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O cTpoenmn kaona Gypiie HA TPEXIIEMEHTHOM MHOKecTBe™

S1. Hemetrposud, . A. Mansues

MTA SZTAKI " AKAJIEMYS HAVK CCCP
BUDAPEST CHUBEWPCKOE OTHAEJIEHUE
VICTOR HUGO U. 18—22. VHCTUTYT MATEMATHKH
HOBOCHBMPCK
Baenenne -

IIycts A — XOHEYHOS MHOXECTBO H f—n-apHast (YHKINA, OIpeleNcHHas Ha
A, 35aYeHHA KOTOpOil Takxe npuHaniexatr A. @ynknus f yaoBreTBOpseT TeEpMab-
HOMY YCJIOBHIO, eciu it Jroboro i, 1=i=n, u g JOOHIX X; ¥, Gy, ..., G;_1,
Qisgs s Qyy by ooy b1, 0541, ... b, 13 A 03

Says ooy @iy X, Biigs o @) = Jbyy oy bimgy X, Biaqs .._.,_b,,)
crenyer ‘

By, ooy Giegy s Gings ooor @) = F(Brs o Biogs Py Biss ooy B).

DyHKIUHA, YOOBICTBOPSIOIINE TEPMATILHOMY YCIOBHIO, 6yneM HaspBaTh TY-hyHK-
LHASMH. .
TepMaiibHOE YCJIOBHE BIOepBHE OBUIO BBEJCHO He3aBHCHMO MakkeH3H u Jlamme
[8]. Ono gBnseTcs mpAMBIM 0000IeHHEM HEKOTOPBIX OYEBMIHBIX CBOMCTB OIHO-
MeCTHBIX (GYHKIMH ¥ CBOMWCTB JIHHEHHBIX Omepallii B BEKTOPHBIX IPOCTPAaHCTBAX.
Pasnuypble TPUMEPH MCHOJB30BAHAA TEPMAIBHOTO 'YCIOBHS IPH NOCTPOCHHH
pelIeTox ¢ 3aMaHHBIMHA CBOMCTBAMH coOepXHT craTthd Taiinopa [12).

O6o3HaunM vepes O, MHOXeCcTBO Bcex GyHKIuit f2 A">A, 3aBHCAIIAX OT
KOHEYHOTO 4Hcia mepeMmeHHBIX. IIpenutepaTusHoi anrebpoit Ilocta Ha MHOXeCTBe
A uasuBaeTcs anrebpa F1=(0,4;(,7,4,*) tina (1,1,1,2) co cienyromum 06-

* PaGora noaaepxmsanacs HannonansaemME HayurouccnenosatensckaM ®ormom Ne 1066.



2 S1. demerpoBuy, U. A. Massnes

pa3oM omnpefeIeHHBIMH ONlePalHAMA
(Ef)(x1s Xa5 o0 X)) = fXas X3, o0y Xy Xy
(W31, Xg5 0y X,) = fxa, X5 X35 -0y Xp),
(Af)(x15 Xgy ooy Xnoq) = J(X15 X15 Xy oevs Xue1)s
(fg) (x5 Xas o5 Xptm-1) =f(g(x1, coes Xim)s Xma1s - n+m-l)'

Ecnm f — ymapHas dymkousa, to {f=1=Af=f (A. 1. Mamnes [9]). Kiorom
HaspiBaeTCA nojanredpa anrebpul &, cofep)auast BCe NPOeKuAn et (x,, ..., X,) =X;.

Kion, cocrosmuit 3 TY-byskuuii, Ha3siBaeTca TY-knoHoMm. Kaxnprii TV-
KJIOH Ha MHOXECTBe A COOEPXKHUTCA B HEKOTOPOM MakcamasibHoM TVY-xnore [3].
Npr 2<|A|<w@ Do KpaiiHeii Mepe oauH TVY-kioH (xioH Bypne) mMeeT cueTHOe
qrCiI0 NoAKIOHOB [11].- Ha aByX3jieMEHTHOM MHOXECTBE CYLIECTBYET TOJLKO OIHMH
MakCEManbHbI TY-xioH, comepxammmii 11 moaxnonos. Ha TpexameMeHTHOM
MHOXECTBE HMMETCS ABa MakCUMaNbHBIX TV-Ki0oHA: KIIOH Bypiie u KJIOH JTHHEHHBIX
dynxnuit (MX TOYHBIE OMpe/ic/ieHUs NpPHBENEHLL B clemylomleM Haparpade). Kion
JaHeiHbx GyEKOME cogepXuT 22 moaxiioHa (cM. pucyHOK 1), xioH Bypiie mmeeT
CYeTHOE VHUCIO HOoAKIOHOB. CTpoeHHe HHXHEH YacTH peleTKH €ro MOIKIOHOB
m3ydeHo 5. Jemerposndem u U. A. ManbueBbM [5, 6]. HaiileHbBl Bce NOIKJIOHEBI
xioHa Bypie, cocTostiue B3 QyHKIUH, MpHHAMAIONIHX He Oosiee nByX GykcHpoBaH-
HBEIX 3HavueHWii. PemeTka >THMX NMOAKJIOHOB W3006paxeHa Ha pHC. 2. DTOT PHCYHOK
NOKA3bIBAET, UTO pelleTKa HOJKIOHOB KJoHa Bypile 3HAYMTENbHO CJIOXKHEE H3-
pectHOM pemnerkn ITocta Beex nofanredp mpeanTepaTUBHOM anredpyt Zf, |A4|=2.

Iens maAEO# CTATHH — IPOJOJIKHTH ONMACAHHE CTPOCHASA PEIIETKH IOIKJIOHOB
kjoHa Bypiie Ha TpexaneMeHTHOM MHoxecTse. IIo-BHAMMOMY, 3Ta pelleTKa sBJis-
€Tcd HamboJiee CAOXHBIM (IO CTPOEHHIO, a HE II0 MOIIHOCTH) M3 H3BECTHHIX (par-
MEHTOB pelIeTKA noJanre6p anrebpet 5, |A|=3. .

Ha 4YeTpipex?jeMeHTHOM MHOXECTBE MMeeTcs yxe 25 MakcHMalbHbIX TVY-
KJIoHOB [3). OnuH B3 HEuX — KJIOH Bypie, MMeeT c4eTHOE YHCIO HOAKIOHOB. ECTh
NE. cped ocTanbHeiX TVY-KIOHH ¢ GeCKOHEUHBIM YHCIOM IIOJKJIOHOB, ABTOPAM He
H3BECTHO.

1. IToaxnonst KiIoHa Z,

I'oBopsT, uTo ompenenenHas Ha A dyakmnast f(x;, ..., X,) CYILIECTBEHHO 3aBHCAT

OT i-TOH MEpeMCHHOM, €CJIH CYIIECTBYIOT TAKHE 3IEMEHTBL @), ..., G;_ 1, di415 -5 Ay,
b, c€A, uTO
flay, s @-1, b, 844, s @) =Sy, -5 Qg5 €, B4y, .05 a).

B sTrom ciydae i-tafd mepeMeHHas Ha3BIBaeTCA CyIleCTBeHHOU. [lepeMeHHBIe, He
SABNSFOIIAECS CyIECTBEHHBIMY, HAa3bIBafoTCH GAKTHBHEIMA. PyHKIHSA f Ha3HIBaeTCS
CYILECTBEHHO OJHOMECTHOM, €C/IH Y Hee HMEeTCs TOJIbKO OJlHA CYLIECTBEHHAS Tepe-
MEHHAs, B IPOTHBHOM Cliy4ae f Ha3RBAETCS CYILECTBEHHO MHOTOMECTHOM.
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B mambueiimem MbI Be3ge monaraeM A={0,1,2}. Kax yxe cka3ano, ma A
CYILIECTBYIOT ABa MaxcuMalibHBIX TVY-kioHa: L u B. KnoH L cocTOHT U3 JIHHEHHBIX
byHKUM, TO ecTh GYHKIHUHA, HPEACTABAMBIX B BHIE

Qo+ ay Xy + Ay X+ ... 4 a, X,

rAe cjAOXeHAe W YMHOXEHHEe HpPOHM3BOAATCA IO MOXymo 3. PelleTka HOAKIOHOB
kimoHa L (cM. pucyHok 1) xoHeyHas W ObLia ommcaHa B paGorax BambHHCKOro H
Hemetposuua [1, 2]. IToapo6HOE OMHCAHHUE €€ ITEMERTOB MOXHO HalTH Takxe B [5].

HApyroit MakcuMmanbHbiii TVY-k0H, B, COCTONT U3 CYLIECTBEHHO OJTHOMECTHBIX
$byHxOuit ¥ GyHKIR, OpeacTaBAMBIX B BHIE '

AA+HAG), A

roe fo: {0,1}~4, fi,....f,: A~{0,1} ¥u croxeHHAe NPOA3BOMUTCS MO MOAYJIIO 2.
OTOT KJIOH BlepBhe ynomsHyT B pabote Bypne [4]. B [6] 4. HemeTtposmyem u K. A.
ManbIeBbiM ONACAHB! BCe MOAKJIOHBL KIOHa B, cocrostmine n3 ¢yrkoni Buga (1.1),
Y KOTOPBHIX f MOXeT NPUHAMATS ToJbKo 3HaveHAs O u 1. Obpa3yemast 3ITUMHA HOIK-
JoHaMH pellleTka M300paxeHa Ha pucyHke 2. ITockonbKky 3Ta penieTka HIrpaer
BAXHYIO POIb B HANIMX JANBHEHIINX MOCTPOEHHAX, MPHBOAMM TaKXke PHCYHKH 3
A 4, NO3BOJAIOLIAE JIyYlle YACHATH B3aMMHOE PACIOJIOXKEHHE TOAKIOHOB M HMX
oGo3Ha4eHM. o

Puc. 1
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O crpoermn koA Bypiie Ha TPEX3NEMEHETHOM MHOXECTBE 5

B nmanpHeiilemM Be3fe 3HAK + O3Ha4aeT cjoxkeHHAe no Moaymo 2. Ilepswie
BoceMb (YHKUHMHA, ykasaHHbIX B Tabiuue 1, MO3BONAIOT HCNONB3ys Ppa3IOXKeHHE
(1.1) samate miobyio dyHKUAIO W3 KiOHa Z;, 00pa3oBaHHOTO TeMH (yHKIUSIME
KJOHa B, 3HaueHUA KOTOPHIX NONafaroT B MuoxkecTBO {0, 1}.

Tabmuua 1
X [ Vo Yo O o Vo Co C1 As
0 0 0 0 1 1 1 0 1 1
1 1 1 0 1 0 0 0 1 0
2 0 1 1 0 1 0 0 1 2

Bornee Tdro, Tak XKaK Op(xX)=1+4+7,(x), Go(X)=1+@o(x) u Fo(xX)=1+¢,(x), TO
nr06as oTNHYHAS OT NpoeKun GYBKIHA U3 Z, MOXKeT OBITh ¢IUHCTBEHHBIM 00pa3oM
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3afgucaHa B BUAE
g gif g+S+p i
h(xys oo Xg) = ¢+ 2 p(x))+ 2 @olxi)+ 2 Wolxy),
Jj=1 j=g+1 j=g+f+1 :

rone ¢€{0,1}, g,f,p=0, a mupekcwl 1=ij,...,l4,,,=n TONAPHO DPA3NUYHBL:
Kax npaBano Hac He HHTEPECYET MOPSAOK claraeMeix M QyHkuus h 6ynet KpaTtko
3aMUCBIBATECSA KaK C+gYo+fPy+pi,. ECU 4ucno cnaraeMpix HEBEIHKO, TO, Ha-
IpUMED, BMECTO  @y(Xy)+7o(x), 1+¥o(x)+¥o(x,) Gymem mucate @g+7y,, L+
4o+ ¥ T.NM. B HOOOGHBIX COKpPAIICHHBIX 3amMCAX OyIyT HCIMONB30BATLCA H
ApYrHe OOHOMECTHBIE (YyHKIMH, KOTOpBie OyIyT BBedeHbI mo3jHee. BBemeM Taxxke
cnenuanbuble 0603HAYEHHS LI HEKOTOPHIX MHOTOMECTHBIX (YHKIMI:

ﬁn(xl’ v xn) = yi(x1)+ +?i(xu)a
Ul (X15 s X) = @i () + ... +0i(x,),
P Xy v X,) = Y (X)) o Y5 (x).

Brrpaxenus Bana f'+ul’+... OyleT cokpallcHUeM Ang

PG s X)) T U (X1 s Xg) T

0
Ilo onpeneneHuro nonaracm 2’ a;=

OueBHIHO, 3aTKCh c+gy0+f(p0+pl//0 OTHOCHATCH HEe K ONHOH ¢YyHKOHHA, a K
iefnoMy ceMelicTBY yHKIHI co clefyrollluM OOGIIMUM CBOMCTBOM: JUlf JIOOBIX OBYX
GYHKUMIA 9TOrO CeMEHCTBA MOXHO HepeliTH OT ogHOM (YHKIMH K APYroit myTeMm
BBEICHHA WM ONYCKaHAS (PHKTHBHBIX NEPEMEHHBIX H M3MCHEHHs IOpgJKa cjara-
embix. Kaxusiit mookmon kinoHa B mpeactasisger coGoll oObenvRenne oJ0OHBIX
MHOXECTB, IIOTOJIHEHHOE ITPOESKIUAMH. ‘

Hycts p€0,4 — onHOMeCTHasA $ynkums, npuHMMarowast TpH 3HaueHus, f¢ B.
Ecnu

fa(xh H] xn) = /'l(f(#—l(xl)’ R Au"»_l(xn)))9

TOo o f~f* —aBTOMOpdH3M KiloHa B. OyHKUHIO f* MBI OyJeM Ha3bIBaTh U-IBOUCT-
serHoi K f. Ecnu K — noaxmon knona B u pK={f%fcK}, To xnon uK Gyaem Ha-
3piBaTh U-NBOKCTBEHHHIM KiToHy K. Ilpa uK=K xjoH K Ha30BeM y~caMOJBOHCTBEH-
HBIM.

B Tabaune 2 (u3 pabotei {6]) aid Kaxmoro moAxJIoHa K1OHa Z, yKa3aH npaMep
Ga3nca, 1,-IBOMCTBEHHBIA KIOH, & Takke yKkazaHbl Bce QyHKIHH, B HEM COJcpka-
ugecst (POEKIVH OMYIIEHBE).



8 A. Hemerposnd, Y. A. Mamsue

Tabmaoa 2
Ko )'ggg-fg' ITpumep Gasuca WM NOpOXAalo- Baa dysxmmis,
CTOH LIEero MEOXECTBA MIPHHAIEKANIAX KIOHY
E E el er
E, E, Po Po
E,y Egy Pos Yo @0, Yo
I I, f fe (n=l)
Iy By @0, f3 @0, fo' (n=1)
Iloow Io‘l" '//o,fo' Wo,ﬂ\" (”EI)
Il%wy Iollow Pos Yo, j:), @o> Vos jg' (nél)
Ilm Iml folx 1+f0m f(;'l (n1§l),
1+ (ny=m)
It % @0, ', 1415 @0, 3t (m=D),
14152 (my=m)
I I3, Wo, fo, V41 wo, fot (m=1),
14152 (m,=m)
fidd 12y Pos Vo, fo s 1Hf3" P, Wo, for (m=1),
1+f52 (na=m)
2, I} 6a3nca Her & n=0)
Rd=12,..)
%% Iy Oazuca HET @0, J3' (n=0)
90, fo (I=1,2,..)
y A 12 6a3uca Her Wo, f3¢ (n=0)
Yo, .fol (l= 1) 2: "')
J 444 I2v 6a3uca HeT @05 Vo, f3'
) ¢0y WO).ﬁ)l (1=1y 2) -“) (ngo)
I, I.. 6a3uca Her T3 (m=0)
1+ 2 (1=1,2,..) 1+ (n=m)
2w ¥ 6asnca mer @0, fot (1, =0),
Q’o,ﬁ)l (I=l) 2, )9 1+ﬁ)m 1+./;)"’ (nzém)
¥, 1%, 6a3nca Her Yo, fgt (m;=0),
R WOyﬁ)l (I':l: 2: "')a 1+f(‘)m 1+f;)n. (nzém)
d25. 1Y Gasuca mer Po, Yo, fot (m=0),
. Pos Yo, ﬁ), (l= 11 2’ ---); 1+f(',m 1+f6"‘ (”2§m)
I.w I 6a3uca Her o, 1+fp
- 1+ (m=1,2, ..) (n=0)
AN fasuca Her 90, J3', 1413
Do, ﬁm: 1+f0m (m‘:lr 27 --') (”50)
544 1534 Gazuca Her @0, Wo, I3,
Pos '//o,ﬂw"', 1+j;)m (m=]1 2’ ---) 1+/;)" (IIEO)
Fy F«:”o Po @os Po
F&y Fsy Pos Vo @0, Pos Yo, Wo
Frﬁ Fr‘: (770’./;) Po> @09!3" l+f;)n

(n=m)
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Tabmana 2 (npoaoickedwre)

Kron /1,:;3;2]? ITpuMep 6a3uca HiTH DOPOXKAAIO- Bua dynxmyi,
o MIETO MHOXKECTBA OpHHANJIEKAIIAX RIOHY
F,ﬁ"’ Fgw @0: ‘/_’Oyﬁ)m @o, (_007 '/101 V-/D’j;?"’
1+f3 (n=m)
Fz F.‘I.l @o,fo"' (m=1: 21 ---) [Z]) @0:.’2)”:
14+f3* (n=0)
sz F:“’ EO’ Wmfom (m=1: 2) -'-) Qo> (70’ WO’ '/709f;)'l’
1+f5 (n=0)
L, L, ul W (k>0)
Se Sy us ui (n=0)
L, L, 1+ud ug*?, 1+ uge*?
k=0)
S5 Sy 1463 ug 1+
(k=0)
Us Uy ui, 14ul uy, 1+uf (n=0)
Loy Loty Po+ Yo Po+Jo's Yo+ S
Loy Low u3, p3 gro+Sf 0o+ s,
f+p=2k+1
Lyys Loy, 1+7+ @0 c+@o+f3, cHyot 3,
(c€{0, 1}, n=0)
ov Loy 1+ @o+yet¥o c+gyo+ 9o+ W,
f+p=2k+1
H, H, @0+ Yo, Co I8 00t S, wot IS
n=0)
Sew . Sgu PotWo gro+foo+pyo
Hoy H,y @o+ Vo5 Cos C1 I 110 o0+ 13
, wot S (n=0)
G G ¢o+}’o, @o,co c+f0n’c+¢0+f0ns
ctyot+f3t (n=0)
Zy Z, @ot+¥o, Po c+gyo+f @0+ DWo.

2. Meron masbHeiillero omicaHus NOJK/JIOHOB KJI0Ha B

Jns onMcaHHSA BceX NOIKJIOHOB KjoHA B [0CTaTOYHO IIPHBECTH CIIMCOK BCEX
TaKMX NOJKNOHOB. ONHAKO €Ci¥ 3THM U OTPaHMYMTBHCH, TO OCTaHyTcs Ge3 oTBeTa
CJIEIYIOIIHE BaXKHble BOPOCH: KAKOBO B3aHMHOC PACHONOXKEHHE 3THX MOJKJIOHOB,
Kak¥e GYHKIUH CONEPKHUT KX OBl NOAKIOH, Kakie y Hero HMeIoTCA MaKkcuMalibHbIe
nogknonbl. KoHedHO, MHOTOE 3aBHCHT OT cnocoba 3anaHust HOAKJIOHOB, OJHAKO B
ar060M cilyyae TPyAHO OXHAATh, YTO KOHKDETHBIH CIIHCOK JACT Y/OBJIETBOPHUTE/b-
HBIH OTBET Ha KaXIblii M3 3TUX BompocoB. K ToMy e BecbMa TpyAHOH IIpelIcTas-
ngercs npobieMa HoKa3aTenbCTBA NONHOTHL TAKOIO CIIHCKA.

WcknrouuTeNbHO yIOOHBIM H HADJIANHBIM SBIAECTCA 3aJaHHe PELIETKH C IO-
MOLIBIO ee Auarpammel. JlocTaTo4yHO B3rJAHYTL Ha IuarpamMmy pemtetku Ilocra
L(FF) Beex nopanredp anredpsr F5, |A|=2, [13], 4ToGBI NOJYYHTH OTBET Ha
MHOTHE BONPOCHI: KOHeYHass OHA UNHM OeckoHedYHas, KakoBa ee BHICOTA, MINPHHA H
1. A. [IpuBenennas taM xe Tabnuua monganreOp BMecTe ¢ yka3aHHOM IuarpaMMoM
IlaeT NOJHYI0 MHPopMauuio o6 3JeMeHTax pelleTKH. AHAJNIOTHYHYIO 3a7ady HaM



10 S1. Oemerpoend, . A. Mansnes

yaanoch pemnth B pabote [6]: IlocTpoeHa auarpamma pemleTkH & (Z,) NOOKIIOHOB
KJI0Ha Z, ¥ IpABEJIeH CIIACOK BCEX MOAKIJIOHOB C YKa3aHHeM Oa3UCOB, COAEPKAIIMXCS
dyBxumi B T. 1.

K coxanerdio, NOoCTYOHTh NOAOOHEIM OGpa3oM IpH ONHMCAHAH TNOAKJIOHOB
xioHa B M1 He cMoxeM. Pemetka & (B) conepkHuT 3 xondu pemeTkH £ (Z,), Tex-
HAYECKH yxXe TPYAHO W300pa3sWTh HMX HA OJHOM DHCYHKe. B mambmedmiem Gynmer
MOKa3aHo, 9TO CPeHHsAs 4acTh pelleTkH £ (B) ycTpoeHa €lle CIOoXKHee.

Yro651 060iTH yKa3aHHbIE TPYAHOCTH U B TOXE BpeMS IONYYHTH AOCTATOYHO
HarJiSQHOe MpeACTaBJICHAE O CTPOEHHH pelleTkh % (B), npuMeM clieAyIoNdii IJiaH.
IlycTh Bce MOOKJIOHH KJIOHa B COCTaBIAIOT BHYTPEHHOCTh HIECTHYTOJNBHHKA HA
pucyHKe 5. TpeyroNbHHKE a, b, ¢ coAepXaT KJIOHBI, 3HaueHHs! QYHKUHH KOTOPBIX
nonamator B MHOXectBa {0, 1}, {0, 2}, u {l,2} coorBeTcTBeHHO. TakAM OGpa3om
TpEYroIbHAK @ COHEPXHT BCe HOIKIOHHL KiloHa Z,. Obpa3syeMas HMH pemIeTKa
M300paXkeHa Ha pUCYHKe 1, a caMH KIIOHBI, HX 0a3MCH H (YHKIHAH yK4a3aHBI B Tal-
nune 2. O4eBUAHO, TPEYTONBHAKA b U ¢ CONEPKAT NHIIL W3oMOp(dHEE KOMHAA KO-
HOB, COEPKALIUXCS B TPEYToNbHAKe a. IIyHKTHpHAs JIAHAA, AETSAMas TPEYTOJIbHHUK
a 1oToJiaM, yKa3biBaeT Ha CYIIECTBOBaHHE aBTOMOp(HM3Ma KJIOHA Z,, BCIEICTBHE
9ero B ONMCAHUM HY)XHAeTCS JIAMD 9aCTh €r0 MOAKJIOHOB.

Puc. 5

Hdannas paboTa nocBsllieHa OMHUCAHUIO KJIOHOB, MONAJAIOIIAX B YETHIPEXYIOJib-
HHK d — KJIOHOB, coepXallliX Kak ()YHKUHHM, 3HAaYeHHS KOTOPBIX NMPHHAIJIEKAT
muoxectBy {0, 1}, Tak m QyHKIHMH, 3Ha9eHHS KOTOPBIX NPHHAIJIEXAT MHOXECTBY
{0,2}. K coxanenmo, obpazyemas STMMM KJOHAMHA pellleTKa yXe HAaCTOJbLKO
CJIOXKHA, 9YTO M300pa3HTh €€ Ha OOHOM PHCYHKE HEBO3MOXHO, H MBI TOBOJILCTBYEMCH
TEM, YTO PUCYeM OTHENBHBIE ee (parMeHTHI, HOJMYy4acMble CIeNyIOmEM 00pa3oM.
Bepercsa HEKOTODEHIH ¢parMeHT pemieTkd £ (Z,) (4allle MHTEPBA) M ISl KaXIOTO
kjoHa K u3 sToro ¢parmeHTa CTpoHTCS HOBHIA KJIOH K cienyrom|M obpazom:
K nopoxnaroumM kioHa K moGamnsercs ¢pynxmus updZ,, Hodydaercs CACTEMA
nopoxnparoiEx kioHa “K. B HeKoTOpEIX cilyuasx moJIydacM CeMeHCTBO KJIOHOB, 1Jis
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3JIEMEHTOB KOTOPOTO BKJIIOYECHHA OYEBHAHLI, H MEL JOBOJILCTBYEMCS NMATPAMMO.
B Gonee ca0XKHBIX cnyvasx maeTcs HOKa3aTebCTBO.

TlyHkTHpHAS JIMHWS B YEeTHIpeXyroJbHAKE d TakKe yKa3blBaeT Ha HajMide
aBTOMOp(pMa, NO3BOJISAIOLIETO ONHCHBATH JIUILIL KIOHBI, NIPpUHALJIECKAIIAEC OFHOMY
M3 ABYX TpeyrojbHukoB. O61JacTh e comepKuT KJIOHH GyHKIMH THIIOB ¢ 1 b, 061acTh
J-xknoHBl THHOB @ H ¢. O¥YeBUAHO, 0b6e OHHY B OTACABLHOM OIMCAaHHHM HE HyXJaloTcd.

OrpaHu4eHHBIT O0BEM CTaThH He IIO3BONSAET IPUBECTH OMHCAHME KJIOHOB,
cofepXaluX OJHOBPEMEHHO (YHKIHM BCeX TpPEX THIIOB-KJIOHOB, MONaAaroLIuX
B TPEYTOJILHAK g. DTHX KJIOHOB OTHOCHTENLHO HEMHOFO, YTO YIPOINAET MOCTPOEHHUS.
B TpeyronbHuKe g Takxke HaXOHATCSA KJIOHBI, COIEpXKallle OXHOMECTHbIE (QyHKIHH,
NpHHAIJIEKAIINE TPH 3HAYEHHUS.

3. Kuonsl Tunos “K, 2K, *?K, K npu K=Z,

Ilycty K-moaknoH xjioHa Zy, Z,-KJIOH, 0bpa3oBaHHEii TemMH QyHKIMAMY U3 B,
3HAveHHs] KOTOPBIX IpHHAaAIexaT MHoxXecTBy {0, 2}, p€Z,, M — cucrema mopox-
naroumx dysxknuit xioHa K. Kios, nopoxmaemslii MHoxecteom MU {u} Gynem
obo3nadath b0 uepes Ky, mubo yeped K. B manHOM maparpade mociienmee
obGo3HayeHHe OyAeT ynoTpebiasThest TONLKO B TOM cllydae, korga K sBisieTcs Mak-
CMMAaJIbHBIM TOAKJIOHOM kjoHa K jpu. IlockonbKy KJIOHOB Takoro THOa MHOTO,
TO HMX ONKCAaHHWE, ONHCAHME MX MAKCHMAJbHBIX NOAKIOHOB W JaXe ONMCAHHE HX
06o3HaYeHH HOJNY4arOTCH O4YeHb rpOMO3IAKUMH. C HENbI0 yINPOLISHHS HW3TIOXKEHUS
MBI TPHBOIYM DPHCYHKH, M3 KOTOPHIX JIETKO YSCHATb O6O3HaYeHHS! BHOBD MOSBJISNIO-
UIMXCS KJIOHOB, MX B3aHMHOE Pa3NOJIOKEHUWE, BHIAEIUTE BCE MAKCHMAJILHBIE MO[I-
KJIOHBL.

B nanebmeiitneMm 4epes fV OyneT 0603HauaThCst MHOXECTBO BceX TeX (yHKIMi,
KOTOpble MOTYT OBITh NOJIy4eHBl M3 f€O, nobaBiIeHWEM M H3BATHEM HECYILECT-
BEHHBIX TIEpEMEHHEBIX M NpAMEHEHHeM onepauuii { u 1. BBeneM cneumanbHble 0603-
HadeHus I ACBATH OJHOMECTHBIX (GyHKUMif. [lepBrie BOCeMb M3 HUX MPUHAJIEKAT
KIOHY Z; ! Ay-ABOHCTBEHHEI ONHOMECTHBIM GyHKIHAM KioHa Z, (Ta6u. 3).

CHayalla MBI ONHIIEM KJIOHBI, HOpOXAaeMble QYHKIMSIMH NMOAKIOHOB KJIOHA
F¢¥ (cm. pucyHOK 3) BMecTe ¢ QYHKIMAMHU @y, Cy WIH §,. PACYHOK 6 IaeT IMpeacTas-
JieHNWe O B3aUMHOM pPacloJIOKEHUH ONHCHIBAEMBIX HHTEPBAJNOB (3aIUTPHXOBAHEL) B
pewtetke £ (B). DT HHTepBaibl He H30MOP(HBI OPYTr OPYry, OZHAKO IO MeHbIeH
Mepe TPH CpelHHX U30MOP(hHO BKJIAIBIBAIOTCH B pelIeTKy £ (F2Y), To €cTh B HUX-
HUl MHTEpBaJl.

Iycts K=F2¥. Tak KaKk @,*%9=c¢, nia awboil byakunu ¢€Z,, o4 E, TO
koH K| 1@, comepxuT ¢5. U3 Yox@,=y, crenyer, 4To Y,EK=y,¢K s¢,. Pa-
BEHCTBA Yo% Qs =Yg, Po*P3=C, NOKA3bIBAIOT, YTO €CIH KJIOH K COAEPXHUT y,, TO
KL @, oTaMyaeTcs OT Hero JULIb (GYHKUHAMH u3 @y. OueBMAHO, IS JIO60r0o
K=F%¥ xnon K siBJsieTcI MakCHMAalbHBIM TIOAKJIOHOM KJoHAa K ¢@,. Iomydaem
ceMeiicTBO KJIOHOB, 0Opa3yrolliee peleTky, H3o0paxkeHHyro Ha pucyHke 7. U3 sToro
PHCYHKA JIETKO ONpPEACNTh BCe OTIIMYHBIE OT K MaKkcHMaJsibHbIC TOJKIOHBI KiloHa “K.-

MonknoHsl kjoHA Zg,, Ao-ABOMCTBEHHEIE NOAKIOHAM KJoHa ®F2¥, 06pasyroT
peleTky, u3oMopdHyro pemeTke £ (PF2Y). CorlacHO 3aKIHOYEHHOMY BHILIE COT-
JameHuro, HX o6o3HavYeHHs moslyyaeM HoGaBlieHHEM K 0003Ha4YeHHAM COOTBETCT-
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Z‘PFZ:V

Puc. 6

BYIOILIX NOAKJIOHOB KIOHA ®F2Y creBa BHM3y MHAEKca Ao. Pemerkd F(°F2¥) u
& (2F2%) uveroT HecKONbKO 06IIMX 27eMenToB. Tak kak KJIOHBI IepBOH peLICTKH
H3 OHHOMCCTHLIX $yHKIMH MOI'YT COREpXaTb JHLIb €;, Cg, €1, P> Wos Yos Po»> P2»
a BTOpoit — el, Cos Coy P2, Yoy Y2, Pgs Py, TO OOIIAMHU SBIAFOTCH TOJIBKO KJIOHBHI,
COZEpXaLKe e}, ¢y, Qg, P2, TO €cTh E, E, I, °I8,, E,, IqP, IS .
Tak Kak ygxcp=c¢,, TO W3 f,6K u 1+fmcK cnenyeT yto 1+4f,_ 1€K|_1 Co
A fno1€KLic, noist moboro K=F2. Ecniu K. ¢, CONEPXHUT Qg HIH Yy, TO OH
COTEPXHUT M Cy, 8 U3 YWEK ¢, mu GEK ¢, cnenyer ¢,€Kyc,. Jlerko ybenurncs,
4TO B OCTAaJbHOM KJIOH K c, oTnu4aeTcs oT K name GyHKOAsME B3 cy. KIoHBI
yKa3aHHOTO BHIA 00pa3yroT pelleTKy, H3006paxeHHyI0 Ha pHCYEKe 8. B nepecedeHne
L(PF2Y) ¢ L(;2F2¥) nonapmaror xnowb E u Iy.
IMepexoas k omMMCaHHIO KJIOHOB Bupa 2K\, ¢,, rae 2K=F%, 3aMmeTuM, 4TO
Bce KOMOMHAIMB colepXawuxcs B 2K ¢, (yHKuui yxe paCCMOTpeHLI KpoMe
% Co=Co% Py = Cp, KOTOPBIE IOKA3HBAIOT, 4TO 2K 10, =2KU @Y, To ectb K1 ,=
=?2K=%%K, Kroun BHa *’K ofpa3yoT peimeTky, m300paXcHHYIO Ha DHCYHKE
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9. KpoMe KJIOHOB, H300paXKeHHBIX HA TOM PHCYHKE, MAKCUMAJILHBIMH ITOAKJIOHAMHU
KioHa *°K sastoTcst kiaoHsl 2K u °K.

Tax xaKk @px@=c, AIsA noboro QEZ0 H Qo%Py=Q,, TO KIOH K_,p, K=F2%¥,
COZIEPXHT C3 U @2, TO ecTb K1 P,=2°K i Py. U3 y%xPy=08,, Oo%@Pp=7y, CIEAYET
BAXHEIA BHIBOA: €CH [, €2°K 1@y, 1+fE€2¥K L@y, TO 1 +£,€2°K 10, B [,,62°K
L1 @s. VIMEIoTCs ellle paBeHCTBA

Po*Ps = Cy, Wo* @y = Gy, Pp* Py = ¢y, ‘70*‘52 =7Y0, Pa*Cy = Cp,

omgHaxo ecnm K =26, 10 {cp,¢1, Cs, Yo, 05} S 2°K. TloMyuaeM perIeTKY KIIOHOB
Buga ?K (pucysok 10).

Knonos Bmga Kis0,, Kii{er, 0.}, tHE 01,0:6{02, Py, o} W KFEFZ,
K=2Z, numyp xoBe4HOE YUCI0, U IpATOM Heboibinoe. Bece oHY yka3aHsl B Tabudie
4, xoropas ONHOBPEMEHHO SHBIBIETCS H J0OKa3aTeJIbCTBOM OTCYTCTBHS NPYTHX
KJIOHOB yka3aHHoTo BHaa. CaMa Tab/uIa nosiyyeHa cneayromuM obpasom. Bepercst
xioH K, yZnoBNETBOpSIOUIMH YKAa3aHHBIM BHIIIC OTrpaHAYeHHsM. M3 TaGmmmet 2
HaxoguTcs U QYHKIMA, B HeM COAEpKAIIAXCA. YUNTHBAS pe3yJbTaThL CYIIEPIO3U-
i pxo, Tae i — GyHKUMS U3 Zy, a g€ {Q;, ¢5, P2}, Haxomaum BUA QyHKOHI KIOHOB
K@y, Kiics, Kuu@ericy, Kiy@p,. Ilo Tabnmue 2 ycTaHaBiIMBaeM MakCH-
MaJIbHBII MOAKIJIOH 3TOrO KJiOHa.

st yno6erpa unTaTens B Tabanue 5 ykasad cocTas klnoHoB L, —Sy,. ®yRknan
HOBBIX KJIOHOB W3 Ta6amuIBl 4 eTk0 HAXOASITCS MO CIEAYIOUIMM TIPaBUIIaM:

*K = KU¢j, K =KUc], %K =KU{o],cl}, °K=KU{o3, @3, c1}

Tabmmua 4

K Kuo, Kt Kugsice KU G,
Lo °S, 28, 20 S, °S, -
S, Sy S, *So °U,
L, U, U, 2eU, v,
s, U, - U, 20U, v,
U, *U, *U, *U, . TUQ’
L¢+7 OH«» 2H¢¢ ze 24 ‘fG
Loy *Seu *Z, *Z, °z,
L¢+6 ® oy 2 (14 zq’wa ?G

o ®Zy *Z, Zy - *z,
Hlp ‘PHw . 2 14 201{@»\# ?G
Sou *Sou *Z, *Z, °Z,
Hwﬁ ®*H,y 2 14 szwll tG
G °G G 206 °G
2 °Z, *Z, *Z, °Z,
Ly *Sou 25‘2 207, ‘on
S,j, A ZS&, 207, ?_Zo
Ly, °Z, Uy 27, °z,
Sy "Sw-p 2, . LA ‘on
Uy °Z, U, 20 Z, . °Z,
H'Jl *Hy szIl M’wa °G

;\U *Z, *Z, 207, 520
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Tabmuma 5
Kiton Basmc ConepXuT (hyHKLHH
Ly Pe pt!
Sy 1+pf pie*t, 14+ p*
L:(J l+p3 p§k+l’ 1+p§k+l
Sy 4 s
Uy D, 1+pi s, 1418
H,w Wot Yo C1 - 1+13, wotf3 5 @otfo
Se’ 1+ @o+¥o ' 1+gyo+footpwe, f+P=2k,

gro+f@o+pWo, f+Pp=2k+1.

Puc. 8
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Pacyrok 11 paeT HarnsgaHoe NpPEACTaBIEHHE O B3aHMHOM DPaCHOJIOXEHHH HOBBIX
KJIOHOB. 31eCh JIETKO 3aMETUTh «CIOHCTOCTB» B CTPOEHHH, OTMEYCHHYIO HA PHCYHKE
6. UrTaTeah MOXeT BBLACNATb STH CINOW M IPHCOCAHHUTHL HX K COOTBETCTBYIOIHM
closiM Ha pacyHKax 7—10.

4. ipyrue noaxnoust Kiona Z,U Z,, mopoxmaemsie ¢ HOMOLLIO
yrapubIxX Qynxumi w3 Z,

Bonbmoe KONMHIECTBO KJIOHOB, ONMCAHHBIX B NpeAbIAyIieM maparpade, o6ngc-
HSETCsl ONpeleNICHHON «HEUTPANbHOCTBIO» (GYHKIMH @y, @3, C; 10 OTHOMICHHIO K
¢yHxIEAM B3 Zy: GYHKIUMHA @y, @y, ¢, He MEHAIOT 3HAUYEHHS IpU W3MeHEHHH Tiepe-
menHolt Ha MuoxectBe 0, 1. OcraBimmecss omHOMECTHBIE GYHKUMH H3 Z, 3THM
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BCOHCTBOM He 06/1afal0T, H HOTOMY YHCJIO HOBBIX KJIOHOB, IONYy4aeMBIX C HX ydac-
THEM, HEBEJIHKO.

B nmanbHeimAx paccyxAeHHAX Ge3 CChUIOK HCIONb3yeTca HHpopMamusa o mon-
KJIIOHaX KJIOoHa Z,, colepxaliasca B Tabmuuax 2 u 5. J{ns ynobcrsa yATarens npu-
BoAMM Takxe Tabmmny 6, colepXkamylo pe3ybTaThl CYIepHO3HOAN OXHOMECTHBIX
Gynxomii.

Tabmema 6
e Yo d (') %o Yo To Co (41
Q%73 @o Po Co (4 Po Po Co €y
7e%Q Pz 23 Y2 &, W ? p Co Cg
o*ys Yo Vo Co [ Yo Yo Co Ce
wakQ [ (728 Ve S, e 7 Co Cy
0% d; o Po Co (41 o Po Co (21
Oa%Q 23 @2 o: Y2 778 72 [ Co
0%, Yo Ve Co (<Y Yo Yo Co (&%
Yake P @2 Op Vs 72 743 Ca +Co

Iycte K-KNOH, mOpoXaaeMblii QyRKIHAMHA uy B y,. Ouermmuo, KDL,. Tak
KaK @g*pp=Cy, TO K conepxnr Bce Pynxumn u§, To ectb KDS,. OueBnaHo, KJIOH
K cogepxnT Takxke QYHKOHH yp*uj; Apyrux QpyHKumit B HeM HeT. Kion K 0603Ha-
9uM depes 'S ,.

Knon 7U TOpOXAACTCA d)yHRnHﬂMH 1443, y,. Comepxdr ¢yBxkumd u3‘+1,
1+u¥, a IIOTOMy A gk 1+ud Y yoxud, yz*(l +ug). OueBmmro, Li,iiy,="U,.

Kinon S, mopoxnaercsa ¢yHxumsma pj, y, B motomy 'S,,DL,. Tax KaK
Yo*y2=¢9, TO 'S,,DOL,, orcroma ’S,,DS, u motomy ’S, DS oy ITOT KIIOH
CONEPXKHT d)ymmnu gvo+f<po+p¢o, 72(g70+f¢0+P'//0) Ilpyrne 6asucer aTOrO
KJIOHa — Yo+7Y05 Y25 ot Yo, '}’2, ‘/’o+¢o’ 72, Pot+Po5 V2-

Taxk xak knomel Ly, Sy, Lgy, Uy, S,y conepxar L, u He comepxatcst B Sy,
TO NpH No6aBIIeHAN 7, kK Oa3HCy 1106070 U3 ITHX KJIOHOB NONYYaeTCS Zy 1Yy =Z, U Z,.

Kinon, conepxaumit pynxnam 1+@o+7,, P2, COAEPXKHAT Ly, 5, TO eCTh GyHKIMH
c+@o+fT, c+Yo+/fy, a BMecTe ¢ HEMH H Bce GYHKOHH ¢+ gYo+/@o+DYs» 72
(c+gyot+Sf0o+p¥o), H moroMy coenanaer ¢ Z,UZ,. ToT Xe pe3ynnTaT HOIyqHM,
6epst dynxkmam 1-+7y,+7,, y2. TakaMm obpa3oM, cemelicTBO (YHKUMAN KJIoHA Z,,
cofiepamiee CyIHECTBEHHO MHOTOMECTHY1O GYHKITHIO, BMECTE C Y5 MOXET HOPOAUTH
JIANIb OJAH H3 YeThIpeX YKa3aHHBIX BhIIe KJIOHOB.

Kion ¥S, mopoxnaercs GyEKWMSIMHE 43, Y,. Tak Kak Y,*@y=7,, TO OH CO-
JACPKAT 7S,,, TO ecTh QYHKIHHA Uy, Yg¥up U Y.

Kior YU, nopoxnaercs ¢yEkumaMu 1+u3, Y,. COREPXHT @y, a BMeECTE C
Heil y, ¥ BCe cl)ymcnnn u3 'U,, 10 ecTh uj, 1+u"0, Yo+, Po*x(1 +uf), Y¥,. OueBnIHO,
3TOT e KJIOH HOPOXAaeTcs byukmasame 1+13, Y,

Kii0m, mopoxnaeMerit GyHKIHAME yo+7Yo B Y COREPKHET Yo+ 7= (Yo+y0)* Vs,
CAENOBATENLHO (g M Yp, H HOTOMY coBnanaeT ¢ 'S,,. ToT xe pe3yapTar monydnm,
B34B (bymmn @o+70s Yo WIH U5, D5, Y2, TAK KAK (coo+vo+vo)*t//2—vo+vo, YU =7y,.

L,#_L,“_,nﬁ2 Cocront u3 QyEkumit p3*+i, Y,xp+! (k=0)
¥S,=Sy,uY,. Comepxur yHkmmu pj, \lzz*po, n=0,
(k :)‘)S” _SWU¢2 COI[Cp)!(HT (byHKHHK P2 +1’ !/’ *p2k+1, 1+p§k’ lpzalé(l +p%k)
=



O cTpoeHnu KoHa Bypre Ha TPEX3JEMEHTHOM MHOXECTBE 19

= O) w=L}, iy, cocTouT M3 dyHKIEE p3“+l, 1+pF+t, Yoxpd+t, ox(1+pF+h)
=

YU,=Uy, Wz, COCTOHMT B3 pj, 1+p5, Yoxplh, Yor(1+p3) (n=0).

Tak Kak L,y ie=LyyiPy="S,,, a S, ,,-Malccmanbﬁmﬁ DOAKIOH KJIOHA
Z,, TO BCe OCTaBIIMeCS KIOHH, mMmeromme BAN Kuiy,, K%S,,, cosmamaior ¢
Z,UZ,.

W3 paccMOTpeHHBIX KIOHOB Buja YK He comepxkar p, kmousl YL, ¥S,, ¥Sj,
¥L},,¥U,. Mo6GaBuss y, Kk TOPOXAAIOUIAM KaXJOTO H3 HHX, ILTyYHM *S,, B HEPBBIX
[ByX ciy4anx, d ZyU Z,-B oCTaJIbHbIX.

OueBHIHO, oNIACHBad KJIoHH BuIa K 1d,, KCZ,, comepxaliye cymecheHHo
MHoromecTHme (yHKIEH, [OCTATOYHO PacCMOTPeTh KIOHH BHIA K;i1d,, 'The
Ke{’S,,? SW} Kior *U,, yxe COMEPKHAT Oy, HO3TOMY U, 18,="U,,. HOBLIM
SIBJISIETCS KJIOH °Ses co,uepxcaumn bysxImA 1), Po¥uf, doxuf. I(JIOH “SW COnEPXHT
dysxunn 0(gy0+/Po+pYo)s Q€ {P0, V2, 02} X HOTOMy COBHanaeT ¢ ZoUZ

3aiimemcst  xinoHamE BHEA K1, Ke{VS,,YU,, VL,,YS,,"YSy, " Sey, Ly,
YU, }. Kaou 7S, nopoxmaerca GasmcoMm ug, Y. Conepxmr dyuxuEn Yakup,

Soxtll, Ys, Yo

VU,=U,,. Comepxur dynxmma wug, 1-4uf, yexug, pox(1+uf), ¥, %

VLy=L, 1. CocTomt m3 dynxmmit po**?, Yuxpft+?, Yaxppt+.

#Sy=S, Litls. Coctout us bynKuaii ph, Yyxpl, Ukpl.

WS’ =S,u¥,. Cocrour m3 ¢ymxumit p5*+!, 1+4pE, ¢2akp2"+1 Vox(1+p3),
2 *p2“+1 Yol 22,

| &} lpz*xﬁo—ll_/z saxmrouaeM, wro YLy@,=YLy, YU,u¥,="U,. KJIOH

|,,l__.f/72 COAEPKUT Sy=y %y, W MOTOMY coBmanaer ¢ Z,UZ,. h

Knoust ¥L,,, ¥S,, ¥S}, He conmepkaT d,. JobGabnenne k moboMy u3 HHX 3TOH
¢dyHkuEd Daet Z,UZ,.

Bce BHOBB MOnyYeHHBIE KJIOHBI YKa3aHBI B Tabnane 7.

Ta6Gmaua 7
Knon Baznc Copnepxar GyHKLME
"Se us, 72 ug, yakup
*Up 1+u5, 72 uy, 14+ ug, yakug, yoax(14u3)
YSow Di» 7s &Y+ S ot P, va*(g¥o+ oo+ DYWo)
vS. Ui, W Us, Ya¥Uo, Ya
U, 1+, s o+, yax(c+u), walc€f0, 1})
YLy D3s ¥ DEEH Y, yakpitt?
Y8y i, ¥s P, W2k Do .
YL, 1408, we c+pEtt, wak(e+pith), c€{0, 1}
YSe 1+p5, ve 1+ p5*, wox(L+p5), P55+ ", wakpi**!
YUy Do, 1405, v c+3, wak(c+pB), c€{0, 1}
°Sy u3, vz, s, ug, yakug, Opkuy
viSe U, Vo, 02, Yo Uy, Yok UG, 0% U3, W
ﬂ;sqv uy, ¥, U3, Ya®Ug, Oa¥ilg, We, Ve . .
a’-Uw 1+ul, U, ] c+ul, pox(c+up), v, W, c€{0, 1} -
wLw A PEHL gk pERrl gy, #pE+t
Su IERA p::, WakDR, Tak Pl

Vs, 142, Vs hxpgett, hx(1+p*), he{wo, Wa, Ta)
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Knonn u3 tabmanst 8 merko nonydaiorcs U3 KIOHOB, OTMEYeHHBIX Ha PHCYHKE
11, c yueToM cocTaBa KjI0HOB H3 TaGaume! 7.

B tabnune 9 ykasaHBI Bce KJIOHBI, COCTOSIIAE H3 CYMIECTBERHO OJHOMECTHBIX
dyHKIHit B cofiepxkamue GYRKIHEA H3 MHOXECTBA {yy, Os, Y5, Ys}-

Tabmuma 8
Knor Basuc Conepxamuecs GyHKIHA
v®S, u3, 2, s ug, Yok U3, @
veU, 14+uz, 72 c+ug, ya¥(c+u3), 9, c€{0, 1}
veSe Uss Pas Vs UG, Y2k UG, P2, Yo
VeU, 1+ug, 02, 92 e+ U3, yak(c+ig), Pe, Ye
W'PSO Uy, 92, V2 . 13, yokuy, Oo%U3, 92, Pz, W2, s
w‘on 14+u3, 9z, Vs ctuy, yax(c+ug), 02y G, Wa, Ve
*S, Ca, Uy, Ve Cq, Up, Yokl
¥y, Cy, 14+ 1s, 72 ca, C+ul, yak(c+up), c€{0, 1}
WS, €2, 43, W5 gy U, Yo% U3, Ya
WU, ¢, 1445, s, Ce, ctug, yax(c+up), s

ce{o, 1}

795, Ca, Us, V3> Os e, My, PakiG, @2
oS, Cay UG, P2, V2 : Cy, UG, Ya¥ UG, @2, Y2

Tabmua 9
Kiion Bazmnc Copepxamuecs GyHKIHA
YIgo Ve Y2, Co
YIoe Pos V2 o5 Cos V2
A V25 Ca Co, C25 V2
1o Y2y Ca Co, C1, C2y V2
215 @os C2s V2 Cos €25 Po, V2
7 /0 Pos V2 Cos Po> Vo, V2, V2
YIS, €1, Po, V2 Cos €1, C2y Po,5 V2
vISY C1, Yo, V2 Co, C15 C2y Pos Yos V2> V2
Iy Yo, Y2 Cos Yo Pos V25 P2
YIPY Yos Vo5 P2 Cos Yos Pos Yo, P2, Ve
YFP S0, 72 Ca, €1, C2,s Yos G0y Po> Po, P2y Pz, V2, Oz
YFe¥ S0, s Ya €05 C15 Cz, Yo, Oos Pos Pos> Yos Wos, V2, Oz, Pas Pa, Wa, W
Yo €1y Yo, Y2 Cos C1, C2y Yo, V2, P2
1% €15 Y05 Pos P2 €05 €15 C35 Yos Pos V25 P2
YI%Y C1y Y05, Vo> 78 Coy €15 C25 Yo, Pos Wos Vas P2, Y2
YF$ Pos V2 Co5 €15 C2, Pos Pos V25 Oz
TFEY Wos Ve €05 C15 €25 Pos Wos Po» Vo, V35 02, Ya, T2
e i ad ¥os Cay V2 Co; €15 €35, Pos Yo, V2, Vs
kg A1) €3, Yas @3 Coy C25 V25 P2
re iy Ca, Pos V3> P2 Co, C2s Pos V2> P2
i tiad Yos Was €25 V2 €0, €15 Cs, Yo, Po> Wos Y25 P2, Vs
°E, P05 O3 P, Oz
I3, Co, Oz Co, C2, 0

ISy Cas Pa, Oz Co, Ces G0, O
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Ba3nx

Co» Yo, Oz
1, 02

C15 Pos 02
60’ 62

Ves @2

Po> V2, P2
C1, V25 P2
Ciy QPos Ve, P2
Po> Vs P2

V2> @2

@os V2> P2
C1s Y25 P2
€15 Qo5 Y2, P2
o> Vzs @2
Vo, Y

Pos Y2

Cos Y2

Cos Yo, V2
Yo, V2

Cis Y2

C1y o, Y2
Co, C15 Y2
Co, C1, Yo, Y
C1, Yo> Y2
Ci5 Yo, Y2
Vo, Y2

Do, Wa

Cos Wos Yo
Cos @2, Y2
Coy Pas P25 Y2
Yo, P25 Ve
C1y P2, Y2
C1y Yo P25 ¥
C1, Yo, P2, Y2

C1y Pos ¥os P2y Yo

Go, Ws

Co, (ﬁOa @25 Yo
Co, Ca5 YW

C1, Cas Yo

Cos C25 Pos W2
C1, Yo, Y2
Cos C15 Pos> P2
Cas Yo, Y2

Co, Y2

Po> 'l—/z

Tabmaua 9 (mpomomKeHne)

Conepxamuaeca byHKUAR

Cos €1, €2y P05 Pos Wos Tos Vas Oz, Y2, V2
Co, €1, C2, 02

Cos C1, Cay Po, Oz

Cos C15 C3, O, Pos Oz P2

Cos V25 P2

Cos Qo> V25 P2

Coy C15 C25 V25 P2

Cos C15 C3y Po, V25 P2

Co, €1, Cas B0, Po, V2, 025 P2
Cos Ca, V3, Oz, @3, Ps

Cos Cas Pos V2, 025 P2, P2

€0, C1, C2, V25 025 92, P

Cos C1,°Ca;s Do, V25 O35 Pas P2

Cos €15 C25 Do, Pa, P2s O2s P2, P2
Yo, Y2

Cos Po> V2> Vs

Co, Yo

Cos Yo, YW

Cos Yos Wos P25 Va2

€1, Ca, ¥y

C15 C25 Wo, y/z

Coy C15 C2, Yo

Cos C15 Ca5 Yo, Y2

Coy C15C25 Yo, Yoy P25 V2

Cos €15 C25 Yo, Yo, P25 Y2

Vo, WO9 W2’ V_/z

Cos €15 Ca5 P, Po, V25 Oz, Vs, ¥
Co» €15 €23 Vo, Wo, W2, ¥

Cos @2, Y2 i

Cos Yo, Var P2, Wa

Cos Vo> Vo, P25 Yo

Cos €15 C25 P2, Y2

Cos C15 C35 Poy V25, P25 W2

Cos C15 C25 Yoy P2, Y2

Coy C15C2y Pos Yo, V25 P25 Wa

€05 €15 €25 Yoy o Wos Wos Pz, Pry Wz, W
Cos C15 Cay Pos Po» V25 Oz P2, W
Co, C2» Wy

Cis Ca, Y2

Cos C2» Pos 72, 174

Coy C15C25 Yo, ¥y

Cos €15 C25 Pos V2, ¥

Cos €15 Ca5 Yo, Vo, P2, Y2

Cos Cos Y2, U

Cos Cas Pos. Y25 Oz, Was T
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Tabmana 9 (mpomonkenne)

Knon Basnx : Copepxamuecs QyHKIHA

ﬁloo €1, P Cos C15 25 Yo, Ve

wFow €0, Yo, Vs Cos C15 €25 Yo, Pos Wa, ¥

ngw Cos Pos Wos Vs €05 €1, €2, Po, Pos Wo, Wo, V2, O, Wa, Ty
$¢13° €o» P2, Vs . €0, Cay P2y P2, Wa, Vs

waj’:f Pos P2, V2 Cos C2> Po Vas Oz, P2, Pa> W2, U

wf’oo €1, P2, Vs €Co5 C15 €2, P35 P25 Wa, Vs

Q_"(P]ooo €1 Po, Pa, Vs Cos €15 25 Qo5 P25 O35 P2, P2, Wa, Vs
¥Fs Pos Pas ¥ Cos C15 Cas P05 Pos Vs 02y Pas Pa, Ws, ¥

5. IMonwronsl kAona Z, U Z,, nopoxaaemble ¢ MOMOIIBIO
MHOTOMecTHLIX Qynkumil n3 Z,

Temeps MbI PacCMOTPDHM BO3MOXHOCTh NOPOXIEHAS HOBBIX KJIOHOB IIyTEM
noGaenenns x GyBEKDHSM W3 IDOOKIOHOB KJIOHA Z, CYIIECTBEHHO MHOTOMECTHBIX
¢yskmii A3 Z,. Havats ectecTBeHHO ¢ Goslee IPOCTOro Ciy4yast — € TeX NOJAKJIOHOB
KIIOHa Z,;, KOTOpHIE COAEPXXAT TOJIbKO CyIIeCTBEHHO OfHOMeCTHBle $yHKnuH. Jlerko
OMHAKO 3aMeTHTh, YTO MBI OyAeM NOJNYyYaTh JHIUb IIONKIOHBI, H3OMOpPQHEIE yXe
ONHCAHHEIM. [lelicTBHTENbHO, MyCTh kKNOH K mOpoXxAaeTcd YHAPHBIMH GyHKIHAMHE
015 .-, 05 B3 Zy 0 byHKOEEH 0€Z,. PaccMoTpAM bYHKIOHH, A,-ABOHCTBEHHBIE yKa3aH-
BbiM. OyHXOME 020, ..., o2 npumagnexar Z,, ¢ NpHHALIEKHT Zy, H COBMECTHO OHH
MOPOXIAIOT KJIOH, Aq-ABOHCTBeHHBIH KioHY K. Bce xOHBI Takoro Tmma yxe Haii-
IIeHBI BHILIE.

BraauMm, YTO HaM OCTAJIOCh ONMCATH BCe KIOHBL K, IOpoXJaeMble 0Obe IAHEHAEM
GasucoB xinosoB K,=Z, u K,=Z,, npH YCJIOBHH, YTO 3TH KJOHBI COHEPXAT
CYLIECTBEHHO MHOroMecTHble (yHkmuy. KomOuHanmm 6a3ncoB, oYeBAEHBIM O6pa-
30M He MOPOXJAIoIKMe HOBbIE KIOHEI, paccMaTpuBaThes He OynyT.

Iycts K, nmopoxpaercs yubo ¢yHKOmEH u3=@,+ @3+ @2=72%(Yo+ o+ 7o)
nubo oymkmmerr #3=7y,%(1+7y,+7+7). Tak Kak py%@o=cCy, Yo*Vo=@g, IIA
0€Zy, To KNZy={uf, n=0,1,2,...} » nepsom ciydae 1 KNZ,={uf, i3, n=
=0, 1,2, ...} Bo BTOpoM. B Ta6nune 10 npuBemeH:! BO3MOXHBE BApUAHTHI 6a3nca
xnoHa K. Bce mocTpoeHns PR 3TOM OCHOBHIBAIOTCS Ha PE3yJIbTATAX CyNEpIO3ANUM
g%y, 0€K,. BBumy TpuBManLHOCTE MBI WX omnycTuM. Bmecro dymrowmit 3, i3
B 6a3nCH BKIIOYEHB! QYHKIHM 43, #Z, IOCKONBKY Ha PE3yNbTAT TaKas 3aMeHA HE
BIIHSIET.

Bee xionnl K, comepkaitiue QyHKIMIO @2, CONEPKAT B PYHKOUIO 43, HOITOMY
ciayuaif, xorna K, mopoxnaercs (pyHKUAAME uZ, 43 COBMECTHO, HE HpPEICTABISACT
HHATEpeECa.

Iycthb Teneps K, nopoxnaercs GyRKIMER o+ Vo=7,%(Yo+ @,). 13 TaCGnuim 4
BH/HO, YTO K, COCTOHMT H3 QYHKIHH @p+fF=vo*(yo+up), Vot f3=72%(¥o+up).
TIockombKy @o*09=¢ IpH @€Z,, To ecnd K colepXHT GyHKOHIO J, AIH ¥y, TO K
cofilepXUT Bce byHKIUH Yo%(gYo+f@o+pY,). Ecirm k Tomy xe B K ectb byHruus
BEAA 148170+ 1@o+P1Ve, TO K=Z,. Ecin p,€K mma Y€K, 10 B3 7y,%0€K
cnenyeT g€K. VumTeiBas cKa3aHHOe W HONb3yiCch NaHHBIMM Tabnmy 2, 6, 7, npa-



O crpoerdu KNOHA Byprie Ha TPEX3IEMEATEOM MHOXECTBE 23

Tabmuua 10
Knon Bazuc ng;a;r Conepxatmreca QyHKUAR
“I%o 3, u3 I3, 1S
“Io3 @0, fos U3 @0, [T, YeX S
b b 4 Vo, fo, 43 Vo, I3 veXfe'
A4 Po> Wos Jo» 4} @05 Voo S5, VoS3
A 1+f3, u L+ £5 vak S
12 o, VST, U @05 113 vk S
“Iod Vo, 14+f5, 13 Vo, L+13 va% S
“L2v Pos Wo, 1+ 15, 143 @0, Wo, 1+13, 1S3
oo Jos 1+f5, us £ LHfT, 1aX S
e 00 S 1SS, Ui 00, f3', 113 va®fS
¥, Vo, [, 1415, ui Wo, fo's 1H13, vaxfo!
"IZZ Pos Vo> ft‘)sa l+f;)2’ ui @os Yo, 1+.ﬁ)", 72*1‘;)"
“Se 3, u; ug, u uz, Yk fs
U 1+u3, ub 1+ul, ui g, 14-ug, yoxf3'
“Hy, Qo+ Yo, U3 Votve, s f3, 0o +ST, Vot ST, veX ST
“Sow Jo T gV fQotDWo, VoSS
“G 1+ Qo+ Yo, 43 CHIT, e Po+fT, e o+ S, vaxfa (c€{0, 1))
“Zs 14+ @o+Wo+ Vo, U5 14+-p5, u ¢+ 2V +f ot DV, Yok fe
“Hy ST 1+13, 0o+13, Wot 13!, vak S
“Hoy Po+ 70, €1 CHIE, Gotf3 Vot [, kS
oo f& at . eI, vax(e+f(c€{0, 1))
':I.fe. " N H @o> CHIS, YeX(c+10)
':Lf» Vo, fo» i Yo, C+ 13, vak (e 413"
“12% Qo Wo, fo', 3 o5 Yo, ¢S, V¥ (c+ ) -
“Se u, a3, us, i3 u3, ¥ (c+f3)
’:U,, 1+ul, u; c+uy, yaklc+f o .
"Hoy Po+Ya, 1} Pot+Yo, Uy CHST, QoS3 Yot ST, vak(c+ST)
“Z, p3, a c+grotfoot PYo, VX (¢ +15)
G 1470+ @0, 2 cHfe, e+ @o S, e+ w3, vax(c+£).

XOIOMM K BEIBOAY, YTO C MOMOLIBIO (YHKUHH ¢, y, [IOPOXHAETCS ABA HOBBIX
knoHa: ®*'S,, ®*'U, (tabnuna 11).
Ecau K, nopoxaaercs GyHkouamMu u 1 p3, To K, conepxut $yHKumn

&V2 02+ V2 = V2% (8Po+fvo+p¥o)s f+p =2k+1.

Tak xak K, =0, 10 K comepxar Bce QyHxmma y.*(8@o+/ro+pYo). IHomyuaem
wionst “*S,, “PU, (tabmmma 11). OdeBnnmo, B ciyvae, korga K, mopoxnaercs
dyHaxwei @, Y, HOBBIX KJIOHOB HE BO3HHMKAET. o

Tlycte K, mopoxmaercs GyHKIMEH 7y,+y,=7.%ui. B 310M cnyyae K, conmep-
XKHT TONILKO 3 CyIIECTBEHHO pa3Hble GYHKIAHA: Cy, Yo+ Pg, Yok Us. ECIR Yo, 8o, @o+ Yo
A @,+9J0, npuHamiaexat K, To K comepxnut p,*(@y+7%,), ¥ MBI OIATh BO3Bpalla-
eMCA K PACCMOTPEHHOMY CITy4aro. AHAJIOTHYHO, H3

{@o+Vos P3s Vot+70, 1+ @+, 1415, 1+ +70} K #= 0
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cnenyer npHAamIexBOCTh kK K dymkmmit  y,#(gvot+/@otpYo), &Y +/PotpYs.
HHTepec MOTYT DpPEACTaBNATh JAMb KIOHBI K, I KoTopbix KMNZ,={y,*uf}

wie KNZ,={y,*(c+u})}, omHako oHA yxe ykasamel B Tabumne 7. OueBEOHO, Te
%e KJIOHBI TOJYYHM, B3sSB 3a ocHOBy ¢yHxumio f7'. Ecnm xnon K, mopoxpaercs
OyEKOmEl 7, 4+ 6,=7,%(1 +u3), momyyaeMm xiuoH '*3S,. Jlo6aBieHue K ero 6asncy
QYBKUEE @, Vs, Y+ 72 AA€T KIOHH

\7+8 L7+ 7 4+d 747, 74 Y+ 7 7+

?.7+ Sw v+ Sw [ A'ALS Sq,, @747 7+ Sw eV NI+ S¢

(tabmmna 11). .
TIycts xnon K, nopoxaaercd GyHKIMAMA @5+ 7,, €p, TOTAA B HEM COZepxKaTCA
Takxe QyHKIUA :

2 =v%uyy @utfT = 1ox (ot 1)y YatSS = yox ot ). “

Bamum, 9to K conepkaT BCe QYHKIMH OJHOTO M3 KJIOHOB ®+IS,, ¢+?U IS . u
ecma K#Z,UZ,, To cOBIaJaeT ¢ HAM, IIOCKONbKY KaXJBIi U3 3THX KJIOHOB COIEP-
KAT Cg. -

Ecnm Gazme xnosa K, ofpa3osaB QPysxmEedl @o 1 Sa=7,#(1 +@p+7y0), 10 K,
cocTonT U3 QyHKmHi yox(c+Yo+up), Yo*(1+@0+70). Ipm Ki€{S,, L., L,,S,,U,}
HOBHIX KJIOHOB He mony4daeM. Ecim K, comepXuT y, wia ¥,, To0 K=Z,, Gonee
Toro, K coBmanaer ¢ Z,UZ,. ' :

Ecna @,+9,, ¢y, €, — 6a3uc K10Ha K, To K, COCTORT B3 QYEKIME y,x(c+ud),
Po*(Yo+15), Y2x(Yo+1g). Ipm K;=S, nomysaem eme oauH kioH >®+7S_ (1ab-
suna 11), B ocTanbHBIX ClIy9asX HOBBIX KJIOHOB He BOSHHKAET.

Onupasch Ha TPOBeleHHbIC PACcCyXICHHS, Jerko yOeAuThCa B TOM, YTO HOBBIX
KJIOHOB He BO3HHWKAET H B TOM cCiiydae, korga K, MopoxzaeTcs OOHMM M3 6a3HcoB
Pot V2t Ve @2t 72, P2s Co- '

Eie HeckosIbkO BapnaHToOB 0a3mcoB knoHa K, naer Ham Tabnmua 5. B mepseix
OATH caydasx kjoH K nubo comepxur Bce yHKUMA KINOHA 'S, , 1160 coBmamaeT
C oxEMM H3 KioHOB YLy, YS,, YL, YS,, ¥U,. Basuc Y,+7y, NaeT KioH 2¥+'S,
(rabmuna 11), 6a3uc @, 4, HOBBIX KJIOHOB He AaeT.

‘TabGsmua 11

Knon Basuc Copepxammueca GyRKIAN -
?*7Se Uy, @2ty Uz, ye*ug, yo¥ (Yot 103), yok (wo+ )
e+, 1+u, 02472 c+z(43, yg*(cut)us), Yak(C+vo+up),

ye¥(C+yotug
wPS, us, u, p3 s, y2*(g¥o+SPo+ Do)
“ P, L4uj, ui, p2 e+uy, ya¥(c+gro+fPo+pyo)
r+eS, ug, v+ 92 ug, yex(14-1%)
Q,y-fdso uﬁs 72'!'62, (2] u:)’s 72*(1‘*‘"3), @2
MEARAY Uy, Yo+ 0s, W2 iy, yek(1+13), w2

Sy ¥eS, Ug, Vot 02, 02, W2
eivtvivisg uy, 2t 72, Vatds, @2
?._‘1’»‘/""7!7"65'9 ll(z), Yz'i'?'z- 72'!‘52; @2, Y2

ug, e (1+u3), @2, ¥,
uz, ya*x(14+u3), g2
”3, y2*(1+u'0')1 P25 Ya

e +iS, . ul, 92+ ug, yax(c+up), yek (c+yo+u3),
ya¥(c+yotig)

hetrs, uj, PatVs; Ca 15, ya¥(c+ug), yok (yo+ u3), ya*(wo+u3)

BvtrSe CUF, Wat Ve, € U, yek (1+u3), ok (po-t-u3), yak(wo+u3)
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Summary

The clone B consist of the essentially unary operations on 4={0, 1,2} and
the operations of the form

So(iG) + - +£4,(x0),

where fy: {0,1}~4, fi,....fs: A—>{0,1} and the addition is modulo 2. In the
present paper we describe the lattice of subclones of the clone Z;UZ, consisting
of the projections and those members of clone B which take values 0 and 1 or 0
and 2 only.
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1. Introduction

Stochastic processes are powerful tools for the investigation of behavior of
complex systems. Results of queueing theory are effectively used in solving problems
encountered in practical applications. Different methods and approaches have been
developed in order to that the involved models should be mathematically tractable.
Since there exists an overwhelming body of literature devoted to the study of queues
the interested reader is referred to, among others, Franken et. al. [4], Gnedenko and
Kovalenko [5], Gnedenko [6], Gnedenko and Konig [7], Jaiswal [8], Kleinrock [9],
Koroljuk and Turbin [11], Kovalenko [12], Konig and Stoyan [13], Lavenberg
[14], Lifsic and Malc [15), Takécs [16], White et. al. [17].

It is also well-known, that a great majority of problems can be treated by.the
help of Semi-Markov Processes (SMP). In many situations the distribution of time
until the SMP gets out of a subset of its state space is of great practical importance.
Recently, however, due to the rapid development of technical devices there are cases
where the exit from a given subset is a “rare” event, that is, it occurs with a small
probability. Thus, it is natural to investigate the asymptotic behaviour of sojourn
time in a given subset, provided that the propability of exit from it tends to zero.

The purpose of the present paper is three-fold. On the one hand, without proofs
we give a brief survey of preliminary results mainly due to Koroljuk and Anisimov.
On the other hand, we deal with an asymptotic analysis of some controlled finite-
source queueing systems under the assumption of “fast” service. We show that the
time to the first system failure converges in distribution, under appropriate norming,
to an exponentially distributed random variable. Finally, applications of these
models in the field of reliability theory and computer performance are considered.
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2. Preliminary results

Let us begin with the non-asymptotic case (see Koroljuk [11]).
(i) Let (&(z), t=0) be a Semi-Markov Process with state space {0, 1, ..., r}
given by the embedded Markov chain (X,,, n=0) and by transition matrix || p(i, j)i,

i, j=0, r. Furthermore, let 7(i,j) be mutually independent random variables de-

noting the time spent in state #, given that the next state is j, i, =0, r.
Let Q(k) denote the sojourn time of £(¢) in subset {1, ..., r} started in state k,
that is
Q(k) =inf {t:t > 0, £(1) = 0/£(0) = k, k = 0}.

For Q(k) we have the following stochastic relations
t(k, 0) with probability (w.p.) p(k, 0),
e N+ wp. plkj), j=1r.
Let us introduce some notations:
o(u, k, j) = Eexp (iut(k, j)), ¥ (u, k) = Eexp (iuQ(k)),

p(1,00(,1,0) ¥ (u, 1)
o) = : s Y@= )
p(r, 0)o(u, r, 0) ¥ (u, r).

®(w) = |ptk, Do, k, l, k. j=1,r.
When passing in (1) to characteristic functions we obtain
Y (W) = By (1) + @ (). @

Supposing that for any j€ {1, ..., r} there exists a sequence of transitions with pos-
itive probabilities leading to {0}, that is {1, ..., r} is not closed and does not con-
tain any closed subset, from (2) we get

Y () = (E—2w) "o w).
In particular, for the mean sojourn times we have
M= (E_P)_lm’

Q(k) ={ 1)

where M and m are column vectors with components EQ(k), m,= > p(k,j)Ez(k, )
i=0

respectively, k=1, r.

(i) Suppose that X,=X,(e), p(k,/)=p.(k,j) and t(k,j)=1,(k,/), that is,
(¢, t=0) depends on some small parameter e, such that p,(k,0)—~0 as &—0.
Therefore, it is natural to investigate the limit distribution of Q(k)=Q,(k) as ¢—O0.

Assume that the following conditions are satisfied: _

1. p,(k, j)~poCk,7), k,j=1,r and matrix Py=|py(k, /), k,j=1,r corresponds
to a single essential class.

2. p(k,0)fe - by <o, k=1,r, Zb #0.
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3. There exists a normalizing factor f, such that
a) ¢,(Bu, k, j) = 1+ea,;(w)+o(), kj=1r,
b) qos(ﬁzu, ka O) - Qk(u), k == E.

Theorem 1 (Koroljuk [10], [11]). I_f_conditions (1)—(3) are satisfied, then inde-

pendently of the initial state j;j=1,r the distribution of f,Q.(/) converges
weakly to a distribution with characteristic function

(3 mbias@)/( 3 mbi= 3 mipolh Jaiy(w),

where {n,, k=1, r} is the stationary distribution for the chain with matrix P,.

Corollary 1. If the random variables t,(k,j) do not depend on ¢, that is
.k, ))=1(k, ), k,j=0,r and Ery(k,j)=my;<eco, furthermore conditions (1),
(2) are satisfied, then for any j,j=1,r we have

P{eQ,(j) < x} ~ l—exp{—% }, x>0
where

= anpo(k’j)mkj’ b= 2 mby.
k=1 k=1

(iti) Sometimes, however, there are practical situations (for example systems
with “fast™ service, or highly reliable systems) when the set {1, ..., r} in the limit
may split into several essential classes and, possibly, inessential states. To assert
the correspondig theorem we need the notion of s-set, introduced by Anisimov
see [1]).

( Le)t (X:(k), k=0) be a Markov chain with state space {0, 1, ..., r} and let [|p (i, )l
denote its transition matrix, 7, =0, r.
Furthermore, let () be a subset from {1, ..., r}. Set

V. (i, () = min {k: k > 0, X, (k)¢ {2)/X,(0) = i€(m)},

4., Jj, <) =P{X,()=j, for at least one [, I<V(i, ()} ie g,(,j,{x) is the
probability of a visit to j up the time when the chain ex1ts from {(a); given that
the initial state was i, i, j€ ().

Definition. A set of states
<<Z> = {ila cees il}

is called an s-set (communicating set) if for any i,j€{a) ¢,(,J, ()~1 as &-0.
Practically, it means that initiated from any state the chain visits each state
asymptotically infinitely many times before leaving. (The simplest example for an
s~set is a set which in the limit forms a simple essential class.)
Let (&,(t), t=0) be a SMP with state space {0, 1, ..., r} given by the embedded
Markov chain (X,(n), n=0), the transition matrix | pa(k DI, - k,j=0,r and the
random variables 7,(k, ). Assume that the subset {1, ..., r} forms an s-set.
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Set
g = kg; "sz(k, 0)

where {m,, k=1, r} is the stationary distribution for the chain with transition matrix

"pc(i,.])/(l _pe(i, 0))9 I’J = ]—,—r
Furthermore, suppose that
nz(k)pe(k’ 0)/ga - bk: k= E,

and there exists a normalizing factor §, such that
a) (pz(ﬂzus ka]) = l+geakj(u)+o(gs)’ k’] = Ea

b) ¢.(Bau, k,0) ~ eu(w), k=T,r.
Theorem 2 (Anisimov [2], [3]). If the above conditions are satisfied, then in-

dependently of -the initial state j, j=1,r the distribution of 8,Q,.(j) converges
weakly to a distribution with characteristic function

r

(3 bios)/(1- 2 7o (k) polle, )t (1),

k=1
where

mo (k) = 161113 m.(k), po(k,j) = 13_{% pe(k.j). k.j=1,r

The most crucial part of applying Theorem 2 to particular situations is finding
the normalizing factor §,.

In the following an example is given on which our further considerations are
based.

Example (see Anisimov et. al. [3] pp. 151).
Let (X,(k), k=0) be a Markov chain with state space

E = {(’,Q), i=ﬁ', q =0’m+1}
defined by the transition matrix || p,[(i, g), (J, 2)]|| satisfying the following conditions:
1. pz[(i’ 0)3 (j’ 0)] = Dijs i,j= 1_,_I',

and the matrix [ p;l, 7, j=1,r is irreducible,

2. pz[(ia 9), (]’ q+ 1)] = Sai(}) +O(8): i:] =Lr g=vm,
3. pz[(i: Q), (J’ q)] -0, iL,j= _a—;’ q=1,
4. pl, 9,0, D =0, Lj=1r lz—gl=2.

In the sequel the set of states {(/,q), i=1,r} is called the g¢-th level of the chain,
q=0,m+1.
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It is easy to see that conditions (1)—(4) have the following meaning. Level 0
in the limit forms an essential class, the transition probability from the g-th level
to the g+ 1-th level is of order ¢, on the g-th level the transition probability tends
to zero, finally, the summarized one-step transition probability from the g-th level
to a lower level tends to 1.

Let us single out the subset of states

(@={(,q), i=1,r, q=0,m}

Denote by =,(i, g) the stationary distribution of X, (k) and by g,({x)) the steady state
probability of exit from (), that is

&((0) = 2 (i, m) Z;pe[(i, m), (j, m+1)].
i= Jj=
Let
P = ”pij“s ’,] = 1’ r, A(q) = ”ai(jq)”s la] = ]a v, 4= O’ m,

{mes k =—1,_r} the stationary distribution for the chain with matrix P,

' D =293, q), i=1,m), 7=(n,...m)
row-vectors.

Conditions (1)—(4) enable us to compute the main terms of the asymptotic
expression for 7@ and g,({(a)), namely, we obtain

@D = a7 AOAD | 4@V po@), g= 1,
£.(®) = IRAO_ A 4 o(en ),

where 1=(1, ..., DT.

Now, making use of Theorem 2 and formula (3) we get the following asymptotic
result. (See Anisimov [2], [3].) :

Let (&,(1), t=0) be a SMP given by the embedded Markov chain (X, (k), k=0)
satisfying conditions (1)—(4).

Let the times t,((/, $), (J, z)) transition time from state (/, 5) to state (j, z) fulfill
the condition

E exp {i88,7.((/, s), (J, 2))} = 1 +ay(s, 2, 6)e™* +0 ("),

3

where §, is a normalizing factor.
Denote by Q,(j, s) the instant at which the SMP reaches the g+ 1-th level for
the first time, provided &,(0)=(/J, z), s=m.

Corollary 2. If the above conditions are satisfied, then

161_13(1) E{iuﬂeg(j: S)} = (1 _A(e))-l,
where

40) = ( 2;1 7 Pis 3430, 0, 8))/(RAD. .. A™ 1),
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In particular, if a;;(s, z, §)=i0m,;(s, z), then the limit is an exponentially distributed
random variable with parameter

(RAW... A("‘)D/(k 21 T Piej (0, 0)).
»J=

3. The mathematical models

In this section we show how the above results for sojourn time problems can be
applied to the asymptotlc analy51s of controlled finite-source queueing systems
under the assumption of fast service.

3.1. System (N/M M [n).

Let the requests emanate from a finite source of size N which are served by one
of n (n=N) servers at a service facility according to a First-In-First-Out (FIFO)
discipline. If there is no idle server, then a waiting line is formed and the customers
are delaved.. Suppose that the system is evolving in a random environment governcd

by an irreducible, aperiodic Markov chain (x(t) t=0) with state space {1, ..., r}
and transition density matrix
{a;;> ij=1,r = 3 ay}.
J#=i

Whenever the environmental process is in state { and there are s, s=0, N—1 custom-
ers at the service facility, each request is assumed to stay in the source for a random
time having exponential distribution with parameter A(/,s). Furthermore, the
service time of each customer is supposed to be an exponentially distributed random
variable with parameter p,(i, s), i=1,r, s=1, N.

All random variables involved here are assumed to be independent of each
other. v

Let us consider the system under the assumption of fast service, that is,
(i, s)—~< as g-0. For simplicity let p,(i,s)= (i, s)/e. Denote by y,(t) the
number of customers staying at the service facility at time ¢, and let

Z,(0) = (X(9, y.()-

Clearly, (Z(r), t=0) is a two-dimensional Markov process with state space
E={@ys), i= 1,r, s=0, N}.

Let Q,(k, g: m) denote the instant at which y,(7)=. m+1 for the first time, provided
that the initial state of Z,(t) was (k,q), k=1,r, g=0,m, m=1, N—1. That is,

Q(k, q: m) = inf{t: t=0,y,() = m+1/Z,(0) = (%, q)}

which is termed, in the sequel, as the time to the first system failure. It is easy to see,
that Q.(k, g: m) is the first exit time of Z,(t) from the subset

@y ={(i,s), i=1,r, s =0, m),
provided that Z,(0)=(k, ¢).
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We are interested in the limiting distribution of the random variable Q,(k, g: m)
as ¢—0.

It can easily be verified that the following transitions occur in an arbitrary time
interval (¢, t+h) '

(U, s) w.p. a;;hto(h), i#],
G ) G, s+1) wp. (N—s)A(E s)+o(h), 0=s5s<N,
’ (,s—1) wp. (S,u(i,s)e)h+o(h), 1=s=N, :
@, ) w.p. Y=h[(N—s)A(i, s5)+S,u(i, s)le+ a;]+o(h),

S, = min (s, n)’

The sojourn time of Z,(¢) in state (i, s) is exponentially distributed with para-
meter :
(N=5)A(, )+ S, 1.0, 8)fe+a;.

Thus, the transition probabilities for the embedded Markov chain are
Pl(i, 9), (G, O = a;;[(N—s5)ACE, s)+ S,u(i, )le+a]™, 1=s=N, ° -
P:l(5, 0), (j, 0)] = a;;INA(, 0)+a,]™%, s =0,
P, 5), (i, s+ 1] = (N—8)AE, H(N—5)A@, 8)+ S, u (7, s)/e+a,~,~]‘€ l=s= N,
Ui, 0), (i, D] = NA(S, O)[Ni(z', 0O+a,]™ s=0,

plli5), G 5= 01 = S ()20 5) 48,006 Yo+ ad, 1=s= N
As &0, this implies ‘
Pl 5), (s )l =0(1), s=1,

e(N—2s)A(i, 5)
Suu(iy )

pe[(ia S), (ls S—l)] g 1, 1= s = N,
pe[(i’ 0)’ (]s O)] = aij/(Nl(i’ 0)+a,-,-), ij = E? _— -

pel(i, 5), (4, s+ 1)} = (1+o()), 1=s=N,

This agrees with the conditions (1)—(4) of Example, but here the zero level is the
set {(,0), ¢, 1), i=1, p} while the g-th level is {(i,q+1), i=1,r}. Since the
level 0 in the limit forms -an essential class, the probabilities my(7, g), i=1,r,
g=0, 1 satisfy the following system of equations

TCO(.L 0) = i% no(i’ O)au/(Nl(la 0)+aii)+no(j’_ 1)’ S (4)

760 1) = 1o 0) NA(, O)(NA(), 0)+a)- )
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Substituting éq. (5) to eq. (4) we get

a;; a;;

[ 0) i %y
71'0(] ) N}.(_], O)+ajj igj' nO(l O) NA'(I’ 0)+au

(6)

Denote by m,, k=1,r the stationary distribution of the governing Markov chain

(x(n), 1=0).

Since
njajj=.2 7t,-a,~j, j= ], r,
i=j
from (6) we have !
my(7, 0) = Bm[NA (7, 0)+a],

ﬂo(i, 1) = BniN)"(is 0)’ i =1, r
where

By using formula (3), it is easy to obtain that

7,(i, q) = &2~ 1Bn,NA(i, 0) [[ Ml(l+o(l)),
=1 n#( LS )
.IOI =1, g=1,

and

()= p S0 02 EA

s=1 mu(s ) ( +0(1))

Taking into consideration the exponentiality of 1,(i, 5) for a fixed u we have

s iu
e ; = — Q0
Eexp {ie"ut,(j, 0)} = 1 +¢m 2T NIG.0) (1+o(1)),

Eexp {ic™ut,(j, )} = 1 +o(e™), s=>0.

Notice, that f,=¢™ Therefore, by the help of Corollary 2 we immediately get the
following theorem. :

Theorem 3. For the system (N/M,/M,/n) under the above conditions, for any

k=1,r, g=m the distribution of the normalized random variable e™Q,(k, q: m)
_converges weakly to an exponentially distributed random variable with parameter

r . m (N—s)A(i, s)
A == lN). » O _—
é; mNA(E 0) 31=]1 S.u(i, s)
Consequently, the distribution of time to the first system failure can be approximated
by :
: P(Q.(k, g: m) > 1) =~ exp (—&™Ab).
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In particular, for the system (N/M/M/n) the parameter A can be written as

Furthermore, for the random variable e"+"Q,(k, g: n+m), A is given by

A=1 [%]Hm N (N—-s). 0

nin™ ;5

1t is well-known, that if N—o and A0 such that Ni—1’, then the stationary
characteristics of the system (N/M/M/n) coincide with the corresponding charac-
teristics of the system M/M/n with Poisson arrivals with parameter A" and exponen-
tially distributed service times with parameter pfe. (See [8].) In fact, ‘applying (7)
as N—oo, 1~0, NA—2" we easily get

1 , l’ n+m
A=t (7[]

which agrees with the result of Anisimov [3] pp. 157.

3.2. The system (N/M,/M,/1).

Let us consider problem 3.1. with the following modifications. The requests-
are stochastically different, unit k is characterized by arrival rate 4, (i, s) and service
rate u, (i, s)/e, provided that the underlying Markov chain is in state / and there
are s customers at the service facility consisting of one server.’

We are interested in the limiting distribution of €,(m) under the assumption of
fast service, that is, as ¢—~0.

Let '
Z, () = {X(0), y.(): 11(8); -5 Py (@)}

be a multi-dimensional Markov process with state space

E={(G,s: ks, ..nk); i =1,7, s=0,N, (ky, ..., k)EVE, ky = O},

where
X(¢) is the governing Markov chain,
¥.(#) is the number of customers staying at the service facility at time ¢,
91(8), .5 ¥y, (t) are the indices of requests staying at the service faci-
lity at time ¢, ordered lexicographically, :
V3 is the set of all variations of order k of integers 1, ..., N.

Let us single out the subset of states

@ ={G q: kys s k) i=T1,7, ¢ =0, m, (ky, ..., k)W)

Notice, that Q,(m) is the first exit time of Z,(¢) from {(a). On the analogy of 3.1;
it is not difficult to verify, that the transition probabilities of the embedded Markov.
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chain as €0, are

PG, 0:0),(,0: 0] = ay/[ 3 W(i. O +ad, i=T.7

p,[(l., 0: O)s (is I: k)] = Ak(i, O)/[E)‘I(ls 0)+aii]3 i= E‘; k= la N’
Pl s kyy oo k) (s 52 kyy - k)] =0(1), s=1,
, . el .. (L, 5)

(s kyy oo k), (s+1: kg, kg = ke 27 (1 4 0(1)),
Pel(is s ky ), (7 s +] 11, (5,9) ( ())
Dol(iys: by, . k), (G, 5=, kyy . k)] =1, 1 =5=N,

(5,0: kg, ..., k) = (4,0: 0).

Now, we can obtain that
iy g k k) = &' Br Ay (8, 0) - 2, (1, 1) . A (5, 9= 1) (
A - 5 rers = & T; , S ;

! . o (6 D)y (5, 2) o (5, g —1)

(i, q) = 2 wn(i,q:ky, ... k),
*k k)

1+0(1)),

and e
’ A (i 0. A . (i, m)
X)) = &"B i L s m+l. I+o0(1 >
& (< >) i=2;n (k‘v--uzk1m+l) #kl(l’ 1)"'ﬂk1(l’ m) ( ( ))
where

B=] gl ma+2 é 4G, )]

Making use of Corollary 2 we are ready to get the following theorem.

Theorem 4. For the system (N/M,/M,/1) under the the above conditions, in-
dependently of the initial state, the distribution of the normalized random variable
emQ,(m) converges weakly to an exponentially distributed random variable with
parameter :

A 2" > 2, (,0)... 2, ((, m)
= T . 3
= (poerr k1) i, (7, 1)--~l‘k1(l, m)

4. Applications

In this section we show how the above results can be applied to problems arised
in the field of reliability theory and computer performance.

4.1. Consider a repairable system operating in a random environment, which
consists of N elements and one repairman. The expected life time of the k-th element
is assumed to be an exponentialy distributed random variable with failure rate J,.
When an element fails, it enters the repair facility and will be immediately repaired
unless the repairman is busy, otherwise it will wait in a queue in the order of its
arrival. The required repair time of the k-th element is supposed to be exponentially

distributed random variable with parameter y,, k=1, N. Furthermore, we assume
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that the failure and repair intensities depend on the state of the environmental
process and the number of failed elements. Namely, whenever the environmental
chain is in state i and there are s elements at the repair facility, the rate at which the
remaining duration of life times decreases is a(i, s) and the rate at which the re-
maining duration of repair time decreases is b(7, s)/e.

The involved random variables are supposed to be independent of each other.

The system is said to be failed if the number of failed elements is m+1. There-
fore, the instant Q,(m) at which the queue length reaches the level m + 1 for the first
time is of great practical importance. Hence, the problem is to find the asymptotic
distribution of the random variable under the assumption of fast repair, that is, as
&--0. This assumption is justified, since usually the average repair time is many
times smaller than the average failure-free oparation time.

Clearly, this problem corresponds to the system (N/M,/M,/1), thus the distri-
“bution of ,(m) can be approximated by

P(Q.(m) > 1) ~exp (~e™Ad),
where
Ao Zr’ . A, a(i,0)... 4, a(i, m)
i=1 (kp-~-rkm+1) u’klb(l’ _1)"'”k1b(l’ m)

4.2. Let us consider a CP-terminal system consisting of N terminals coupled
to one Central Processor Unit (CPU). The system is operating in a random envi-
ronment which influences the service rates at the terminals and at the CPU. At the
terminals the think times are exponentially distributed random variables with para-
meter A, for terminal k, k=1, N. The processing times for jobs at the CPU are
exponentially distributed random variables with mean &/g,, for the job from terminal
k, k=1, N, where ¢ is a small parameter. The service discipline at the CPU is FIFO.
Whenever the environmental process is in state / the rate at which the remaining
duration of think times, processmg time decreases is a(i), b(i) respectively.

The think and processing times are supposed to be independent of each other.
Let us assume that the average CPU tlrnes are many times smaller than the average
think times, that is, e=0.

We are interested in the distribution of the instant Q ,(m) at which-the number
of jobs at the CPU reaches the level m+1, 1<m<N.

It is easy to see, that applying Theorem 4 we get the following approximation

P(Q,(m) > 1) ~ exp {—e" At}

m+1

where
24,0(0)... 4, . ,a(m)

Geg sy ,,,;,) M b(1) ...y, b(m)

Remark. We must admit that for terminal systems this characteristic is a less
effective performance measure but sometimes it is useful to know.

A= g
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Abstract

This paper is concerned with an asymptotic analysis of some controlled finite-
source queueing systems under the assumption of fast service. Firstly, a brief sum-
mary of preliminary results related the asymptotic behavior of SMP is given. Sec-
ondly, models -of queueing systems with fast service is treated. It is shown, that
the time to the first system failure converges in distribution, under appropiate nor-
ming, to an exponentially distributed random variable. Finally, applications of the
systems in the field of reliability theory and computer performance are considered.

Keywords: SMP, sojourn time, fast service, time to the first system failure,
weak convergence.
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1. Introduction

In recent years there has been a great deal of interest in infinite automata; see
for example Bavel [2] and Gacs [9] (automata theory), Biermann (3] and Scott [15]
(semantics), Reeker [11] (formal languages), and Reeker and Tucci [12] (algorithms).
One approach to the study of infinite automata is to see how much of the theory of
finite machines extends to infinite machines. The purpose of this paper is to gener-
alize results on the decomposition of finite automata to infinite automata. Previous
results on the decomposition of infinite automata include the results of Bavel [2],
in which he decomposes an infinite automaton into the union of certain sub-auto-
mata. Rhodes [13], [14] and Warne [18], [19] have developed decompositions for
infinite semigroups similar to the classical Krohn—Rhodes decomposition (Arbib
[1]). Esik [6], [7] and Esik and Gécseg [8] have studied decomposition from the point
of view of varieties. Tucci [16] has developed a wreath product decomposition’ of
infinite automata in terms of reset machines, group machines, and a third type. of
machine known ‘as unique predecessor machines (see Bavel [2]). This decomposition
is in the spirit of the Krohn—Rhodes decomposition, although the decomposition
itself is much weaker. It seems necessary to make certain assumptions on an infinite
automaton to obtain a stronger decomposition, and that is what we do in this article.

In this paper we work w th transformation semigroups rather than with auto-
mata because the notation is simpler. We develop a decomposition theorem for a
certain class of unique predecessor transformation semigroups (Bavel [2]). The basic
idea is to generalize the holonomy decomposition theorem of Eilenberg [5, theorem
7.1] to infinite transformation semigroups. We choose the holonomy decomposition
theorem because it generalizes to the infinite case in a fairly natural manner. We
follow closely the exposition presented in Holcombe [10], especially in the last sec-
tion of this paper. ’ ) ‘

The second section of this paper develops some technical results on the skeleton
of a transformation semigroup, as defined in Holcombe [10), and the third section
describes what we call the depth function, which is the dual of the height function
given in Holcombe [10]. The fourth section describes the structure of the semigroups
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into which a certain class of transformation semigroups can be decomposed. The
final section contains the main decomposition theorem.

A transformation semigroup is an ordered pair 7=(Q, S) where Q is a set
and S is a semigroup, together with a partial product QX.S—~Q denoted by con-
catenation, such that

(1) (gs1)s: = g(s15;) forall g€Q and s,, €S
(@) if s, 5€S and gs;=gs, forall g€Q, then s=s,.

Throughout this paper the symbol T always stands for the transformation semi-
group (@, ). We assume that @ contains more than one element, and that Q and
S are countable. If 4 is any subset of @, then |A4| denotes the size of 4. The semi-
group S is called the abstract (or action) semigroup of S. We will assume that S
contains an identity 1 which satisfies the property that g-1=gq for all gcQ. If S is
generated by elements s, Sy, ..., S, ..., then we denote this by writing S={s,, 83, ...,
T 3

For each s¢S we let F, be the partial function induced by s, where F; is given
by the rule F,(q)=F(g, ) for all ge@. Note that F, is single- valued where it is
defined, but that F, may not be defined on all of Q; the set {g¢ QlgF; is defined}
is the domain of s, denoted dom s. Sometimes for convenience we write gF,, or simply
gs, for F,(q). If a, b€ S and gF,F, is undefined for all geQ (i.e., the domain of F
1s djsjoint from the range of F,), then we adjoin a zero 0 to S and define ab=0.
We can think of 0 as inducing a partial function on Q whose domain is §. A trans-
formation semigroup T=(Q, S) is a unique predecessor transformation semigroup
if F, is a 1—1 map for each s€S (Bavel, [2, p. 576]). When 7 is a unique predecessor
transformation semigroup, we can define the set S—1={s"|s€¢S} where F,—1=
=(F,)"!, the partial function which is defined by the rule F,—1(q)=¢q" if and only
if F,(g)=q for all ¢, g€ Q. Note that dom s=Qs~? for all s¢ S. We define the
quotient of 7".as the transformation semigroup 7°=(Q, SUS™Y). The transforma-
tion semigroups we consider in this paper are all quotients of unique predecessor
transformation semigroups. Note that if s=g,5,...5,€S, then S contains the element
s7l=s;Y..s71s7Y, where ss~ls=s. Hence the action semigroup of the quotient
of ‘2 unique predecessor transformation semigroup is regular.
7 Throughout this paper the symbol N stands for the set of pos1t1ve integers.
We assume that the reader is familiar with the definitions of the restricted direct
product and the wreath product of transformation semigroups as given in Holcombe
[10]. We also assume that the reader is familiar with the basic theory of semigroups
as presented in Clifford and Preston [4].

2. The skeleton

To begin we need some preliminary definitions.

2.1. Definition. The skeleton (Holcombe [10, p. 119]) of a transformation semi-
group T, denoted I(T), is the collection of subsets of Q of the form @, {q} (where
g€ ), or Qs for any s¢ S. Since S contains an identity element by definition, we have
that. Q€ I(T)..Also, as we have observed earlier, if s€S, then dom s=Qs™?, so that



A Decomposition Theorem for a Class of Infinite Transformation Semigroups 41

dom scI(T) for every s€S. If A, B are two skeleton elements, then A=B if there
is some s€S such that ACBs. Since S contains an identity element, and since
this identity induces the identity map on Q, the condition 4 S B implies that 4=B.
Two skeleton elements 4, B are equivalent (Holcombe [10, p. 119]), denoted A=B,
if A=B and B=A; ie., A=B if there are clements s, €S such that ASBs
and BS At. If A=B and A#B, then we indicate this by writing 4<B. The ele-
ments A, B are strongly equivalent, denoted A=, B, if there are s, t€S such that
A=Bs, B=At.

In a finite transformation semigroup, if A, BEI(T), ASB, and A=B, then
A=B. However, in an infinite transformation semigroup we can have A, B€I(T),
ASB, and A=B but A#B.

2.2. Example. Let T=(Q, S) where Q={q,ln€N}, S=(s,s7'), and F,(g,)=
=¢,4+1 for all g€ Q. The partial function F,—1 is defined in the obvious manner.
If we take A={q,|n=1}=0s and B=Q then A4,BcI(T) and A=B but 4%B. §

In a finite transformation semigroup, equlvalent is the same as strongly equ-
ivalent (Holcombe [10, proposmon 4.2.2]). This is not necessarily the case in an
infinite transformation semigroup.

2.3. Example. Let 7=(Q,S) where Q={pneN}U{g,néN} and S=
={a, b, s, t,a”, b~1, 571 t~1). Define

() E(p)=p; foral j=2;
(2) F(q;)=gq; forall j=2;

() FEl(g) =p;j-, forall j=2;
) E(pj)ij-l forall j=2.

The partial functions induced by a=%, b7, ¢™%, ¢~ are defined in the obvious way.
For any other x€S and ¢€Q0, we have that F, () is undefined.

Let Qa=A={p;|j=2}, and let Qb=B={q,|j=2}. Then AESBs and BS At
but there are no elements s’, ¢’€.S such that A=Bs" and B=A¢t". §

We now develop a simple but important criterion which we need in section 5
to make our decomposition work. ~

2.4. Definition. The skeleton I(T') of the transformation semigroup 7 satisfies
the weak ascending chain condition, or WACC, if every ascending chain of non-
equivalent skeleton elements under the relation = halts after finitely many steps.
Similarly, the semigroup S satisfies the ascending chain condition on some class C of
left (right, two-sided) ideals if every increasing chain under inclusion of left (right,
two-sided) ideals from class C halts after finitely many steps.

2.5, Example. The transformation semigroup in figure 2.1 does not satisfy
WACC on its skeleton. The state set of this transformation semigroup consists of
infinitely many components, where each component contains one more vertical edge
labeled b than does the previous component. This transformation semigroup has

the chain QabaZ Qab’a& ... ZQab"a% ... since Qaba={g,}, Qab®a={g,, g2}, etc.
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(For simplicity we omit edges labeled by a=* and 57) [
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2.6. Proposition. Let T be a transformation semigroup, and let Qa, Qb€ I(T).
Then QaNQbelI(T).

Proof. 1t is easy to see that QaNQb=Qab 'b=0ba™a. }

2.7. Proposition. The skeleton of the transformation semigroup 7T=(Q, )
satisfies WACC if and only if S satisfies ACC on cyclic left ideals.

Proof. Let A=Qa, B=Qb for some a, b€ S. Suppose first that 4=B. Then
there is some s€S such that QaSQbs. By proposition 2.6 Qa=QaNQbs=
=Qa(bs)"'bs. It can be shown that dom a(bs)~bs=dom a, so that a=a(bs) 'bs.
Hence SaS< SbS. Conversely, if SaS&SbS, then a=xby for some x, y€S,
so that Qa=Qxby S Qby and therefore A=B. In a similar fashion, we can prove
that ASB if and only if SaSSbh. Therefore, A=B if and only if SaS=5bS
or Sa=S8b. Hence, I(T) satisfies WACC if and only if .S satisfies ACC on cyclic
left ideals and on cyclic two-sided ideals. The resuit now follows from the fact that
every two-sided ideal is a left ideal. §

From now on, we assume that the skeletons of all transformation semigroups
under consideration satisfy WACC. We conclude this section with a technical result.

2.8. Proposition. Let T=(Q,S) be a transformation semigroup, and let
A, BcI(T), where A=Qu, B=Qb for some a, bcS. For any s€S, (QaﬂQb)s~
=QasN Qbs.

Proof. Let g€(QaQb)s. Then g€Qas and g€Qbs so ¢g€QasNQbs. Con-
versely, suppose g€Qas(Qbs. Then there exist ¢,,q,€Q such that g=(g,a)s=
=(gyb)s. Since all elements of S induce 1—1 maps on Q, we have qa=¢,b, so
that ¢,a€(QaNQ@b). Thus, ¢gc(QaNQb)s.

3. The depth function

3.1. Definition. Let T=(Q, S) be a transformation semigroup. A depth function
1s a function d from I(T) to the class of ordinals such that

(1) d(Q)=

2 d({q})>d(A) for all g¢Q and A€I(T) with |A|=1, and d(ﬁ) >d({q})
for all g€Q.
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(3) If A=B then d(A)=d(B).

(4) If A<B then d(A)>d(B).

(5) If there are A4, B€I(T) such that d(4)=n and d(B)=m then for every
ordinal k with n<k<m there is some C€I(T) such that d(C)=k.

The depth function as defined in definition 3.1 is the dual of the height function
as given in Holcombe [10, p. 121]. To construct a depth function we need the following
proposition.

3.2, Proposition. Let 7=(Q,S) be a transformation semigroup and let
A, B€I(T). Define a function d from /(T) to the class of ordinals as follows:

(1) d(@)=0.

(2) Let |4]=>1. If A=Q then d(4)=0; otherwise, d(4)=sup {1+d(B)|A<B}.

(3) If |4|=1, then d(4)=sup {1+d(B)||B|=>1}.

(4) If A=0 then d(4)=1+d(B), where B is any one-element set in the skeleton.
Then d is a depth function. (The depth of the transformation semigroup is d({g})
for any g€ Q, which we denote by d(T).)

Proof. We need to show that the conditions of definition 3.1 are satisfied.

3.1 (1) This follows from the definition of d.

3.1 (2) This follows from the definition of 4.

3.1 (3) Let A=B. If |4|=|B|=1 or A=B=@ then d(4)=d(B) by defini-
tion. It is not possible that A4 is empty or a singleton while B is not, because of the.
definition of equivalence.

Suppose now that [A4|=>1, |B|>1. Then for any CcI(T) we have A<C if
and only if B<C.

3.1 (4) If A<B, then by definition d(A4)=d(B).

3.1 (5) This follows from the definition of d. }J

3.3. Proposition. Let T=(Q, S) be a transformation semigroup, let A€I(T),
and let d be a depth function.

(1) If d(4)=0 then A=Q0.

Q) If A, BcI(T) with A#B, A§B, and |B|=>1 then d(4)>d(B).

Proof. These facts follows immediately from the definition of d. I

4. The holonomy transformation semigroup

In this section we describe the structure of the transformation semigroups
which we use in our decomposition.

4.1, Definition. Let T=(Q,S) be a transformation semigroup and let G(S)
be the group of units of S. For each A€I(T), let Sy(A)={scS|{ds=ASdoms,
s4G(S)}, and let S(A)=S(A)UG(S). Take J(S;(4)) to be the ideal generated
by S1(4) (if Sy(4)=0 then define J(S,(4))=0), and let J(4)= U {J(S:(4))|4’ S 4,
A’=A}. The holonomy transformation semigroup of 4 denoted T(4), has as its state
set the set {Bx|BcI(T), BEA, B#A4, and x€J(A)UG(S)}; the action semigroup
of T(A) is defined by taking J(AUG(S) and identifying those elements which
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act the same on the state set of T'(4). We will denote the state set of T(A4) by ST(A)
and the action semigroup of T(4) by X(A4).

We define T(A4) as we do for several reasons. First of all, if the transformation
semigroup is finite then definition 4.1 reduces to S,(4)={sl4s=A4}, and this is
the definition of S(A4) in the finite case in Holcombe [10, p, 123]. (Note that T(4)
contains the set of all permutations of A onto itself.) Second, in the finite case S(A)
is a set of permutations on the maximal skeleton elements contained in 4 (Holcombe
[0, proposition 4.3.1]); in the infinite case, the elements of S;(A4) map the skeleton
elements in A to skeleton elements of A of the same depth in a 1 —1 fashion (propo-
sition 4.5). Third, we define ST(A4) as we do because there are some elements in
X (A) which induce maps on A that do not necessarily preserve the depth of skeleton
elements in A4, and in fact may not map into 4 at all (proposition 4.5, example 4.6).
Finally, we define T(A) by using J(4)UG(S) to assure us that X(A4) has at least as
much structure as S (proposition 4.2 (1) and (2)) and to assure us that one important
technical detail works out (proposition 4.2 (3)).

4.2. Proposition. Let T(4)=(ST(A4), X(4)) be the holonomy semigroup of A.
(1) X(4) is regular.

(2) X(A) satisfies ACC on cyclic left ideals.

(3) If As=A for some s€S then s embeds in X(4).

Proof. (1) The ideal J(A4) is a regular semigroup, for if s€J(4), then s1=
=s7lss7€J(A4). Further, J(AUG(S) is a regular semigroup, and X(4) is a
homomorphic image of J(A)UG(S).

(2) Any cyclic left ideal of J(4) is of the form J(A)aU {a} where a€J(4). But
J(A)a is also a left ideal of S. Hence J(A) satisfies ACC on cyclic left ideals. Since
every left ideal in J(A)UG(S) is contained in J(A4), we have that J(AYUG(S)
satisfies ACC on cyclic left ideals. The result now follows because X(4) is a homo-
morphic image of J(A)UG(S).

(3) Suppose As=A. If s€G(S), then s€T(4) by definition. If s¢G(S),
let K=AMNdoms. By proposition 2.6 KEI(T). Also, A=As=Ks=K=A4 and
hence K=A. Further, Kss7'=K and KESdomss~, so that ss71€S5,(K)E
SJ(K)SJ(A). But J(A) is an ideal, so that s=ss~1scJ(4). Hence s embeds in
X). B

Although ST(A) consists of more than just the skeleton elements of T in A,
we concentrate our attention mostly on these latter elements. To study these skele-
ton elements we need the following notation.

4.3. Definition. Let T be a transformation semigroup and let 4", A€ I(T), A’ EA.
If A=A’ then we define d,(47)=0. If 424" then d,(4)=sup {1+d,(B)|BEIT),
A"SBE A, A’ #B}. Note that for the function d, we take chains under inclusion,
not chains under the relation =. Note also that d,(4’) may be an infinite ordinal.
When there is no ambiguity we abbreviate d,(4") by d(4’). Further, we define

I(4) = {AIT)A S 4}
L(4) = {A'€IM4’ S 4, dy(4) = n}
I (A) = {ACUT)A S 4, dy(4) = 7}
L(A) = {(A€NT)A S 4, d,(4) > n}.
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4.4. Lemma. Let T=(Q, S) be a transformation semigroup. If A4’€I(4) and
AxESB for some x€S where 4Sdomx and BeI(T), then d,(4)=dz(4'x).

Proof. Since ASdom x we know that the map C—~Cx for every C¢cI(4) is
an isomorphism between I(4) and I(4x) as posets ordered by inclusion. Moreover,
C=D if and only if Cx=Dx, for all C, DEI(4). But then d,(4)=d (4'x)=
=dy(A4’x) follows. This completes the proof. J

4.5. Proposition. Let 7=(Q, S) be a transformation semigroup and let A€ I(T).

(1) Let s€S,(A), and let Bel,(A4). Then the map B—~Bs is a 1—1 onto map
from I,(A4) to I,(A).

(2) If s€S8 and sinduces a 1 —1 map from I,(A4) to I,(A) for all n, then s em-
beds in X (A).

Proof. (1) It is obvious that each s€S;(4) maps I(4) into I(4). We first show
that if B€I,(4) then Bscl,(A). If Bs=B then we are done. Otherwise, since
As=AZdoms, we may directly infer from lemma 4.4 that d,(B)=d (Bs). Now
A=AsSdom s implies that As™'=Ass '=A, and A= As implies that 4 Sdom s,
so that again by lemma 4.4 we have that d,(Bs)=d,(Bss™). Since Bss~1=B5;
we have that d,(B)=d,(Bs), so Bscl,(4). (Note we have proven that if s¢.S; (4)
then s72€5,(4).)

To show that the map B—Bs is onto, note that B=(Bs~')s where the argu-
ment of the previous paragraph shows that Bs—€1,(A). To show that the map is
1—1, suppose that Bs=B’s for some B’cl,(4). Then B=B’ because every element
of §'is 1—1 on its domain.

(2) Let s be any element of S which maps I,(4) to 1,(4) in a 1 —1 onto fashion.
If s€G(S), then automatically s embeds in X(4). If s¢ G(S), then by hypothesis the
element s maps I;(4) to I,(4). In particular 4s=A. By proposition 4.2, s embeds
in X(A).

In the finite case the condition As&ASdoms implies that As=4A4, and
hence that s permutes the elements of 7(A). This is not necessarily true in the infinite
case; in particular, we may have that As~'d¢ A.

4.6. Example. Let T=(0,S) be a transformation semigroup where Q=
={gq,In€N} and S={a,s, a™, s7). Define:

1) K@) =4, n=z=2;
2 E@n) =qn+1, n= L

The partial functions induced by @' and s are defined in the obvious manner.
For any other x€S and g€ Q, we have that F,(q) is undefined.

The set A=Qa={g,|n=2} is a skeleton element of this transformation semi-
group, and AsSASdoms. However, ¢q,;€A4s™! and ¢,¢4. |}

If we assume that As&4Sdoms and if we also assume that As~'S A4, then
s~! may still not map I,(4) to I,(4) for all n.

4.7. Example. Let T=(Q,S) be a transformation semigroup where Q=
={quIn€N} and S={s, ¢,s7%,¢t71). Define:
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(1) E;(qn) = qn+13 n= 17
(2) E(q)=q and E(g,) = g,.

The partial functions induced by s~! and ¢! are defined in the obvious manner.
For any other x€S§ and g€ Q, we have that F,(g) is undefined.

Let A=Q, and note that AsSASdom-s (in fact, A=doms) and As~'CA4.
Then B=Qt={q,, q.}€1(4) and Bs~'={q,}. Since Bs~'SB but Bs~'#B, we
have d,(Bs™Y)>d,(B). In particular, s~ does not map 1,(Q) to I,(Q) forall n. J

We conclude this section by describing how the relation A=B induces a rela-
tion between I(A) and I1(B).

4.8. Proposition. Let T=(Q, 5) be a transformation semigroup, and let 4, B¢ I(T)
where A=B with ASBs and BES At for some s, t€S.

M) L(AHEL(B)s and I,(B)SI,.(4) for all n.

(2) If A=Bs and B=At, then I,(AEI,(B)s and I,(B)&I,(4)t for all n

Proof. (1) Let A’¢l,(A4), and let B’={bcB|bs=a for some ac A’}. Note that
B'=A’s"1, so that B’€I(B)SI(T). Since ASBs, we have A'=B’s. Suppose
that B’€l,(B). We must show that m=n.

Choose any chain of non-equivalent skeleton elements from A4 to A’, say

AD A4, >D..0A.
Since ASBs we have that 4;Sdom s~ for all A;. Therefore
B=As124,5712..2 451 =P.

By the argument of lemma 4.4, the elements of this chain are all non-equivalent.
Therefore m=n.

(2) Suppose now that 4=Bs and B=At. We prove that m=n. Choose
any chain of non-equivalent skeleton elements from B to B’, say

B> B, >..OF.

Since BS At, for each B;SB there exists some 4;S A such that B;=A4;t, and
there is also some 4”& A such that B’=A4"t; that is, 4;=B;t~' and 4"=B’t"".
Thus, we can rewrite this chain as

BoAjt>.0At="F
This gives rise to a chain in 4, namely
A=Brl24,2.24"
But then A’=B’s=A"ts and A=Bs= Ats which yields the chain
A=Ats 2 Aits 2..2 A"ts = 4.

Again, by the argument of lemma 4.4, the elements of this chain are all non-equiv-
alent. Therefore m=n. It follows that m=n.

The containments I,(4)E1,+(B)s and I,(B)E1,+(4)t in proposition 4.8 (1)
cannot be replaced by I,(A)EI,(B)s and I,(B)EI,(A)t.
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4.9, Example, Let T=(Q, S) be a transformation semigroup where
Q = {p,Ine N}U{g,Ine N}

S={(a,a,bb,s, t,aa b b1 s 1)

and

Define:
(1) E(p)=p, forall nz=2;
2) E.(py=p, forall n=3;
3 E(g,)=gq, forall n=2;
4) F.(g9,)=gq, forall n=3;
() E(q) = po—y forall nz=2;
6) E(p) =g,-y forall n=z=2

The partial functions induced by ™, a’~%, b1, b'7}, 57, ¢t~! are defined in the
obvious manner. For all other x€S and g€Q, we have that F.(g) is undefined.

Let A=Qa and let B=Qb. Then ASBs and BS At. By definition, A€1,(4).
If we let B,=Qb ={q,ln=3} then 4A=B,s but B,§I,(B) because B,ZB. Note
also that A=B’s for any other B’€l(B). |}

The containments I,(4)S1,(B)s and I(B)Z1,(A)t in proposition 4.8 (2)
cannot be replaced with equalities.

4.10. Example. Let 7=(Q, S) be a transformation semigroup where
Q = {p.In€ N}U{g,Inc N}

S=(abcxst,at,b e x Y s .

and

Define:
(1) F(pp)=p; for j=1;
(2) E(gp)=4g; for j=1;
(3) E.(pp) = pgjmy if jis even;
(4) FE(pj) = pj+ ifjis odd;
(5) F(g)=p; forall j=1,
6) E(p) = a1, E(pzje1) =¢;41 for j=1.

The partial functions induced by a™, b7%, ¢}, s7%, 17, and x~! are defined in the
obvious manner. For all other y€S and g€Q, the expression F,(g) is undefined.

The sets A=Qa={p;lj=1} and B=Qb={q;/j=1} are strongly equivalent
skeleton elements, with 4=Bs and B=At. Let X=Ax={p,;[j=1}. Then XZ4,
AES Xc, so that X€ly(A) but Xt={q,}£B, so that Xt¢[,(B). §
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5. The decomposition theorem

We now develop the decomposition theorem. The basic idea for this decomposi-
tion is the same as in the finite case; we start off with a “coarse” decomposition and
refine it until we get the result we desire. Throughout this section we follow closely
the presentation in Holcombe [10, chapter 4].

5.1. Definition. (1) (Holcombe [10, p. 102]). Let T=(Q, S) be a transforma-
tion semigroup. Let n={H};c; be a collection of subsets of Q such that Q=U;,H;,
where I is some indexing set for this collection. Then = is an admissible subset system
if for any i€ 1 and s€ S there exists j€/ such that H,F, S H;.

(2) Let =, #” be two admissible subset systems. Then we say that n’==n if for
every H'€n’ there is some H€En such that H'SH.

5.2. Definition. Let T=(Q, S) and T"=(Q’, ) be two transformation semi-
groups.
(1) (Holcombe [10, p. 43]). A partial function «: Q’—~Q is a covering of T
by T’ if
(a) « is surjective;
(b) for every scS there is some 1, S’ such that either «(g’)s is undefined
or a(q)s=a(q’t) for every q’€Q".
We denote the fact that 77 covers T by writing T=7".
(2) (Holcombe {10, p. 116]). A relation « on Q’X Q is called a relational cover-
ing of T by T if
(a) a is surjective;
(b) forevery s€ .S thereissome ¢,€ S’ suchthat a(¢)s Sa(q’t,) forevery g’ € Q’.
We denote the fact that « is a relational covering of T by T’ by writing T'=,7".

5.3. Definition. (Holcombe {10, p. 122]). Let T=(Q, S) and T'=(Q’, S") be
two transformation semigroups, where 7 has depth function 4. Let a be a relational
covering of T by T”. Then « has rank i (with respect to d) if

V) a(g)EI(T) for all gcQ’;

(2) d(a(g))=i for all ¢€Q’ and d((a(g))=i for at least one q’€Q’ where
0=i=d(T).

5.4. Definition. (Holcombe [10; p. 35]). Let T'=(Q,S) be a transformation
semigroup. The closure of S is the set S=SU {quE Q} where, for each g€Q, qis
the constant map defined by xg=gq for all x€Q. The closure of T is T=(Q, S).

For each ordinal j, 0=;j=d(T), we divide the set of skeleton elements of T at
depth j into equivalence classes under the relation =, and we take a set of represen-
tatives from these classes, say A4, 4}, .... We form the holonomy transformation
semigroups for all 4{ and take their join T(4))VT(4)V.... This is denoted by
ij (T), a transformation semigroup with state set denoted by ST,-v (T) and action
semigroup denoted by X,y (7). Note that the sets at depth O are all equivalent to Q,

so we can choose A?=Q, and hence T (I)=T(Q). To ensure that the state sets
of the T(4{)’s are disjoint we will consider the state set of T(A4]) to be {k}X ST(A4))
instead of ST(A4f). Thus, a typical element of the state set of T((4{) is denoted (k, B{)
where k=1, BicST(A}).

The next definition generalizes a definition in Holcombe [10, p. 126].
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5.5. Definition. For a transformation semigroup T=(Q,S), the set = is
{4e1(D)d(4) =/}

Note that n/ is an admissible subset system. We have Q=!| ., jH because
if j=d(T) then d({g})=j for all g€ Q and so {g}€n’. Also, if Ben/ and s¢ S, then
d(Bs)=d(B)=j so that Bsen/.

5.6. Theorem. Let T=(Q, S) be a transformation semigroup of depth at least
1. Then there is a relational covering T's, T, (T) of rank 1.

Proof. By the argument of the previous paragraph, the set n! is an admissible

subset system. To specify the covering, let B’€nl, let s€ S, and define

B's if seTY(T)

B xs = { .

Qs otherwise.
By proposition 4.2, if s¢ T’ (T) then Qs=Q, so that Qs is of depth 1 or greater.
The pair (n*, S) gives rise to the transformation semigroup (=, S/~) where the con-
gruence ~ identifies any two elements of S which act identically on ='. Denote
(=, S/~) by T/{n). If we define a relation a: n'—~Q by a(B)=B for all Ber?
then we obtaln a relational covering 7T'=,T/{r') of rank 1. We can in turn cover

T/ by To (7). 1
The proof of theorem 5.7 follows Holcombe [10, theorem 4.3.4].

5.7. Theorem. Let T=(Q, S) and let d be a depth function. Let 7 be an admis-
sible partition of rank j, where j<d(T). Then there is an admissible subset system
n’ of rank j+1 with n'=n.

Proof. Let Ij(m)={A€n|d(4)=j}, let I;,(n)={AEn|d(4)=>j}, and I, ,(n)=
-{A€I(T)[A€11+(Y) for some ¥Y¢€I,; (n)} Define n’=1I; (®)UI;, (7). Then
n’=n and rank (z")=j+1. We must show that 7’ is admissible.

- We first show that Q=Jg¢ H. Let g€ Q. If g€ ACL; (n) then there is nothing
more to prove. If g¢A4 for any A€l (n), then gcA4 for some A€I;(m). But
d({g})=J by definition so {g}€I; () by definition of I, , (n). Hence Q= UHG,,

Now let Ben’, s€S. We must show that Bs& A for some A€n’. There are
two main cases to consider

Case I: Bel;, (). Then Ben so BsSA4 for some A€n because © is admissible.
There are two subcases to examine.

Subcase 1: 4€/;. (n). Then BsS Acn’.

Subcase 2: Ac/;(n). Since Bs=B and d(B)>j we have d(Bs)>j and so
Bsel, ,(A) for A€l;(n). Therefore Bs is an element of 7.

Case II: B¢I;, . (n). Then Bel (Y) for some Y¢cI;(n) and Bs&Ys. There
are two subcases to consider.

Subcase 1: Ys& A for some A€];(n). Then BsSAen’.

Subcase 2: Ys& A4 for some A€l;(n). Then BsSYsS A and d(Bs)z=d(B)>j
so that Bscl, (A4). Hence Bscn’. ||
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* 5.8, Theorem. Lét T=(Q;S) and T'=(Q’, S’) be transformation semlgroups
and let T=,T’ be a relational covering of rank j, j<d(T), such that the image
of & is 7. Then there exists a relational covering T'=, T} (T)oT’ such that

- (1) the rank of & is j+1;

(2) the image of o is 7/+,

' Proof. Since T=,T", for every s€S there is some ¢, §” such that a(g")s=a(q’t,)
for all ¢€Q’. Let 4], ..., 4], ... be a set of representatives of equivalence classes
under = of skeleton elements in T of depth . Recall that ST (D) =Us=c({k} X ST (4}
denotes the state set of TJ (T) and that X (T) denotes the action semigroup of
T} (D).

To define the relation o from ST (T)X Q' to Q consider an element ((k, B), ¢')€

€EKXQ. If d(a(q’))—J then there is some A4 such that a(¢)=4{; in particular,
a(q’) C A4fx for some x€S..We deﬁne

a\q ) i “\0‘(‘1 )} >J o
o ((k, BY), ¢) = {BixNa(q) if a(g)=4i, «(q)S 4ix
: 2 ~ otherwise.

By proposition 2.6, the image of o is a skeleton element in all cases. Clearly, the
rank of o’ is greater than j.

. We now show that the image of o is n/+'. Writing =’ as I; ;(MUI;,(n) as in
theorem 5.7, we have n/+'=I, G+(@UI, (). Since the image of o is n’ SUppose
that Z€nw/+L. If ZEn! then we have d(Z)>jand Z=a(q") for some ¢ eQ’ and so
o ((k B)), ¢')=a(q)=Z for any (k,B)cK. If Z¢l,.(Y) for some Y€I;(n) then
Yen! and Y=a(q) for some ¢€Q’. Now Y=a(q)=4] for some 1<k so that
YE Ajx for some x¢S. Then Z=Bjx for some Bfell+(Ak) by proposition 4.8,
and also ZZ Y=a(g)). Therefore Z=B{xNa(g)=uo((k, B}), ¢’). Hence the image
of o equals n/+1,

We now prove that o’ is a relational covering. The crucial part is the definition
of the element of the action semigroup T}/(T)o T’ which covers a given element of S.

_:Let s€.S and suppose that ¢, covers s with respect to the relational covering a.
Thus a(g)sSa(q’t) for all ¢’€¢Q’. As before, T, (T) denotes the closure of the
join. of all the T(4)) for k=1. Now the action sermgroup of T} 7 (T)oT” consists
of all ordered pairs (f,t) where ¢S’ and f Q’—»X (T). Having chosen our

element s¢ S we define a function f;: @'~ X; (T) in the following way. Let ¢’€ Q’.
Three possibilities arise:

" Case I:'-'a(q’ts)EI 1+(7). Then f is chosen arbitrarily.

.. Casell: a(q’t)cl;(m) and oz(q’)s;éa(qt) Then a(q't)=A4} for some k=1,
so there is some y€.S Such that a(q’t;) E Ay, so that a(q’t)y 1S 4f. Now a(q’)sy~ ls
sa(q)s#zA] and so a(q)sy~'SB’ for some B’cl ,(4f). We put f,.=C(B’),
the constant map which maps everything to B’

v - Case Lz a(q't)€l;(n) and a(q’)s=a(g’t). Then a(g)=a(g’t,) since a(g)s=
=u(q) and yet a{g’) is of depth at least /. Now, as stated in the definition of
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e

«, A{=a(q’) implies that there is some x€S such that a(q) S Aix. Thus Afxs2
Da(q')s a(g't).

Now a(q)s=a(q’t;) implies that a(q)sSa(q’t)x’ for some x’'€S, so thatin
particular a(q) s(x) " =a(g)s. Therefore 4{xs(x')* 2a(q ).s'(x’)‘l—a(q Ys=a(g)=
=A] which 1mp11es that Afxs(x)"'=Af. It follows from proposition 4.2 that

xs(xX)reT(4] )CT (T), so we put
£(@) = xs(x)7.

This defines the function f;: 0'~X ,Y(T ). What remains is the task of showing
that (f;,t) covers s with respect to o’. Let ((/,Bf), ¢')€eKXQ'. We prove that

o« ((1, B)), q')s € «(((, BY), 4)(f., 1))- ™)
Case It a(q't)€l;(n). If a(g)€1;.(n) then
o (1, B]), ¢')s = a(q)s S a(q'ty).

o ((5 BY), ¢')s S a(q)s S a(q’t).
Since «(q’t)€l;4(n), we have that f(¢') is arbitrary and that
o« (2, BY), 4)(fs 1)) = (4, B, £:(q), 4'ts) = a(q'1,).

Therefore the inequality (*) holds in this case.

Case II: a(q't)cl;(n) and a(q)sza(g'ty). Now f(g)=C(B’), where
B¢l (4} and a(g )sy‘:l CRB’, where y is defined in Case II above to be the
element such that a(g")s&Sa(g’t )CA y. Therefore

o« (1, B), 4)(f;» 1)) = a((k, B), q't)) = B'yNe(q't)
By definition of o, we have «'((/, Bf), ¢’) Sa(q’), so that
o (1, B), q')s S a(q)s = alq)sy™'y S B'yNa(q't)
and so (*) holds again. ) ‘
Case III: a(q'1,)€l;(n) and a(g)s=a(g’t). If a(q)=A4] then
o« (4 B, 4)(fis 1)) = o' (1, Bixs(x)™", g't) = Bixs(x') " x"Na(q’ty).

Recall that x is the element of S for which «(¢") S4{x and that x’ is the element
of S for which «(q’t,) S 4ix’; this latter inequality implies that a(g’t,) Sdom ()™
In particular, a(q’t)(x")"'x’ =a(g’ t). Using these facts together with proposition
2.8 we can rewrite the last expression as

Bixs(x)*x'Na(q’t)(x")'x" = (Bi xsNa(q't))(x") "
= B{xsﬂa(q’ts) 2 BixsNa(q')s =
= (BfxNa(q))s = «’((1, BY), ¢')s
and so (*) holds. Finally, if a(g")# 4] then o’((1,B}),q)=0 and so
o« ((1, Bf), ¢')s S o’ (((1, B, ) (fs5t)

In all other cases

as required. §
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5.9. Main Deécomposition Theorem. Let T=(Q, S) be a transformation semi-
group which is the quotient of a unique predecessor transformation semigroup,
and let S satisfy ACC on cyclic left ideals. For each ordinal j, 0=j=d(T), let
Af, ..., Ai, ... be a set of representatives of equivalence classes under = of skeleton
elements of T of depth j. Then T is covered by a wreath product of transformation
semigroups which are of one of the two following forms:

(1) (44, C}) where C{ is the set of all constant maps from Aj to itself;

@ T (Q) = T(4ADHV ..VT (4)V ..

Further, if 4 stands for any 4, then T(A)=(ST(A), X (A4)), where
(a) ST(4)={B|B€I(T);, B=B’x for some B’SA4, B#A, and some
x€X(A)};
(b) X(D=(J(ADHUG(S))/~, where
(i) J(A) is the ideal of S generated by the elements of S which induce
a permutation on some BE A4, B=A;
(i) G(S) is the group of units of S';
(iii) the congruence ~ identifies elements of J(A)UG(S) which act
identically on ST(4);
(iv) X(4) is regular and satisfies ACC on cyclic left ideals.

Proof. Let n=d(T) be the depth of the transformation semigroup T. We
prove by transfinite induction that for every 1=j=n there is a relational covering

T=,...oTy (T)oTy (T) of depth .
Base case j=1. This is theorem 5.6.

Inductive step. Assume that there is an ordinal J such that the theorem is true
for all j<J, and assume that j=J. There are two cases to consider.

Case I: J is a non-limit ordinal. Then the result follows from theorem 5.6.

Case II: J is a limit ordinal. Note that nf= N, _,;n*. Therefore, the image of
...oTY (INoTy (T) is n’, where the terms in this product are indexed by all the
ordinals j such that 0=j<J. This proves the existence of the relational covering.

Now each T}’(T)z]}V(T)V(K,C) where K={Ji=14{ and C is the set of
constant maps on K. We can in turn decompose (K, C) as (44, CHV...V(4i, CHV
V... and T (T) as T(A)V..NT(4{).... The remainder of the theorem follows
from proposition 4.5. |

If we assume that S has a composition series — that is, a sequence of two sided
ideals ,0I,>...0I,>... such that each I;,, is a maximal ideal in the semi-
group I; — then 1t seems p0581b1e to replace the factors T'(4{) of the decomposition
by 51mple semigroups. (The author has not checked this fact. For a possible method
of proof of this conjecture, see Tucci [17].)

We conclude with two trivial examples to show that the decomposition can be
either finite or infinite.

5.10. Example. Consider the transformation semigroup of example 2.2, Any
skeleton element is either equivalent to Q or is a singleton. Hence the depth of the
transformation semigroup T is 1, and so T=(Q, Z)=T; that is, the decomposition
is trivial in this case.
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5.11. Example. Let 7=(Q, S) where Q={g,|n€ N}, and

S =<(xj, xj_ls aj: aj_llJE N)> .
where

() F,(4) =dury forall n=1;
2 FE (¢)=gq, forall 1=k=n.

The functions induced by all x;! and a;%, j=1, are defined in the obvious manner.
For all other s€ S and ¢€Q, the expression F,(g) is undefined.

The skeleton elements of T are either singletons or of the form A4,={g;lj=n
for some integer n}. Hence there is an infinite descending chain of non-equivalent
skeleton elements Q=A4, D> 4,>... which yields an infinite decomposition T'=,...

. OTY (T)oTy(T). B
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1. Introduction

Several papers have been written recently on designing efficient evaluators for
attribute grammars (AGs). Some of these papers (e.g. [6], [7]) provide techniques
to optimize the time complexity of the evaluators for certain classes of AGs (the
class of absolutely noncircular AGs in the referenced papers), other ones (e.g. [5], [9])
try to reduce the storage requirement of the evaluators. The same goal of these
papers is, however, to optimize evaluation by improving the evaluator itself in some
respect. Our aim is to improve the AG to be evaluated — by the application of a
suitable transformation — not the evaluator (of a fixed type) by which the evaluation
is actually performed. Of course, this approach cannot provide general optimization
results as the previous one, but in some cases it can be quite powerful. In this paper
we present two transformation techniques and show how they work in restricted
classes of AGs.

It is known that every 4G can be converted to an equlvalent one which uses
only synthesized (s-)attributes. The underlying idea is the following: the value of a
new s-attribute computed at any (nonterminal) node of a derivation tree becomes
a function that describes how the corresponding old s-attribute depends on the old
inherited (i)-attributes at the same node of the tree in the original 4G. An exact
algebraic formulation of this method, which will be referenced as the “convert to
functional domains” (c.f.d.) principle, can be found e.g. in {2]. On the one hand it is
clear that for an AG having s-attributes only, the structure of the evaluator is the
simplest possible (only one left-to-right pass is needed). On the other hand, it is in
general much more costly to deal with functional domains during evaluation, than
to make multiple visits to the nodes of the derivation trees. Therefore, the c.f.d.
principle cannot be used as a general transformation technique improving the com-
plexity of evaluation. But it can be used successfully in a less drastical form for restrict-
ed classes of 4Gs. Indeed, both transformations presented in this paper are even-
tually applications of the c.f.d. principle.

The trick we are going to apply in the first transformation is based on the
following well-known method of designing a one-pass assembler. If a post-definite
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label occurs in some instruction of the source program, then the assembler will
translate an incomplete object code from that instruction, and it will update the
adress field of this object code instruction (chained together with all those instruc-
tions referring to the same postdefinite label) as soon as the referenced label becomes
definite. The term “reference to a post-definite label” corresponds to the term
“reference to an i-attribute occurrence on the right-hand side of the semantic rules”
in an AG, thus, we simplify evaluation by ignoring or postponing the computation of
certain i-attribute instances at the nodes of the derivation trees. An example for this
transformation is given in Sect. 2, and it is generalized in Sect. 4. To characterize
the AGs for which the transformation is applicable, we introduce the class of V'SE
AGs in Sect. 3 and investigate the basic properties of this class. The class of VSE
AGs is the visit-oriented counterpart of the class of ASE AGs [8], and it is in strong
connection with the classes of OAG [10] and simple multi-visit AG's [3].

The second transformation technique is described in Sect. 5. It uses the c.f.d.
principle with its full power, i.e. all the i-attributes are eliminated. The transforma-
tion can be applied, however, for a more restricted class of AGs, the class of linear
string-valued AGs. By linearity we mean that in the Bochmann normal form of the
semantic rules every attribute occurrence can be referenced at most once on the
right-hand sides. This concept was originally defined for attributed tree transducers
in [1].

In Sect. 4 we introduce two complexity measures for the evaluation of the
complete derivation trees (cd-trees) of an AG under a fixed visit-oriented evaluator
(cf. [9]). The visit complexity of a cd-tree ¢ is the average number of visits made to
a node during the evaluation of ¢. The pure computation complexity of 7 is the total
amount of computation needed to assign value to all the attribute instances of ¢.
The collection of pairs constructed from these two numbers for all the cd-trees,
together with the type of the evaluator characterizes the evaluation complexity of
the 4G in a satisfactory way. We shall show that our transformations indeed reduce
the complexity of evaluation in this sense.

2, Definitions and Examples

Although we assume familiarity with attribute grammars [11], we repeat some
of the basic concepts here to fix our notations for the forthcoming sections.
An attribute grammar is a 5-tuple

4 = (G, 4,v,{Dac 4}, {r,|pcP}),
where
G=(N,T,P,S") is a context-free grammar, called the underlying CF-grammar
of 4. N and T denote the set of nonterminal and terminal symbols, respectively;
P is the set of productions and S’€ N is the start symbol. We assume that G is “aug-
mented” by the top-production $’—S (SEN as well), so that S’ does not appear
in any other production. We shall write a production p€ P in the form

p: F—~wolwy...Fw,,

where F;€N and w; is a string of terminal symbols for each j€[0, n). For nonnegative
integers k, I, [k, ]] denotes the set {k, k-+1, ..., I}; [k] is a shorthand for [1, k], as



Two Transformations on Attribute Grammars Improving the Complexity of their Evaluation 57

usual. Since terminal symbols play no essential role in attribute grammars, the
above production will rather be written as p: Fy—F;...F,. Accordingly, by a node
of a derivation tree we always mean a nonterminal node.

A=AsUA,; is a finite set of attributes, AgMNA,=0. The elements of A5 and
Aj are called synthesized (s-) and inherited (i-) attributes, respectively.

v: N-24 is a mapping; if acv(F), then we say that FEN has attribute a.
S(F) and I(F) will denote the sets v(F)NAs and v(F)MA;, respectively. We
assume that every nonterminal has at least one attribute, S” has only s-attributes.

{D,lac A4} is the family of attribute domains. An attribute a€ 4 takes its value
from the set D,.

{r,|peP} is the family of semantic rules. If p: Fy—F;...F,, then r, consists
of the following rules (equations): :

a5(Ejp) = flar(Fy)s s an(F},))

ae{sm) if = 0;
WE) it j=jy>0, p

where ji€[0, n] and a,€v(F;) for every i€[0, m]; f: D, X...XD, —~D, is a (com-
putable) function. The above rule will be abbreviated later on as ao( W =rhs (ay, F;).
We say that a;(F;) is a definition or a reference to attribute occurrence a; of non-
terminal (occurrence) F;, in a rule corresponding to production p depending on
whether it occurs on the left-hand side or right-hand side of the rule. If there are
several occurrences of the same nonterminal in p, then these occurrences will be
distinguished by subscripts, as usual. The condition that if g;(F;) is referred on the
right-hand side in any rule of r,, then

{s@) if j=j=0
U@ it =0

is the well-known Bochmann normal form (n.f.) condition. We shall violate this
condition only if this makes the semantic rules shorter to write down.

The underlying idea of the following exdmple is well-known from compller
literature (see e.g. [12]). We show how to compile a Boolean expression so that the
length of the generated code depends only on the relatxons which the expression is
built up from.

Example 2.1. Let ¢ be the following AG. The underlying CF-grammar G has
productions:

B ~B;B—->B or D|D; D~ D and C|C; C - notC|(B)|R,

where B’, B, D, C and R are all the nonterminals with B’ being the start symbol.
(Note that the syntax satisfies both the LR-1 and operator precedence conditions.)
Of course, G is incomplete in the sense that it is impossible to generate any terminal
string using the above productions only. Therefore we assume that the grammar G
is “continued” in such a way that the nonterminal R derives relations e.g. between
arithmetic expressions. This part of the grammar is, however, not relevant from the
point of view of our example. In this way G generates well-formed Boolean expres-

for each
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sions, and by ¢ we would like to translate these expressions to assembly language
code. To this end we define the following attributes and corresponding domains:

code: string of assembly instructions, the generated code;
len: integer, the length of the generated code;
loc: integer, the location (or adress) of the first instruction of the generated

code;

1 integer, the location where control should be passed if the corresponding
Boolean expression is true;

i integer, the location where control should be passed if the corresponding

Boolean expression is false. -

code and len are s-attributes, while loc,  and |} are i-attributes. Every nonterminal,
except B’ has all these attributes, v(B")={code}. The semantic rules corresponding
to the productions are listed below.

B’~B code (B’)=code (B},
loc (B)=1,, {(B)=1y, {(B)=1,

(y, 1o and }, are constant locations).

B,~B, or D code (B,)=code (B,) code (D), len (B,)=len (B,)+len (D),
loc (B,)=loc (B,), loc (D)=loc (B,;)-+len (B,),
H(By)=HD)=H4(By), WBy)=loc (D), {D)=4B,)-

D,—+D, and C code (D,)=code (D,) code (C), len (D;)=len (D,)+len (C),
loc (Dy)=loc (Dy), loc (C)=1loc (D,)-+len (D,),

H(Dy)=loc (C), HC)=4(D1), ¥(D)=4C)={(D,).

C,~notC, code (C;)=code (C,), len (C,)=len (Cy),
loc (Cy)=loc (Cy), HC)=ICy), HC)=HC).

In the remaining four productions: B—~D, D—~C, C~(B)|R the value of the attri-
butes is transferred without any change from one nonterminal to the other. [

Let ¢ be a cd-tree of ¥, and assume that the value code (u) of attribute instance
code at any node u labelled by R is such a code that, when executed, it passes control
to t(u) or (u) depending on whether the corresponding relation below u is true or
false, respectively. Then it is obvious from the semantic rules that this property is
inherited by all the nodes of t. Clearly, the augmentation B’—~B is not necessary
in practice, because ¥ is just a portion of a large 4G defining the compiler semantics
of a programming language, and the locations /gy, 1,, |, are inherited from the context.

To define dependency relations between the attribute occurrences of a produc-
tion in an 4G we assume that the family of domains {D,Ja€ 4} is extended to a
many sorted algebra, which is called the attribute algebra of ¢, and the functions f
on the right-hand sides of the semantic rules are polynomials of the attribute algebra.
Thus, if p: F,—F,...F,€P, then we say that attribute occurrence a(F;) depends
on b(F,) in p if there is an equation of the form a(F)=f(...b(F})...) among the
n.f. of the rules in 7,. The dependency graph for production p (denoted by dp(p))
is the graph having as nodes the attribute occurrences of all nonterminals F; of p,
J€[0,n], and in which there is an arc running from node b(F;) to node a(F)) iff
a(F,) depends on b(F,) in p. See Fig. 1 for the dependency graph for production
B—B or D of Example 2.1.
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B
- len loc

code
Fig. 1. The depcndency graph for production BB or D.
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Several tree walking strategies exist for evaluating the cd-trees of an AG. The
reader is assumed to be familiar with the notion of visit and pass, and with at least
some of the papers [3], [4], [8], [10]. It can be seen directly from Fig. 1 that the cd-
trees of our example 4G ¥ cannot be evaluated in one pass, nor in one visit (}(B,)
depends on len (By) in the production B,-B, or D). On the other hand it is clear
that ¢ satisfies the 4SE property [8). loc and len can be computed in the first
left-to-right pass, and the remaining attributes in the second pass (which can be
either left-to-right or right-to-left).

@ can be transformed into an equivalent one-pass AG ¥’ by the following trick.
We drop the i-attributes t and |, and compute the code of any sub-Boolean expres-
sion by leaving holes in the adress field of the crucial “jump to ¢ (R)” and “jum to (R)”
instructions generated while compiling the relations contained in that subexpression.
At the same time, we maintain two chains to register the locations of the “t-holes”
and ““j-holes” in the code. The holes will be filled in by the “old” values of t and }
computed in ¥ at the rootnode of the subexpression, but in ¥’ we compute and fill
in these values only later, when it becomes possible moving upwards in the deriva-
tion tree. The explicit construction is the following.

Example 2.2, The underlying CF-grammar of %’ is the same grammar G, and
it is equipped with the following attributes and corresponding domains:
(code, tc, ic): atriple consisting of the generated code and two chains containing
the locations of $-holes and {-holes in the code,
len: integer, the length of the code; .
loc: integer, the location of the first instruction of the code.

Again, every nonterminal except B’ has all these attributes, but now loc is the only
i-attribute; v(B")={code}. In fact code, tc and }c will be treated as three different
s-attributes; we gathered them up just for the sake of the generalization we are going
to introduce in Sect. 4. The semantic rules of %’ are-the following.

B’ ~B code (B")=rollup (rollup (code (B), tc(B), to), +c(B), o),
loc(B)=1,; . .

where rollup (w, c, x,)'is a function which substitutes iteratively a constant string x,
into another string w at all the locations registered in a chain c.

B,~B, or D code (By) =rollup (code (B,), ic(B,), loc (D)) code (D),
te(Bp=te(Bte(D), ic(B)=ic(D), loc (By)=loc (B,),
len (B))=len (B,)+len (D), loc (D)=loc (B,)+len (B,).

D,~D, and C  code(D,)=rollup (code (Dy), 1¢(D5), loc (C)) code (C),

’ te(Dy)=1c(C); {e(D)=ic(Dy)ic(C), loc (D,)=loc (D),

len (Dy)=len (D,)+len (C), loc (C)=loc (D,)+1en (D,).

C,—notC, code (C,)=code (C,), tc(Cy)=ic(Cy), jc(Cy)=1tc(Cy),
len (Cy)=len (C,), loc (C,)=loc (C)).

The rules corresponding to the remaining four productions are again “‘simple”
rules. O

It is clear that ¢ and %’ are equivalent in the sense that they compute the same
code for every Boolean expression. To compare the evaluation complexity of ¢ and
¥’ we make the following two observations,
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a) ¥ is clearly one-pass.

b) In ¥’ we have to compute the “old” values of attribute instances t and }
only at certain nodes of a cd-tree (i.e. at exactly those points where a chain must be
rolled up), and not both at all nodes as we do it in 4. For this reason we can say
that, although the operations of maintaining the chains and rolling them up (which
corresponds to a substitution of depth one) bring some extra cost into the evaluation,
the total amount of computation needed to evaluate a cd-tree by ¥’ is approximately
the same as by .

Thus, by a) ¥’ is more efficient than ¥.

3. The Visit-Oriented Semantic Evaluator

We would like to extend the transformation technique outlined in Example 2.2
to a restricted subclass of simple multi-visit AGs (see [3]). The class that we are
going to introduce — the class of ¥'SE AGs — is the visit-oriented counterpart of the
class of ASE AGs introduced in [8]. Those familiar with this work of Jazayeri and
Walter know that it is not clear from the paper whether the authors mean the ASE
property in a global sense, i.e. for all the attributes, or in a local sense, i.e. for all
the attribute occurrences of the semantic rules. We assume here that they mean it
in the global sense. Anyway, this question is not too relevant, and Proposition 3.2
shows the obvious connection between the two alternatives. The local version of the
ASE property was redefined in [4] in a generalized form, with the new name simple
multi-ALT.

The VSE Property.

In the sequel let ¥=(G, 4, v, {D,la€ 4}, {r,|p€ P}) with G=(N, T, P,S’) be
a fixed AG.

Definition 3.1. The localized grammar of ¢ is the AG

Ic(%) = (G, AV, {Dylad’€A’}, {r;,lpEP}),
where

— A" ={(a, F)éAXN|FEN, acv(F)};
— V/(F) = {(a, F)laev(F)} for all FEN;
— Dy =D, forall FEN, acv(F);
— if p€P is of the usual form and
ay(F;,) =f(...ai(F})...)
isin r,, then there exists a corresponding rule in r, of the form:
@05 F)(Fi) = f(-+-(@is F)(Fy)--)
and r}, consists of exactly these rules. O

Proposition 3.2. ¢ is strictly alternating simple multi-ALT iff Ic(%) is ASE.
Proof. Obvious.
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Let B be a finite set. By an ordered partition of B we mean a finite sequence
(B, ..., B,) of subsets of B such that | J B;=B. (Note that any of the B; might be
i=1

#.) Recall from [3] that a set of ordered partitions for ¢ is a set IT containing an
ordereu partition n(F) of v(F) for each FEN. IT is called a simple multi-visit (smv)
set of (ordered) partitions if for every cd-tree there is a computation sequence (cf.
[3]) for it respecting I1. ¢ is smw if there exists an smw set of partitions for it.

Definition 3.3. Let IT be an smv set of partitions for ¥ and @=(4,, ...; 4,)
an ordered partition of 4. 4 is m-V'SE with respect to (w.r.t.) ({1, ¢) if the following
condition holds. For every FEN, if n(F)=(B,, ..., B,), then there exists an injective
and monotonic mapping g@g: [kg]—-[m] such that B, &4, . for each k€[kg].
That is, n(F) is the projection of ¢ to v(F). ¢ is (m-)VSE if it is (m-)VSE w.r.t.
some (1, ¢). In this case ¢ is called a ¥'SE partition for 4. O

Example 3.4. The AG of Example 2.1 is 2-VSE w.r.t. (II, ¢), where

= ({ioc, ien}, {1, i, code}),
and for each FEN\{B’}, n(F)=¢; n(B)=({code}). DO

Let 4 be m-VSE wur.t. (II, ¢). The sets B,, k€[kg] in n(F)=(B,, ..., B,)
are called the local visit-sets of F in contrast with the “global” visit-sets A4,, ..., 4,

-~ in @. If gp(k)=c, then we shall say that ¢ is the global visit-number (gv-number)
of the local visit-set B (F). Let p: Fy— F;...F,€ P with

n(F}) = (B, ..., B,{Fj)

for each j€[0, n]. The visit sequence (see [3]) of the visit-set BYF,), kelkr,) in p
(denoted by Vs,(BY)) is a concrete list of descendant visit-sets, i.e. a list consisting
of some visit-sets Bf(F;), j=1. Let ¢ be the gr-number of BY(F,). We associate a
global visit sequence Gvs,(c) with Vs,(B}) in a natural way: Gus,(c) is a list of
pairs of integers such that to any member B{(F;) on Vs,(BY) there corresponds a
member (d, j) on Gus,(c) (at the same position, of course), where d is the gv-number
of B{(F;). In this way we can consider Guvs, as a vector of m lists. For each
c€[m], if c=gg (k) for some k€[kg], then Gus,(c) is the above list, otherwise
Gus,(c) is the empty list.

The cd-trees of % can now be evaluated by the help of the following procedure:

procedure visit (c, u); integer c; node u;
comment c is a global visit-number ;
comment let p: Fy—~F;...F, be the production applied at u;
begin
compute the instances of 71(F;) N A, at node u;
for i=1 to length (Guvs,(c)) do
begin
comment take the i-th member of the list Gvs,(c);
(d, y=take (i, Gvs,(c));
comment make a visit to the j-th son of u;
visit (d, son (j, u))
end,;
compute the instances of S(Fy)N A, at node u
end
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The part of the “main program” which evaluates a cd-tree ¢ can be written as:
for c=1 tomdo
visit (c, root (1)).

The main point of the procedure visit above is that we evaluate the local visit-
sets at each node as being the projections of the corresponding known global visit-
sets. This makes the procedure so simple compared with e.g. the simple multi-visit
evaluation procedure in {4].

There are some situations when it is more appropriate to compute the final
value of certain attribute instances by several assignments placed in different visits.
To handle such situations we allow some instances of v(Fy)N A, at node u to be
“marked” in the procedure visit (c, u) above. The value of these attribute instances
can be updated later by the call of the following procedure.

procedure update (c, u); integer c; node u;
comment let Fy be the label of u;
begin
recompute the marked instances of v(Fp) M A4, at node u;
modify the present
marking for the sake of further updates to v, if necessary;
end :

Since the procedure update can be considered to be a visit of depth zero, we assume
that update visits are also placed as distinguished members onto the global visit-
sequence lists. Update visits will be used in the next section.

The following two definitions are adopted from [3]. An ordered partition n=
=(B,, ..., B,) of a subset of 4 is reduced if B, =@ for any k€[m). = is good if, when-
ever m=2, B, contains at least one s-attribute, B,, contains at least one i-attribute
and for every k€[2, m—1], B, contains both i- and s-attributes.

Lemma 3.5. If ¢ is VSE w.r.t. (II, ¢); then ¢ can be assumed to be reduced.
Proof. The result is a direct consequence of Lemma 2.1 in [3]. O
Theorem 3.6. If 4 is VSE w.r.t. (II, ), then ¢ can be assumed to be good.

Proof. By Lemma 3.5 we can assume that ¢=(4,, ..., 4,,) is reduced. More-
over, we can assume that IT is also reduced, i.e. n(F) is reduced for every FEN.
Suppose first that 4, contains only s-attributes for some c€[2, m]. Let F be a non-
terminal such that n(F)=(B,, ..., By,) and there exists k€[ky] with c=gy(k). Define

a(F) if k=1 or gplk—1)<c—1,

w(F) {(Bl, s Be_yUB,, .., B,) if oplk—1)=c—1.

By virtue of Theorem 2.2 in [3]; the replacement of #(F) by =" (F) in II preserves
the smv property. Thus, making this replacement for all appropriate FEN we get
a set II’ which is still smv and, together with ¢’=(4,, ..., 4._,UA,; ..., 4,) it
satisfies the VSE condition. The same argument shows that, if 4, contains only
i-attributes for some c€[m—1], then the partition ¢”"=(4,, ..., A.UA 41, ..., 4)
together with its projections {n”(F)|F€ N} remains VSE. In this way it is clear that,
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applying a finite number of such transformations on ¢ and II, we shall end up with
a good ordered partition @. It must be noted, however, that the corresponding set
of smv partitions IT need not be good at all. O

Testing the V'SE Property.

Lemma 3.7. ¢ is smw iff Ic (9) is VSE.
Proof. Obvious. 0O

Theorem 3.8. The following problems are NP-complete:
(i) deciding whether an arbitrary AG is VSE,
(ii) deciding whether an arbitrary AG is 2-VSE.

Proof. (1) is an immediate consequence of Lemma 3.7 and Theorem 4.1 in [3],
because the size of Ic (%) is polynomially related to the size of 4. To prove (ii) it is
enough to observe that the example AG %(F,) constructed in the proof of Theorem
4.1 in [3] for a Boolean expression F, is simple 2-visit #ff le (9(F,)) is 2-VSE. (Of
course, this is not true for an arbitrary AG.) O

In spite of these negative results it is worth computing the relation “‘forced
before” (see [3]) of the attributes as it was done also in [10]. Let r&A4X A4 be any
relation and p: Fy— F;...F,€ P. Define the graph idp (p,r) to be an extension of
dp (p) with the arcs

a(F;) —~ b(F;) iff arb

for all j€[0, n], and let idp (p, r)*|F; denote the restriction of the transitive closuie
of idp (p, r) to the attribute occurrences of the j-th nonterminal (occurrence) in p.
Then the relation forced before is the smallest relation fb&4X A such that

idp (p, fb)* |E;SfbIv(E)

for all productions p: Fy—Fy...F, and each j€[0, n]. Clearly, fb must be respected
by any VSE partition ¢ for 4. It is easy to give an algorithm which computes the
relation fb in polynomial time (see [10] for a similar construction). When fb is com-
puted and it is cycle free, then we can either attempt to construct a ¥'SE partition
@ directly, as it was done in [10), or to design a more complicated backtrack algorithm
to search for a suitable ¢. We must know, however by Theorem 3.8, that a really
good backtrack algorithm will presumably have exponential time complexity.

4. Improving the evaluation of VSE AGs

We start this section by introducing two complexity measures for the evaluation
of the cd-trees of an AG. For a cd-tree t define the visit complexity of ¢ to be the
ratio of the total number of visits to the nodes of ¢ during a concrete visit-oriented
evaluation (recall that every noncircular AG is at least pure multi-visit), and the
number of (nonterminal) nodes of ¢. The pure computation complexity of ¢ is the
total amount of computation needed to assign value to all the attribute instances
of ¢ (the number of visits is irrelevant here). Suppose that 4 and ¢’ are two equivalent
AG, i.e. they have the same underlying CF-grammar and they compute the same
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values at the root S’ of every cd-tree, just by the help of different sets of attributes.
To compare the efficacy of 4 and %’ we have to consider three points.

1. The evaluator applied for ¢ and %’ (i.e. pure multivisit, simple multi-visit,
ASE, VSE, etc.).

2. The visit complexity of each cd-tree in 4 and ¥.

3. The pure computation complexity of each cd-tree in 4 and ¥’.

We say that ¢’ is more efficient than ¢ if ¢’ is not worse than ¢ in any of the
above three respects, and it is strictly better in at least one of them. From this point
of view the AG % of Example 2.2 is indeed more efficient than the 4G ¥ of
Example 2.1, because of the reasons a) and b) explained at the end of Sect. 2.

To generalize the transformation technique described in Example 2.2 assume
that ¢ is m-VSE w.r.t. (I, ¢), furthermore it satisfies the following three con-
ditions.

(C1) For every p€P and c€{m], if (d;j) is a member of Guvs,(c), then d=c.

(C2) There exists a distinguished gv-number v€}2, m) with the following prop-
erty. Let p: F,—F,...F, be any production, and suppose that F, has a local visit
set B(Fy) the gv-number of which is ». If C(F)), j€[n], is a member of Vs,(B) such
that some i-attribute occurrence b(F;)€C(F;) depends on an attribute occurrence
Y'(F)ED(F) in p, then the gv-number of D(F)) is not equal to (or equivalently, it
is strictly less than) », except when all the three conditions below are satisfied:

a) D(F) = B(Ky),
b) the gv-number of C(F;) is v,
c) b’ is also an i-attribute and the semantic rule for b(F)) is: b(F;)=b'(Fy).

We shall say that such an exception rule is a simple rule.
(C3) A4,N A contains only string-valued attributes.

Construction of the simplified 4G %'.

On the analogy of Example 2.2 we define the AG

9 = (G, 4",V {Dj|lac 4}, {r,Ipe P})
as follows:
A'=ANA,UA,, where if

ANA; = {0y, ..,05,} and A,NA; = {By, ..., B},
A:,; = {(ays cls ey ci‘,)lyé[sv]}u{ﬁla ceey ﬂiu}'
1=A;, As=A\A;. In the “chained” s-attribute (a,, ¢y, ..., ¢;), ¢, (z€[i,]) rep-
resents the chain of those locations which point to the “f,-holes” in the string

corresponding to attribute o,. Note that by Theorem 3.6 we can assume that 7,=1.
For any FEN we first define the set

then

VI(F) = v(F)NA,U{(y, ¢y, -, ¢ IVELs,], o, €v(F)},
then define
v'(F) if v is the greatest gv-number at F,

VI(F) = {V”(F)U{Bz|26[iu]’ B-€v(F)} otherwise.
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That is, we supply F with the i-attributes of A4,MNv(F) iff there exists a local
visit-set of - F with gu-number greater than ». In fact, these attributes will always
be evaluated in the (v41)-th global visit.

If acANA’ then D,=D,, else (i.e. if a is a chained s-attribute (a,, ¢, ..., ¢;,))
Dj, is the cartesian product of D, and i, chains (strings) of integer locations.

Let p: Fy—~F,...F,€ P and consider a rule

r: ay(F;) = rhs (a9, F)

in r, (now we assume that r, is in n.f.). To construct the corresponding rule 7 in r,,
we distinguish two cases.

Case (a). ay(F;)=0,(F,) for some x€[s,). In this case the left-hand side of
ris (¢, €1, ..., ¢; ) (Fo), and the right-hand side of #* is obtained from rhs (a,, F)
by .
(i) replacing any reference to an s-attribute a,(F;), j=1 by

(%) rollup (o, (F}), c,,(F}), rhs(B.,, F}), ..., ¢.,(F)), rhs (B,,, F})),

where z,, ..., z, are all the numbers z such that the (existing) rule in r, defining B,
is not a simple rule. The function rollup is the obvious generalization of the one used
in Example 2.2, allowing several chains to be rolled up at the same call.

(ii) Ignoring (i.e. replacing with marked holes) all the references to the i-attri-
butes f,(Fy), z€[i,), and adjusting the value of the chains in (a,, ¢y, ..., ¢; )(Fp)
in an appropriate way (obvious details are omitted).

Case (b). ay(F;)#a.(Fy) for any x€[s,]. In this case 7’ is of the form
r': ay(F;) = rhs’(ay, F),

where rhs’ (ay, F;,) is obtained from rhs (a,, F;)) by replacing any reference to an
s-attribute a,(F)) (j=1) by

(% %) rollup (o (Ey), €1(E)). ths' (By, s .., €, (B, rhs' (B, Fy).

(Note that all the chains are rolled up here.)

Although we construct a “corresponding” r” for each rule r in r, (this is necessary
because of the recursion in (* %) above), r}, should contain only those rules r which
define correct attribute occurrences in %’ (an occurrence a,(F;,) is correct in ¥’
if a,€v'(F,)).

Proposition 4.1. ¥’ is correct and it is equivalent to ¥,

Proof. By the correctness of ¥” we mean that all the attribute occurrences in
the semantic rules »’ of %’ are correct. The left-hand side of the rules is clearly correct
by construction, so we only have to prove that the references on the right-hand
sides are also correct. In Case (a) it is enough to check that the expressions rhs (B, F;)
in (%) (z€{z1, ..., z;}) do not refer to incorrect attribute occurrences. Indeed, in
this case Gvs,(v) contains (v, ) by condition (C1), hence by (C2) rhs(p,, F;) is
always correct (note that the rules of ¢ arein n.f., as we assumed). In Case (b) observe
that, by (C1) and (C2), if ay(F},) is correct on the left-hand side of v, then a,(F ;)
is computed in such a local visit of F;, which follows the one with gv-number v.
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Consequently; F, has §, in ¢’ for each z¢[i,] by the construction of v'. We have
to consider the expressions rhs” (8., F;) in (* %). Two subcases are possible.

(i) The rule defining B.(F;) in r, is a simple rule. In this case rhs’ (B,, F;) is
correct by the above observation.

(ii) The rule defining B.(F;) is not a simple rule. An easy inductive argument
shows that rhs’ (B, F;) contains only correct attribute occurrences.

Note that the semantic rules of ¢ are also in n.f. The rest of the proof, i.e.
that ¢ and ¥’ are equivalent, is left to the reader. [

Proposition 4.2. ¢’ is (n—1)-VSE.
Proof. Let
@ = (A, .oy Ay U4 A5), A, UAINAD, .. 4y),

and for each FEN let o’ (F) be the projection of ¢’ to v'(F). In the proof of Propo-
sition 4.1 we observed already that only those rules refer to occurrences of i-attributes
B: (z€[i,]) in % which define occurrences of attributes computed in local visits follow-
ing the ones with gv-number » in 4. This shows that II” is also an smwv set of par-
titions, thus ¢’ is VSE w.r.t. (IT, ¢'). O

Evaluating the AG ’.

We must admit that, although the reduction achieved in the visit complexity,
the pure computation complexity of the cd-trees has increased. This is due to the
fact that, while rolling up chains we have to recompute the “old” value of certain
i-attribute occurrences several times. To solve the problem we use update visits
introduced in Sect. 3. To this end we put the attributes §,, z€[i,], forward into the
joint global visit-set 4,MNA,_; of ¢’ (and, of course, into the corresponding joint
local visit-set of each nonterminal, too). However, at the call visit (v—1,u) to a
node # we do not compute the instances of these i-attributes (or just give some un-
important initial value to them), but mark them together with all the instances of
the chained s-attributes belonging to A4, at w. Then, update (v—1, u) should be
called instead of the first rollup call of type (% %) — detailed in Case (b) of the con-
struction of the rules of ¥’ — for a chained s-attribute instance a, at node u. Note
that this update call can always be designed as a fixed member in that global visit-
sequence of the father of » which contains also the pair (v—1, j) corresponding to
the call visit (v—1, u). Then, every further rollup call for a chained s-attribute in-
stance at u can be replaced by a simple reference to the corresponding ““old” s-attri-
bute instance. The problem of recomputation is not solved completely, however,
because we did not handle rollup calls of type (#)in Case (a). This would require
a more sophisticated marking procedure for the update visits, the details of which
is left to the reader.

Theorem 4.3. ¥’ is (generally) more efficient than 4.

Proof. By Propositions 4.1 and 4.2, 4 and ¥’ are equivalent, and they are both
VSE. Once we have eliminated recomputation, we can say that the pure computation
complexity of every cd-tree is approximately the same in both 4AG. It would not be
honest, however, to state categorically that, by Proposition 4.2, the visit complexity
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of the cd-trees in ¢’ is less than that in 4. To be exact, an update visit is also a visit,
although it concerns only one node of a derivation tree. There are extreme examples
of cd-trees where an update visit must be made to every node of the tree. Such an
example is illustrated in Fig. 2. Circles represent local visit-sets in the graph of the
figure, and the gw-number of the visit-sets is written inside the circles. Members of
the visit-sequences are represented as descendants of the corresponding circles.
It can be seen that the visit complexity of such kind of cd-trees remains the same
in ¢’. Bat, taking into account all the cd-trees of the grammar we can in general
say that ¢’ is indeed better than ¢ from the point of view of visit complexity. This
is always the case when e.g. v is the greatest gv-number, like in Example 2.1.

g’

(%}

cd-tree visit-sequences

Fig. 2. An extreme example.

5. Improving the Evaluation of Linear String-valued AGs

Our second transformation technique eliminates all the i-attributes of %, there-
fore it is more powerful than the chaining technique. This transformation can be
applied, however, for a more restricted class of 4Gs, the class of linear string-valued
AGs. Although we shall use the c.f.d. principle here with its full power, the attribute
domains (as well as the algebra!) except for one attribute will not be changed.
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In this section ¢ will be a purely string-valued AG. By this we mean that the
domain of all the attributes is Z*, the set of all strings over Z, for some finite alphabet
¥, and the only operation applied in the semantic rules is concatenating strings.
As usual, 2* denotes also the free monoid generated by Z, thus, we can say that the
attribute algebra of ¢ is I*. Dealing with polynomials over 2* we shall use different
copies of the set Z={z,, ..., z,, ...} as variable symbols (e g X={x1, ..c. Xps ... }s
Y=A{J1s cos Vs -+ })- Zp, Will denote the set {zy, ..., z,}. These sets of variables are
assumed to be dlS]Olnt from . For simplicity assume that every nonterminal, except
S’, has the same set of attributes consisting of k synthesized and / inherited attributes,
and these attributes are numbered from 1 to k and from 1 to /, respectively S’ has
only s-attributes 1, 2, ...; k. (The name of the attributes is irrelevant in this section.)
Now, since the nght-hand side of the semantic rules are polynomials over Z*, and
these polynomials can also be represented as strings in (ZUZ)*, the semantic rules
r, corresponding to production p: F,~F,...F, can be condensed into a sequence

of k+/-n strings:
a(p)e((CU XenU Y))Fyertn,

where each occurrence of any variable in a(p) corresponds to a reference to an
approprlate attribute occurrence: any occurrence of X.j_1y+:» Where j€[n] and
i€[k) is a reference to the i-th s-attribute occurrence of F;, while y, (r€[/]) corresponds
to the r-th i-attribute occurrence of F,. The first k components of a(p) define the
s-attribute occurrences of Fy, and the following components define the i-attribute
occurrences of F, ..., F, from left to right in n segments each contammg I compo-
nents. Observe that r, is in n.f.

Definition 5.1. A sequence of strmgs yE((E UZ,,,)*) (sisa nonnegatlve integer)
is linear if each variable occurs at most once in y. ¢ is linear if a(p) is linear for
every pEP.

Let Dt (F) denote the set of all derivation trees with root FEN. It is clear that
— provided ¥ is noncircular -— the value of all the attribute instances of the nodes
of a tree 1€ Dt (F) is uniquely determined by fixing the values of the i-attribute in-
stances at the root of 7. Let us fix these values to y,, ...; y;, respectively ( Vis s i
are variable symbols, as we agreed), and compute the value of the s-attribute mstances
at the root with the attribute domains enlarged to (ZU Y)* during this computation.

We obtain a sequence:
B(HE((ZUY )

Clearly, B(¢) represents the sequence of polynomials that describe how the
s-attributes depend on the i-attributes at the root of ¢ It is important to note that if
% is linear, then it is essentially noncircular. By this we mean that, although there
might be circles in the dependency graph of a derivation tree (cf. [3]), these circles
are “self-contained”, i.e. they do not bother the computation of the attribute in-
stances of the root. (In other words, the attribute instances contained in the circles

are always useless.) For this reason, if ¢ is linear, then f(r) always exists, more-
over, it is easy to see that f(r) is always linear.

We are able to compute the polynomials B(t) by the help of the-following
algorithm.
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Algorithm 5.2,

Input: a production p: F,~F,...F,€P,

strings B,€((ZUY)*)* for each jé[n]

(B;=B(z)) for some hypothetical t;,¢Dt (F))).
Output ﬂe((ZUY,)*)"

(B=B() for t=p(t, ..., 1,)€Dt (Fy)).
Method: Suppose that

a(p) (a17 -ees Uiy bl,la sets bl,h “rey bn,h B bn,l)s

and set the initial value of the string variables w; ; and u, (i€[k], j€[n]) to the i-th
component of §; and to a;, respectively. Then apply the following procedure and set

ﬁ;(ui, sety uk)-

procedure substitute;

begin for all je€[n] do
for i=1 to k do
comment substitute b; , for y, in w, j “for each re[l];
Wi, =W, j[yr'-bj v r=1 to I];

repeat
for i=1 to k do
U= X —ny+s— Wy J=1 to n, s=1 to k]

until (u€(ZUY)* for every i€[k])
end-

Lemma 5.3, Let ¢4 be noncircular. If B;=p(t;) for some derivation trees
1,6 Dt (F;) (j€[n]), then after the execution of Algonthm 52 B=B(t) for 1=
=p(ts; s 1)

Proof. Immediate from the construction. [J
Further on we assume that ¢ is linear. Then B(z) can always be “splitted”
by the partial mapping

&: ((ZUY,)*)" @YX U{§ ))E+D

wh1ch we define as follows (4 is a new symbol, A* denotes the set of strings over
4 not longer than s). Let y=(c,, .. » GE((ZUY)*) be linear. Put

V3 = tct.. .k,

and consider the symbols of Y;U{#} occurring in y; as delimeters. Then the last
component of £(p) is the string of delimeters occurring in y; read from left to right;
‘while the first k+/ components of £(y) are those substrings of 7y lymg between
the delimeters. If there are less than k+/ such substrings, then the remammg com-
ponents of &(y) are set to 4 (1 denotes the empty string). £ is partial, since it can be
applied only for linear elements. On the other hand, ¢ is clearly injective, so we can
speak of £71, the inverse of ¢.

_ Now we are ready to define the transformed AG %’, which has only k+17/+1
s-attnbutes numbered again from 1 to k+I/+1. Every nonterminal, except S’ has
all these attributes, S7 has only the first k ones. For the sake of uniformness, howe-
ver, we shall construct the semantic rules for the production $’—~S§ in such a way
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that they define the “dummy” attribute occurrences k+1, ...; k+I4+1 of S’, too.
The first k+/ attributes are the so called “derived” attributes with domain X*,
while the last one is the ‘“‘control string” (denoted by cs) having (¥,U {# })**+!+D
as its domain. We define the semantic rules corresponding to a production p: Fo— Fj...
...F, in the following way. With the notation of Algorithm 5.2 set

By = ET (X(jm1) k41413415 <vos XG0k 4141 4 dy=15 Fr -5 o €S (F}),

where d;=length (cs (F;)), (supposing just for the moment that X,;41),E2)
and apply Algorithm 5.2. Then £(f) represents the polynomials over 2* that define
the derived attribute occurrences of F, in %', and it gives the definition of cs (F),
too, in the last component.

Theorem 5.4. ¢ and %’ are equivalent.

Proof. Let t¢Dt (F) be any derivation tree. It can be proved by a straightfor-
ward induction on the depth of ¢ using Lemma 5.3 that E(B (1))=p'(t) , where ﬂ’(t)
is the sequence of values of all the attribute instances computed at the root of ¢ in
%', Observe that the (dummy) value of cs (S”) is always (%, ..., #). Hence, if
teDt(S”), then B(¢) and the first k components of f’(¢) coincide. [

" Tt is evident that the visit complexity of the cd-trees in ¢’ is the best possible.
On the other hand, since the form of the semantic rules became more complicated,
one would think that the pure computation complexity has also increased in %’
But this is not true. Indeed, let ¢ be a cd-tree and suppose for simplicity that all the
attribute instances of ¢ are useful in the evaluation of ¢. If B(¢f)=(w,, ..., w,) for
some strings w;€ Z* (i€[k]), then each w; is the concatenation of such “atomic”
strings in X* that can be found on the two sides of the variable occurrences, or
stand as constants on the right-hand side of the semantic rules. If w; consists of m;

k
atomic strings, then ' m; is a reasonable estimate for the pure computation
=1 _ .
complexity of ¢ in ¢. The same reasoning holds for ¢’; too, moreover by construc-
tion, the atomic strmgs in ?' are already some comp051tes of the ones in 4. Thus,

by Theorem 5.4 we obtain that the correspondmg sum 2’ m; in g is generally

less than Z’ m;. The dlﬁ'erence is compensated, however, by the extra cost of
i=1
computing the control strings at each node of ¢.

Finally, let us mention that it is also possible to restrict the scope of our second
transformation to one or more visits. For example, if ¢ is ASE and the restriction
of the semantic rules to the attribute occurrences contained in the same pass (say
the m-th) is linear, then we can eliminate the i-attributes from the m-th pass and
postpone their evaluation to the (#n+1)-th pass (if any). At the same time the s-
attributes of the m-th pass can be put forward to the (m—1)-th pass. The elaboration
of a similar condition for VSE AG is left to the reader.
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Summary

The design of efficient attribute evaluators is one of the most important require-
ments for compilers based on attribute grammars. Another interesting question is
that, given a fixed evaluator, is it possible to optimize the attribute grammar (AG)
to be evaluated by performing a suitable transformation on it. In this paper we
present two such transformation techniques and show how they optimize evaluation
by a simple visit-oriented attribute evaluator, called the V' SE evaluator (Visit-oriented
Semantic Evaluator). The class of VSE AGs is introduced as the visit-oriented
counterpart of the class of ASE AGs. We also study the basic properties of VSE
AGs relying on the strong connection between the class of ¥'SE AGs and the classes
of OAG and simple multi-visit AGS.

References

[1] BARTHA, M.: Linear attributed tree wransformations. Acta Cybernet. 6, 125—147 (1983).
[2] BARTHA, M.: An algebraic definition of attributed transformations. Acta Cybernet. 5, 409—421
(1982).
[3] ENGELFRIET, J., FILE, G.: Simple multi-visit attribute grammars. J. Comput. System Sci. 24,
283—314 (1982). )
[4] ENGELFRIET, J., FiLE, G.: Passes, sweeps and visits in attribute grammars. Technische Hoge-
school Twente, Onderafdeling der Informatica Memorandum Nr. INF—82—6, 1982,
[5] Farrow, R., YELLIN, D.: A comparison of storage optimizations in automatically-generated
attribute evaluators. Acta Informat. 23, 393—427 (1986).
[6] FiLE, G.: Attribute evaluation by recursive procedures. Theoret. Comput. Sci. 53, 25—65 (1987).
{7] GomBAs, E., BARTHA, M.: A multi-visit characterization of absolutely noncircular attribute
grammars, Acta Cybernet. 7, 19—31 (1985).
[8] JAZAYERL, M., WALTER, K. G.: Alternating semantic evaluator. Proc. ACM Annual Conference
1975, pp. 230—234 (1975).
[9] KastENs, U.: Lifetime analysis for attributes. Acta Informat. 24, 633—651 (1987).
{10] KastENs, U.: Ordered attribute grammars. Acta Informat. 13, 229—256 (1980).
[11] KnuTH, D. E.: Semantics of context-free languages. Math. Systems Theory 2, 127—145 (1968);
Correction: Math. Systems Theory 5, 95—96 (1971).
[12] Warre, W. M., Goos, G.: Compiler Construction. Berlin—Heidelberg—New York: Springer
1983.

Received June 27, 1988



Key and superkey for a closure function
By L VAN BAo and Ho THUAN
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LIEU GIAI, BA DINH, HANOI VIETNAM

In this paper, we investigate some characteristic properties of keys.and super-
keys for a closure function, defined on the power set of a finite set U. In particular
we give a necessary condition under which a subset X of U is a key. and explicit
formula to compute the intersection of all keys for f, a necessary and sufficient con-
dition for which a closure function f has precisely one key.

Moreover, the translation of a closure function f which, in some sense, preserves
the keys for f, as well as the relationship between the keys for a closure function
and the keys for the corresponding relation scheme are also considered.

These results are closely related to those presented in [1].

1. Keys of closure function

In this section after proving some lemmas, we give a ‘characteristic- condrtron
under which a subset K can be a key for a closure function. :

Definition [2]. Let U={a,, as, ..., a,} be a set of #n elements (attribuiee) and
2Y its power set. The function F: 2U..20 s called a closure.function or closure iff
for every X, Ye2Y

a) X & F(X),

b) F(F(X)) = F(X),

QY S X=>F¥)& F(X). A
Let Kc2Y. We say that K is a superkey of the closure function F if F(K)="U,

and K is said to be a key of F if F(K)=U, but F(X)## U for any proper subset X
of K. We set X=F(X)\X.

/" We define two sets P and T for the closure function F as follows
a) T = U{X: Xe2¥ and F(X) # X},

b) P = U{X: X¢€2¥ and F(X) # X}.
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Lemma 1.1. Let F be a closure function and XS U then:
F(X)cS XUP.
Lemma 2.1. Let F be a closure function and XS U and a¢T. Then
F(A\a) = F(X) or F(X\a)=FX@X)\a.

Proof. There are two possible cases:

a) If a¢X then X=X\a. It follows that F(X)=F(X\a).

b) If a€X then from the definition of T we have F(X)=X, and F(X)\a=
=X\a. Thus F(X\@)=F(F(X)\a). On the other hand we have

F(X)\a € F(F(X)\a) = F(X\a) S F(X).
It is clear that F (X\a) =F(X) or F(\\@)=F(X)\a. The proof is complete.
Lemma 3.1. Let F be a closure function. Then:
' P S FT). '

Proof. Let ac P. From the definition of P there would exist an XS U such
that F(X)=X and ac F(X)\X. Clearly XET. Hence F(X)&F(T), showing
_that ac F(T).

Lemma 4.1. Let F be a closure function. If a€ F(X)\ P then
acX.

Proof. We have F(X)=XU(F(X)\X)SXUP. On the other hand a€ F(X)
and a¢ P. This implies a€ X.

Lemma 5.1. Let F be a closure function. If ¢¢ T and F(Y)EF(X) then
F(Y\a) & F(X\a).
‘ Proof. Since a4 T, taking account of Lemma 2.1 we get F(X\a)=F(X) or
F(X\a)=F(X)\a. o )
: a) If F(X\a@)=F(X), it is obvious that
YNNG S FI)N\a S F(X)\a & F(X) = F(X\a)
F(Y\a) & F(F(X\a)) = F(x\a).
b) If F(X\@)=F(X)\a.we have
™\ & F(Y)\a & F(X)\a = F(X\a).

F(T\a) S F(F(X\@) = F(X\a),

the proof is complete. As an immediate consequence of Lemma 5.1 we have the
following.

{mplies

Clearly

Lemma 6.1. Let F be a closure function. If a¢ 7" and F(Y)=F(X) then
| F(X\a) = F(Y\a).
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Lemma 7.1. Let F be a closure function. If a¢ KNF(K\a), then K is not a
key of F.

Proof. From a€K we have K\a%K. Thus F(K\a)SF(K). On the other
hand a€ F(K\ga). Clearly aU(K\a)EF(K\a), thus KSF(K\a). It is obvious
that F(K)SF(F(K\@)=F(K\@)SF(K). Thereforr K\aGK and F(K)=
= F(K\@a). From this we get that K is not a key of the closure function F.

Theorem 1.1. Let F be a closure function and K a key of F then:
UN\P € K S (U\P)U(PNT).

Proof. We shall begin with showing that UNPSK. Assume to the contrary,
that is UNPEK. From this, there would exist an a€(UNP)\K. Clearly a¢ P and
a4 K. On the other hand, since K is a key of the closure function F, it is obvious-that
a€ F(K). From a¢ P and taking account of Lemma 4.1, we get a¢ K which conflicts
with a¢ K.

To complete the proof it remains to show that KS(UNPYU(PNT). We know
that U=(UN\P)UP=(UNP)U(PNT)U(P\T). Suppose to the contrary, i.e.
KE(UNP)YU(TNP). Then there exists an a€ KN(P\T).

From this we have a¢K, acP and a¢T. Because K is a key of F, we have
F(K)=U=F(U). From a4 T, taking account of Lemma 6.1, we get F(K\a)—
=F(UN\a). From a4 T, evidently TCU\ga. It is obvious that F(T)S F(UN\a).
In view of the Lemma 3.1, PSF(T). Combining this with a€ P we obtain

acP S F(T) € F(U\a) = F(K\a).

It is clear that ac KN F(K\a) showing, by Lemma 7.1, that X is not a key of F.
We thus arrive to a contradiction. The proof is complete.

2. Intersection of all keys for a closure function

We propose in this section to describe the intersection of all key of a closure
function.

Lemma 8.2. Let F be a closure function and a€P. Then there exists a key
K of F such that a¢ K.

Proof. Becauese ac P, there exists an XS U such that a€ F(X)\X. Let: CcCcvU
such that F(X)UC=U and F(X)NC=@. Clearly, USF(X)UCSF(XUC)CU.
Thus F(XUC)=U and there exists a key KSXUC. It is clear that.a¢ K-

Theorem 2.2. Let F be a closure function and let I be the intersection of all
keys of F. Then -
I = UNZP.

Proof. From Theorem 1.1 we have UNPESI. To complete the proof; it remains
to show that JEUNP. In view of Lemma 8.2 we obtain /N P=0 showing that
IS UNL. ‘

Hence I=UN\P. The proof is complete.
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3. Sufficient and necessary condition under which
a closure function has precisely one key

In this section we present a theorem which gives a sufficient and necessary
condition for a closure function F to have precisely one key.

Theorem 3.3. Let F be a closure function. Then F has precisely one key iff
TNPSF(T\P).

Proof. Sufficiency: Let TNPSF(T\P). From this we have T=(T\P)U
U(TNPYSF(T\P). It is clear that F(T\P)SF(T)SF(F(T\P))=F(T\P).
Thus F(T)=F(T\P).

* By Lemma 3.1, PEF(T). It is clear that: F(TUP)EF(T). From this,
F(T)=F(TUP). Taking account of Lemma 1.1 we find F(TUP)S(TUP)U P=
=TUP. Thus TUP=F(TUP). Consequently F(T\P)=F(T)=FTUP)=TUP.
On the other hand we have TN\ PES U\ P. )

Thus TUP=F(T\P)SF(U\P). From this we find U=(U\P)U(TUP)S
S F(UNP)SU. Finally we have U=F(U\P).

Now we shall show that U\ P is the unique key of F. If U\ P is not a key of
F then there exists a.key X of F such that XEUN\P. By Theorem 1.1 we have
UNPEXLUNP showing that UN P is the unique key of the closure function F.

Necessity: Let F be a closure function that has precisely one key K. We invoke
Theorem 2.2 to deduce that J=U\P=K, showing that U\ P is a key of F. Thus
F(UNP)=U. There are two possible cases.

a) If UNP#U then from the definition of Twe have UNPCST. Thus UN\LP&
ETM\P and clearly U=F(U\P)SF(T\P)SU. This implies U=F(T\2P).
Consequently TN PSS F(T\P). :

b) If UNP=U then clearly P=@. From this we have §=TNPSF(T\.P).
The proof is complete.

Example. Let U={a; b, c}.
F: 2V-2Y is a closure function,
F(@) =90,
F(a) = ab,
F(b) = b,
F(c) = abc,
F(ab) = ab,
F(ac) = abc,
F(cb) = cbha,
F(abc) = abc.
From this we have:
F(a)=ab#a, a=0b,
F(c) =abc #c¢, ¢=ab,
F(ac) = abc # ac, ac =b, f(ch) #abc= cb = a.
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We obtain:
T = ach,
P = ab,
TNP = ab.
a) If K is a key of the closure function F then:

UNP E K S (UNPUPNT).
Thus ¢S K& cab.
b) The intersection of all keys of F is

I=U\P=c

¢) TNP=ab, F(T\P)=F()= abc=>TﬂPCF(T\P) "From this, F has
precisely one key K=UN\P=c. o

4. Translations of closure functions

In this section we shall be concerned with a class of translations of closure
functions. Starting from a given closure function, translations make it possible to
obtain more simple closure functions so that the key — finding problem becomes
less cumbersome, etc. On the other hand, from the set of key for the new, closure
function obtained in this way the corresponding keys of the original closure func-
tion can be found by a single translation.

Let C(F) denote the family of all keys for the closure F. We define two sets
H and G as follows:

G =N{K|KeC(F)},

H =U{K|KeC(F)}.

Lemma 9.4. Let F be a closure function in U, and ASU. We define a new
F by :
F,(E)= F(EUANA for E< UNA.

Then: F, is a closure function in UN\A4.

Proof.

a) Let ECUNA. Since F is a closure function, ESF(EUA) and ENd= 0
Clearly ECF (EUANA. Consequently ECF,(E).

b) Let E, SE,SUNA. Clearly, F(E,UA)S F(E,U4), which implies F, (El) =
= F(E,UANAC F(E,UAN\A=F (Ey).

c) Let ECU\A4. To complete the proof it remains to show that F,(E)=
=F,(F,(E)). “We have F(F (E))=F,(F(EUAN\A)=F(F(EUA\A)UANA.
Since ASF(EUA), F(F(EUANAUANA=F (F (EUDNA=F(EUA\A=
=F(E). From a), b), and c), we conclude that F, is a closure function.

Lemma 10.4. Let F be a closure function in X, AN X=0. We define a new F4 by:
- FA(E) = F(ENAUA for ES XUA,
" Then FAis a closure function in XU 4,
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Proof.

a) Let ESXUA4. We have E=(EN\A)U(ENA). On the other hand EN\ACS
CF(ENA) and ENACS4, showing that ECF(ENA)UA=FA(E).

b) Let E,CE,CXUA. This implies F(EN\A)SF(Ex\A) and FA(E)=
=F(ENAUAS F(ENA)UAC FA(E).

c) Let ECXUA. Since F is a closure function in X and ANX=@, we have
F(ENA)NA=Q. Itisclearthat: FA(FA(E))=FA(F(E\A)UA)=F((F(E\A)UA)\
\A)UA=F(F(ENA)UA=F(ENA)UA=FA(E). Consequently FA(FA(E))=
=F4(E) and F is a closure function in XUA. )

Lemma 11.4. Let F be a closure function in U, ASU. Then:
L F(X)NAE F,(X\4) forall XS U, and
2. F,(X)UA4A=F(XU4) forall XS UN\A.

Proof.

1. F{om the definition of F, we have F,(0N\A)=F(X\HUAINAL=
=F(XUA)\A. On the other hand F(X) S F(XU ). Thus F(X)NASF(XUANA.
Consequently F(Y)\AEF,(I\A).

2. We have F (X)=F(XUAN\A. Since ASF(XUA), we get F,(X)UA=
=F(F(XUA)\A)UA=F(XUA).

Theorem 4.4. Let F be a closure function in U, 4SG. Then:
Kisakey of F, if and only if ANK=0 and KUA is a key of F.

. Proof. We first prove the necessity: Suppose that X is a key of F,. Obviously
F,(K)=U\A and ANK=4. Taking Lemma 11.4 into account we get:

U=(U\AUA=F,(K)UAS FKUA) S U,

showing that KUA is a superkey of F. If KUA were not a key of F then there
would exist.a key K of F such that 4SKEKUA. Consequently there would exist
an" K, &K such that: K=K,UA4, K;NA=@. Since K is a key for F, F(K;UA)=U.
Applying Lemma 11.4, clearly UNA=FK,UAHNAEF,(K,UA\A)=F,(K).
So we have K %K, F,(K;))=U\A4. This contradicts the hypothesis that X is a
key of F,. :

We now turn to the proof of sufficiency. Suppose that KNA=@ and KUA is
a key for F,. We have to show that X is a key for F,. Since KUA is a key for F,
we have F(AUK)=U. By virtue of Lemma 11.4 and KNA=0, we get U\ 4=
=F(KUANASF (KUANA)=F(K)SU\A. Thus UNA=F,(K), showing
that K is a superkey for F,. Assume that K is not a key of F,, then there would
exist a key K of F, such that K&K and F,(K)=U\A. Applying Lemma 11.4,
it follows U=F, (K)UA=F(KUA) where KUALKUA. This contradicts the
fact that KU A is a key for F, that completes the proof.

Theorem 5.4. Let F be a closure function in U, ASU and ANH=@. Then
K is a key of F, iff Kis a key of F.

Proof.
1. The necessity: Suppose that K is a key for F,. Obviously F,(K)=U\A.
By virtue of Lemma 11.4 we have F(KUA)=F,(K)UA=(U\A)UA=U, showing
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that KU A is a superkey for F. Hence, there exists a key K of F such that KEKU 4.
Since ANH=0 thén KNA=@. From this, it is easy to see that KSK. There
are two possible cases:

a) K=K. Then obv1ously K is a key for F. '

b) KCK Since K is a key for F, F(K)="U. Applymg Lemma 11.4, we have
UN\A=F (K)\ACF P (K\A)C UN\A and KNA=0, thatis F,(K)=U\4. This
contradicts the fact that K is a key for F 4

2. The sufficiency: Suppose that K is a key for F. We have to prove that K-is
also a key for F,. We have, by the definition of keys, F(K)=U. Applying Lemma
114, UNA=F(KNACSF(ENASU\A4. Thus F,(K\A)=U\A4. Since.
ANH=0, it follows KNA=@. Consequently F,(K)=U\4A showing that K is ™
a superkey of F,. Now assume to the contrary, that K is not a key for F,. Then,
there would exist a key K of F, such that KCK Obviously F,(K)=U\A. We
invoke Lemma 11.4 to deduce F(KUA)= FA(K)UA (UNA)UA=U, showing
that KUA is a superkey of F. Consequently, there exists a key: K of F such that
KSKUd, KNA=0. From this KSKEK. This contradicts the hypothesis that-
K is a key for F.

This completes the proof.

To continue let us recall a result from § 1. Let F be a closure functlon in U.
Let us set -

T = U{X|X€2U and F(X) # X},

P =U{X|Xe2V and F(X) = X}.
Then, the necessary condition under which K is a key for F is
1. UN\PSKS (UNPUTNP), and - = - ‘

2. the intersection I of all keys for F is I=U\/P. We have the followmg theo-
rems.

Theorem 6.4. Let F be a closure function in U and I=U\U{F (X)\X IXGZU
and F(X)X)}. Then K is a key of F; if and only if KN/=@ and KUI IS a key
of F.

Theorem 7.4. Let F be a closure function in U, and N=P\T. Then K is a
key of Fy if and only if K is a key of F. '

Lemma 12.4. Let F be a closure function in U, , UNA=@. Then

I. FAAANACS F(IN\4), XS UUA,

2. F(X\)U4 = FA(XU4A), XS U.

Proof. We first prove

1. Let XSUUA. From the definition of F4 we have:
FAXNA = (FXNAUANA = F (X\A)\A S F(X\A).

2. Let XSU. We have FAXUA)=FXUAAUA=FX\AUA. Since
ANU=0, ANX=@. It is clear that F"(XUA) F(X\A)UA F(X)UA This
completes the proof,
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Theorem 8.4. Let F be a closure function in U and ANU=#. Then
KNA=P and X is a key of FAiff K is a key of F.

Proof. We first prove the necessity : Suppose that K is a key of F4and KN A=0.
Obviously FA(K)=UUA. Taking Lemma 12.4 we get:

U= UUAA = FAKIN\A S F(K\A4) S U.

Obviously, F(K)=F(K\A4)=U, showing that X is a superkey of F. If K were not
a key of F, then there would exist a key K such that K&K and F(K)=U.
From the definition of F#4 we find: FAK)=F(K\A)UA=F(K)UA=UUA. This
contradicts- the hypothesis that K is a key for F. We now turn to the proof of the
suﬁiciency. Suppose that X is a key for F. We have to show that KNA=0 and K
is a key for F4. Since Kisa key of F, we have F(K)=U and KSU. Thus KNA=0.
On -the other hand F"(K) F(KN\A)UA=F(K)UA=UUA showing that K is a
superkey of F4. If K is not a key of F4, then there would exist a key K such that
KIK and: FA(K)=UUA. Wehave U=FAK)NASF(R\A)=F(K)SU. Thus
F(K)y=U. This coniradicts the hypothesis that K is a key of F. Hence K is a key of
FA. The proof is complete.

5. On a relationship between keys for relation
scheme and keys for closure function

Let us recall some necessary notions and definitions. Definition of a closure
function: Let U={4,, 4,, ..., 4,} be a set of n elements (attributes) and 2Y its
power set. The function f: 2U—~2V is called a closure function or closure iff for
every X, Ye2U,

"a) X € f(X),
b)) F(A(X) = f(X),
U 9)if XSY then f(X)SFX).

Let KSU, K is said to be a superkey for the closure function f if f(K)=U.
K is said to be a key for the closure function f if K is a superkey for f but f(X)=U
for any proper subset X of K. Let C(f) denote the family of all keys for the closure
function f.

Definition of a relation scheme: [3] .

Armstrong’s axioms [4]. Let X, Y, ZE U,

Rule 1: (Reflexivity) if YSX then X—Y;

Rule 2: (Tranpsitivity) if X—Y and Y—~Z then X—~Z;

Rule 3: (Augmentation) if X —»Y then XUZ-~YUZ.

Relation scheme:

A relation scheme is a 2-tuple (U F) where:

a) U is a finite set (of attributes),

- b) Fis a finite set of functional dependencies (FD)

Let-F be a given set of FD’s of a relation scheme: We can apply these rulesito
the FD's in F to derive new FD’s.
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The set of all FD’s that are derivable from F by repeated applications of Armst-
rong’s rules (including the FD’s in F) is called the closure of F and is denoted by F*.
Let XS U be a given set of attributes. We define the closure of X (relative to
F), denote by X, to be the set of all attributes that are functionally dependent on X:

X+ = {A|(X ~ A)cF*).

Algorithm for finding X+
X0 = X,

X6+D = XOU{R,|L; - R;¢F and L, € XO}.

There exists an N such that X =X®"+D_ Then X+=X™. We have X~Y€F*
iff YSXT.

Let (U, F) be a relation scheme and let X be a subset of U. We say that X is
a superkey of (U, F) if every attribute in U functionally depends on X. If the set X
is a superkey and it does not properly contain any superkey then X is a key for (U, F )

(U, F) denotes the set of all keys of a relation scheme (U, F).

Theorem 9.5. Let (U, F) be a relation scheme. We define the function f: 2V -2V
as follows:
Xe2Y: f(X) =

Then 1. fis a closure function;
2. C(fH)=CU,F).

Proof. We first prove 1.

a) X&Xxt. Clearly XSf(X).

b) X=(X*)* implies 7(X)=/(f(X).

c) XEY=>XTCY™* implies f(X)Sf(Y).

Consequently f is a closure function.

2. Now let K be a key of the relation scheme (U, F). Obviously K*=U. Thus
we have f(K)=U, showing that K is a superkey for f. Now assume to the contrary
that, K is a not a key for f. Then there would exist a key K of f such that KCK
and f(K)=U. From the definition of f we have K*=U. Thus K—U. ThlS
contradicts the hypothesis that K is a key of (U; F).

Now let K be a key of the closure function f. Obviously f(K)=U. Thus
K*=U,K is a superkey for (U, F). Now assume to the contrary, that K is not
a key for (U, F). Then there would exist a key K of (U, F) such that KCK and
K—~U. We have K*=U. Thus f(K)=U. This contradicts the hypothesis that X
is a key for f.

Theorem 10.5. Let f be a closure function in U. We define the relation scheme
(U, F) as follows:
F = {X > f(X)|Xe2"}.
Then
C(f) =C(U, F).

Proof. From the definition of F we have X—~f(X)eéF. Thus f(X)SX*. Now
we have to prove X+ Sf(X).
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We procced by induction on n. If n=0 we have X@=XCSf(X). Assume it
is true for ni.e. xX™Cf(X). In fact we have X+V=X®WU{UY|Z~YEF, Y=F(Z)
and ZEX™}. From ZeX™ we have f(Z)Sf(X™)Sf(f(X))=f(X). Obviously
X+ C f(X). Finally, we find f(X)=X*. Applying Theorem 9.5, we have C(f)=
=C(Z, F). The proof is complete.
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K. G. Murty: Linear Complementarity, Linear and Nonlinear Programming (Sigma series in
applied mathematics, 3), XLVIII +629 pages, Heldermann Verlag, Berlin, 1988.

This is an extended and up-to-dated book of “Llnear and Combinatorial Programming”
published in 1976.

“The book begins with a section titled ‘notation’ in Wthh all the symbols and several terms
are-defined. It is strongly recommended that the reader peruse this section first at initial reading,
and refer to it whenever there is a question about the meaning of some symbol or term.

Chapter 1 presents a clear geometric interpretation of the Linear Complementarity Problem
(LCP) through the definition of the system of complementary cones as a generalization of the set
of orthants in R™. Applications to Linear Programming (LP), Quadratic Programming (QP), and
nonzero sum game problems are discussed. There is a complete discussion of positive definiteness
and positive semidefiniteness of square matrices, their relationship to convexity, together with
efficient pivotal methods for checking whether these properties hold for a given matrix. Various
applications of QP are discussed, as well as the recursive quadratic programming method for solving
Nonlinear Programming (NLP) models.

Chapter 2 presents a complete discussion of the many variants of the complementary pivot
method and proofs of its convergence on different classes of LCPs. Section 2.7. contains a very
complete, lucid, but elementary treatment of the extensions of the complementary pivot method to
simplicial methods for computing fixed points using triangulations of R", and various applications
of these methods to solve a variety of general NLP models and nonlinear complementarity problems.

Chapter 3 covers most of the theoretical properties of the LCP. There is-extensive treatment
of the various separation properties in the class of complementary cones, and a complcte discussion
of principal pivot transforms of matrices. In-this chapter we also discuss-the various classes of
matrices that arise in the study of the LCP. Chapter 4 provides a survey of various principal pivoting
methods for solving the LCP. Algorithms for parametric LCP are presented in Chapter 5. -

Chapter 6 contains results on the worst case computational complexity of the complementary
and the principal pivoting methods for the LCP. Chapter 7 presents a special algorithm for the LCP
associated with positive definite symmetric matrices, based on orthogonal projections, which turned
out to be very efficient in computational tests. Chapter 8 presents the polynomially bounded ellipsoid
method for solving LCPs associated with positive semidefinite matrices, or equivalently convex QPs.

Chapter 9 presents various iterative methods for LCPs. In Chapter 10 we present an extensive
survey of various descent methods for unconstrained and linearly -constrained minimization prob-
lems; these techniques provide alternative methods for solving quadrativ programming problems.
In Chapter 11 we discuss some of the newer algorithms proposed for solving linear programming
problems and their possible extensions to solve LCPs, and we discuss several unsolved research
problems in linear complementarity.

To make the book self-contained, in the appendix we provide a complete treatment of theorems
of alternatives for linear systems, properties of convex functions and convex sets, and various opti-
mality conditions for nonlinear programming problems.”

This is a high quality book. It may be recommended for a great number of people from rese-
archers to graduate students.

- J. Gsirik
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Chew Soo Hong, Zheng Quan: Integral Global Optimization — Theory, Implementation and
Applications (Lecture Notes in Economics and Mathematical Systems, Vol 298), VII+ 179 pages.
Springer-Verlag, Berlin—Heidelberg—New Y ork—London—Paris—Tokyo, 1988.

The book discusses a global optimization method studied and presented by the second author
in numerous papers in Chinese only. Thus it is the first detailed publication of this algorithm in
English. The book consists of five chapters: Preliminary, Integral Characterizations of Global
Optimality, Theoretical Algorithms and Techniques, Monte Carlo Implementation, and Applica-
tions.

The method is based on the idea that for each level set the mean value of the objective function
is not greater than the function value to which this level set belongs. At the same time, the mean
value is always not less than the global minimum in the mentioned level set. With the mean value
we can form a new, smaller level set, find the new mean value on this level set, and so on. This simple
but fairly original idea results in a global optimization algorithm which can provide the set of global
minimum points for all robust sets and all continuous objective functions. The word “integral” in
the title of the book hints at the method with which one can determine the mean function value on
a set.

The problem is, however, that each step of this algorithm (and what is more, separately the
determination of the mean value and the level set) has the same computational complexity as that
of the original global optimization problem. Because of this, one has to give up the guarantee for
obtaining the set of global minimum points for all global optimization problems, and to produce a
reasonable heuristic based on the theoretical algorithm mentioned before. This procedure to find
an implementable algorithm that is reliable and effective enough is rather common. In all such
cases the question is how to modify the theoretical algorithm to get an implementable version retain-
ing the most of the desirable features of the original one.

In this case the above problem is solved in a rather rude way. The determination of a level set
is padded in the algorithm with the selection of the set of points of a random sample that have
function values not greater than the specified level, and with the calculation of an n-dimensional
box containing this set of points, with a certain tolerance. The determination of the mean function
value on a level set is substituted by the finding out of the mean function value on the random
sample. These steps are easily implementable and of low complexity.

The reliability of this simplified algorithm depends heavily on the size of the random sample.
From a practical point of view, the numerical testing of the reliability for all global optimization
methods is more important than the theorems about the theoretical algorithms in the background.

The algorithm was tested with two of the standard global optimization test problems. Un-
fortunately two very simple problems were chosen: their global minima can be located by the majo-
rity of global optimization methods with high probability. It would have been interesting to see the
performance of the new method on other test problems that have more hidden global minima. The
test results are compared with those of Térn’s method, and it is found that the method of Zheng is
about five times more effective. This comparison is rather unfair, since the method of Térn is to
find all local minima (not only the global one). In addition, the method of De Biase and Frontini
(to be found in the same book dealing with the method of T6rn) is more effective than that of Zheng,
not to speak about later publications than the mentioned book published in 1978.

Some (not printer’s or typing) errors make the reading difficult. In spite of the unsatisfactory
and not convincing numerical testing, the book is worth reading for those interested in optimization.

Tibor Csendes

A. S. House: The recognition of speech by machine — A bibliography. Academic Press, Harcourt
Brace Jovanovich, Publishers. London—San Diego—New York—Boston—Sydney—Tokyo—To-
ronto, 1988.

“The book is divided into three parts. Part 1 is a subject index that attempts to provide the
names of authors who have written on a particular subject. Names listed here are sole or primary
authors, making it possible for the user to search directly for citations in Part 2, the bibliography
proper. An attempt has been made to provide enough detail and crossreference in the subject index
to make the user’s task manageable, but the well-known weaknesses of subject indexes are still
obvious.
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In Part 2 the citations are arranged alphabetically starting with the surnames of the sole or
the primary authors. The alphabetical listing constitutes the working part of the bibliography.

Part 3 is an alphabetical list of authors; it will help is finding work for which an author is not
the initially listed author, that is, neither a sole nor a primary author. Instructions for the use of the
listing are included at the start of the section. It is hoped that the author index, along with the subject
index, will provide adequate means of entry into the listing of citations in Part 2. It may be helpful
to remember that the alphabetic ordering of names that have been transliterated from languages
that do not use the roman alphabet can be surprising at time.

The titles include articles that appeared in periodicals, conference proceedings, institutional
or laboratory reports that appear on a regular basis, as well as extended abstracts from proceedings,
abstracts of oral presentations, etc., and books.”

This bibliography include more than 4000 titles. It is surely very helpful for researchers of speech
recognition.

J. Gsirik

A. Kurzhanski, K. Neumann, D. Pallaschke (Editors): Optimization, Parallel Processing and
Applications (Lecture Notes in Economics and Mathematical Systems, Vol. 304), VI+292 pages,
Springer-Verlag, Berlin—Heidelber—New York—London—Paris—Tokyo, 1588.

This book contains selected papers that were presented at the Oberwolfach Conference on
Operations Research, February 16—21, 1987 and the Workshop on Advanced Computation Tech-
niques, Parallel Processing and Optimization, held at Xarlsruhe, West Germany, February 22-—25
1987.

On the basis of their subject, the papers form two groups: one discussing new optimization
methods, and another studying the possible impact of recent computer advances (such as paraliel
computation, interval arithmetic and automatic differentation) on optimization. The contents of the
book are the following: B. Bank, R. Mandel: Quantitative Stability of (Mixed-) Integer Linear
Optimization Problems; O. Burdakov, C. Richter: Parallel Hybrid Optimization Methods; V. F.
Demyanov: Continuous Generalized Gradients for Nonsmooth Functions; R. Horst: Outer Cut
Methods in Global Optimization; P. S. Kenderov, N. K. Ribarska: Generic Uniqueness of the
Solution of “Max Min” Problems; M. Schil: Optimal Stopping and Leavable Gambling Models
with Observation Costs; S. Schaible: Multi-Ratio Fractional Programming — A Survey; D. Con-
forti, L. Grandinetti: An Experience of Advanced Computation Techniques in the Solution of Non-
linearly Constrained Optimization Problems; L. C. W. Dixon: Automatic Differentiation and
Parallel Processing in Optimisation; Y. Evtushenko: V. Mazourik, V. Ratkin: Multicriteria Optimi-
zation in the DISO System; R. De Leone, O. L. Mangasarian: Serial and Parallel Solution of Large
Scale Linear Programs by Augmented Lagrangian Succesive Over-relaxation; K. Schittkowski:
EMP: An Expert System for Mathematical Programming; R. G. Strongin, Y. D. Sergeev: Effective
Algorithm for Global Optimization with Parallel Computations; M. Bartusch, R. H. Mdohring,
F. J. Radermacher: M-Machine Unit Time Scheduling: A Report on Ongoing Research; S. Perz,
S. Rolewicz: On Inverse-Image of Non-Oriented Graphs; M. Kisielewicz: Existence of Optimal
Trajectory of Mayer Problem for Neutral Functional Differential Inclusions; D. Przeworska-
Rolewicz: Smooth Solutions of Linear Equations with Scalar Coefficients in a Right Invertible
Operator; G. Feichtinger: Production-Pollution Cycles; B. Mazbic-Kulma, E. Komorowska, J.
Stepien: Location Problem and its Applications in Distribution of Petrol.

The papers of Horst, Dixon, Evtushenko et al., Schittkowski and Strongin et al. are of great
importance, and certainly worth reading. The book can be recommended for those willing to keep
abreast with the new trends of optimization.

Tibor Csendes

ECOOP ’88 European Conference on Object-Oriented Programming, Oslo, Norway, August
1988. Proceedings, Editors: S. Gjessing and K. Nygaard (Lecture Notes in Computer Science Vol.
322), VI+410 pages, Springer-Verlag, Berlin—Heidelberg—New York—London—Paris—Tokyo,
1988.

“Object oriented seems to be becormng in the 1980s what structured programming was 1n the
1980s™, (B. Randell and P. Lee), quoted in the motto of the conference.

The volume contains 22 papers from 13 countries, read at the second conference on object
oriented programming. The papers included in the volume were selected by the program committee
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from 103 contributions. The editors “believe that the papers contain a representative sample of the
best works in object oriented programming today”.

We can find papers on various topics including theoretical and practical aspects such as teaching
object oriented programming, handling data bases, debugging, developing distributed systems,
algebraic specification languages, etc.

Contents of the Volume:

What Object-Oriented Programming May Be—and What It Does Not Have to Be, O. Lehrmann
Madsen, B. Moller-Pedersen; Teaching Object-Oriented Programming Is More Than Teaching
QObject-Oriented Programming Languages, J. Lindskov Knudsen, O. Lehrmann Madsen; The Mjol-
ner Environment: Direct Interaction with Abstractions, G. Hedin, B. Magnusson; Inheritance as
an Incremental Modification Mechanism or What Like Is and Isn’t Like, P. Wegner, S. B. Zdonik;
GSBL: An Algebraic Specification Language Based on Inheritance, S. Clerici, F. Orejas; Name
Collision in Multiple Classification Hierarchies, J. Lindskov Knudsen; Reflexive Architecture:
From ObjVLisp to CLOS, N. Graube; Nesting in an Object-Oriented Language is NOT for the
Birds, P. A. Buhr, C. R. Zarnke; An Object-Oriented Exception Handling System for an Object-
Oriented Language, C. Dony; On the Darker Side of C+ +, M. Sakkinen; Prototyping an Inter-
active Electronic Book System Using an Object-Oriented Approach, J. Pasquier-Boltuck, E. Gross-
man, G. Collaud; SCOOP, Structured Concurrent Object-Oriented Prolog, J. Vaucher, G. Lapalme,
J. Malenfant; The Implementation of a Distributed Smalltalk, M. Schelvis, E. Bledoeg; Implemen-
ting Concurrency Control in Reliable Distributed Object-Oriented Systems, D. G. Parrington
S. K. Shrivastava; An Implementation of an Operating System Kernel Using Concurrent Object-
Oriented Language ABCL/c+, N. Doi, Y. Kodama, K. Hirose; Debugging Concurrent Systems
Based on Object Groups, Y. Honda, A. Yonezawa ; Fitting Round Objects Into Square Databases
(invited paper), D. C. Tsichritzis, O. M. Nierstrasz; Database Concepts Discussed in an Object-
Oriented Perspective, Y. Lindsjorn, D. Sjoberg; Object-Oriented Programming and Computerised
Shared Material, P. Sorgaard; Asynchronous Data Retrieval from an Object-Oriented Database,
J. P. Gilbert, L. Bic; An Overview of OOPS+, An Object-Oriented Database Programming Lan-
guage, E. Laenens, D. Vermeir; PCLOS: A Flexible Implementation of CLOS Persistence, A.
Paepcke; A Shared, Persistent Object Store, C. Low.
The Volume is recommanded all people interested in object oriented programming. The
proceeding gives a good review on this topic.
Janos Toczki

J. Balcazar, J. Diaz, J. Gabarré: Structural Complexity I (EATCS Monographs on Theoretical
Computer Science, Vol 11). IX+ 191 pages, Springer-Verlag, Berlin—Heidelberg—New York—
London—Paris—Tokyo, 1988.

“This book assumes as a prerequisite some knowledge of the basic models of computation,
as taught in an undergraduate course on Automata Theory, Formal Language Theory, or Theory
of Computation. Certainly, some mathematical maturity is required, and previous exposure to
programming languages and programming techniques is desirable. Most of the material of Volume I
can be successfully presented in a senior undergraduate course; Volume I and 11 should be suitable
for a first graduate course. Some sections lead to a point in which very little additional work suffices
to be able to start research projects. In order to ease this step, an effort has been made to point out
the main references for each of the results presented in the text.

Thus, each chapter ends with a section entitled “Bibliographical Remarks”, in which the
relevant references for the chapter are briefly commented upon. These sections might also be of
interest to those wanting an overview of the evaluation of the field. Additionally, each chapter’
(excluding the first two, which are intended to provide some necessary background) includes a
section of exercises.”

The contents of the book are the following:
— Introduction,

— Time and Space Bounded Computations,
— Central Complexity Classes,

— Time Bounded Turing Reducibilities,

— Nonuniform Complexity,

— Probabilistic Algorithms,



Bibliographie 87

— Uniform Diagonalization,
— The Polinomial Time Hierarchy.

The book is clearly written. It can be recommended as a text for a graduate course and for
people interested in Complexity Theory.
J. Gsirik

. P. Deransart, M. Jourdan and B. Lorho: Attribute Grammars, Definitions, Systems and Bib-
liography. (Lecture Notes in Computer Science. Vol. 323), IX+ 232 pages, Springer-Verlag, Berlin—
Heidelberg—New York—London—Paris—Tokyo, 1988.

Attribute Grammars have proved to be an efficient tool for the description of syntax-directed
computations. This book gives a concize and comprehensive survey of attribute grammars and
their applications. The book consists of three parts:

1. In the first part (Definitions and Main Results) the theoretical results achieved by attribute
grammars are presented.

2. In the second part more than 40 systems are described. These descriptions contain the
following parts:

— a list of the members of the project,

— the birthdate and deadline of the project,

— general features of the system,

— a scheme of the internal organization of the systems,
— optimizations implemented in the system,

— applications and performances of the systems,

~— future projects,

-— references.

3. In the third part a bibliography of about 600 titles pertaining to AG-s is included.
T. Gyiméthy

H. A. Eiselt, G. Pederzoli (Editors): Advances in Optimization and Control (Lectu;é Notes in
Economics and "Mathematical Systems, Vol. 302), VIII+371 pages, Springer-Verlag, Berlin—
Heidelberg—New York—London—Paris—Tokyo, 1988.

This book provides a collection of refereed papers presented at the Conference “Optimization
Days £3” held at Montreal, Canada, April 30—May 2, 1986. 1t is first time that the proceedings of
the Optimization Days is published in this way.

The papers cover a fairly wide variety of fields in optimization and control. The contents of the
book are the following: J. Jones, Jr.: Matrix Differential Equations and Lyapunov Transformations;
Quan Zheng: Theory and Methods for Global Optimization—an Integral Approach; E. A. Galperin:
The Beta-Algorithm for Mathematical Programming; M. J. Todd: Polynomial Algorithms for
Linear Programming; F. Chauny, R. Loulou, S. Sandones, F. Soumis: A Class of Asymptotically
Optimal Strip-Packing Heuristics; M. Gendreau, J.-C. Picard, L. Zubieta: An Efficient Implicit
Enumeration Algorithm for the Maximum Clique Problem; A. G. Ferreira: An Optimal O )-
Algorithm to Fold Special PLA’s; M. P. Helme: A Mixed Integer Programming Model for Planning
an Integrated Services Network; G. Lapalme, J.-Y. Potvin, J.-M. Rousseau: A General Heuristic
for Node Routing Problems; J. Desrosiers, Y. Dumas: The Sortest Path Problem for the Con-
struction of Vehicle Routes with Pick-Up, Delivery and Time Constraints; G. Laporte, Y. Nobert:
A Vehicle Flow Model for the Optimal Design of a Two-Echelon Distribution Problem; L. Jenkins:
An Approximate Solution to a Capacitated Plant Location Problem Under Uncertain Demand;
1. J. Curiel, G. Pederzoli, S. H. Tijs: Reward Allocations in Production Systems; M. Breton, P.
L’Ecuyer: On the Existence of Sequential Equilibria in Markov Renewal Games; P. L’Ecuyer
J. Malenfant: Computing Optimal Checkpoint Policies: A Dynamic Programming Approach;
S. P. Sethi, C. Bes: Dynamic Stochastic Optimization Problems in the Framework of Forecast and
Decision Horizons; J. B. Lasserre: Decision Horizon, Overtaking and 1-Optimality Criteria in
Optimal Control; O. Hajek, K. A. Loparo: Bilinear Control: Geometric Properties of Reachable
Sets; D. A. Carlson: Sufficient Conditions for Optimality and Supported Trajectories for Optimal
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Control Problems Governed by Volierra Integral Equations; G. Bojadzeiv: Behavioural Strategy
of Some Controlled Predator-Prey Systems; H. Y. Wan, Jr., S. Clemhout: A General Dynamic
Model of Bargaining—The Perfect Information Case; C. Deissenberg: Long-Run Macroeconometric
Stabilization Under Bounded Uncertainty; Z. Ritz, D. Sudharshan: An Evolutionary Analysis of
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" These papers provide a relatively quick access to some of the most important new ideas in
optimization. For example, the paper of Zheng is one of the first publications in English about this
new global optimization method. Todd’s survey on polynomial algorithms for linear programming
is excellent. Overall, the book gives a good selection of the latest research results in optimization,
and it can be recommended for those interested in the state of the art in this field.

Tibor Csendes

H. Edelsbrunner: Algorithms in Combinatorial Geometry (EATCS Monographs on Theoretical
Computer Science, Vol. 10) XV +423 pages, Springer-Verlag, Berlin—Heidelberg—New York—
London—Paris—Tokyo, 1987.

From the preface of the book: “Computational geometry as an area of research in its own
right emerged in the early seventies of this century. Right from the beginning, it was obvious that
strong connections of various kinds exist to questions studied in the considerably older field of
combinatorial geometry. For example, the combinatorial structure of a geometric problem usually
decides which algorithmic method solves the problem most efficiently. Furthermore, the analysis
of an algorithm often requires a great deal of combinatorial knowledge. As it turns out, however,
the connection between the two research areas commonly referred to as computational geometry
and combinatorial geometry is not as lop-sided as it appears. Indeed, the interest in computational
issues in geometry gives a new and constructive direction to the combinatorial study of geometry.
and combinatorial geometry is not as lop-sided as it appears. Indeed, the interest in computational
issues in geometry gives a new and constructive direction to the combinatorial study of geometry.

It is the intention of this book to demonstrate that computational and combinatorial investi-
gations in geometry are doomed to profit from each other. To reach this goal, I designed this book
to consist of three parts, a combinatorial part, a computational part, and one that presents applica-
tions of the results of the first two parts. The choice of the topics covered in this book was guided
by my attempt to describe the most fundamental algorithis in computational geometry that have an
interesting combinatorial structure. In this early stage geometric transforms played an important
role as they reveal connections between seemingly unrelated problems and thus help to structure
the field. These transforms led me to beleive that arrangements of hyperplanes are at the very heart
of computational geometry- and this is my belief now more than ever.

As mentioned above, this book consists of three parts: I. Combinatorial Geometry, 11. Funda-
mental Geometric Algorithms, and III. Geometric and Algorithmic Applications. Fach part con-
sists of four to six chapters. The non-trivial connection pattern between the various chapters of the
three parts can be somewhat untangled if we group the chapters according to four major computa-
tional problems. The construction of an arrangement of hyperplanes is tackled in Chapter 7 after
Chapters 1, 2, and 5 provide preparatory investigations. Chapter 12 is a collection of applications
of an algorithm that constructs an arrangement. The construction of the convex hull of a set of
points which is discussed in Chapter 8 builds on combinatorial results presented in Chapter 6. Levels
and other structures in an arrangement can be computed by methods described in Chapter 9 which
bears a close relationship to the combinatorial studies undertaken in Chapter 3. Finally, space cutting
algorithms are presented in Chapter 14 which is based on the combinatorial investigations of Chap-
ter 4 and the computational results of Chapter 10. The above listing of relations between the various
chapters is by no means exhaustive. For example, the connections between Chapter 13 and the
other chapters of this book come in too many shapes to be described here. Finally, Chapter 15
reviews the techniques used in the other chapters of this book to provide some kind of paradigmatic
approach to solving computational geometry problems.”

The monograph contains a rich and deap material, which is well-arranged. It can be recom-
mended as an excellent summary of algorithms in combinatorial geometry for a large number of
people from students to researchers.

J. Gsirik
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