among the points M"x,, ..., M"x,, there exists
element of Teonv

A= (M5 T} (1=0,1,2,.) ®)
As a consequence of the definition of T,,,, we have o
A=A, (= A), )

since it is obvious that
o M*X€ Toppy & M€ Tegpy
for k=0,1,2,.
2) B, denotes that the selected pomt X" is element of T,,.v, that is, the iterational
process converges:
B, = {X"€ Tonv}- (10)

3) C, denotes the event that X" is element of T,

= {%" € Tpin}- o S
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:4) And finally D, denotes the event that at least one of the points M™" xl s M™x,, ...
M x,, belongs to Tmn :

D" = {EI(M".Xl E Tmin)}' (12)
From the definitions 1)—4) immediately follows that for all n.’

D, C,=>B,=> A, 4, C (13)
consequently, the probabilities of 4,, B,, C,, D,, A satisfy the relatlons ‘
P(D,,) P(C)=P(B)=P(4,)=P(4). - (19
For n=0 (14) contains as a special case one of the results of[ ] for the values
Po= P(C) = 1= (1= gmu)" -
P= INAQ——I—(I Qeony)™

Using the notations P,= P( )=P(D,) and P= P(A)=P(4,) (14) proves 6) also
-As a consequence of the condition (1) and the definition 4) we have

D, = Dn-l 1 - . (15)

and this 1mp11es the mequahty .- : . ,
Let us consider now the sequence D, Dl, ..., D,,.... We shall prove that
ZQ;A- o A (16)

i=1

"From the- continuity of the function F(x) follows that for the elements x of

T...v we can find a natural number n(x), such that n=n(x) implies M"x€T,,,

Let 7" denote the subset of T,,,, for the elements of which n(x)=i (i=0, 1, 2, ...) and

define the event A’ as follows :
' = {3j(x; €T '}

By the deﬁmtlon above 4; = D;. On the other hand if there exists x; (1=j=m)
such that Mix; € Ty, is true then X; ET also holds; that is, D; 1mphes A'. Thus

we have Ai=D;. It is obvious that 4= Z’A' so we get (16).

. "Because of (15) and (16) one of the bas1c limit theorems of the probability
theory ([2], §2.2) can be applied to the sequence Dy, D,, ..., D , therefore

lim P(D,) = P(4)

ny eee

SO using the» notations introduced previously we get (7a)
' lim P, = P.

n-»co

. Heckouabko 3amedannit k padore K. Bapra u P. ®eiiemn

B MTEPaUMOHHBLIX MeTOAaX Ge3yCJOBHON ONTHMH3ALMH NPH CIy4YaifHO BHIOPAaHHOM HAayallb-
HOM 3HAYECHHH, TOJIy4aeTCs [1OCIeNOBATEIPHOCTD CXOASILIANCS K PEIIEHUIO 3a1a4d, TOIBKO C BEpO-

SATHOCThIO P (0OBIMHO MeHbIeR eIMHHILI). BEPOATHOCTE CXOAMMOCTH MOXET YBEIHYMTBCSH, €CIM . |

M3 m CAy4YaliHO BBIOPAHHBIX TOYEK, CYUMTAEM HAYAJILHOM TY TOUKY, B KOTODOR MOCTHraeTCid MMHH-
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MyM (MakcumyM). JlasnbHelmee yiIyqmeHHe NOJIy4aeTcs MPH BLUIOILHEHHM 7 IArOB HTEPALHOHHOMR
NpoNEenypH! iepel] BHIOOPOM HCXOXHOH TOUKH.

Hoka3blBaercs, 9TO MPH HOBOJNBLHO OOIIMX YCAOBHAX, HHKHHIl mpeAea BePOATHOCTH P sBis-
€TCsl MOHOTOHHOH (yHKIMEH OT 71, | C pOCTOM 1, P CXOAWTCA K CBOEMY BEPXHEMY Tpeaey, obecneyn-
BasA 3THM YBeJIAYEHHE BEPOATHOCTH KOHBEPIeHLIMH.

LABORATORY OF CYBERNETICS
JOZSEF ATTILA UNIVERSITY
- SZEGED, HUNGARY
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Neuron counting in three dimensions; a proposal

By C. ARCELLI and S. LEVIALDI

_ Abstract

The preparation of histological specimens for neuron cell counting is briefly
reviewed. Problems related to the observation of biological sections are discussed
and a proposal for neuron counting in three dimensions is made. A parallel algo-
rithm for this purpose is described. :

Int;oduction

For the last century people have investigated the nature and structure of the
nervous system through its elementary units, the neurons. For this purpose they
have developed different techniques that, with an improving. technology, have suc-

-cessively furnished a better insight into the numerous problems existing in the field.

We will point out the significant phases of the preparation of biological specimens
as well as the difficulties that arise when using the conventional techniques.. Our
proposal is- aimed at: a) the three-dimensional reconstruction of a specimen by
means of a digital matrix and b).the use of a special algorithm that operates in three
dimensions on all elements of the matrix 31multaneously, to count the digitized
neurons contained in the previous matrix.

In the preparations of histological specimens various substances are needed in
order to obtain the slide that will be subsequently analyzed. One of these substances
i§ the fixative, employed to stain the relevant elements to be observed either by
optical or electronic means. For neurons the Nissl method with cresyl violet staining
is commonly employed [1]. This method, as well as all others, produces large changes
in tissue volume. Some authors rate this change up to about a 70% reduction [2]
in the volume of the original sample. The embedding medium must satisfy the
following requirements [3]: high resistivity for constant section thickness, discrete
rigidity for sections of constant width; adequate elasticity to contain samples of any
size. Two materials commonly employed are paraffin and celloidin. Paraffin allows
fast embedding and thinner sections, while celloidin is more resistant. A good com-
promise is reached by using tissuemat and combining the advantages of paraffin .
with those of celloidin. As for the thickness of the section, the following considera-
tions should be kept in mind. If the section is thick, then fewer sections for a given
histological preparation are required, less time and space are needed, and fewer

5 Acta Cybernetica
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cells, nuclei and nucleoli are split. This increases the probability for accurate counting.
On the other hand, if we use thin sections less counting error will be introduced
since fewer neurons will overlap. Neurons, as seen through an optical microscope,
will be overlapping [4] and only certain parts within the section may be simultaneously
in focus. Look at fig. 1a), b) and c). The thickness of the sections varies from 10 to
50 microns, usually about 15—20 microns.

Fig.la),b), c)
Successive focal planes of habenular nucleus of frog (Rana esculenta).
Transverse section, x 1200

Although there are no absolute rules for the choice of a sectioning plane, one
plane is chosen to show a specific structure on the basis of the interpretation of
the biological material when cut along three orthogonal directions. If one could
have a three-dimensional representation of the specimen then this one could suggest
the best sectioning plane.

The problems most commonly met when counting neurons using the previously
described specimens are: 1) contour definition of cells (the presence of neurons on
different focal planes further complicates the picture); 2) the appearance of the same
neurons in adjacent sections. To solve the first problem some authors have tried
to outline, as precisely as possible, the contour of the nucleus with a very sharp
pencil and Higgins green ink. To compensate for the poor discrimination between
different planes some specific correction factors have been introduced, (e.g., Aber-
crombie, [5] 1946). The difficulty in assessing the exact number of neurons in a given
specimen may be described by a figure ranging between 2% and 10% [2] of the total
number of counts on the same specimen.

Three-dimensional representation

We have seen that when investigators use a specific technique for counting
neurons with an optical microscope, different focal planes are inspected. We might
ask ourselves how it could be possible to three-dimensionally reconstruct the sample
so as to eliminate picture noise due to overlapping of cells and to the presence of
non-focussed components. If this were possible then not only would we obtain a
fully focussed representation but also a preservation of size and shape.
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Under this assumption we propose a three-dimensional matrix in which biological
information from the specimen will be stored. Let us consider a three-dimensional
matrix of x, y parallel planes ordered along the z-axis. With each of these planes we
may associate one focal plane, such that all histological sections will be stored in
the matrix. From an operative standpoint, a focussed component of a picture has
a contrast ratio above a specified threshold value. We must remark that before
storing the information on a matrix plane, some processing of the picture must
be performed in order to extract only those components which are focussed. This
can be achieved by using techniques [6, 7] for eliminating spurious noise in digitized
images We then have a matrix which contains all relevant elements present in the
specimen in digital form.

We may note that each element of the matrix has a grey scale value: this is
due to the fact that the patternsinvolved are not black and white but rather continually
varying in their intensity as a result of the use of staining techniques and of the
complex structure of cells. -

Three-dimensional matrices can also be considered as arrays for storing tactile
sensory information from objects in space [8]. After making contact with the object
a special sensor could, in principle, trace it, obtaining a quantized contour for
every section along the z-axis. For this specific case we are involved in binary matrices
and only information relevant to the surface will be stored. Once the three-dimensional

-matrix is obtained patterns stored in it can be processed according to the set of rules
dictated by the task.

Problems existing in two dimensions regarding connectmty, adjacency, geo-
metrical operations, should be reconsidered for three dimensions.

For this reason, for example, let us compare processing of two-dimensional
patterns with three-dimensional ones. The memory occupation will obviously be
larger since more data are needed because of the presence of an extra dimension -
but we must also note that more operations will be required to test certain properties
in this space. As an example, when we define two elements a(z 7, 8); b(h, k, m) to
be d,-adjacent if .

dy{a(i, j, g); b(h, k, m)} = max (]i—h] |i—kl, |g—m]) = 1

then, an isolated element test will require 26 check operations while only 8 are
necessary in two dimensions.

If, instead of using sequential algorithms we are interested in performing parallel
processing, further memory must be employed as a buffer unit for storage.

Neuron counting

For the problem of neuronal counts we propose an algorithm developed for
counting objects in three dimensions [9]. This algorithm operates in parallel, first
shrinking all objects and then normalizing them to single isolated elements. This
procedure was obtained from the superposition of a two-dimensional algorithm
acting along three orthogonal planes. It may operate on d, - and d,-connected objects
where d; connectivity in three dimensions can be defined as follows: a set S of ele-
ments is d;-connected if, any two elements in S having been considered, a path

5%
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exisfs joining them through successive elements (a (i, j, g); b(h, k, m)) all in S such that
dy{a(i,j, £); b(h, k, m)} = |i—h|+|j—k|+|g—m| = 1.

The d. connectivity definition can be obtained from the d, adjacency formula. The
algorithm is a parallel one since every element is processed simultaneously with
all others and independently. The transformed state b* at every step depends on
the state of elements belonging to a 2X2X2 window. In fig. 2 we can see that one
vertex corresponds to element b. The small letters repre-
sent the 0, 1 states of each element.

The following relations hold for d,- and d,-connec-
ted objects respectively, if

u(®)=0, t<0 and u(t)=1, t=0,’
b* = ufu(a+b—2)+u(c+b—2)+u(f+b—2)+u(a+d+
+c—3)tu(@atet+f—3N+u(c+g+r—3),
b* = ulu(a+b+g—2)+ulb+cte—2)+u(a+c+f—2)+

Fig. 2
22X 2 window, b* (trans- oy .
formed state of &) will de- tulb+h=2)+ub+f+d-2)
pend on the state of elements
contained in this window

Our algorithm is direction oriented since symmetri-
cal configurations, e.g., eight elements forming a cube,
must not be completely erased. For example, if we consi-

der a parallelepiped circumscribing the object, the process of shrinking compels every
element to -move towards one vertex and, precisely, for the chosen disposition of
elements in the formula, towards, the -top, right, backward vertex (vertex b, fig. 2).
. After a finite number of steps all objects will be shrunk to single elements (vertex
elements), then extracted and counted. For a correct counting to be performed two
conditions must be satisfied: no object must disconnect itself during the process of
shrinking, and no two or more objects must merge during the same process. The
first condition is always satisfied while the second is verified only if the parallelepipeds
circumscribing the objects are not adjacent, i.e., the distance between them d,=2.
Thus, the number of steps necessary to process all objects placed in a matrix dep-
ends only on the dimensions of the largest parallelepiped circumscribing the object.

Conclusion

A procedure is introduced to represent a biological specimen in digital form
which preserves the spatial organization of its components. Every histological section
is stored in a three-dimensional array in which every x, y plane corresponds to a
single focal plane as seen by optical inspection. In this way, only strictly focussed
components are preserved. Our processing takes into account the three-dimensiénal
nature of the chosen description of the world and should not be seen as a set of
successive differing processes in two dimensions. From this point of view picture
processing methods should be reconsidered with respect to space geometry. As
an example, a parallel shrinking algorithm which could perform counting of cells has
been proposed.
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Tloacuér HeiipOHOBBIX KJIETOK B TPEX JHMEH3HAX

KonnyecTBeHHblE aHAA3BI B HepPOHHON aHATOMMH TPeOyIOT MeToAa aBTOMAaTH3alldK HM3-3a
HeOOXOOMMOCTH HCCIENOBaHMs OOJNBIIOTO KOJHYECTBA IHCTOJIOTHYECKMX MaTepuanioB. Ilepsble
1IATH B 3TOM HANPABJICHUH ObLUIM CKOHLIEHTPHPOBAHBI HA PACIHKPEHHAE KAHAJIOB EpeIayYy AAHHBIX OT
MHEKDPOCKONA K BLMMC/IMTEIBHOM MalIHHE IJIS TOIO, YTOOBI XPAHKUTH ¥ KAK MOXHO nque obpabatsr-
BaTh JaHHbIE, 6nonomqec1cy}o BHbOpMaLHIO, AJisl PEIICHUs 3a0ayn.

KopoTtko maérca 0630p cnelmduyHBIX METOOOB OKPACKH U MTOATOTOBKU HEHPOHOBBIX KJIETOK.
OCBEMAIOTCA HEKOTOPHIE NPOOIEMBI HCCIIENOBAHMA YEJIOBEKOM MOPGOIOrHYecKOi CTPYKTYPBI KJe-
ToK. HarTcs npensioxeHus K Merogy ob6paboTku, HccaenoBanuit OMOIOrHYeCKUX 06pa3LoB, B KO-
TOpOM Bcst HHGOPMaUus TPEXMEPHOi peasibHOM CTPYKTYPHI KJIETOK XPAHUTCS M o6pa6a'rbmaercx
B NMAMSATH BbIYHCIMTEIILHOW MAaIlIMHEL

Ilanee paccMaTpHBAETCS ATrOPUTM IUIs crienduyHoi 3anayu noacy€ra HeHPOHOBBIX KIIETOK,
KOTODEBIA CHMYNBTAHHO W HE3aBHCHMO APYTr OT APYra OHEpUPYET Hal BCEMH 3JIEMEHTAMH TPEX-
MepHOro u3obpaxenns obpasua.
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Notes on maximal congruence relations, -
automata and related topics

By H. ANDREKA*, S. HORVATH**, I. NEMETI*

Abstrﬁct :

The paper starts from the fact that if », is an equivalence relation on a free
semigroup A, then (uniquely) exists a greatest right compatible refinement of r,
(see e.g. [3, chapter 9] and [4, 1. §]). ‘

In Part 1, the authors generalize the above question and investigate it in the
case when A is an arbitrary semigroup. They present a constructive proof for one
of the concerning theorems (Theorem 1”) e.g. they show that if r, is an equivalence
relation on A, then the relation

def = {(x, YY(x, yYergAN(Va, b) [a, be A=((ax, ay), {xb, yb), {axb, ayb) € ry)]}

is the greatest congruent refinement of ro in the sense that whenever r, is a congruence
relation on A and r; Cry, then r,Cr,,.

In an interesting way, it turns out that in the deﬁmtlon of r,, requiring
(axb ayb) € ry too (in addition to {ax, ay), (xb, yb)€ ry), is not superfluous: generally
it does not follow from the other two.

The most general theorem of Part 1 is proved by usmg lattlce theoretical consi-
derations (Theorem D).

In Part 2, it is proved (Theorems 2 and 2") that a partial reverse of Theorem 1
is equivalent to A having some sort of the special “qua31 -trivial” structure (Defini-
tion 1).

In part 3, we represent every equivalence class of initially connected Moore
automata, the elements of which induce the same automaton mapping. f, by the
function f, derived from f by putting for every w& X* (X is the input alphabet)

F(w) &L “the last letter of F(w)”.

These functions f we simply call automata. We draw a short parallel between
the notion of an automaton fand the classical notion of a Moore automaton. During
this the theorems of Part 1 prove to be directly applicable to the automata f, and in this
way classical results concerning Moore automata can be deduced (e.g. the Corollary
of Statement 1).

As a generalization of the fact that the semigroup of a finite Moore automaton
. is also finite, we prove (Statement 2) that if r is a right congruence relation of finite
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index, on a semigroup A, then r can always be refined into a congruence relation
of finite index.

In connection with the general investigation of the semigroup of the so-called
_ semigroup-machine (A,"A, §), where A is an arbitrary semigroup and (Va,bcA)
5(a, b) ¥ ab; we- introduce the ¢ ‘congruence relatrons of right uniformity, left uni-
formity and umformlty” (Def. 8).

At the end of Part 3, we prove that the possibility of simulating an automaton
f by an automaton g, depends essentially on the semigroups of f and g, and is
independent of their input alphabets which may be different.

1. Maximal compatible refinements of equivalence relations; generalizations -

In this paper by the word relation we shall always mean a binary relatron r over
some nonvoid set A i.e.
rc AX A A2

6 ”»

If we define an assomatlve bmary operatlon o> on A, we have the semigroup
(A, o). For the sake of simplicity, we shall refer to A as a semigroup simply by-the
same letter A, instead of (A, o) and instead of x o y we shall write xp. Ifan equrvalence
relation r on A has the property

(V25,3 WK y>ErA<u wyer) = (xu, yw>€r] '(1_.1)

we call it a congruence relation on A (as a semigroup). If we regard only “one half”
of (1.1), namely '

(v x, y, w(x, y/‘Er/\uEA) = {xu, yuyer] ., . (1.2)
C(Vx, 3, W(x, Y ErAucA) = (ux, wher), . (1.3)

then we call r a right or left congruence relation respectively. Of course, a congruence
relation is at the same time a right congruence relation as well as a left one. Conversely, :
because of the transitivity of r (a$ an equivalence relation)

(Vr) [(1-DA(1.3) = (1.D)].
(Vr)[((l A, 3)) < (1.1)]
i.e. r is-a congruence relation iff

(Vx, y, (x, y)erhuc A) = ((xu, yuy, {ux, uyy€r)). (1;4)

We shall always use (1.4) instead of (1.1).
The following notations will also prove useful

or

Hence

#A &L {r|r is an equivalence relation on A},
AA X {r|r is a reflexive relation ori A},
FA & {rjr is 4 symmetric relation on A},

TA E {r|r is a transitive relation on A},
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TIAE TAN LA,
- TRA L TANZRA,
FAA L FANZRA,
‘%QA & {rlris a congruence relation on A},
%QRA & {rr is a right congruence relation on A},
@A {r[r is a left congruence relation on A}.

Of course, by definition, ¥A = ZA ﬂy’Aﬂﬁ" A and by the equlvalence of (1.1)
and (14) .
, GoA = GorANGgLA.
_ Further notations
' X {Y]YCX}

(here and all a]ong the symbol “c? may stand for “=" too)
' 1x ¥ ((z, z)|zeX}.:

* If rcA2 and nis a natural number the n-th power of r we deﬁne as

' rnd_ef {<x y>l(3205 215 -:-a n)[(zo, Zl,.-”’ nEA)/\
/\ZO - X/\Z - y/\(<20’ Zl> <Zn—1’ zn>€r)]}
and the transitive closure of r is

o de
r

. 3 (S 5)

1%
et

=1

~ Asis well known, for any set X, 71X forms a complete lattice with respect to the
partial ordering .
In this case, the meet and j Jom operatrons are the followmg

def

nNz= Nz (1.6)
2€Z z€Z : . :
(VZcnX)yand, _ ,
- vz¥ |z - A
z€Z z€Z :

where N, U denote the lattice-theoretical operations and N, U are the usual
symbols of the set-theoretical intersection and union respectively. We agree (as

usual) that .

Nz=X, Uz=0.

z€Q . z€Q
E.g. if X=AZ2 nA? is a complete lattice with meet operation (1.6) and join operation
(1.7). However, if we replace nA? with 7 A, we must modify the join operation of
(1.7) for 7 A to be a complete Jattice (under the partial ordering )

def ¢ def
U r—= U r.
rezZ. rEZ rez (18)

\
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The reason why transitive closure (1.5) has entered is just the transitivity of the ele-
ments of 7 A. It can easily be checked that with the operations 1 and LI, (7 A, C)
is indeed a complete lattice.

‘Using the following notation for any two lattices V and W, V-W=“W is
a complete sublattice of V', the following “‘directed graph” is valid

TSA BorA
N Nga \%A. (1.9)
Ngan”  Ng,A”

(The relation “—"" is itself a partial ordering over the complete sublattices of any
complete lattice, as it is reflexive, antisymmetric and transitive.)

The “edges” in (1.9) between J A and ¥A may be verified simply by using
definitions (1.6) and (1.8), while for those between €A and ¥, A we must take into
account (1.2), (1.3) and (1.4) also (to show that the meet and join operations always
result in an appropriate — belonging to ¥,z A etc. — relation). This is a routine
calculation. (A%~ A is not true, because the join operation in 7 A (see (1.8)) dif-
fers from that in 7A2 (see (1.7))).

The common unit element of all these complete lattices i1s A%, while the zero
element of T RA, €A, CorA, €orA and €A is 1,, and that of A and LA
is @. For any two relations r, r; for which r, Cr, we say that r, is less than or equal
to r, or r is greater than or equal to r,, or (equivalently) r, is a refinement of r,

Theorem 1. If A is a semigroup and

(@ re€TARA and MC{GA, Co A, CorA, oA},
or . :
(b) : F €T A, mryNFA =0 and M=TFA,

'~ then the set HE! M\ nr, has a (unique) greatest element r
‘Q

@ryeH)(VnlreH=>rcr) (1.10)
Proof ' S

(a) By the definition of ry, 1sCry, so H#0 (the case is not trivial). Being
M a complete lattice and HCM, there is in M a least upper bound of H (see (1.8)
and (1.9))

I (1.11)

reH
for which r¢H = rc r, of (1.10) holds. So we have only to prove that
rg€mry. L (1.12)

Being r, the transitive closure of a subset (|J r) of ry (see (1.11), (1.8) and (1.5))
rcH . .

and r, being transitive, :
r,Cry : (1.13)
i. €. (1.12) holds. -

(b) Again H#0 (the case is not trivial) and by an argument, similar to that
of (a), we again have (1.13) i.e. (1.12).
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Now we proceed by giving a constructive proof for a special case of Theorem 1,
part (a)

Theorem I’ If A is a semigroup, ro € A, M {@or A, (KQLA %QA} and H 2 MN
Nargy, then (1.10) holds.

Proof. First we deal with the case M=%,A and then point out the obvious
differences for the case M€{%qrA, oL A}.
Let

e e € ro (Ve B, BEA = (ax, ay), (vb, 3B, (axb, ayby €rl}. (.14

Obviously, r,,Cr, i.e. r, €nr, and-it can easnly be verified that r,, satisfies con-
dition (1.4), so
rn€€oANnr, = H.

It remained to prove (1.10) for r,, in place of r,

(Vr)[reH = rcr,]. o (1.15)

By the definition of H
(i) re%oA :
r¢H o jand : (116
i) rcr,

From (i) of (1.16) follows (see (1.4)) that .
(‘v’a b, x,yEA)(VrGH)[(x yyer = ({ax, ay), {xb, yb), {axb, ayb)Er)] C(1L17)
From (1.17), (ii) of(1.16), and (1.14) we get that

(Vx, y € A)(VreB)Kx, yyer = (x, y)€ral,

which is equivalent to (1.15).
If e.g. M=%, A, then b, {xb, yb) and {axb, ayb) above must be deleted etc.

Remark. Condition (1.4) suggests that requiring {(axb, ayb)€r, too in (1.14) '
is perhaps superfluous, but this is not at all the case

Fact. In definition (1.14), condition (Va, b€ A)[{axb, ayb)€ry] does not follow
from

(Va, beA)[{ax, ay), (xb, yb) € ryl.

. Proof. We construct an example. Let A={l, 2}* (the free monoid, generated
by the set {1,2}) and
ro <= {(uow, wazdu, v, w, z€ {1, 2} A€ {1, 2}* U {4, A), 1,13, (1, 2), (2, 1), (2, 2)},
where A
AEL the empty word (of any free monoid).
It can easily be seen that ry€%A, because (B, y)€r, means that (denoting the

length of the words in A by “lg”) lg (B)=Ilg () and if Ig (B)>2, then removing
the first and last symbols from f# and y, the remaining word will be the same.
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Constructing from this r, relations -

= {{x, y)Kx, y)EreA(Ya€ A)ax, ay), (xa, ya)y€ ri)}

and r, — the latter according to (l.lzi) —, then by an easy calculation we get that
Fm Dl Tm#E s Tm€6A, r,§6qA. Namely, r,=1a and r,—r, = {(1, 2), (2, 1)}.

/ dcf

Remark. If A is a monoid (i.e. a semigroup, having a umt element) then (1.14)
becomes simpler

2 {(x, Y] (V a, b)[a, b€A=><axb ayb) € ro)}. ’ (1.18)

2. ‘A characterization of quasi-trivial semigroups

We shall introduce the followmg

Definition 1. We call the semigroup A right quasi-trivial iff [A|=3 and there is
a decomposition of A:A = A;gUAsr, AjgN Ay =8, for which there is a func-
tion fra:Aer —~Agzg (in case Arp=0) and frat Z(fra)=layyzy' and

¥x€ANY A[ { - yEAlR]-l
(FxCA)TYEM |2 = | 1 (), if yeAse)”

We analogously interpret the left quasi-trivial property. We can refer to both
of right and left quasi-triviality by saying simply quasi- trivial. We call’ the semi-
group A strongly quasi-trivial, iff the structure of A is one of the following three
alternatlves

@D (Vx, »lx, yeA = xy=x],

(i) (Yx, y)[x, y€A = xy=yl, 2.1
(i) (FeeA)(Vx, p)lx, y€A = xy=c]. '

Obviously, if A is strongly quasi-trivial, then it is quasi-trivial also, but the con-
verse is not true. Further, it can easily be checked that the quasi- tr1v1al structure is
associative.

As a characterization of quasi-trivial and strongly quasi-trivial semigroups,
we prove the following theorem, which is a partial reverse of Theorem 1°.

Theorem 2. If A is a semigroup with |A}=3, r,C A? and HE MNizr, where
() M=%geA,
(i) M=%, A,
(ii) M=%, A,
then the needful and sufficient conditi-on of
(Vr[((ro €L2AYN(1.10)) = ro€ TA] 2.2)

1 As usual, 2 and £ stand for “domain’* and “range respectively. The symbol ““t” is used
to denote the restriction of functions. :
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is that ;
(i) A is right quasi-trivial,
(i) A is left quasi-trivial, ' (2.3)
“(ili) A is strongly quasi-trivial,
respectlvely : - )

Remark If in (2.2) we change “= r,€ ZA” into “= r,c%A”, then (2.2) re-
mains the same.

Proof.-First of all, transform (2.2) into an equivalent form

(Vro) [((ro€ SRA) N (re ¢ TA))= 1(1.10)]. - 2.4)

If (2.4) is true, then it must hold for every r, of the form '
re & 1,U{(a, bY, {b, a), (a, c), {c, a}},

a,b,ccA, a#b#c%a. -

(Evidently, for any such rg, ro € %A and rg ¢ T A)
(i) M=%,z A. If one of the two equivalence relations

ry = 1aU{(a, b), (b, )} (cry) -

(2.5)

and
re = 1,U{(a, ), {c, )} (< ro)

is not a right congruence relation, then (2.4) does not hold for ry=rg. (Because if
e.g. 1, §%or A and r, € or A, then taking r,)=r., (1.10) will hold; and if also r ¢ €, A,
then r,=1, will satlsfy (1.10).) On the other hand, if r,, r, E(KQRA then sup (H) by
virtue of its belonging to A, must contain (b, c) (as (b, a), (a c)Ero)therefore in this
case sup (H)€H, ie. (2.4) holds. This argument is valid for any ro ofthe type (2.5),
50 an equivalent transcription of (2.4) is the following

(Va; b)[(a, be d) = (1.U {(a, b), (b, a}) €% ar Al | (2.6)
Using criterion (1.2), (2.6) is further equivalent to . -'
(Va, b, x)[(a, b, x€A) = (ax = be({aa bx} c {a, b}))] N eN)

Now we shall deduce (2.3) (i) from (2.7) (the converse is obvious: if A is rlght
quasn-trlvlal then (2.7) holds). Indeed, define the subset A,r of A so

Air & (xIx€ AA(Y Ny € A=yx=)]) (2.8)
(obviously, A,z may be empty), and let
' A T A—A,,. (2.9)

Fix an arbitrary
- x€Ayp  (if Ar#9).

By the definition of Az, there is a y€ A, for which
'  yX#y, say yx=z. (2.10)
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Then because of |A|=3, there is a u€ A, u=y, usz. According to (2.7)
(z =)yx = uxV({px, ux} < {3, u}).
As z#y (see (2.10)) and, by its choosing, z=u, yx=2z¢{y, u}, so
(Vi)[(u # yAu # 2) = ux = z]. .11
Let us now examine zx. On the basis of (2.7), if u#y and u=z

(zx = yxV({zx, yx} < {z, yP)A(zx = uxV({zx, ux} < {z, u}). (2.12)

As yx=ux=z — from (2.10) and (2.11) —, (2.12) is not other than
zx = zV({zx, z} < ({z, }N {z, u}) (= {z}))

ZX=2.

ie.

Summing up, if x€A,g, then the value of wx does not depend on w
(Afra:Asg = A)(Yw, X)[(WEAAXEAR) = wx = fra(X)]. (2.13)

Taking now into consideration that the structure of A is associative; if x{AzR and
w, s€A, then

Sea@)=s)x=w(s)=wfra(x), Wra()=fra(),
independently of w, i.e. fra(x) € Aog and '
Sra(fra (D))= wfra (x)=/1ra (%),
from which we conclude, that in (2.13)

(Z2(fra) C A2r)A(frat B (fra) = 19(/'“)) (2.14)

i.e. A is right quasi-trivial.
(ii) M=%, A. The argument is analogous to that of case (i).
(iii)) M=%,A.The left counterpart of (2.7) being

(Va, b,x)[a, b, x€A=>(3.ca = xbV({xa, xb} < {a, b}))], (2.15)

we get in a similar way as in case (i), that in case (iii) — using condition (1.4) among
others — (2.2) is equivalent to (2.7)A(2.15), i.e.

(Va,b,x)[a,b,x€¢ A=((ax = be({ax; bx}c{a, bPH)A
A(xa = xbV ({xa, xb} < {a, b})))]. (2.16)
There are two distinct (disjoint) subcases of case (iii) ‘
(@) (Va, b)[(a, b€ ANa = b)y=abc {a, b}],
B (a,b)la, be Aha=bAab¢ {a, b}] (i.e. ().
(«) Fix a, b for which, say, lét )
ab=a (a,bcA, a=b). ‘ 2.17)
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If ¢4 {a, b}, then as now case («) is valid,

: ch€{c, b} (2.18)
and on the basis of (2.7) and (2.17) -
cbhefa, c}. ‘ (2.19)
- As a#b, from (2.18) and (2;19) follows
‘ ch=c. _ (2.20)

Further (2.7), (2.17) and (2.20) give that

bb¢{a, bYAbbE {c, b}
i.e. because of a=c;
bb=b.

From the above we can conclude that

th)[xEA = xb=1x]. 2.21)
Now let : _ ’
yHEbExAY. ' (2.22)
On the basis of (2.15), (2.21) and (2.22)
_ (xy = xbV({xy, xb} < {y, bP)A(xb = x¢ {y, b})
1.€. : : B
xy=x (x=y). : (2.23)

From (2.23), quite in a similar way as starting from (2.17), we can deduce that
(2.21) is true for y in place of . And finally, as y(2b) was arbitrary, we get

(Yu, w)[u, we A = uw=ul]. 29

If at the beginning in (2.17) we alter ab=a into ab=b, then the final. result
will be ‘ ,

(Vu, wu, we 4 = uw=w]. (2.25)
(f) We can start with : ,

(a, b, cc A)A(a=bscsa)hab = c. (2.26) .
From (2.15) and (2.26)
(aa = abV ({aa, ab} = {a, bY)A(ab = c§ {a, b,
from which ' . : ~
' aa=c. ) - (2.27)
Similarly, by means of (2.7) and (2.26), we get

bb=c.
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To determine ac, using (2.15), (2.26) and (2.27), we can write
(ac = abV({ac, ab} < {c, bP))N(ac = aaV ({ac, aa} < {c, a}))A

Aab = chaa = cA(a#=b#c+#a)
ie.
. ac=c. (228)
Likewise
. be=ca=cb=c.
For ba, using (2.7), (2.26) and (2.27)

(ba = aaV({ba, aa} c {b, aP))A(aa = c§ {b, a})
and from this ,
ba=c. 2.29)

At last, starting from (2.15), (2.26) and ch=ca=c, in the same way as leading
to (2.28), we have
ce=c. : (2.30)
Summing up (2.26) to (2.30) .

(VX DI e b cf) = xy=cl. @31)
If z¢A—{a, b, ¢}, then in the same fashion as in (2.29) we have
zb=za=c.
Analogously to deducing (2.31); we conclude, that
(Vu, w[(u, we {z, b, c}) = uw=c] N - (2.32)
and.
(Y, W[, wE {2, @, €)= uw=c]

and similarly, if wcA—{z, q, b, ¢}, then

wz=zw=ww=c. N 4 (2.33)
Summarizing (2.31), (2.32) and (2.33)
(Vx, »Ix, yEA = xy=c]. _ (2.34)

As (2.24), (2.25) and (2.34) correspond to (2.1) (i), (2 1) (ii) and (2. 1) (iii) re-
spectively, we are ready. -

Remark. In the proof of part (iii) and up to (2.13) in that of part (i) (analogous
statement holds true of part (i)) we did not make use of associativity.

In the following we give a second proof for part (iii), on the basis of (2.13) and
its left counterpart, without making use of property (2.14) and the left counterpart
of it i.e. again not taking into account associativity.

Second proof for part (iii) of Theorem 2. Let
A= ARUAgu (A1r N Agg = 0)
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the decomposition of A, defined by (2.8) and (2.9) (this decomposition exists — and
is unique — for any semlgroup A), and let

A=A UAy (A NAy = 0)

be the left counterpart of the former decomposition..
If one of A, and Ay, is A itself, we are ready, evidently having (2.1) (i) or (2 1) (ii)
respectively.

Agg # OAA % 0 S (2.35)

then
. (Vx J’)[(XEAlL/\yEAm) =y =Xy = x]
ie.
{Aml~ |Awl=1,
“{e} gAlR:AlL .

and consequéntly _

" Agg = Ay = A— {e}
(e is the — unique — 1dent1ty element of A)

Furthermore

) (Vx ¥) [(XEAzL/\yEA2R) =Xy = fLA(X)— fRA(y)]
i.€. _

fRA—fLA constant. : o (2.36)

‘Being |A|=3, |dul(=]4.)=2, $0 there are x, y€A,g, x#y, for which on
one hand ex=/fra(x)=fra(y)=ey, while on the other hand ex=x=y= ey, which
is a contradiction, and therefore (2.35) is impossible. Thus, let e.g.

Asg = ANA, # 0

(the symmetric counterpart is quite analogous)
From this 1mmed1ately follows (2.36) with A,g=A,;=A ie. (2 1) (iii)..

"To close Part 2 of our paper, we formulate the fo]lowmg

Theorem 2. If A is a semigroup and |A[ 3 then the following three statements
. are equivalent

() M = %arA,
@ { (i) M= %A, ro€ A%, Hdchﬂnro and (Vro)[(roey%A/\(l 10))=>r0€.7'A]
(iii) M-= % A,
() A is right quasi-trivial,
®) ! (i) A is left quasi-trivial,
|Gii) A is strongly quasi-trivial,
() €A =%arA,
© { () $A =%,
1) %A =%,A
(ie. @) = B)®) = () for x=i, i, iii).

6 Acta Cybernetica
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Proof. 1t follows from the proof of Theorem 2 ((a) = (b) is Theorem 2 itself).

3. Some gquestions of the semigroups and the simulation of automata

In this part of our paper the focus will be on automata, and we shall take
known several widely accepted notions and notations of automata theory.

The set of all initially connected Moore automata, having the same input alpha-
bet X and output alphabet Y, can be partitioned into equivalence classes, regard-
ing two automata equivalent iff they induce the same automaton mapping

Xt~ (Y5 —{A)) , . (.1)

with the following property
(Vng*)(ngX)(i V) fluw) = f(u)Z]/\f(A)E Y.

From this easily follows that

(Vue XH[lg (fw) = Ig (2)+1].

As is known, the functions f defined in (3.1) are in one-to-one correspondence
with the functions _ .
[ X*=~Y . 3.2
(if for all u€ X*, f(u) is the last symbol of f(u)).

In the following — unless otherwise stated — by the word automaton we shall
‘always mean a function f of the type (3.2) and the (not necessarlly finite) non-void
sets X and Y we shall take given.

As a generalization of rlght and left compatlble partitions of the semlgroup A
we formulate the following

Definition 2. If r€€qog A, the partition p is a right compatlble partition on (the set
of classes) Afr ift

(VxX)(VZ,y, Z,, Wi, W2)[(x€A/\(Zla Zy, Wy, WaeAlr)A
/\(Zl {’C} o= WI)A(Z2 {x} c Wz)A<le Zz>EP) = <Wls Wz> €p).2

The meaning of left compatible partition on a partition is analogous.

2

Remark. “Compatible partition on a compatible partition r
compatible partition on the factor semigroup A/r.

is an ordinary

Definition 3. Given a set Z and r €4Z, we call the function .
natr: Z —~Zjr (3.3)
which has the following property
(V)[x€Z = x<(nat r)(x)],

the natural mapping belonging to the partition r.

2 If a binary operation, written as multiplication is defined on a set S, and T, UcS, then
T-U = TU"—”{m|teT/\ueU}
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The composition (consecutive application) of two functions f and g we write
in the form

 g0f, (80)(0) & £(g (). (34)

Definition 4. Given a semigroup A, r€%,z A and the se't Y, we call the function
k:Alr—Y right compatible-free (in short RCF) iff

(V ‘1, S)[(k - (nat q)OS) =4 = 1A/r]

where ¢ is a right compatible partition on A/r and s:(A/r )/q — Y (s is uniquely deﬁned
by g) (see Definition 2, Definition 3, (3.3) and (3.4)).
The meaning of Ieft companble free (LCFY is analogous. Iff above rc%,A and
g€¥€,(A/r), we call the function k homomorph-free (in short HF). :
For any function f; we define the following equivalence relation

SO B PYEDNNSG) = 10D} (3.5)
Now we are ready to prove the following '

Statement 1. Given a function A=Y where Aisa semigroup, the decompo-
sition

, ‘f:_(nat-r)ok (where rE(gA)
(exists and) is unique if at least ene of 'the _folloWing conditions holds
| () r€.gA and k is RCF,
(i) re®oA and k is LCF,
| (i) r€6,A and k is HF
(see (3.3), (3.4) and Definition 4).

Proof o
v (i) Let » be the greatest (“roughest”) right compatible refinement of f° (see
(3 5)) which exists (and is unique) on the basis of Theorem 1’. If /= (nat 7)ok’
is another decomposition, for which 7r, then according to Theorem 1, Fr and
there is a right compatible partltlon q#l A On Afr (see Deﬁmtlon 2), for which
= (nat g)ok” (for some k”) i.e. k' is not RCF -
(ii) Quite analogous to case (i)..

(iii) The argument needs only sllght and obvious modifications on that. of
case (i). .

Definition 5. We supply r and k (which we have introduced in Statement 1) .
- with subscripts R, L and C according to cases (i), (i) and (iii) in Statement 1 respec-
tively and write '

() f= (natrgs) kg, natrR',d_ef R,,
(i) - f= (natry ok, natrLf £ Lf‘,
(i) f = (natrey)okey, natre, & C,.

6*
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" Wecall Ry, L, and C, the greatest right compatible, the greatest left compatible
and the greatest homomorphic component of (or contained in) f, respectively, while
rcs we call the congruence relation of f.

Remark. As a consequence of Theorem 1’, for any f(:A—»Y)'
reyCragCf° and repCri Cf° (3.6)

Corollary of Statement 1, part (i). For any equivalence class K of initially con-
nected Moore automata, the elements of which induce the same automaton mapping
F (see (3.1)) there is a (unique) automaton A in K, which is the state-homomorphic
image of all members in K.

Proof. 1t easily follows from (3.1), (3.2) and bart (i) of Statement 1) (cf. [3,
Chapter 9], [4, 4. §], [6, § 1.11] and [7, § 3.1]).

Definition 6. For an automaton f, the factor-semigroup
def
S, = X*re,
we call the semigroup (characteristic semigroup) of {3

The usual way' of defining the semigroups of automata is found in the following

Definition 7. If M={Q, X, 6) is an automaton without output (with state-set Q,
input alphabet X and next-state function ), the semigroup of M is

S(M) & X*[o (M), | X))
where ¢(M) is the congruence relation Qf M and

| o(M) & {(x, »)Ix, yeX* A(Vq)[g€ Q=gx =gy]}. 38
(It can easily be checked using (1.4) that indeed o (M) €%, X*.) ‘

Remarks
. (a) On the basis of Theorem 1’ (see (1.14) and the end of the proof of Theorem 1/,
and (1.18) in the Remark at the end: of Part 1) using the notations of Definition 5

rr = {6 Mx, yEXTA(Va)la € X* = fxd) = f(ya)l}, ‘
roy = {x PIx, yEX*A(Va)lae X = flax) = flay)]}, (3.9
reg = {(x, Y)lx, y€X*A(Va, b)a, be X* Nf(axb) = flayb)i}.

(b) (3.9) is a more explicit formulatioﬁ of (3.6), and further we can write
rep = (% VKX, y) ergp AV @) @€ X™ = (ax, ay) €rggl},

res = {(x, WKx, Yy Er AV a)a€ X* = (xa, yayery). (3.10)

3 See (3.2) and our agreement following it; and Def. 5.
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(c) From the Corollary of Statement 1, Definitions 6 and 7, and equatlons 3. 9)
-and (3. 10), easily follows that (if 4 corresponds to f)

: S(A) S ' .11
Q(Z)'=' res- | (.12)

(d) If the state-set Q (of A) is finite, then we can even deduce from equations
(3.7) to (3.12) that S(A) is finite too. More generally, in the language of semigroups

and

Statement 2. If A is a semigroup, r€%ozA and [A/r|<oo, then there exists
- anr’crandr’ €% oA, for which [A/r’|< . (Analogous statement is true of r€%oA.)

Proof Let (like (3.10)) |
r S {(x, mKx, y>€rA(Va)[a6A:><ax ayyerl}, - (3.13)

from which we can see at once using (1.4) that 7" €%, A (and evidently r’cr). To
prove the finiteness of A/r’, we rewrite (3.13) in the following way :

r L {(x, polx, )Er/\(Va b)[(a, by€ r=(ax, byyerl}. - (3.14)

(3.14) > (3_.13) is obvious. (3.14) can be obtained from (3.13) by taking into account
thatr €@ or A, so{a, byer = (ay, by)erand beingr € T A, ((ax, av)erA{ay, byyEr)= -
. = {ax, by) €r. Now, with each element x €A, we can associate a function

(s Alr~ ANA(VO)[CEAJr=C () 0:(C)] e

' (thlS was hinted by F. Gecseg) With the functions of 3. 15), an equlvalent form of
(3.14) is

R ERICRNITN NN
VBy‘ the definition of the functiens ¢, (see (3 15))

{p,xc A} {plo: Alr—Ajr} & F,

so r’ can be obtained from r by splitting each class in A/r into not more than |F|
subclasses and therefore
. |A/r'| = |AJr]-|FL. : ©(3.16)
Taking , o
|A/r| = <o,

‘then |F|—m and from (3.16) we get

}A/r | = m-m" = m"‘“<oo : (3.17)
Remarks :
(@) (3.17) is also valid for m’s of any cardmahty, but only m< oo has pract1cal
significance. .

(b) Several authors declare that “any semlgroup_ls 1somorph10 to the-semi-
group of an automaton” (in the sense of Definition 7), but this is wrong: we must-
say “‘any monoid” instead of “any semigroup” and so the statement will already



86 H. Andréka, S. Horvath, . Németi

‘be true. This easily follows from (3.7) and (3.8), or more generally from the simple
fact: every factor-semigroup of a monoid is again a monoid. The mistake in the
“proof” of the former defective assertion, which uses the so-called semigroup ma-
chine ’

My= gef <A, A, 5>, (¥sy, 52)[5 (51, 52) il 3152]

(where A is any semigroup) is that even if A has no identity element, A* does have,
when applying (3.8) to Ms. We cannot even be sure of

S(Ma)=A; (3.18)
(for any semigroup A, Al_ A, if A is 2 monoid and if not, then A “the monoid
which we get by attaching to A an external unit element’), because if A is not a
monoid, then it can well have right uniform elements. The notion of right uniform
elements we introduce in the following

Definition 8. In the semigroup A, the elements ¢ and ¢” are-said right unifoﬁn iff
(Vx)[x€A4d = xc=xc]

and the relation of right uniformity in the semigroup A we denote with ug(A).

The meaning of left uniformity is analogous and the notation for the correspond-
ing relation is « (A). At last, the relation u(A) % «g(A)Nwuy (A) we call the relation
of uniformity on A.

Remark. Evndently ur(A), uy (A) w(A)€%,A. As an example, suppose A is
right (left) quasi-trivial (see Def. 1), then ug(A) = Afg UfSa (u,L(A) AL UfLs) (see
3. 5)) In this case u(A)# 14 iff. Ajg=0 (A;.=0) and f¥a= 14 (ffa=1,), so there
exist A’s for which ug(A)=u(A) («L(A)= u(A))

A trivial example for uniform elements is the case when A is strongly quasi-
trivial and (2.1) (iii) is valid (Def. 1). A less trivial example is the following: take an
arbitrary semigroup A, and choose a c€A, and let ¢ A,, AZA U {¢'}. If we
deﬁne the operations in A so

(Vx, y€A)[x, €A, = (xy(in A) = xy(in Ag)Ac’x(in A) =
= cx(in Ag)Axc’(in A) = xc(in Ag)Ac’c’(in A) = cc(in A))]..

then c¢c=¢’ (mod u,(A)). Of course, by this method an unbounded number of uni- -
form elements can be achieved. (If, furthermore, we randomly select some pairs
(x, y) for which xy=c (in A) and change their result into ¢’, then A will remain a
semigroup and ¢’ will play a more active role).

Now if A has right uniform elements, then (3.18) will not hold, because when
forming S(M,) according to (3.8) and (3.7), the right uniform elements of A will
“coincide” in S(M,). This can be expressed in the following

Fact. For any semigroup A, S(M,)=(A/ug(A)), and S(MA)NA 1ff Ais a
monoid (see Def.’s 7 and 8).

‘Proof. Easy from Def.’s 7 and 8.

Now, let us come to the question of the simulation of automata by each other.
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We say that the automaton f can simulate (in short: simulates) automaton f”
(both fand f” correspond to (3.2)), iff there are suitable functions 4 and p, for which

[ = /zofop, ' (3.19)
where (3. 19) we interpret in the sense of (3.4). Here .
f: X*—»Y and f X{-Y.
A glance at (3.1) and (3;2) convinces us that in (3.19)
h:X* ~ Xf

oty and “=” are the usual. symbols for denoting homorphlc and isomorphic
mappings respectlvely)

First we prove that the possibility of simulation depends essentially on the

semigroups of the automata in question, and is independent of the input alphabet

' Theorem 3. Let f:Xf~Y and g:X;j-Y two automata, i:S; %S, and
o key = lokc (3.20)
_Then fand g can simulate each other.* '

Proof. It is enough to prove, that g can simulate f. (In the followmg proof, the
definitions, relations etc. mentioned in footnote 4, will be widely used w1th0ut
further explanation.)

Let _ o ‘

o : hy: X, Xr 3.21)
be such that : ‘
o (VxeX)hx)e o] - (G2Y)

From (3.21). easnly follows, that h, can be uniquely extended into a homomor-
phism .
ChiXf- X[,

for which au'tomatlcally h(A)= A (otherwise the reader is likely to know the verifica- -
tion of the existence and uniqueness of 4, from the theory of free semlgroups)
As as consequence of (3.22), it can’ easﬂy be seen that

(VWEXHMWEC o) W) , (3.23)

(It is usual also to require from #,, that for every x€X,, Ig (i (,\)) is the least
possible, but this is not necessary for our purposes.)

(3.23) eans. that _

. (Y WEXP)[(hoC(w) = (Croi) (W),
T Le. ’

’ hoC, = Cyoli.

% See Def.’s 5, 6, equatien (3.19) dand convention (3.4).
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Multiplying this equation with equation

-kcgolyz kcg,
we get ' .
ho(CgokCg)olY= Cj‘o(iokCg)

and taking into account (3.20)
_ : hogoly = f,
i.e. g can simulate f. '

* COMPUTING CENTER OF THE HUNGARIAN **RESEARCH GROUP ON MATHEMATICAL LOGIC
MINISTRY. OF HEAVY INDUSTRIES, BUDAPEST AND THE THEORY OF AUTOMATA OF THE HUNGARIAN
. ACADEMY OF SCIENCES, SZEGED -

3ameuanna 0 MaKCHMAJIBHBIX KOHTPYeHIHAX,
aBTOMATaX H CMeKHBIX TeMax

CTaTbfl COCTOHT H3 TPEX qacrei.
B 1-0i#f yacTH aBTOPH! 3aHAMAIOTCS CIIeOyIOMAM 0000meHueM: ais DAHHOM CBEPX HEKOTOPOH
NOJyTPYNIEI A SKBHBAJIEATHOCTHOM PENAIMA OTHO3HAYHO CYTIECTBYET YTOUHEHHE O MAKCEMATILHOM
KOHTDYCHIHH, JOKa3aHO, YTO BMECTO SKBHBAJIEHTHOCTH B s 6071¢ee 0606IICHHEX pensumii oaH03-
HAYHO CYIIECTBYIOT MaKCHMAJILHBIC YTOUHEHHs DOJiee 00mIero THNa, YeM KOHT DYEHIASA.

Bo 2-o#f vacTH HOKa3bIBAETCsH, YTO HEKOTOPas BO3MOXHAs HHBEPTHOCTH Pe3yiibTaToB 1-oif
9aCTH B3aHMHOOQHO3IHAYHO COOTBETCTBYET ONPEACIICHHOM CIEUNAaNbHOR ONEPAaUMOHHOM CTPYKTYpe
nONyrpymmst A.

B 3-eii yacTE mcClIenyrOTCS BONPOCHI, CBA3AHHBIC .C MOJIYrPYIIIaMH aBTOMATOB: Mypa U X .
CAMYJIALMEH, HCXOAS B3 KBHBAJICHTHOCTHBIX H KOHI'DYEHTHBIX PEJIAIMIA, BleOJ.ISlIIIPIX H3 Tpancdop-
Maumit aBT oMata Mypa, B HCHONB3ys pe3ymbTaTh! 1-0if yacTH.
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