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Preface

This special issue contains papers on topics of the workshop
“Weighted Automata: Theory and Applications (WATA 2008)”

which took place at the Technische Universitdt Dresden, Germany, May 13-16,
2008.

As for its predecessors WATA 2002, WATA 2004, and WATA 20086, the goal of
this workshop was to highlight the field of weighted automata, ranging from the
theory of formal power series to applications of tree automata, natural language
processing, XML, and multi-valued logics.

The workshop was attended by 46 participants from 12 countries. Two tutorials
were given by

Z. Esik (Szeged, Hungary and Tarragona, Spain)
K. Knight (Los Angeles, USA).

In addition, seven invited lectures were presented by

F. Drewes (Ume#, Sweden), S. Gaubert (Rocquencourt, France),
B. Gerla (Varese, Italy), W. Kuich (Vienna, Austria),
A. Maletti (Berkeley, USA), W. Martens (Dortmund, Germany),

G. Rahonis (Thessaloniki, Greece)

Furthermore, 18 talks were selected as contributed communications.

~ This workshop was financially supported by the “Gesellschaft von Freunden
und Forderern der TU Dresden” and the “International Center for Computational
Logic™.

After the workshop, a call for papers for a special issue of “Acta Cybernetica”
on “Weighted Automata: Theory and Applications” was issued. Following the
standard refereeing procedure, we were pleased to accept the present seven papers
for this special issue.

Manfred Droste (Leipzig) September 2009
Heiko Vogler (Dresden)
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'MAT Learners for
Recognizable Tree Languages and Tree Series

Frank Drewes*

Abstract .

We review a family of closely related query learning algorithms for un-
weighted and weighted tree automata, all 6f which are based on adaptations
of the minimal adequate teacher (MAT) model by Angluin. Rather than pre-
senting new results, the goal is to discuss these algorithms in sufficient detail
to make their similarities and differences transparent to the reader interested
in grammatical inference of tree automata.

Keywords: algorithmic learning, grammatical inference, tree automaton,
tree language, tree series :

1 Introduction

This article discusses a family of algorithms for grammatical inference of unweighted

" and weighted tree automata. Traditionally, the area of grammatical inference stud-
ies the problem of learning a formal (string) language L by automatically inferring
an explicit automata-theoretic or grammatical description A of L from examples
or some other type of information about L. In other words, the aim is to come
up with a learner, an algorithm that exploits a source S of information about L in
order to construct A. Different so-called learning models are obtained by specifying
(a) which source S of information the learner is provided with, (b) how the learner
gets access to this information, and (c) what the exact criterion of success is.

The three most well-established categories of learning models in grammatical
inference are Gold’s learning from examples with identification in the limit 23],
Valiants probably approzimately correct (PAC) learning [39], and Angluin’s query
learning [4]. '

Here, we focus on query learning. This model, which is also called active learn-
ing, gives the learner access to a teacher, an oracle able to answer certain types of
queries. Suppose that L is a regular string language and the goal is to construct
a correésponding finite-state automaton A. The most well-studied type of teacher
is the so-called minimal adequate teacher (MAT) [3]. The MAT will answer two
different sorts of queries regarding L. The first is the membership query, in which

*Umea University, 906 87 Umeé&, Sweden, E-mail: drewes@cs.umu.se
Y;



250 Frank Drewes

the learner passes the teacher a string u, and -the teacher checks whether u € L.
In the second type of query, the equivalence query, the learner passes the teacher a
proposed automaton A’, and the teacher checks whether A’ correctly describes L.
If so, A’ is accepted and the learning process terminates. Otherwise, the teacher
returns a counterexample to the learner, i.e., an element of the symmetric difference
of L and the language described by A’.

A learning model closely related to MAT learning is learning from representative
samples and membership queries [2]. Here, the learner has access to a weaker
teacher who will only answer membership queries. To compensate for the lack of
equivalence queries, the learner is initially provided with a representative sample,
a set of strings in L, such that every transition of A is used at least once when
processing the strings in the sample.

Here, we want to consider algorithms for learning unweighted and weighted tree
automata rather than ordinary finite-state automata. Why would such extensions
be of interest? Apart from theoretical curiosity and the fact that-tree languages
play an important role in many application areas, motivation is provided by the fact
that almost all results regarding the inference of context-free languages are nega-
tive. However, recognizable (or regular) tree languages may be seen as context-free
languages whose strings are enriched with explicit structural information. Thus,
positive results for grammatical inference of recognizable tree languages make it
possible to learn context-free languages if the learner is prov1ded with the addi-
tional structural information (cf. [32]). ‘

If we want to use the learmng models described above, they have to be adapted
This can be done in a straightforward way. In membership queries, trees rather than
strings must be passed to the teacher, and in equivalence queries, tree automata
of the type considered must be checked by the teacher. Similarly, a representative
sample is now a set of trees. Moreover, in the weighted case, membership queries
must be replaced with coefficient queries (i.e., the teacher returns the coeflicient
of the tree passed, with respect to the sought tree series), and the counterexample
returned as an answer to an equivalence query must be a tree for which the proposed
automaton computes a coefficient that differs from the one it should compute.

The appropriateness of the MAT model is not undisputed. Obviously, the as-
sumption of having access to an oracle able to answer equivalence queries is strong
and may be considered unrealistic. Moreover, it has been argued in [6] that mem-
bership queries are oversimplified and should be replaced by a type of query yielding
a more informative result, e.g., so-called correction queries. To a certain extent,
this criticism is certainly justified. In particular, future research should continue to
explore reasonable alternative settings. However, in the author’s ‘opinion, this does.
not diminish the value of the algorithms reviewed in the next two sections. In gen-
eral, one should keep in mind that the learning models considered are idealizations
that — as always in Theoretical Computer Science — trade realism for mathematical
elegance and simplicity. Having read this paper, the reader who has never seen
these algorithms before will hopefully acknowledge that they are based on beauti-
ful formal reasonings. In particular, they make elegant use of Myhill-Nerode-like
characterizations of the tree languages and series to be learned.
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Since grammatical inference is an inherently difficult goal, there seem to be only
two ways to achieve positive results whose correctness can formally be proved. One
either has to simplify the goal, e.g., by placing severe restrictions on the concepts
to be learned, or give the learner access to a rather powerful source of information,
such as a MAT. Clearly, both approaches have their advantages and disadvantages.
This paper focuses on the second, because we are interested in the grammatical
inference of unrestricted recognizable tree languages and tree series. For this task,
there do not yet seem to exist many. algorithms other than the ones discussed here.
Moreover, these algorithms are all very closely related to each other, which makes
them interesting (in the authors opinion), because it indicates that they are based
on “robust” ideas worth being explored. '

As mentioned above, the MAT model is a formal idealization. Therefore, one
cannot expect that learning algorithms based on a formal setting such as the MAT
model can directly be applied to learning tasks in, say, natural language processing.
However, it may be an interesting goal to pursue in future research to identify prac-
tical scenarios in which the teacher can be simulated by, e.g., statistical methods.
Of course, such an approach would no more be guaranteed to yield an affirmatively
correct answer, but it may perform sufficiently well in practice — and hopefully
much better than an ad-hoc approach. In fact, it may then be a theoretically inter-
esting and practically well-motivated question under which assumptions imperfect
teachers give rise to reasonably good results, e.g., in a PAC-like sétting. -

From what has been said above, it should be clear that this paper is not a
general survey of the large field of grammatical inference. In fact, it does not even
attempt to cover the subarea of grammatical inference of tree languages and tree
series. Readers who wish to obtain a general overview of grammatical inference
are referred to the various existing survey papers {1, 13, 21, 28, 34]. Readers
interested in inference of tree languages, using other methods and models than the
ones discussed here, may also wish to have a look-at [33, 27, 20, 29].

In the next section, learners for recognizable tree languages based on (variations
of) the MAT model are discussed. In Section 3, we discuss generalizations of these
algorithms, that learn recognizable tree series. The paper concludes with some final
remarks in Section 4.

2 Learners for Recognizable Tree Languages

As mentioned above, grammatical inference is the task to construct an automaton
or a grammar describing a language L, given certain information about L. For
the moment being, let us consider the string case. Suppose that we are interested
in learning a class £(A) of string languages, where A is a class of automata, and
L(A) = {L(A) | A € A} is the class of languages generated by A. The task of the
learner is to construct, for a given language L € L(A), an automaton A € A with
L(A) = L. For this, the learner needs to have access to information regarding L.
Here, we mainly want to study the case where this information is provided by a
MAT [3]. This oracle that will (correctly) answer. two different sorts of queries:
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Membership query Given a string © € £* (provided by the learner), the mem-
bership query member(u) will be answered by returning 1 if uw € L, and 0 if
u ¢ L. (Thus, member computes the characteristic function of L; see below.)

Equivalence query Given an automaton A € A (provided by the learner), the
equivalence query eqQuery(A) will be answered by returning the special token
Lif L(A) = L. Otherwise, a counterexample u € L(A) A L is returned, where
the operator A yields the symmetric difference of sets.

The learner L, proposed in [3] learns the class of regular languages from a MAT
in polynomial time, where A is the set of total deterministic finite-state automata.
It makes use of the Myhill-Nerode theorem for regular languages to construct the
canonical finite-state automaton recognizing L.! To achieve this goal, the learner
.maintains a so-called observation table, which can be seen as an adapted version
of the state characterization matriz introduced by Gold [24] for identifying regular
languages from positive and negative examples in the limit. In the following, we
discuss extensions and variations of L, that learn tree automata.

Let us first recall a few basic definitions and facts. A ranked alphabet ¥ is a
finite set of ranked symbols (f, k), where f is a symbol and k € N, its rank, is a
non-negative integer. We let Xy = {(f,!) € £ |l = k}. In the following, a ranked
symbol (f,k) will simply be denoted by f, or by f*)-if it is necessary to specify
its rank. The set Ts of trees over ¥ is the smallest set of formal expressions such
that f[t1,...,tk] € Ty, for every f%®) €% (k € N) and all #;,...,t; € Tyx..Here,
the brackets and commas are special symbols not in . For k = 0, the tree f[| may
simply be denoted by f. For a set T of trees, we let (T") denote the set of all trees
of the form f[t1,...,%x], where f%® €% and t1,...,t € T. The set of all subtrees
of a tree t = f[t1,...,tx] is given by subtrees(t) = {t} U Uf=1 subtrees(t;). A tree
language is a set L C Ty, The characteristic function of L is denoted by xz. Thus,
fort € Ty, xo(t) =1ift € L, and x1(¢) = 0, otherwise.

Definition 2.1. A deterministic bottom-up finite tree automaton (fta) is a tuple -
A = (%,Q,6,F) consisting of a ranked alphabet &, a ranked alphabet Q@ of states
such that Q@ = Q(o), a transition table 6, and a set F C Q of final states. The
transition table is a partial function §: 3(Q) — Q. This extends to trees in the
canonical way, yielding a partial function §: Ty — Q. A tree t € Ty is accepted by
A if 6(t) € F. The language recognized by A consists of all trees accepted by A, i.e.,
L(A) = {t € Tg | 6(t) € F}, and-is called a recognizable (or regular) tree language.

As usual, an fta is said to be total if the transition table § is a total function.
We note that § can also be regarded as a set of transitions f[gi,...,qx] — g, where
8(flg1s---,qx]) = ¢. In other words, a transition is a pair in £(Q) x Q. Since
we consider only the deterministic case, transitions have pairwise distinct left-hand
sides flgi,...,qx]. However, unless the fta is total, not all left-hand sides need to
be present.

11t may be interesting to note that the class of regular languages is not learnable in polynomial
time from membership or equivalence queries alone [5]. This provides some justification for calling
the oracle above a minimal adeguate teacher.
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The first extension of L, to so-called skeletal tree languages? was given by Sakak-
ibara [32]. Let us have a look at this learner, which we may call Lt*2. It constructs
the canonical total fta recognizing the target language L. In the presentation be-
low, we drop the restriction to skeletal tree languages, since it is not important for
the correctness of Lit*. In fact, this slight generalization has the advantage that
L, may be seen as a special case of L!f*2, by identifying a string a; - - - a,, with the
monadic tree an[---aife]---]. (The string case can, of course, even be simulated
using skeletal trees, but this seems to require the use of a representation that maps
strings to trees in a non-surjective way, for example, by representing v = ay - - - ap,
as tree(u) = *[--- * [a1,02), - an|. As a consequence, if A is a deterministic finite-
state string automaton, an fta recognizing {tree(u) | v € L(A)} will in general
contain more statés than A.)

As indicated in the introduction, the idea behind L, and all its descendants
is to construct an automaton by éxploiting the Myhill-Nerode congruence of the
target language. Let 0O(®) ¢ T be a special symbol, and let Cs be the set of all
trees in Tyy(ny with exactly one occurrence of O, called contexts over %. The
concatenation ¢ -t of ¢ € Cx with t € Ty U Cg is the tree obtained from ¢ by
replacing O with ¢. Now, the Myhill-Nerode congruence =y, on Ty is given by

t=r ¢ if and only if xz(c-t) = xz{c-t') for all c € Cy,.

1t is well known that =, is of finite index (i.e., its congruence classes are finite in
number) if and only if L is recognizable. The canonical (total) fta A% recognizing
L can be obtained as usual, by taking the congruence classes [t]=,, t € Ty, as
states and defining §(f({t1]=.,- -, [tkl=.]) = [f[t1,- .. tk)]=,. By the congruence
property, the choice of the representatives 1,. .., ¢, does not matter. A state [t}=,
is final if £ € L. _

Now, let us define an equivalence relation ~¢ on Ty by replacing Cy; in the
definition of =, with a finite set of contexts. For C C Cyx, let t ~¢ t’ if and only
if, for all c € C, xr(c-t) = xr(c-t’). By definition, =f, = ~¢,. Moreover, if =, is
of finite index, there is a finite set C of contexts such that =; = ~¢. The learners
based on L, (and, in fact, several other learners as well), discover such a set C' and
construct the target automaton from it. Note that, for arbitrary C C Cg, ~¢ is

not necessarily a congruence. ' ,

A Following the same idea as L., the learner L** uses membership and equivalence
queries to discover trees representing different congruence classes, together with
suitable separating contexts. The data structure used for this is the previously
mentioned observation table. Its rows are indexed by the trees in ¥(S5), for a finite
set S C Ty, and its columns are indexed by contexts from a finite set C C Cg
containing O. The cell in row ¢ and column ¢ contains the value xr(c - ¢), which
the learner obtains by asking a membership query. For t € £(S), if the observation
table  in question is clear from the context, we let (¢) denote the C-indexed vector
given by the row of ¢ in Q. For a set T C £(S), we let (T') = {({t) |t € T}.

2A tree language L is skeletal if L C Ty for a ranked alphabet & with [Z,)| < 1forallk > 1.
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We require that S be subtree-closed, meaning that s,,...,s; € S for every tree
fls1,...,sk] € S. In other words, S C X(S), which means that ) even contains
rows for the trees s € S. Note that, for t,t' € X(S), (t) # (¢') implies t #;, t/,
because ~¢ O =1. Moreover, as observed above, there exists an observation table
for which the converse holds as well. The aim of the learner is to build such an
observation table. . ‘

During its run, the learner Lt* repeatedly uses the tentative observation table Q
it has built in order to construct a total fta Aq consistent with the observations in €2.
This fta is passed to the teacher, and if it is not approved, then the counterexample
received is used to enlarge 2. To be able to construct Ag from €, the following
two properties are needed. :

1. Q is closed, meaning that (t) € (S), for every t € L(S).

2. Q is consistent. To define this property, let £g(S) = Cx N X(SU{0}). The
_observation table Q is consistent if (c- s) = (c- §'), for all ¢ € £5(S) and all
-s,8' € S with (s) = (s’). Note that (c-s) # (c-s’) would mean that there
is a d € C such that x.((d- ) s) # xo((d-¢)- &), ie, d-c would be a
context witnessing that s #r s', despite the fact that (s) = ( !y. Moreover,

~ the addition of d - ¢ to C would make the rows of s and s' different, thus
resolving the inconsistency.

If Q is both closed and consistent, Aq can be defined by a construction similar
to the construction of the canonical fta from =;. The set of states is (S), a
state (s) being final if s € L. For every tree t = f[s1,...,8¢] € E(S), we let
8(fl(s1),---,(sk)]) = (t). Note that, by the closedness of 2, (t) belongs to (S).
Consistency is needed to ensure that §(f[{s1),..., (sk}]) is uniquely determined.
Moreover, using subtree-closedness, one can ea.sﬂy verlfy the following lemma by
structural induction on ¢.

Lemma 2.1. If Q is a closed and consistent observation table, then 6(t) = (t) for
all t € B(8S). In particular, for t € 5(S), we have t € L(Agq) if and only if t € L.

The learner L2 starts with the observation table given by S = @ and C = {0O}.
In its main loop, it first makes sure that €2 is closed and consistent. This is done
by a straightforward procedure complete that adds appropriate trees and contexts
to S and C, resp., until § is closed and consistent. Then, Lt** constructs Aq and
passes it to the teacher in an equivalence query. If the teacher accepts it, learning
has been successful. Otherwise, subtrees(t) is added to S and the next iteration
starts. Whenever elements are added to S or C, the required membership queries
are asked to fill the new cells (¢,c) of the table with the membership information
xL{c-t).

Below follows the pseudo code of the learner. In this pseudo code, we denote
an observation table by the components S and C: '
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procedure Lif® where Q = (S,C)
Q :=(0,{0})
loop
_complete(Q) ;
construct Agq; .
t := eqQuery(Aqp); (ask equivalence query)
if ¢ = L then return Agq
| else S := S U subtrees(t)

procedure complete(S, C)
loop
if Jc € Tn(S),s,8 €S: (s) =(s') A{c-s) #{c-s') then (table inconsistent)
choose d € C with member(d - c- s) # member(d-c-s'); '
C :=Cu{d-c} (add witness to C)
else if 3t € X(S) such that (t) ¢ (S) then (table not closed)
[§ := Su{t}

Lelse return;

Clearly, as long as Q is not closed and consistent, each iteration of complete
enlarges (S). In particular, complete terminates, because the index of L is finite.
Now, consider the main procedure of Ltf*2, and let Q' be the new observation
table ' obtained by adding subtrees(t) to S (where ¢ is a counterexample). If €/
would still be closed and consistent, on the one hand, it could easily be shown that
Aq = Aq:. On the other hand, Lemma 2.1 would apply to Aq/, stating that ¢ is
not a counterexample for A/, contradicting the fact that it is a counterexample for
Aq. Thus, Q' cannot be closed and consistent. By the reasoning above, this means
that the following call of complete enlarges (S). We conclude that Lf** terminates
after at most n executions of the main loop, where n is the index of L.

Theorem 2.1 ([32]). Let A% = (%,Q,6,F). The learner LY returns an fta
isomorphic to A%, and runs in time polynomial in m" and |8|, where m is the
mazimum size of counterexamples returned by the teacher, r is the mazimum rank
of symbols in T, and |8| is the number of transitions.

Note that the number |Q] of states of A% (i.e., the index n of L) does not occur
~ in the preceding statement, because the totality of the fta implies that 5] > |Q)|.
Let us have a look at an example.

Example 2.1. Let ¥ = {f®, ¢(1) a0}, and consider the tree language L consist-
ing of all trees in Ty that do not contain two nodes such that one is a child of.the
other and both are labelled with the same symbol.

The learner L starts with the table (0,{0}), which is not closed, because
(S) = 0 does not contain (a), but a € X(S). Thus, complete adds a to S. The
resulting observation table is the first one shown in Figure 1. Here, the trees in
S are those above the single horizontal line, and the trees in 3(S) \ S are those
shown below it. The table is obviously closed and consistent, because all trees in
¥(S) have equal rows. The transitions of the resulting automaton Agq are shown
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to the left of the rows they result from. Since the state (a) is accepting (because
a € L, which is signified by the fact that (a) equals 1 at O), we have L(Aq) = Tx.
Hence, the teacher may give the counterexample ¢t = g[g[a]]. The table resulting
from the addition of subtrees(t) to S is inconsistent, since the two trees shown in
boldface letters have equal rows, whereas the trees they are subtrees of do not.
After the addition of g[0] to C, the table is closed and consistent. The resulting
fta is passed to the teacher in another equivalence query, and the teacher returns a
counterexample. Again, the table needs to be made consistent using complete. As
the reader may check, the fta Aq obtained from the resulting table is isomorphic
to AY. :

Let us say that a tree ¢ is live (with respect to a recognizable tree language
L C Ty) if it occurs as a subtree of at least one tree in L. Otherwise, ¢ is dead.
As a direct consequence of this definition, the set of dead trees forms a congruence
class of =, (or is empty). The state of A% corresponding to this congruence class is
said to be the dead state of AY (if it ex1sts) The canonical partial fta recognizing
L, denoted by AY, is constructed in the same way as A%, but taking as its state set
the set {[t]=, | t € Tx is live}, and restricting the transition function accordingly.
In other words, A} is obtained from A} by deleting its dead state, if it exists, and
is equal to A%, otherwise. If a computation of A% reaches the dead state on one
of the subtrees of the input tree, then this input tree cannot be accepted.” Hence,
we obviously have L(A}) = L(AY) = L. We shall now consider a learner that
constructs A instead of AY}.

The learner Lttt has the advantage that it asks at most n equivalence queries,
where n is the index of L. Its major disadvantages are that (a) S potentially
contains a lot of redundant information, since all subtrees of all counterexamples
received end up in S, and (b) the observation table contains |£(S)| rows to make
Aq total. Together, (a) and (b) are responsible for the appearance of m” jn Theo-
rem 2.1. Moreover, A% always contains at least n” transitions, whereas the number
of transitions of A} may be much smaller. The learner L{* developed in [18] avoids
these disadvantages at the price of potentially asking a considerably larger number
of equivalence queries. '

Even L2 uses an observation table. However, rather than indexing the rows by
the trees in £(S), they are now indexed by trees in a set T such that S € T C X(S).
Thus, this set T takes the role of £(S), but will typically not contain all trees in
¥(S). As before, columns are indexed by contexts from a finite set C C Cy.

Since S C T C X(S), both T' and S are subtree-closed. In addition to this,
Lf*2 maintains the invariant that, for every tree t € T, there is exactly one tree
s € S such that (s) = (t). This means that closedness and consistency do not need
to be checked explicitly, because S never contains redundant information. As a
consequence, Aq = (@, L, §, F) can be defined as before, the only difference being.
that it is total only if it happens to be the case that T = 3(S). As the trees in S
have pairwise distinct rows, the correspondences between S and @ and between T
and § (viewing ¢ as a set of transitions) are bijections. In particular, each transition
is represented by a unique tree in T".
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, showing (partial) observation tables, inconsistencies (in -
boldface letters), transitions resulting from the rows of consistent tables (except for
the final table), and counterexamples that the teacher may choose to return. _
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Similar to Ltft2| Lf*2 starts with the observation table given by S = 0 (and, thus,
also T = 0), and C = {O}. It repeatedly constructs An and asks an equivalence
query. As long as a counterexample t is received, € is extended by a tree (and
possibly a context) extracted from ¢, and the process continues:

procedure L* where Q = (8,T,C)
Q := (0,0,{0})
loop
construct Ag;
t := eqQuery(Aqn); (ask equivalence query)
if t = L then return Ag
else () := extend(f,t)

The heart of Lf** is the procedure extend, which examines a counterexample in
a bottom-up manner to find out where things go wrong, rather than adding all
subtrees of ¢t to S. The technique used for this was introduced by Shapiro [35] and
is known as contradiction backtracking. The pseudo code looks like this:

procedure extend(Q,t) where 2 = (S,T,C)
loop
decompose t into ¢t =c-t' where t’' = f[s1,...,5k] € Z(S)\ S;
if t' € T then - '
let s be the unique tree in § with (s) = (t')

if member(c-s) = member(t) then t := c-s (case 1a)
else return close(S,T,C U {c}) . - (case 1b)
else return close(S,T U {t'},C) (case 2)

Here, the decomposition of ¢ into ¢ - t’ can be done by a simple algorithm that
checks in a bottom-up manner which subtrees of ¢ belong to S, and returns the
first tree ¢’ encountered which is not in S (but which, therefore, must necessarily
be in ¥(5)). The procedure close is a simplified version of the procedure complete
of L2 corresponding to the second case in the latter. It checks the trees t € T
one by one, and adds ¢ to S if S does not yet contain a tree s with (s) = (t). Let §
be the transition function of Aq. If ¢’ € T, then §(c-s) = d(c-t') = 4(t), because
3(s) = (s) = (t') = &(¢'). In other words, Aq returns the same answer if run on ¢
and ¢ - s. Together with the condition member(c - s) = member(¢), this means that
¢ - 5 is also a counterexample, in case la. In case 1b, we have found a context ¢
that separates the trees s and ¢’ that have been equivalent according to Q. Finally,
in case 2, we have found a missing transition.

The use of contradiction backtracking in extend makes sure that the trees in S
represent pairwise distinct states, those in T' represent pairwise distinct transitions,
and the total number of contexts added does not exceed the number of states.
Moreover, it guarantees that no dead tree is ever added to T. Indeed, only case 2
results in the addition of a tree t’ to T. Since the transition represented by ¢’ is not
in T, we know that Aq rejects t = ¢-t’. Hence, ¢ must be a positive counterexample,
which shows that ¢’ is live.3 These properties make L2 quite efficient.

3This fact, showing that c is a so-called sign of life for t/, will turn out to be of some importance
in Section 3. :
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Theorem 2.2 ([18]). The learner L& returns an fta (Z,Q, 6, F) isomorphic to
A%, and runs in time O(r - |Q| - |9] - (|Q| + m)), where m is the mazimum size of
counterezamples returned by the teacher, r is the mazimum rank of symbols in %,
and |8| is the number of transitions.

The algorithm requires |Q| + |8} +1 equivalence and m + |Q)| - (|6] + 1) member-
. ship queries. As mentioned above, the number of equivalence queries asked is the
major disadvantage of L in comparison with L2 In practice, the number of
equivalence queries used by L2 can often be reduced by re-using counterexamples
[17]; see also the following example. : '

Example 2.2. Let & = {f®,g() o} be as in Example 2.1, and consider the
tree language L consisting of all trees of the form c - f[¢,a], where ¢ € C4y and
t € Tg,q)- Thus, the trees in L consist of a chain of gs at the top, followed by a
single f, whose first subtree is a chain of gs (endingin an a), whereas the second
is a single a. -

In the first step, the teacher will be given the empty automaton, which accepts
the empty language. Suppose the teacher returns the left-most tree in Figure 2 as
a counterexample. Searching for a subtree in £(.5) \ S in a bottom-up manner, we
immediately encounter one of the leaves a and observe that it represents a missing
transition (case 2). Therefore, a is added to T' (and close adds it to S, because S
does not yet contain any tree whose row is 0). Following L strictly, we would
now build the new automaton A and ask the teacher a new equivalence query.
However, since the current tree is still a counterexample (it is not accepted by the
new automaton either), we can as well continue using the current tree (see [17]).
We now find the subtree g[a], which represents again a new transition, but not a
new state. In the next iteration (again re-using the counterexample), we find that
gla] is in T and can be replaced with a without invalidating the counterexample
(case 1a). Thus, we continue with the third tree in Figure 2, and find that f[a,q]
represents a new transition and state. Finally, we also find that g{f][a, a]] represents
a transition. When this has happened, the automaton correctly accepts the tree,
so that we have to ask a new equivalence query.

Suppose the teacher chooses the leftmost tree in the second row of Figure 2. We
find that g[a] cannot be replaced with a once more, because f[a,a] € L (case 1b).
Consequently, f[a, 0] is a context that distinguishes between a and glaj.

Finally, when processing the last counterexample, we first discover that g[g[a]]
represents a transition, and then that f[g[a],a] represents another one. Now, an
equivalence query reveals that the resulting automaton is the correct one.

Recently, Besombes and Marion (7] have proposed the learner L’ (called AL-
TEX in [7]), that avoids the use of equivalence queries. Instead, it exploits a set of
positive examples in which all the transitions of the sought automaton are required
to be represented (see also [2]). Intuitively, there is a close relation between the two
learners, because L uses equivalence queries precisely in order to discover such
representatives. It may be interesting to try to find out whether there is a deeper
formal relationship.
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Figure 2: A run of L2 showing the trees inspected, the resulting observation

tables, and the transitions. Steps according to case la (preserving the property of

being a counterexample) are indicated by ‘—’, whereas # indicates steps according
" to case 1b (yielding a separating context).
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Let us have a coarse look at Ly’P. A set R C Ty is a representative sample
for L if subtrees(R) contains, for every live tree ¢ = f[t1,...,t], a tree ¢’ =
flty,...,t;] such that t§ =p t1,...,t, = tx. In other words, the transition
fllta)=,s-- -+ [tk]l=.] — [t]=, of the canonical fta is represented by a subtree of
at least one of the trees in R. Now, learning starts with the observation table given
by T = subtrees(R) and C' = {¢ € Cx | 3t € Tx: ¢-t € R}. The set T is never
going to change, and there is no distinguished subset S of trees representing states.

Somewhat similar to the situation in L!*2, and in contrast to L&, Q may
be inconsistent, which now means that there are trees t = f[t1,...,%] and t/ =
flty,...,t;] in T such that (t;) = (t;) for i = 1,...,k, but (t) # (). It can
be shown that, in this case, there is an inconsistency with ¢; = t; for all but
one 1 € {1,...,k}. With this in mind, the situation becomes entirely similar
to Lif2: if j is the unique index with ¢; # #}, and d € C is’a context sep-
arating ¢ from t’ (which exists because (t) # (¢')), then the context d - ¢ with
c= flt,-- -, ti—1,0,tj41,. .., t] separates't; from ¢.

The learner can now choose such a separating context d for every inconsistent
pair of trees t and t' as above, and ask a membership query for each of the trees
d- fltr, .. s ti-1,t5,ti41,-- -t} (4 € {1,...,k}), until the answer differs from the
table entry for ¢ in column d, to find c. In this way, a context d - ¢ that separates
t; from ¢} is obtained.* Having found such a context, Ly’P adds it to C' and checks
again whether the observation table is consistent. Since the index of L is finite,
the process must eventually terminate, yielding a consistent table. This table gives
rise to an fta Ag in a similar manner as before. For a consistent table, using the
fact that every transition is represented in T' = subtrees(R), it can be shown by
induction on the size of minimal separating contexts that, for ¢,¢' € T, if (¢) = ('),
then t =1, ¢'. From this, it follows easily that Ag is isomorphic to A}.5 .

Theorem 2.3 ([7]). The learner L, returns an fta (X, Q, 6, F') isomorphic to A}
in time polynomial in . p |t| (where |t| denotes the size of t).

Let us have a look at an example.

Example 2.3. Let & = {f®,a(®,60} and L = Tg\(Tys,4)U{b}), i.e., L contains
all trees over ¥. of size greater than one that contain at least one b. The canonical
fta contains states ¢., g, gr, Wwhere ¢ is final. Its transition table is

q. ifte {a, f[Qa, Qtz]}
gr otherwise.

The set R of trees shown in Figure 3 is a representative sample. Building the

4 Alternatively, following the description in [7], the learner could simply pick any inconsistent
pair t, ' as above and a separating context d, and add all contexts d- f[t1,...,¢j—1,0,t541,..., k]
to C, because it will eventually also encounter the right one and include it. However, it seems
clear that this may have a negative impact on the efficiency.

5The proof of this fact given in [7, Lemma 5] does not seem to be convincing, but it is easily
corrected by the inductive argument mentioned, showing that (t) = (¢’) implies t =, t'.
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Figure 3: A representative sample R

corresponding initial observation table, we see that ~q divides T' = subtrees(R)
into two equivalence classes, namely T\ L = {a, b, f[a,a]} and TN L. The reason
is that, among the contexts in C, only O separates any trees at all, because every
c € C\ {O} (i.e., every context obtained from a tree in R by replacing a proper
subtree with O) contains a b, which means that xy(c-t) =1 for allt € Tx.

Thus, we should be able to find a pair of trees in T revealing an inconsis-
tency. Indeed, there are three, obtained by combining f[a,b], f[b,a}, fib,b] € L
with fla,a] ¢ L. This gives rise to the context fla, D} separating a from b. Of
course, f[O,a} would do as well, but it may be interesting to note that neither
f[3,b] nor f[b,0] does (see also footnote 4). As the reader may wish to verify, the
table ' enlarged by this context is consistent, and Agq is isomorphic to AY.

3 Learning Tree Series

It is now a natural step to wonder whether learning of recognizable tree series
is possible as well. The number of papers addressing this problem is still rather
small. One may roughly divide them into two categories. The first deals with
the special case of stochastic tree automata, weighted tree automata (wta) with
weights in [0,1] that compute a probability distribution on Tyx. This case is of
particular interest because stochastic languages play an important role in, e.g.,
natural language processing. To learn stochastic tree languages, it is probably
most natural to consider a learning-from-text-like setting: positive examples are
drawn according to a probability distribution D, and the goal is to learn D in the
limit by, e.g., constructing an appropriate wta. A learner of this kind has recently
been presented by Denis and Habrard [16].

The second category of learners does not assume that the sought wta is a
stochastic tree automaton. There seem to be only two results of this kind, both
using the MAT model and the general algorithmic idea explained in the previous
section. Let us first give some basic definitions. Readers who wish to read a more
decent introduction to weighted tree automata are referred to the excellent survey
by Fiilop and Vogler [22].

Let S = (S,+,-,0,1) be a (commutative) semiring, i.e., a set S together with
binary addition and multiplication operations + and - and distinct elements 0,1 € S
such that (S, +, 0) and (S, -, 1) are commutative monoids, multiplication distributes
over addition, and 0 is absorbing with respect to multiplication. From now on, we
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simply denote S by S. A tree series is a mapping 9: Ts;, — S. Given such a tree
series, we call the set supp(¢) = {t € T | ¥(t) # 0} the support of .

Below, for a finite index set I, we let ST denote the set of all vectors over S
indexed by I. As usual, the ith component of v € S is denoted by wv;, for i € I.
The inner product of u,v € ST isu-v = Ziel Uj - V.

Definition 3.1. Let S be a semiring. A weighted tree automaton (wta) over S is
a tuple A = (3,Q, u, \) consisting of a ranked alphabet ¥, a ranked alphabet Q of
states such that Q = Qq), a transition weight table p € Sz(Q)xQ, and a root weight
mapping A € SR. Thus, p assigns a weight yu, to every transition T € (Q) x Q. A
is (bottom-up) deterministic (a dwta) if, for every l € £(Q), there is at most one
q € Q such that p_.q #0.

Fort = ft1,...,tx) € Tx, we define fi(t) € S? by setting

ﬁ(t)q = Z ;uf[ql,‘.,.,qk]—»q ‘ H /l t1 qi

q1,---,98€Q i=1,....k

forallqg € Q.
The tree series recognized by A is gwen by 7,[1A(t) - 1i(t), and is called a
recogmzable tree series.

In the follow1ng, we want to con51der the problem of learning a wta in the MAT
model, first for dwta over a semifield, and then for nondeterministic wta over s field.
Clearly, for this to be possible, the teacher has to be given appropriate capabilities.
Thus, if A is the class of wta to be learned, and 1 is the target series, membership
.queries become coefficient queries: given a tree t € Ty, the procedure coef(t) will
return t(¢). Similarly, equivalence queries have to be extended: the input is a
wta A € A, and eqQuery(A) will either return L, indicating that ¥4 = 1[), or a
counterexample, a tree ¢t € Ty such that ¥ 4(¢) # 1/)(t)

As mentioned, we are first going to have a look at the deterministic case. For
readers who are not yet familiar with wta, a small example (which will be continued
later) follows.

Example 3.1. We consider the semifield S = (Z U {o0}, min, +, 00,0). To avoid
confusion, the reader should keep in mind that + plays the role of multiplication in
this example, with co being the absorbing element, and 0 being the neutral element.

As in Example 2.2, let & = {f® ¢ a©}. For a tree t of the form c- f[t/, q],
where ¢ € Cygy and t' € Tyg 43, let ¥(t) = 2m + n, where m is the number of
occurrences of g in ¢, and n is the size of #’. For all other trees t € Ty, let.
¥(t) = co. Thus, the support of 1 is the tree language in Example 2.2.

A dwta over S recognizing v can be constructed by using states ¢, ¢2, ¢3. Except
for the addition of weights, the automaton is the same as the one in Example 2,2.
It will be in state g; when it has just read an a, in state go when it has read a
number of gs above an g, and in state g3 when it has read a tree in supp(¢). For
the specification of concrete dwta, it is convenient to write i as a set of rules of the
form |5 ¢, where [ € ¥(Q) and q is the unique element of @ such that w = p;_,4
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is non-zero (which, in the present case, means that w # co). Using this notation,
A contains the following rules:

0 1 1
a—=q, gla] = g2, 9lg2) = g2,
1 . 1 2
flan, il = a3, flaz, ) — a3, glas) = gs.

Furthermore, Ay, = A;, = 0o and Ay, = 0.

Now, let us have a look at the MAT learner L% for dwta over a (commutative)
semifield S by Maletti [30]. It extends L2 to the weighted case and generalizes
an earlier version proposed by Drewes and Vogler [19], which was restricted to the
class of “all-accepting” dwta.

" The learner Ld¥t2 makes use of the Myhill-Nerode theorem for deterministically
recognizable tree series over commutative semifields [8]. Thus, from now on, every
a € S\ {0} is assumed to have a multiplicative inverse. As in Lf**, observation
tables are given by sets S,T C Ty and C C Cy. The entry in row ¢ and column
¢ is now the coefficient 9(c - t). The fact that L®?, in T, only collects live trees
becomes now crucial for the correctness of the learner. In the context of tree series,
a tree t € Ty is live if there exists a sign of life for t, a context ¢ € Cx such that
(e t) # 0. The case of tree series poses a difficulty not present in the language
case: if [i(t)q # 0 but Ay = 0, then the value of [i(t), is hidden in the sense that a
coefficient query on ¢ will yield v(t) = 0. To determine the right coefficients during
the construction of Ag, we thus have to make sure that C contains a sign of life, for
every t € T. In the algorithm extend, this is easily guaranteed by changing case 2
in such a way that ¢ is added to C (see footnote 3 on p. 258).

Thus, the crucial invariant maintained by Ld¥** is that, as in L, the obser-
vation table Q = (S, T, C) satisfies S C T' C %(S). In addition, C now contains a
sign of life for every tree in 7. For ¢,t' € T, what used to be the equality of (t) and
(') in the unweighted setting, is now replaced by the requirement that one row be
a multiple of the other. More precisely, let (¢t) =~ (¢') if and only if there exists an
a € S such that (t) = a- (t') (where a- (t') denotes the scalar multiplication of the
row {t') by a). Note that, due to the existence of signs of life, a is non-zero and
is uniquely determined for every pair of trees in T (if it exists). Similar to Lf?,
for every tree ¢t € T, S will always contain exactly one tree s such that (s) =~ (t).
Given t € T, we will denote this particular tree s € S by repq(?).

Now, we can assign a weight ¥q(t) to every tree t € T: q(t) is the unique
factor a € S such that (t) = a- (repq(t)). In particular, ¥q(s) = 1 for every s € S.°

Using these definitions, an observation table = (S, T, C) gives rise to the dwta
AQ = (Za Qa Hy )‘)7 where )

* Q=(5),

e for every transition 7 = (f[(s1),...,(sk)] — (t)), where t = f[s1,...,s) € T,
we let Hr = TPQ (t)a

6This definition of 1 (t) differs from the one given in {30], but fulfills the same purpose. This
illustrates the fact that there may be several minimal wta recognizing 4, which differ in their
transition weights (and in A).
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e all remaining transition weights y, are 0, and

® Ay =9Y(s) forall s € S.

In the same way as Lff2, 1.d%t2 now starts with the observation table Q =

(@,0,{0}). It repeatedly constructs Agq, asks an equivalence query, and passes the
counterexample received (if any) to the procedure extend. In other words, the main
procedure of L%t looks exactly like that of L2 (although it does now work with
dwta rather than fta, of course). Even extend looks quite the same as before, the
major difference being that we now add the context ¢ as a sign of life in case 2:

procedure extend(f,t) where 2 = (S,T,C)
loop '
decompose t into t ='c-t’ where t' = f[s1,...,5¢] € Z(S)\ S;
let s =repo(t);
if ¢’ € T then

if coef(t) = ya(t') - coef(c-s) then t := c-s (case 1a)
else return close(S,T,C U {c}) (case 1b)
else return close(S,TU{t'},CU{c}) (case 2)

The following result, similar to Theorem 2.2, holds under the assumption that
all relevant operations on S (addition, multiplication, and taking inverses) can be
computed in constant time. Compared to Theorem 2.2, an additional factor |Q|
results from the fact that rows are not bit strings anymore, and thus cannot be
stored as single integers.

Theorem 3.1 ([30]). The learner L% returns a minimal dwta A = (Z,Q, u, )
recognizing 3 in time O( - |Q|? - 8] - (|Q] + m)), where m is thé mazimum size of
counterexamples returned by the teacher, r is the mazimum rank of symbols in X,
and |0| is the number of transitions 7 € £(Q) x Q such that 1, # 0.

Let us have a look at an example.

Example 3.2. Consider the tree series ¥ in Example 3.1, where, again, § =
(Z U {0}, min, +,00,0). We now apply L**2 in order to construct, by means .
of learning, a dwta over S recognizing 9. The counterexamples used as well as the
states and transitions discovered are the same as in Example 2.2. In particular,
counterexamples are re-used if possible. Furthermore, the context ¢ in case 2 of
extend is not added to the table if the table already contains a sign of life for ¢. To
save space in Figure 4, the very first step, in which a is found to be a new state and
transition, is omitted. Otherwise, the figure is very similar to Figure 2. Indeed, the
resulting wta recognizes v, as the reader may easily check, although the transition
weights differ from those used in Example 3.1.

It seems to be clear that the learner L™ discussed in the previous section carries
over to deterministic wta over S in quite exactly the same way as Lf2. Thus, the
resulting learner would use coeflicient queries and a representative sample, the latter
being a subset of supp(y) covering every transition of a minimal dwta recognizing .
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Figure 4: A run of L¢"*?, similar to the run of L in Figure 2.
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1. Note that, even though there may be various minimal dwta recognizing 1,
their representative sets coincide, because two minimal dwta recognizing the same
tree series over S differ only in the weights of their transitions (and in their root
weights).

We now turn to the second learner for recognizable tree series, proposed by
Habrard and Oncina [26]. In contrast to the one explained above (and, in fact, also
in contrast to all other extensions of L, known to the author), this learner works for
nondeterministic wta. This becomes possible by making the stronger assumption
that S, the semiring considered, is a field. Thus, from now on, S is even assumed
to have additive inverses. From the point of view of MAT learning, the important
consequence of this assumption is that we, again, can make use of a Myhill-Nerode -
theorem; see [22, Theorem 3.31}.

Below, since we are now dealing with nondeterministic wta A = (X, @, s, A), it
is occasionally convenient to specify p as a function p: £(Q) — S°. The connection
between the two views is, of course, that py_q = u(l)q for all I € £(Q) and g € Q.

Before turning to the discussion of the learner, let us have a look at an example
of a nondeterministic wta. ' '

Example 3.3. Let & = {f®, 91 a9} and S = Q, where addition and multipli-
cation are as usual. For a tree t € Ty, let ¥(t) = m + n, where n is the number
of nodes labelled f in ¢, and m is the number of nodes labelled f in ¢ that do
not have a child node labelled f. In other words, we count fs, and those which
do not have another f as a direct descendant are counted twice. A minimal wta
A = (Z,Q, u, A) recognizing ¥ has three states ¢;, ¢2, g3. The intuition behind them
is as follows. At the root of a (sub-)tree ¢, state g; carries the weight w = 0 if the
root of ¢ is labelled f, and w = 1 otherwise. At the same time, g» carries the weight
1 — w. State g3 always carries the weight ¢(t). Consequently, denoting v € S® as
(Vg1 Vgy, Vgs ), the specification of p reads as follows: -

p(a) = (1,0,0)

p(gla]) = (1,0,0)  wu(flgr,@]) = (0,1,2)

pgle]) = (1,0,0)  u(flg,q']) =(0,1,1) if g €{g,¢'} C {q1,92}
p(glgs]) = (0,0,1)  p(flg,q']) =(0,0,1) if{g,q¢'} € {{q1,93},{g2,93}}

The root weights are given by A = (0,0,1). Figure 5 illustrates a computation.

Now, suppose that 1 is a recognizable tree series over a field S. For the mo-
ment, let 2 denote the infinite observation table obtained by taking all of Ty as T
(indexing the rows) and all of Cg as C (indexing the columns). Then the rank of
2, viewed as a matrix, is finite. Moreover, it is not difficult to show that, for every
set .S C Ty, if there exists a tree t € Tx such that () is linearly independent of
(S), then a tree with this property can even be found in X(S). Therefore, there is a
finite subtree-closed set” S C T such that, for all s € S, {s) is linearly independent
of (S)\ {(s)}, and every row in (Ts) is a linear combination of rows in (S).

TRecall that subtree-closedness of S means that S even contains all subtrees of trees in S.
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Figure 5: A computation of the wta in Example 3.3.

Assume that we have discovered such a set S, and let @ = (S). For every tree
t € Ty, let i(t) € S9 be the unique vector such that () = 3, g7(t)(s - (5).
In other words, fi(t) is the vector of coefficients of (t), if expressed as a linear
combination of rows in (S). Then, for a tree ¢ and a context ¢, we have

1/)(6 : t) = Q(t’c) = Zﬁ(t)(s) : Q(s: C) = Zﬁ(t)(s) ' 11)(0 : 3)'

sES s€S

_ In particular, choosing ¢ = O and setting A(s) = ¥(s), we get 1(t) = X - [i(t). Since
this is just the definition of ¥ 4(t), it remains to show how to discover S, together
with a weight table u such that i = .

This is done as follows, again using an observation table. As in L rows are
indexed by the trees in X(5), i.e., £(S) plays the role of T. Each time new contexts
have been added to C, the learner makes sure that the table is closed, which now
means that (t) is a linear combination of (S), for every tree t € £(S). Closedness can
be achieved by an straightforward iterative procedure close that preserves subtree-
closedness. Given that €2 is closed, a corresponding wta Aq = (3,Q, u, ) with
@ = (S) can be obtained along the lines of the preceding discussion: for every
tree I = f[(s1),...,(sk)] € B(Q), we let u(l) be the unique vector such that (t) =
Y ses #(l)(s) - (8). Furthermore, A(gy = 9(s) for all s € S.

Now, here is the pseudo-code of the main routine of the learner:

procedure LY*?
Q=(S50C) := (0,0)
loop )
construct Agq;
t := eqQuery(4qn); (ask equivalence query)
if t= 1 then return Agq;
else

&

Thus, when a counterexample is received, C is enlarged by all contexts obtained
from this counterexample. Since it can be shown that this increases the rank of (,
termination is guaranteed. (In fact, the learner in [26] is slightly more optimized
than the version described here. Before asking a new equivalence query, it is checked

CU{ceCx |3t €Tg:c-t' =t};
close(S);
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whether there is a tree t € T such that ¥4, (t) # ¥(¢). In other words, there is
a context ¢ € C such that ¢t is a counterexample. In this case, the learner can
obviously proceed by using c-t as a counterexample, thus avoiding the need to ask
an equivalence query.)

Every counterexample increases |S|, which never gets larger than the number
of states of a minimal wta recognizing 1. Furthermore, every counterexample ¢
leads to the inclusion of at most |¢| new contexts in C. As all the basic steps in the
algorithm can be performed in polynomial time in the size of Q2 (i.e, in |Z(S)|+|C|),
we get the following theorem.

Theorem 3.2 ([26]). For every recognizable tree series over S, LY learns a min-
imal wta A recognizing ¥ in polynomial time with respect to the size of A and the
size of the largest counterexample returned by the teacher.

Again, let us have a look at an example.

Example 3.4. We apply LI** to the tree series in Example 3.3. The initial wta,
without any states, assigns the weight 0 to all trees. The teacher may respond with
the counterexample f[a,a], which leads to the first observation table in Figure 6.
In the figure, only as many contexts of C are shown as needed. For example, f[a, 0]
is left out in the first table. Furthermore, for the sake of clarity, the part below the
horizontal line in each table lists all of T, rather than only T\ S.

The teacher may now give the counterexample t = f[f[fla,a], a], fla,a]], be-
cause Y4, (t) = 27/4 rather than 6. Of the contexts obtained from ¢, we need only
fIf1f10,a],a], fla,a]} to distinguish between three states; see the second table in
Figure 6. An now recognizes 1, even though the “intuition” of the learner differs
from the one used to construct the (equivalent) wta in Example 3.3. More precisely,
let rooty(t) be the predicate which is true if and only if the root symbol of ¢ is f.
Then, if pu(t) = (v1,v2,v3), we have

1 if rooty(t) n — {z/)(t)/2 —1 if rooty(t)

n=1-— ’lp(t)/Q, Vg = {0 otherwise, w(t)/2 otherwise.

Indeed, given the choice of A, this means that Aq recognizes 1.

4 Final Remarks

We have considered a family of grammatical inference algorithms for tree languages
and tree series that can be regarded as more or less direct descendants of the learner
L. proposed by Angluin in [3]. An approach that has not been discussed here is
the one presented in [6, 38] for string and tree languages, respectively (see also
[37, 36]). This approach uses so-called correction queries instead of membership
queries. Given a recognizable tree language L C Ty to be learned, a correction
query correct(t) (where ¢t € Ty) is answered by returning the smallest context
¢ € Cyx such that c-t € L. Here, contexts are ordered according to a Knuth-Bendix
order. A special token is returned if no ¢ with ¢ ¢ € L exists, i.e., in case t is
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Figure 6: Applying L¥* to the tree series 1 in Example 3.3

dead. It seems to be an interesting question whether this approach carries over the

weighted setting in a reasonable way.

In the case of weighted tree automata, the leainers mentioned in Section 3 seem
to be the only ones known so far. In contrast, a variety of learning approaches for
stochastic string languages and recognizable string series have been proposed in the
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literature (see, e.g., [31, 9, 12, 10, 11, 14, 15, 25]). It could be interesting to see
whether these approaches extend to stochastic tree languages or tree series as well.

Another question that may be worth studying is whether grammatical inference
of tree series is easier if some aspects of the target series are already known, such
as the support or the yield of the support.
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- Weighted Tree-Walking Automata*

Zoltan Fiilop' and Lordnd Muzamel®

Abstract

We define weighted tree-walking automata. We show that the class of tree
series recognizable by weighted tree-walking automata over a commutative
semiring K is a subclass of the class of regular tree series over K: If K is not
a ring, then the inclusion is strict.

Keywords: semiringé, regular tree series, weighted tree-walking automata

1 Introduction

The concept of a tree-walking dutomaton (for short: twa) was introduced in [1)
for modelling syntax-directed translations from strings to strings. Recently its
importance grew.in XML theory, see, e.g. [23, 25, 26]. A twa A is a sequential
finite-state tree acceptor with finitely many transition rules. Obeying its state-
behaviour, A walks along the edges of an input tree s € Ty, where ¥ is the input
ranked alphabet of A. Then A accepts s if there is an accepting run on s, i.e.,
a finite walk on s from the initial state to the accepting state. Tree languages
recognized by twa are effectively regular. Unfortunately there is no straight proof
of this fact in the literature, but it can be obtained, e.g., as the special case of the
main result of [14]. However, there exists a regular tree language that cannot be
recognized by any twa [4]. There are several extensions of twa which still recognize
regular tree languages, such as twa with weak pebbles [13], strong pebbles [14],
invisible pebbles [15], and also the alternating pebble twa of [24].

Another kind of automata in which we are interested is the weighted tree au-
tomaton (for short: wta). It is a natural generalization of the classical tree au-
tomaton [10, 19, 20]. The generalization lies in that input trees are supplied with
weights taken from an underlying semiring K. In fact, each transition rule of the
wta has a weight represented by an element of K. The weight of a run over an

_input tree s € Ty is just the (semiring) product of the transitions which take part

*The full version of a submission presented at Weighted Automata: .Theory and Applications
(Dresden University of Technology, Germany, May 13-16, 2008). The research was supported by -
the Hungarian Scientific Fund under Grant T 46686 and by the Fund for Teaching and Research
in Informatics. i

tDepartment of Foundations of Computer Science, University of Szeged, Arpad tér 2., H-6720
Szeged, Hungary,E-mail: {fulop,muzamel}@inf .u-szeged.hu
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in that run. Then, the weight of s is the (semiring) sum of all runs over 5. In
this way a wta recognizes a tree series, i.e., a mapping from T3 to K. Tree series
recognizable by wta are called regular, and the class of regular tree series which are
recognizable by weighted tree automata over ¥ and K is denoted by REG(Z, K).
Note that REG(X, B), where B is the Boolean semiring, is the class of recognizable
tree languages [19, 20]. Wta were defined and considered in several works, see e.g.
[3], [2], (8], [5], [16], [11], [22], and the survey paper [18].

In this paper we introduce the weighted version of a twa, following the idea that
led from classical tree automata to wta. In a weighted tree-walking automaton A
(over ¥ and K ) (for short: wtwa), every transition rule has a weight taken from
the semiring K. We assume that A is non-looping, i.e., it cannot enter into an
infinite cycle from the initial configuration. The weight of a run of A on an input
tree s € Tx is the product of the weights of the applied transition rules, then the
weight of s computed by A is the sum of the weights of all the accepting runs-of A
on s. Since A is non-looping, it has only finitely many such accepting runs. The
tree series recognized by A is Sq : Ty — K, where S4(s) is the weight of s for
every input tree s € Tx;. We denote the class of tree series which are recognizable by
non-looping wtwa over ¥ and K by TWA(L, K). Hence, wtwa with their sequential
processing are alternative tools besides the classical weighted tree automata, which
process trees parallelly. We note that arbitrary (i.e., maybe looping) wtwa over B
are exactly the twa of [1].

- As the main result, we show that if K is commutative, then TWA(Z, K) C
REG(X, K) (Theorem 17). The proof of that the tree series recognized by a non-
looping wtwa A is regular is performed according to the following steps. We encode
an accepting run of A by annotating the nodes of the input tree by the rules applied
in that run. Thus we obtain the concept of a run tree of A. Then we construct
two twa such that a Boolean combination of the tree languages recognized by them
turns out to be the set of run trees of A. Hence, the run trees of A form a regular
tree language (Corollary 15). This implies that the tree series S that associates
a run tree with the weight of the run it encodes is regular. Finally, we define an
appropriate relabeling 7 from the set of run trees of A to the set of input trees
such that the extension of 7 to tree series takes S to S4. Since such an extension
preserves regularity of tree series, we obtain that S4 is regular (Theorem 16).

Then we show that if, in addition, the semiring K is proper, i.e., is not a ring,
then the inclusion is strict, i.e., REG(Z, K)-TWA(Z, K) # 0. Hereby we generalize
the main result of [4]. We prove this by taking a surjective homomorphism h : K —
B. Now, if TWA(Z, K) = REG(Z, K), then also h(TWA(Z, K)) = TWA(Z,B) =
R(REG(Z, K)) = REG(Z, B) which contradicts the celebrated result TWA(Z, B) C
REG(X,B) of [4].

The paper is organized as follows. In Section 2 we introduce the necessary
notions and notation. In Section 3 we define weighted tree-walking automata, then
we prove our main results in Section 4. In Section 5 we summarize our results and
show an open problem.
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2 Definitions and notation

2.1 Sets, relations, and strings

We denote the set of nonnegative integers by N. For every n € N, we let [n] =
{1,...,n}. The empty set is denoted by 0.
For a set A, we denote by 24 the power set of A and by A* the set of strings
over A. We denote empty string by €. Sometimes we write a for a singleton {a}.
Let p C A x A be a binary relation. The fact that (a,b) € p for some a,b € A is
also denoted by a pb. Moreover, the transitive closure and ’che reflexive, transitive
closure are denoted by p* and p*, respectively.

2.2 Trees and tree languages

A ranked alphabet is an ordered pair (3, rank), where ¥ is a finite, nonempty set '
and rank is a mapping of type & — N. For every k > 0, we define %) = {0 € T |
rank(c) = k}. We define mazrank(X) = max{rank(c) | ¢ € £}. In the sequel we
drop rank and write a ranked alphabet as 3. Moreover, in the rest of the paper &
and A will denote arbitrary ranked alphabets. )

The set of trees over ¥ indexed by A, denoted by Tx(A), is the smallest set
T C (BU{(,)}U{,})* such that £ U A C T and whenever k > 1, o € X*),
and t1,...,t, € T, then o(ty,...,tx) € T. In case A = 0, we write Ty, for Tn(A).
Certainly, Ty, # 0 if and only if =(® # 0. Every subset L C Ty is called a tree
language.

For every tree s € Ty, we define the set pos(s) C N* of the nodes of s as follows.
We let pos(s) = {e} if s € (¥, and pos(s) = {e} U{iu|1<i <k, u€ pos(s;)} if
s =o(s1,...,8;) for some k > 1,0 € v®) and sq,..., s, € Tx.

Now, for a tree s € Ty, and a node u € pos(s), the label of s at node u, denoted
by s(u), is defined in a standard way. By the root of s we mean the node e. A
node u of s is-a leaf if ul ¢ pos(s). Moreover, we define the parent of u, denoted
by parent(u), and the child number of u, denoted by childno(u), as follows:
“(i) if u = ¢, then childno(u) = 0 and parent(uw) is undefined, :
(if) if u = v'j, where v’ € pos(s) and j € N, then childno(u) = j and parent(u) = u’'.

We will freely use the concepts of a regular tree language and a (finite) tree
automaton. The unfamiliar reader can consult the works [19, 20], and [9] for these
concepts. Moreover, we will need the following known closure properties for regular
tree languages, see, e.g., Theorem 4.2 of [19].

Proposition 1. Regular tree languages are closed under Boolean operations.

2.3 Semirings and tree series

A semiring is an algebraic structure (K, +,-,0,1) with binary operations addition
+, multiplication -, and constants 0 and 1 (with 0 # 1) such that (K,+,0) is a
commutative monoid, (K, -,1) is a monoid, multiplication distributes over addition
(both from left and right), and a - 0 = 0-a = 0 for every a € K. Frequently we
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will write just K for (K,+,-,0,1). We say that K is commutativeifa-b=1>b-a for
each a,b € K. The semiring K is proper if it is not a ring, i.e., there is no additive
inverse of 1.

Examples of commutative semirings are the Boolean semiring B =
({0,1},V, A,0,1) and the arctic semiring Arct = (NU{—~o0}, max, +, —00, 0), where
the operations max and + are extended to NU {—o0} in the obvious way. Note
that both B and Arct are proper.

A tree series (over & and K ) is a mapping S : Ts — K where (5, s) is usually
- written rather than S(s) for s € Tx. We denote by K((Tx)) the set of tree series
over ¥ and K. Now we give an example of a tree series over Arct.

Example 2. Let T be such that £ = {a, 8}. The tree series height,, € Arct{(Ts)
delivers, for s € Tx, the length of the longest path from the root of s to an a-node.
More éexactly,

; . _fo fs=a.--
(1) (hezghta,s) - { -0 ifs= ﬁv

(ii) (height,,s) =1+ max{(height,,s;) |1 <i<k}if s =0(sy,...,s) for some
k>1,0eS® andsq,...,sk € Ts.

In an analogous way, we can define heights € Arct((Tx)). Now by an o-G-path in
s we mean a path from an a-node to a S-node of s along the edges of s such that
the a-node precedes the 8-node in the usual lexicographical order of the nodes and
that every edge is taken at most once in the path. Finally, we define the tree series
widtheg € Arct((Tx)) which delivers, for s € Tk, the length of the longest a-3-path
in s. More exactly, .

(1) (@idthaﬁ, Sb) =-0if s=aors=p,

(ii) (widthag,s) = max{ max{(height,,s;) + (heightg,s;) +2 |1 <1i < j < k}, |
max{(widthdg,si) | 1 < ) < k}}

if s=0(s1,...,5¢) for some k> 1, 0 € v®) . and sq,...,s5 € Tx.

In particular, let & = {o® vV a® BO}  Then, for the tree s =
o(o(o(o(B, @), B),7(c(B,))), B), we have height,(s) = 4, heights(s) = 4, and
widthag(s) = 6. The longest a-f-path in s is visualized in Fig. 1.

Weighted tree automata were defined in several works in several ways, see e.g.
(3], [2], 8], [5], [16], [11], [22], and the survey paper [18]. Here we give a definition
which is equivalent with the standard one and, at the same time, is easy to handle.

A weighted tree automaton (wta) over K is a system M = (Q, X, R, v), where
Q is a finite set of states, L is the input ranked alphabet, v is a mapping of type
Q — K, and R is a finite set of (weighted) rules of the form o(qu,...,qr) — g,
where £k > 0, 0 € 2®), q1,...,qk,g€ Q, and a € K. In case k = 0 we write 0 = ¢
rather than o() = g.
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Figure 1: The longest a-f-path in the tree s = o(d (0o (0 (8, @), B8), 7(c (B, @))), B)-

The tree series Sprq € K{(Tx)) recognized by M in a state g € Q is defined as
follows. For every input tree s = o(s1,...,sx) € Tx with k > 0, 0 € (), and
$1,...,8; € Ty, we have

(SMxQ’S) = Z (SM,qnsl)""'(SM,qmsk)’a

9100 9 €Q,a€K
o(g1,..qx)-qER

Moreover, the tree series recognized by M is defined by

(Sm,s) = Z(SM,qa

q€Q

for every 1nput tree s € Tx.

A tree series is regular if it can be recogmzed by a weighted tree automaton.
We denote the class of regular tree series over ¥ and K by REG(L, K).

Next we define the concept of a characteristic tree series and some operations
on tree series which we need in the sequel. For a tree language L C Tx the
characteristic tree series of L is X € K ((Tz)) defined by (X,s) =1if s € L and
(XL, s) = 0 otherwise for every s € Tx.

Let $1,52 € K({Tx)) be tree series and a € K. We define the tree series
aS1 € K{Ix) by (aS1,5) = a-(51,s) for every s € Tx. The sum and the Hadamard
product of S1 and Ss are denoted by 51 + Sz and 51 ® Sz in K{({T%)), respectively,
and are defined as (S1 + Sa,5) = (51,5) + (S2,5) and (51 © S2,5) = (51, ) - (S2,8)
for each s € Tx,.

Regular tree series have the following closure propertles

Proposition 3. Let K be commutative.
(a) If L C Tx is a regular tree language, then X1, € REG(Z, K).

(b) If $1,52 € REG(Z, K) and a € K, then aS;, Sy + Sz, and S1 © Sz are also
in REG(Z, K).

For the proof of (a) we refer the reader to Lemma 3.3 of [12]. The closure
under the multiplication with a, the sum, and the Hadamard product were proved
in Lemmata 6.3 and 6.4 of [11] (cf. also Lemma 3.3 of [12]), and in Corollary 3.9
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of [6). Let us note that the proof of (a) and of the closure-under sum do not need
commutativity of K. .

Now we define the concept of relabeling. A (deterministic) relabeling is a map-
ping 7 : & — A such that for each k > 0 and ¢ € =) we have 7(c) € A%¥). Then
7 extends to the mapping 7’ : Ty — Ta, where 7/(s) = 7(0)(7'(s1),...,7'(sk)) for
every s = 0(81,...,8¢) With k >0, 0 € &) and s,,...,s; € Ts. For each tree
t € Ta, the set {s € T |t = 7/(s)} is finite. Finally, 7/ (and hence 7) extends to
the mapping 7 : K{{Tx)) — K{(Ta)), where

#St = DY (59

SE€ETs, T/ (8)=t

for each S € K{(Tx)) and t € Ta.
We will need the following result which was proved in Lemma 3.4 of [12].

-Proposition 4. Let K be commutative. If S € REG(Z,K) and7: X —> A isa
relabeling, then 7(S) € REG(A, K).

Now let K’ be another semiring and h : K — K’ a semiring homomorphism.
Then h extends to the mapping h : K({(Tx)) — K'{Tx)) by defining h(S) = ho S
for every S € K{{Tx)). We will need the following result, c¢f. Lemma 3 of [7] and

Theorem 3.9 of {18].

Proposition 5. (a) For every S € REG(E,K } and semiring homomorphism h :
K — K’, we have h(S) € REG(X, K'), i.e., h(REG(Z, K)) C REG(XZ, K'). (b) If,
in addition, h is surjective, then h(REG(Z, K)) = REG(Z, K').

3 Weighted tree-walking automata

In this section we define weighted tree-walking automata. For the definition of the
classical (unweighted) case, see [1] and [13].

Informally, a weighted tree-walking automaton A over a semiring K works as
follows on input tree s. It is equipped with a pointer that walks on the edges of
s, obeying its state behaviour. In a given moment of the computation, the current
node is the node of s pointed by the pointer. Each computation step is determined
by the state of the given moment, the label, and the child number of the current
node. Besides, each computation step has a weight over K. An accepting run of
A on s is a walk starting at the root of s in the initial state and finishing at an
arbitrary node of s in the (only) accepting state. The weight of an accepting run
is the product of the weights of the corresponding computation steps. Finally, the-
weight of s, computed by A, is the sum of the weights of the accepting runs of A
on s. Now we give the exact definition.
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Syntax
For each o € ¥, the set of instructions determined by o is the set

I {stay, up, down; | 1 <i < rank(s)} ifj >0,
i {stay, down; | 1 < i < rank(o)} if § =0.

Let K be a semiring. A weighied tree-walking automaton (shortly: wtwa) over K
is a system A = (Q, %, qo, ¢a, P), where

e () is a finite set, the set of states,
e X is the input ranked alphabet,

® qo,q, € @ are the initial and accepting state, respectively, such that gy # qq,
and

e P is a finite set of rules of the form (g,a,j) = (¢, ), where ¢ € Q — {q.},
o €%, je{0,...,mazrenk(X)}, a € K such that a # 0, ¢’ € Q — {go} and
@Y E Io',jo

A rule 7 = (g,0,j) = (¢’,) is called both a g-rule and a o-rule. The left-state,
right-state, and the weight of = are defined by Istate(r) = g, rstate(n) = ¢/, and
wt(m) = a, respectively. Moreover, we let test(r) = (0, j). Rules with left-state go
(right-state q,) are called initial rules (accepting rules).

Computation relation

Let s € Tx, be an input tree. For a node u € pos(s), we define test;(u) = (o, 7),
where 0 = s(u) and j = childno(u). If s is clear from the context, then we will
write test(u) for tests(u). Now assurhe that test(u) = (o,j) and let ¢ € I, ; be an
instruction. Then we define the effect of ¢ on u by

U if ¢ = stay,
p(u) = { parent(u) if ¢ = up,
ui if v = down,.

A configuration (of A over s) is a tuple (g, u), where ¢ € @ and v € pos(s). We
denote the set of configurations of A over s by C4 s and write just C, if A is clear
from the context. In particular, (go, &) is the initial configuration and (g,,u) is an
accepting configuration for every u € pos(s).

Let m € P be a rule. The nw-transition relation (of A with respect to s) is
the binary relation 4 , . over C, defined as follows. For arbitrary configurations
(g,u), {¢',u) € Cy we have (q,u) Fa s~ (¢',u) if and only if

e 7 has the form (g,0,7) = (¢, ),
o test(u) = (0,7), and v’ = p(u).

If A is clear from the context, then we write - ; for 4 5 . Finally, we define the

transition relation b5 (of A with respect to s) asb;="|J Fs.x.
TeP
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Looping property

We define A to be looping if there is an input tree s € Ty and.a configuration
(g,u) € C, such that (go,e) F% {g,u) F (g,u). Otherwise, A is non-looping. We
call (g, u) a looping configuration. The looping problem of wtwa is decidable. In

fact, the decidability of the more general circularity problem is proved in a more
general setting for pebble macro tree transducers, cf. Section 4. of [17].

Accepting runs

Let s € Tx, be an input tree. An accepting run (of A on s) is a string

T = (go, uo)m0{q1, U1)71 - . - Tk{Qr+1, Uk+1)

over C,UP, where k > 0, {go, %0), - - - » {Gk+1, Uk+1) € Cs With up = € and qx4+1 = ¢4,
70, .-,k € P, and (gi,u;) Foz, (Git1,uit1) for each 0 < ¢ < k. The weight of r
is wt(r) = wt(mp) - ...  wt(mg). We denote the set of accepting runs of A on s by
Accrung.

Tree series recognized by non-looping wtwa

Let A be a non-looping wtwa. The tree series Sq € K{(Tx)) recognized by A is

defined as
Sar8)= > wt(?‘)-
) r€Accrun,
for each s € Ts;. Note that we need non-looping property to guarantee that the set
Accrun, is finite and hereby the above sum has finitely many members. We denote

by TWA(Z, K) the class of tree series that are recognizable by non-looplng wtwa
over ¥ and K.

Example

Next we give an example of wtwa which recognizes the tree series widthag defined
in Example 2.

Example 6. Let A = ({qoaq('l’ q1’q21q$‘llzaq‘$1)}) E,QO,Qa:P) be a wtwa over AI’Ct,
where ¥ is the particular alphabet in Example 2 and P is the set of the following
rules. , :
Initial rules:
1 {90,0,0) > (@1, downy) 2 : (g0, ,0) = (g1, downs)
0 .-
73 : {go,7,0) = (g1, down1)
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Intermediate rules:

ma: {a,0,1) > (g, downt)  mis: (g9, 0,1) B (g, up)
75 ¢ {q1,0,1) A (q1, downy) 6 (qu,a, 2) 4 (qf&,), up)
76 1 (q1,0,2) = (@, downy) iz : {gly,0,1) 5 (g, up)
r7:{q,0,2) > (q1, downs) g (q,(,;,),a, 2) EX (q,(,;,), up)
7 1 (q1,7,1) > (g, downs) g : (g, v, 1) > (083, up)
79 : {q1,7,2) = (ql, downy) o (a9, 7,2) = (g%, up)
710 : (1,2, 1) > (qS,Z, up) o1 ¢ {ga,0,1) N (ga, down;)
™1 {1, 0,2) > (gl up) 722 : (g2, 0, 1) = (g2, downs)
T1o (q&lg,o, 0) N (g2, downy) ma3 : {ga2,0,2) ER (g2, down,)
T3 (qgg,a, 1) 4 {g2,doums) Ta4: {gs,0,2) 4 {gz, douns)
T4t (09,0,2) 5 (g2, downa)  7as : (2,7, 1) = (g2, downy)
w6 1 {q2,7,2) N (g2, down,)

Accepting rules:

0 o .,
w27 - <q2313, 1) - <QGa3tay) s : (Q2, /Ba 2) - (qaaStay)

Note that A is non-looping. Moreover, A works on an input tree s as follows.
1) In the first phase, A moves the pointer nondeterministically to an a-node of
s with its rules m;-mg. The weights of these steps are 0.

2) Then A moves its pointer upwards (using 719 and 711), such that states q(l)

and q(r) store whether the previous step was made from the left child or the right
child, respectively. If A is in state q ) and the pointed node is labeled by o, then
A nondeterministically decides whether to continue moving up (using w5 — 7gg) oOr
to move down to the second child in state go (using w12 —714). Each of these steps
has weight 1. (We do not need +-rules with left-state qup) because going up to a
node labelled by v leads to state q( ) )

. 3) In-the third phase, A searches nondeterministically for a S-node of s by
descending with its rules mo1-m6. Each of these steps has weight 1. If it finds a
(B-node, then the run terminates in the accepting state ¢, with the 0-weighted rules
o7 Or Ta28.

Now it is easy to see that an accepting run r of A on s contains an a-f path
in s and that the weight of r is the length of that -3 path. Hence we conclude
that, for each input tree s € Ty, the wtwa A computes (widthqap, s) and thus it
recognizes the tree series widthq,g. :

An accepting run of A on the input tree s of Example 2 is

r= (QQ, >7T1 <q1, 1)7r4(q1, 11)7r4(q1, 111)I7I'5<q1, 1112)w11(q£;,), 111)7l’17
<q1(2’ 11)7r15(q1(fg, 1)7!'13((]2, 12>7r26<QQ, 121)7‘(‘21 (QQ, 1211)7727(qa, 1211). (31)

In fact, r contains the longest a-3-path in s, which can be seen in Fig. 1.
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Tree-walking automata as the Boolean case of wtwa

Later in the paper we will consider wtwa over B. For such a wtwa A, the weight
of each rule and hence of each accepting run is 1. Moreover, since 1+1=1 in B,
we do not need the restriction that A is non-looping to define the semantics of A.
Hence, we define S4 for an (arbitrary) wtwa A over B by the formula used for a
non-loping one. It is easily seen that (S4,s) = 1, i.e., A accepts s, if and only if
there is an accepting run of A on the input tree s (even in the case that A has
infinitely many accepting runs on s, i.e., that Accrun, is infinite). In this way A
can also be considered as a tree recognizer and we obtain the tree-walking automata
(twa) of [1], cf. also [13]. In fact, we call a wtwa A over B a twa, we drop the
weight 1 from the specification of its rules, and we denote by L(A) the set of trees
accepted by A and call it the tree language recognized by A.

Twa with one pebble

We will also need a more general tree recognizer, the so called one pebble tree-
walking automata (1-ptwa), see e.g. [13).

A 1-ptwa A works as follows on input tree s. Similarly to a twa, A is equipped
with a pointer that walks on the edges of s. Moreover, A has one pebble that is
able to mark a node of s, i.e., that can be dropped at and lifted from the current
node. After marking a node by the pebble, A can walk away from the marked node.
When accessing a node, A is able to test whether the current node is marked by
the pebble or not and the further computation of A may depend on the result of
this test. This gives an extra computation power for A. Like a twa, A will accept
s if and only if it has at least one accepting run on s, and the set of trees accepted .

"by A is denoted by L(A). Again, we call L(A) the tree series recognized by A. For
a formal definition of a 1-ptwa, the reader is advised to consult [13] or [14].

The tree languages recognized by 1-ptwa (and hence by twa) are effectively
regular, which is proved in {13] for ptwa and also in [24] for the more general pebble
alternating tree-walking automata. This yields the following proposition.

Proposition 7. The tree languages recognized by 1-ptwa (and hence by twa) are
effectively regular.

4 The recognizing power of nqn—lbdping wtwa

We can prove our main results for non-looping wtwa over commutative semirings.

Therefore in the rest of this paper K denotes a commutative semiring
and A =(Q, %, qo, 4., P) denotes a non-looping wtwa over K.

We will prove that the tree series recognized by A is effectively regular. For this,
we will consider annotated input trees. These are trees the o-nodes of which are
annotated by sets of o-rules in P, where o € X. The annotation of a node by a set
of rules intuitively means that those rules may be applied at that node. Since A is
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non-looping, it will be sufficient to consider consistent annotations. More exactly,
let P(o) be the set of all o-rules in P and define a pair (0,J) € £ x P(c) with
J = {m1,...,Tm} to be consistent if the following conditions hold:

a) test(m) =...= test(wpy) and
b) the states Istate(m1), ..., Istate(r,,) are pairwise different.
Then, we introduce the ranked alphabet X(P) C £ x P(o) such that
S(P)® = {(o,J) € ®) % P(o) | {0, J) is consistent}

for every k > 0. Finally we define rules({c,J)) = J.

It is useful to introduce the tree series weight € K {T's(p)})) which associates an
annotated tree ¢t € Tx(p) with the product of the weights of the rules appearing in
t. More exactly, for every ¢ € Tx(p), we have

(weight,t) = . H » wt(m),

u € pos(t)
7w € rules(t(u))

where the empty product yields weight 1. We will need the following result.
Lemma 8. The tree series weight is regular.

Proof. Let M = ({g}, ¥(P), R, v) be a wta such that v(g) = 1 and R the smallest set

containing all rules (o, J)(q,...,q) — g with (o, J) € Z(P) such that a = [] wt(r). .
TeJ
It is easy to see that Sy = weight. . 0

In particular, we will be interested in those annotated trees which encode an
a.cceptmg run. We call such trees run trees and define them in the following way
Let s € Ty be an input tree and

T = (o, Uo)mo{q1, u1)71 - - . (gk, Uk )Tk (qa, Uk+1)

an accepting run on s. The run tree of s and r is the tree rtree(s,t) € TxygP
defined by the following condltlons

° pos(rtnee(s,r)) = pos(s) and
e for each u € pos(rtree(s,r)) we have

rtree(s,r)(u) = (s(u), {m € P |0 <1 < k, u; = u}).

We say that rtree(s,r) encodes r. Moreover, the set of run trees of s is Ritree, =

{rtree(s,7) | r € Accrun,}. In Fig. 2 we visualize the run tree rtree(s,r), where s

is the input tree of Example 2 and r is the run of A on s appearing in Example 6.
We can prove easily that run trees are in fact trees over X(P).
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Figure 2: A run tree.

Lemma 9. For every s € Ty, we have Rtree, C Tx(py-

Proof. Let t € Rtree; be a run tree and u € pos(t) (= pos(s)) a node. Assume
that t(u) = (o,{m1,...,Tm}), where m1,..., %y € P. We show that both a) and
b) of the definition of consistency hold. Since ¢ € Rtree,, there is an accepting run
T € Accrung such that t = rtree(s,r).

Condition a) obviously holds because a rule 7 can be applied at a node u of s
only if test(n) = test(u).

We prove b)-by contradiction. "Assume that there are ¢ € @, u, and v such
that 1 <'u # v < m and g = Istate(w,) = Istate(n,). Then it directly follows that
configuration (g, u) occurs twice in the accepting run r, i.e., {go,€) Fas {g,u) }_j\—, R
(g,u). This contradicts the fact that A is non-looping.

We will also neéd the following straightforward result.

Lemma 10. Let s € Tx, be an input tree. For each accepting run T € Accrung we
have wt(r) = (weight, rtree(s,r)).

~ Next we show that Accrun, and Rireeg have the same number of elements. For
this, we define the mapping 8, : Accrun, — Rirees such that 6,(r) = rtree(s,r) for
each r € Accrun, and show that it is a bijection.

Lemma 11. The mapping 6, is a bijection.

Proof. It should be clear that 8 is surjective. To show that it is injective, we
consider r1,r9 € Accruns with rtree(s,m) = rtree(s,r3) and show that ry = ro.
Let

r1 = {go, o) To{q1, U1)71 - . - {Qk, Uk )Tk (s Uk+1)

and

T2 = (QO’ué))ﬂ'é)(q{’u,l)Wi e (qll’ u;)wl/(Qaa u;+l>a

where ug = up =¢€.
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First we prove by contradiction that m; = =} for every 0 < ¢ < min{k,!}. Assume
that there is an i such that m; # 7; and m; = m; for every 0 < j < i. The latter
implies g; = ¢; and u; = u} for every 0 < j < i. Since m; € rules(rtree(s, r2)(u;))
and, in particular, rtree(s,r1)(u;) = rtree(s,r2)(u;), there is an i < m < [ such
that u,, = u; and =}, = m;. If i = 0, this is a contradiction because the left-state
of ], cannot be go. If 0 < i, then we get

(‘Zi’ui) = (q,’-,ug) Fj (q;n"u‘;n> = (Qi,ui),

which is a contradiction again because A is non-looping. Hence the statement
follows.

This statement and the fact that there are no rules with left-state g, imply that
k = 1. From the latter ug41 = uj, 41 follows, hence r; = 7. : O

Thus we obtain the following, which we need late.r.

Corollary 12. For each input tree s € Tx we have (Sa,s8) = >, (weight,t).

tE Riree,
Proof.
(Sa,8) = 3 wi(r)

rcAccrun, R

= > (weight, rtree(s,r)) (by Lemma 10)
r€Accrun, )

= > (weight,t) (by Lemma 11).
t€ Rtree, : i

O

The set of run trees of A is Rtrees = U, e, Rirees.

We will show that Rtree, is a regular tree language. In fact, we will construct
a twa A’ and a 1-ptwa A” and then show that Rtree4 is the Boolean combination
L{A") N L(A”) of the tree languages recognized by them.

The twa A’ works on trees over X(P) and accepts all the run trees of A4, i.e.,
Rtrees C L(A’). Let A" = (Q, E(P), go, ¢, P'), where, for every (o, J) € £(P), the
set P’ contains the rule

(@ (0, J),5) = (d, )

if and only if the rule {g,0,j) — (¢’,) is in J. Note that A’ is deterministic in the
sense that, due to condition b) of the definition of consistency, it has no different
rules with the same left-hand side.

Let us consider an input tree t € Txp) to A’ and let s € T be the tree obtained
from ¢ by dropping the rule sets from its labels. It should be clear that A’ simulates
on t the steps of A on s which apply the rules in the nodes of ¢ in a state-to-state
and node-to-node manner. Hence A’ accepts t if and only if A accepts s applying
the rules in the nodes of t. In particular, for every s € T, the twa A’ accepts each
t € Riree, because such a t encodes an accepting run of s. (Here we use Lemma 9.)
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Figure 3: A tree accepted by A’. The circled rules are superfluous.

Hence Rtree, C L(A’). Note that A’ may also accept trees which do not encode
accepting runs because they contain some “superfluous rules” in their labels.

In Fig. 3 we show a tree which is accepted by A’ but is not a run tree of A,
where A is now the wtwa of Example 6. At the same time, the tree contains the
accepting run shown in Fig. 2.

In order to clarify the relation between Rtree 4 and. L(A’), we define the concept
of the superfluous rule in an exact way.

Let t € L(A’) be a tree and u € pos(t). A rule 7 € rules(t(u)) is superfluous at
node u (in t) if the tree ¢’ is also in L(A’), where ¢’ is obtained from ¢ by dropping 7
from the set rules(t(u)). If this is the case, then we say that ¢ contains a superfluous
rule.

Lemma 13. Rtrees = {t € L(A’) | t contains no superfluous rules}.

Proof. If t € Rireea, then t € L(A’). We show that ¢ contains no superfluous rules
by contradiction. For this, let s-€ Ty and r € Rtree, be such that ¢t = rtree(s,r).
Consider an accepting run

" = (go, uo)o{g1, u1)1 ... {gk, uk) Tk (qa, Uk+1)

of A’ on t and let m; be the rule of A corresponding to II;, 1 < i < n, see the
definition of A’ above. It should be clear that the sequence obtained from 7/ by
replacing II; with ; for every 1 < i < n is the accepting run r of A on s. Assume
that ¢ contains a superfluous rule. Since r contains all rules in the nodes of ¢ there
is an index ¢ such that ; is superfluous at u;. Assume that ¢ is minimal. Since mg
is the only initial rule in r, we have i > 0. Let ¢’ be the tree obtained from t by
dropping m; (whose left-state is g;) from rules(t(u;)). Note that, by definition, A’
accepts ¢/ with an accepting run 7. Since 4 is minimal and the run r’ simulates r,
the first ¢ — 1 rules applied in 7 are I1,, ... ,II;_1. Then, the left-state of the ith rule
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of A’ in T is also g;. This means, by the definition of A’, that there is a rule of A
in rules(t'(u;)) with left state g;, i.€, there are more than one rules in rules(t(u;))
with left-state g;. This contradicts the definition of %(P), hence t does not contain
any superfluous rule. ‘

To prove the other inclusion, assume that ¢t € L(A’) contains no superfluous
rules. Let s € Ts; be the tree obtained from ¢ by dropping the rule sets from its
labels. By the above discussion concerning A’, we get that A accepts the tree s
applying the rules in the nodes of ¢. Let r be the so obtained accepting run on
s. Since all rules in the nodes of t are applied, ¢t encodes r, hence ¢t € Riree; C
Ritree 4. O

Next we informally introduce a l-pebble twa A” that accepts those trees in
L(A’) which contain superfluous rules. Intuitively, the 1-ptwa A” works as follows
on an input tree £ € Tx(p).

Phase 1: A” nondeterministically chooses a node u of ¢ and places the pebble =

at u. Assume that t(u) = (0,J). If J = 0 then, there is no next step and the
computation terminates without acceptance. ’

Phase 2: If J # 0, then A” nondeterministically picks a rule = = {(g,0,5) —
(¢',p) € J. Let II = (q,{0,J),5) — (¢, ¢) be the rule of A’ corresponding to 7.
Our A’ stores II in its state. : ’

Phase 3: In the rest, A” computes deterministically. First A” moves back to
the root node and then it simulates A’ on t. However, during the simulation of A’,
our A” is not allowed to use the rule I (stored in its memory) at node u (being
marked by the pebble).

It is clear that A” has an accepting computation on ¢ if and only if A’ has an
accepting computation on ¢ which does not apply at least one rule in a label of £.
Hence, we obtain the following result.

Lemma 14. L(A”) ={t € Txp) | t € L(A’) and t contains a superfluous rule}.
Now we can prove the following statement easily.

~ Corollary 15. The tree language Rtree 5 is effectively regular.

Proof. Tt follows from Lemmata 13 and 14 that Rtrees = L(A") N L(A"). Finally,
by Propositions 1 and 7, we obtain that Riree 4 is effectively regular. g

Now we are ready to prove our main result. For this we will need the relabeling
T @ E(P) — ¥ which drops the rule component from each symbol, i.e., which
is defined by 7({o,J)) = o for every (0,J) € L(P). Note, for later use, that
Rtree; = {t € Rtrees | 7'(t) = s}.
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Theorem 16. The tree series Sa is effectively regular.

Proof. By Corollary 15 and Proposition 3(a), the characteristic tree series Xr¢ree , :
T (p) — K is effectively regular. Moreover, since the tree series weight is effectively
regular (see Lemma 8), we obtain by Proposition 3(b) that the Hadamard product
S = XRiree, © weight is an effectively regular tree series.
Let us note that for each tree t € Ty(p) we have
(S,8) = (weight,t) ift € Rireea,
210 otherwise.
Moreover, 7(S5) is a tree series in K{{Tx)), were 7 : £(P) — X is the relabeling

introduced above, and it follows from Proposition 4 and the fact that S is regular
that 7(S) is effectively regular. Finally, for every tree s € Ty,

(‘F(S’),S) = E (S, t) = . Z (XRtreeA © wezght,t)
teTy(p), 7' (t)=3 - t€Tg(py, 7' (t)=s
= > (weight, t) = 3 (weight,t)
tE€ Rtreea, 7/ (t)=s t€ Rtree, )
= (SA’ 3)

where the last equality is Justlﬁed by Corollary 12. Hence S5 = T(S) which proves |
that S, is also effectively regular. - (]

Since A is an arbitrary non-looping wtwa over K, we also proved the following
result.

Theorem 17. TWA(Z, K) C REG(Z, K).

In the remainder of the paper we show that the inclusion is strict provided K
is proper. For this, let K’ be another commutative semiring and h : K — K’ a
semiring homomorphism. Then we can prove easily the analogy of Proposition 5
for wtwa, i.e., that h preserves recognizability by wtwa.

Propositibn 18. (a) For every S € TWA(XZ, K) and semiring homomorphism
h: K — K’', we have h(S) € TWA(X, K'), i.e., R(TWA(Z,K)) C TWA(L, K').
(b) If, in addition, h is surjective, then h(TWA(Z, K)) = TWA(Z, K').

Proof. Let A = (Q,%,q0,4s,P) be a wtwa over K. Construct the wtwa A =

(Q, 5,40, qa, P') such that P' = {(g,0,5) "% (¢', ) | (a,0,5) > (¢',¢) € P}. Tt is

easy to see that Sa» = h{S4). Moreover, if h is surjective, then every wtwa over
K' appears as the “image”’ of a wtwa over K. _ O

Now we recall an important result from [4], namely, that there is a regular tree
language which cannot be recognized by any twa. It is well known that regular tree
languages and regular tree series over B can be identified, cf. e.g. [18], and it is
easy to see that the same holds for tree languages recognizable by twa as well as
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for tree series recognizable by wtwa over B. Thus, the above mentioned result of [4]
can be written in the form REG(Z,B) — TWA(Z,B) # 0. Then we can prove the
following result and thus generalize the main result of [4] for tree series recognlzable
by wtwa over proper commutative semirings.

Theorem 19. If K is proper, then REG(Z,K) — TWA(L, K) # 0.

Proof. Assume, on the contrary, that REG(X,K) C TWA(X,K). Since K is
proper, by Theorem 2.1 of [27], there is a surjective homomorphism h : K — B.
Then obviously we have h{REG(Z, K)) C h(TWA(Z, K)). On the other hand, by
Propositions 5 and 18, we have A{(REG(X, K)) = REG(X,B) and h(TWA(Z, K)) =
TWA(Z, B), which is a contradiction. ' o O

5 Conclusion and an open problem

We generalized tree-walking automata. of {1] by equipping each transition rule with
a weight taken from a semiring K. For two reasons, we considered the non-looping
model, i.e., which cannot fall into infinite computation from the initial configura-
tion. The first reason is that the weight of an input tree s is defined as the sum
of the weights of the accepting runs on s. The second one is that the proofs of
Corollaries 12 and 15, and hence of Theorem 16 work only for non-looping wtwa.

If a wtwa is looping, then there may be infinitely many accepting runs on s,
hence computing the weight of s leads to an infinite sum in the semiring. This
problem can be handled by considering underlying semirings which are complete,
i.e., in which the sum of infinitely many elements exists [21, 22]. Therefore, it is an
open problem whether our main result can be generalized to arbitrary (including
looping) wtwa over complete semirirgs.
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Weighted Automata Define a Hierarchy of
Terminating String Rewriting Systems

Andreas Gebhardt* and Johannes Waldmann'

Abstract

The “matrix method” (Hofbauer and Waldmann 2006) proves termination
of string rewriting via linear monotone interpretation into the domain of vec-
. tors over suitable semirings. Equivalently, such an interpretation is-given by
a weighted finite automaton. This is a general method that has as parameters
the choice of the semiring and the dimension of the matrices (equivalently,
the number of states of the automaton). We consider the semirings of non-
negative integers, rationals, algebraic numbers, and reals; with the standard
operations and ordering. Monotone interpretations also allow to prove rel-
ative termination, which can be used for termination proofs that consist of
several steps. The number of steps' gives another hierarchy parameter. We
formally define the hierarchy and we prove that it is infinite in both directions
(dimension and steps). -

Keywords:  string rewriting, relative termination, weighted automaton,
matrix interpretation, monotone algebra.

1 Introduction

Rewriting is pattern replacement in context. It serves as a model of computation
that is Turing-complete. Thus all “interesting” semantic properties are undecidable,
including the very natural question of termination [18]: for a given rewriting system,
are all derivations finite? Since the problem is significant in practice, e.g. for the
analysis of software, one is interested in semi-algorithms: computable methods of
proving termination that are sound, but not complete.

One method to prove termination of rewriting is “matrix interpretation” [13].
These interpretations are in fact N-weighted finite automata. Several automated
termination provers now implement this method, and indeed the outcome of recent
Termination Competitions is heavily influenced by “matrix .proofs”.
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tHochschule fiir Technik, Wirtschaft und Kultur (FH) Leipzig, Fb IMN, PF 30 11 66, D-04251
Leipzig, Germany. E-mail: waldmann@imn:htwk-leipzig.de



296 Andreas Gebhardt and Johannes Waldmann

Related to that, investigations of matrix method(s) mainly focused on proving
correctness, and then efficiency of implementation in solving the corresponding
constraint systems for the matrix entries.

With the present paper, we intend to start a systematic study of matrix -
method(s) as proof systems. We define a suitable hierarchy of termination problems
and explore its properties.

One parameter of this hierarchy is the size of the matrices used in the proof,
corresponding to the number of states of the automata.

Another parameter is the underlying (semi)ring. In the present paper, we con-
sider weight rings that include N. In [8] we reported on some experiments with
non-negative rationals.

The matrix interpretation method in fact solves a more general problem: that
of relative termination. A rewriting system R terminates relative to a rewriting
system S if each mixed derivation (containing R and S steps in any order) contains
only finitely many R steps. While being an interesting concept in itself {10],
relative termination helps to solve standard termination problems because it allows
to compose termination proofs: if R terminates relative to S then termination of
RU S follows from termination of S, and the latter can be proved separately. That
way, termination of a rewriting system can be shown incrementally, and the number
of proof steps gives another interesting parameter for the hierarchy.

In the present paper, we focus on string rewriting. The matrix method has been
generalized to term rewriting (6], but we leave the investigation of the corresponding
hierarchy of terminating term rewriting systems for further study.

After giving preliminaries on string rewriting in Section 2 and on termination
proofs via weighted word automata in Section 3, we define the corresponding hier-
archy of (relatively) terminating rewriting systems in Section 4. Then we discuss
the hierarchy with respect to matrix dimension in Section 5 (with a particular case
" in Section 6), choice of the weight ‘semiring in Section 7, and number of proof steps
in Section 8.

We obtain these results:

e the hierarchy is infinite with respect to matrix dimension (Theorem 2)
o rational weights are strictly more powerful than integral weights (Theorem 5)
o the hierarchy is infinite with respect to the number of proof steps (Theorem 6).

Some of the results in this paper have been announced in contributions to the
Workshop on Termination [8] and to the Workshop on Weighted Automata [9].

2 Notation and Preliminaries
Strings and Rewriting. Given a finite alphabet ¥, denote by T* the set of

finite words with letters from . In fact ©* is a monoid under the operation - of
concatenation, with the empty word € as unit.
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A string rewriting system [3] is a set R of rules, where a rule is a pair of words.
We often write the rule (I,7) as (I — r). A string rewriting system R defines a
(one-step) rewrite relation over ¥* by u — g v if there exists (I,7) € Rand z,y € ©*
such that u = z-/-y and v = z -7 -y. For example, for R = {ab — baa} over
Y = {a,b}, we have abb —p baab — g babaa — g bbaaaa. We often write R (the
system) as a shorthand for — g (the relation).

Relations and Termination. For a relation —, we write SN(—) if this — is
well-founded, that is, if there is no infinite chain zo — z; — ... We also say that
— is terminating. ‘

We denote the composition of relations —; and —9 by —1 o —, the transitive
closure of a relation — by —7, and the transitive and reflexive closure by —*.

For relations —1,—2, define -1 / —2 as —1 o —3. Then SN(—; / —3) denotes
that —1 is terminating relative to —3: there is no (—; U —g)-chain containing
infinitely many —1 steps. Note that —; /0 =—.

By the above remark, we write SN(R) (“the system R is termmatmg”) for
SN(—g) (“the derivation relation of R is terminating”).

Semirings. A semiring [11] has a carrier D with operations + (addition) and -
(multiplication) and designated elements 0 (zero) and 1 (unit), such that (D, +,0)
is a commutative monoid, and (D, -, 1) is a monoid, addition distributes over mul-
tiplication from both sides, and 0-a = 0 = @ - 0. A semiring is partially ordered [7]
if there is a relation > on D that is compatible with the operations. In the present
paper, we use semirings over the domains of natural numbers N, non-negative ra-
tional numbers Qo, algebraic numbers Alg,(, and real numbers Ryq; each with
standard operations. For N, we use the standard ordering; for the others, see below
(after Theorem 1). The given domains are in fact positive cones of rings, but we
rarely subtraction. oLl

Weighted automata. A weighted automaton (2, 5, 15] A = (D,%,Q, A, u,'y)
consists of a semiring D, an alphabet ¥, a set of states Q, and mappings

AiQ—->Dp:(@xE¥xQ)—-D,v:Q — D.

We picture such an automaton as a directed labelled graph (possibly with loops
and parallel edges), with an edge p = ¢ for each u(p, z,¢) = w. An incoming edge
(no source) — g denotes A(g) = w, an outgoing edge (no target) p —— denotes
¥(p) = w. We omit all edges with weight 0. As an ongoing example for this section,

a:l a:1l
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A path in the automaton is a sequence go +=' ¢ 2R "2 g4n. The label
of this path is z3z2 ...z, € ¥*, and the weight of this path is wy-ws----- wy, € D.

For instance, the path 1 21,1 2, 9 %3, 5 has label aab and weight 3. For each
state g, there is an empty path from ¢ to ¢ with label ¢ and weight 1.

The function p* : (Q x ¥* x Q) — D computes the weight of a word z =
Z1Z2...ZTn from state go to g, as the sum of the weights of all paths from p to ¢
with label z:

p(go Ty Tna) = Y, ] #ak-1,7k k)

q1;--gn-1€Q 1<k<n

For.instance, u (1 aab,2) is computed from the paths 1 a1y &l 9 %3, 9 and
121 9 ad 9 b3 2, so the total welght is 6. We identify p* with u, and ﬁnd it

convenient to write u(p,z,q) =d asp =4 49.
The weight assigned by A to a word w is obtained by considering the functions
"A and ~y that give the weights for entering and leaving a state,

=) AG) p (0w, f) - ().
i,fEQ

In the example, A(aab) = A(l aab,2) = 6.

We say that state ¢ € Q is nitial if A(g) = 1, and zero elsewhere; and g is
final if y(q) = 1, and zero elsewhere. An automaton with unique initial state i and
unique final state f is called (i, f)-pointed.

Reduced automata. We say that states p is connected to state ¢ in A if there
is some w € £* such that u(p,w,q) # 0. We write p —% q An (4, f)-pointed
automaton is called reduced if for each ¢ € Q, we have i —7% ¢ —% f. For each
automaton A, there is a reduced automaton A’ that computes the same weight
function as A. This A’ can be obtained from A by simply deleting all unconnected
states.

Matrices. The function‘y of a weighted automaton can also be visualized as a
mapping that assigns to each letter z € ¥ a square matrix, also called u(z), that
is indexed by @ x Q. For the example automaton, we have these matrices

way= (5 1) wo=(p 3)

This mapping can be extended from letters to words, by matrix multiplication:
w(x1 ... Tn) = p{z1) - - .. p(Zn), and this corresponds with the function p* defined
above, that is, the entry at position (p, ¢) in the matrix product p(z; ... zy) is the
weight of the word z; ...z, from p to g, as defined above. -In the example, we
compute . :

aat) = i) @) )= (5 3)-
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If we view X as a row vector and 7 as a column vector, then A{w) = A- u(w) - 7.
For example,

A(aab) = X~ p(aab) -y = (1 0)- <(1) g) - (‘1)) —6

For (%, f)-pointed automata, A and + are unit vectors, so A(w) is just the entry
at position (¢, f) in the square matrix u{w). Usually, ¢ is the first index and f is
last, so (%, f) marks the top right position.

3 Termination Proofs from Weighted Automata

An (%, f)-pointed automaton A is is called weakly compatible with a rewriting system
R,ifVa € £ : pu(i,a,i) > 1 Ap(f,a, f) > 1 and for each rule (I — r) € R, and states
p,q € Q, we have u(p,l,q) > p(p,r,q). The automaton is called strictly compatible
with R if additionally for each rule (I — r) € R, u(i,l, f) > p(i,r, f). (In this
paper we only use sub-semirings of R, so all weights are non-negative.)

The main result of [13], written here in the language of weighted automata, is

Theorem 1. If there is an N-weighted automaton A that is strictly compatible
with a rewriting system R and weakly compatible with a rewriting system S, then
SN(R/S). O

The intution is that for a rewrite step zly — zry using a rule ({ — r) € R, each
path i =5 4 L, f ¥5 £ has strictly larger weight than the corresponding path
i 250 25 £ X5 f The total weight of zly (zry, resp.) may include contributions
from other paths, but for these we require a weak decrease. By strictness of “<”

w.r.t. addition, we get a total decrease.
We give an example where Theorem 1 is applied with S = 0.

Example 1. For the rewriting system R = {ab — baa}, consider the (1, 2)-pointed
automaton with transition matrices

wa)= (g 1) w0 =(5 3)

By matrix multiplication, we compute

M(ab)=(3 3) M(baé)=((1, 3)

and we note u(i,ab, f) = 3 > 2 = pu(i,baa, f), and weak inequalities (in fact,
equalities) elsewhere. This shows that the automaton is strictly compatible with
R. From the theorem, we conclude SN(R/0), thus SN(R). . O

In [8] it was observed that the theorem also holds if we replace N by Qxo, and
this easily extends to Algy, and R>o. Now > is not well-founded on Q3o and
indeed we use a different ordering: = >,y <= z > €+ y where

e =inf {u(i,l, f) — p(é,r, f) | (1 — r) € R}.
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If the automaton is strictly compatible with a finite system R, then this is a positive
number, and therefore >, is well-founded. Under the conditions of the theorem,
we have u —p v implies p(i, u, f) > n(3,v, f).

The following is'an easy observation:

Lemma 1. If A fulfills the conditions ‘of' Theorem 1, then there is a reduced au-
tomaton A’ with the same properties.

Proof. We take A’ as the reduced automaton of A, obtained by deleting states that
are unreachable from 4 or do not reach f. Denote by u’ the transition function of A’.
For states p,q of A/, and letter z € X, we have 1/(p,z,q) = pu(p, z,q). Therefore,
also for w € ¥* we have p/(p,w,q) = u(p,w q). Slnce initial and final state of A
and A’ coincide (respectively), we are done. O

The following example shows an application of the theorem with non-empty S.

Example 2. Take S = {ab — baa} and R = {cb — becc}, and the (1, 2)-pointed
automaton with matrices

u(a)=((1) (1)) “(b);<(1) 1) “(C)-z (g (1))
* We compute |

= (5 1) wo=(5 1) wen =uto= (g 1).

This shows that the automaton is strictly compatible with R and weakly compatible
with S, thus SN(R/S). a

Now we introduce an additional notation:
- Definition 1. For rewriting systems R, S we write
RS < = RDSASN((R\S)/S).

Example 3. Example 1 shows that {ab — baa} I—— §. Example 2 shows that
{ab — baa, cb — bbc} l— {ab - baa}. a

Proposition 1. R l— S if and only if each infinite R-derivation ends with an
infinite S-derivation.

Proof. We have SN((R\ S)/S) if and only if each R-derivation contains only finitely
many steps from R\ S. a

The notation ‘1——” supports the idea of composing termination proofs. Indeed,

Proposition 2. The relation l— 1s transitive.
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Proof. Given R I— S and S l— T, we have to show that each infinite R-derivation
ends with an infinite T-derivation. Assume there is an R-derivation with infinitely
many steps from R\ T. If this derivation contains infinitely many steps from R\ S,
then this contradicts R I— S. So it contains only finitely many steps from R\ S.

After the last of these, we have an S-derivation. By § I— T, it contains only finitely
many steps from S\ T, and then continues as an infinite T-derivation. O

We obtain the following
Corollary 1. If R|— 0, then SN(R). 0
Here is a typical application:

Example 4. By Example 3, we have
{ab — baa, cb — bbe} |- {ab — baa} |-,

thus the rewriting system on the left is terminating. O

4 A Hierarchy of Relative Termination

We relate the general idea of relative termination, as denoted by ‘1—”, with the
idea of matrix interpretations.

Definition 2. We denote by (W, n) the set of pairs of rewriting systems (R, S)
for which an automaton exists with wezght domain W and n states that is strictly

compatible with R\ S and weakly compatible with S. We also write R I—m S.

Indeed (W, n) is a relation on rewriting systems, and by Theorem 1, we have

that RMS implies R|—S

For relations M (W, n) we will make use of standard operations on relations like
composition, iteration (exponentiation) and (reflexive and) transitive closure.

Example 5. By Example 1 we get {ab — baa} ij 0. O
By abuse of notation we sometimes write R € IM(W, d) for (R, 0) € M(W, d).
Example 6. By Examples 1,2, and the above abuse of notation,
| {ab — baa,chb — bbc} € M(N, 2)2.
The exponent 2 indicates that the termination proof is composed of two steps. [

Definition 3. The matrix termination hierarchy consists of the classes (W, d)*
of pairs of rewriting systems, where

o W e {N,Qx0,Alg>0, R0} is a weight semiring,
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e d is a natural number > 0 giving the matriz dimension (automaton size),
e and s is a natural number > 1 counting the proof steps s.

We abbreviate U, >0 (W, n) by 9(W). Then in our notation M(N) is the set
of all rewriting systems that have a one-step termination proof using some natural-
weighted automaton. Using transitivity, 9(N)* is the set of all systems with a
multi-step termination proof using such automata.

We have these immediate observations:

Proposition 3. 1. Ifn <n/, then for ol W, (W, n) C M(W,n').
2. IfWisa sub-semiring of W', then for all n, M(W,n) C Em(W’,n).’
3. If1<s<¢d, then for all W,n
MW, n) C MW, n)<* C IM(W,n)S* C MW, n)*.
Proof. (1) We can introduce useless states in the automaton. (2) Eaéh W-inter-

pretation is also a W'-interpretation. (3) Each sequence with < s steps is also a
sequence with < s’ steps. _ O

While these statements are obvious, the following problems are not:

e Which of the obvious inclusions are strict? -

o -Are there non-obvious inclusions'?

. Are the hierarchies (w.r.t. numl')er of states, number of steps) infinite?
"o What levels IM(W, n)? are inhabited?

We will answer some of them in the rest of the paper.

5 Numbef of States

In this section we present a terminating rewriting system that needs large matrices.
for a termination proof. The construction works for any size, so we infer that the
“matrix size hierarchy” is infinite.

We consider, for d > 2, the alphabet ¥4 = {s,1,...,d, f}. These are d numbers
and two extra letters s, f (start and final). We take any enumeration ey, ... of even
permutations of {1,...,d} and enumeration oy, . . . of odd permuations of {1, ...,d}.
Then consider the string réwriting system

Ry = {sexf — sorf |1 <k <d!/2}.



Weighted Automata Define a Hierarchy of Terminating String ... 303

Example 7. For d = 4, we get the rule set

s1234f — s2134f, s2314f — s2341f, s3124f — s1324f,
$3241f — s3214f, s1342f — s3142f, $3412f — 34217,
$2143f — s1243f, $2431f — s2413f, s1423f — s4123f,
s4213f — s4231f, s4132f — s1432f, s4321f — s4312f.

Lemma 2. There is no strict subset S of Rag such that (R4, S) € M(N, d).

AProof. We use the Amitsur-Levitzki Theorem [14, 4]. It says that the elementary
symmetric polynomial in 2d variables

S(.’L‘l, ve e ,-’172d) = Z (—1)sgn(ﬂ)$ﬂ.(1) Tl xn’(2d) ‘

« is a permutation of {1,...,2d}

is identically zero for d x d-matrices.
Any d-dimensional matrix interpretation [-] has

> (=l =lel (S ler] = los))) 17 = 0.

(l-r)er

If [] is weakly compatible with Rag, then 3, cp, (] = [r]) = 0, and this
implies V(I — r) € Roq : [l] = [r]. So, [-] cannot be strictly compatible with any
rule of Rog. - O

Lemma 3. Ford' =2d +3, Ry € i))t(N, d/)(Zd)!/2

Proof. For each k, we give a matrix interpretation [-] of dimension d’ that is weakly
compatible with all rules of Rsq and strictly compatible with rule sexf — sorf.
The interpretation represents an automaton that just counts the mimber of factors
sexf. This is a word with 2d + 2 letters, so counting can be done with 2d + 3
states. The counting automaton consists of loops at initial and final state, and a
path labelled sey f (and all unit weights) from initial to final state.

by : b
1 JQ s o~ & -~ f rQ LN
> > O > >

This works since serf is not self-overlapping (no non-trivial prefix is equal to a
suffix). The count reduces by one at each rewrite step, since there are no overlaps
between sepf and sox: f either. Applying these interpretations for all &, in any
order, gives the result: termination of Ryq can be shown by a sequence of (2d)!/2
matrix interpretations of size d’. O

Lemma 4. Ford =2+ (2d + 1)(2d)!/2, we have Ryq € M(N,d").

Proof. We build an automaton that contains all the automata constructed in the
proof of Lemma 3 in parallel.
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: €1
y S f by
s f
€(2d)l/
o—22,

It has one initial and one final state, and (2d)!/2 paths each using (2d+1) individual
states. ‘ O

As a corollary, we obtain:
Theorem 2. For each W € {N,Qx0,Algso, Rx>0}: The hierarchy (W, d)a=o,1,...
is infinite.

Proof. Assume, to the contrary, that there is d such that MM (W, d) = (W, d+1)

... By Lemma 2, the system Ryq is not in 9M(W,d), and by Lemma 4, R4

€
PYW,d') for some d' > d. O

6 Small Automata

We have more information on the lower levels of the hierarchy:

Proposition 4. These inclusions are strict:
MM(N,0) C M(N,1) ¢ M(N,2) c M(N, 3).

Proof. We prove R; = {a — b} € M(N,1) \ M(R>0,0). A strictly compatible
1-dimensional interpretation of the required shape is given by [a] = 2,[b] = 1. Any
interpretation in M(N, 0) is necessarily constant, so it is strictly compatible only
with the empty set of rules, and not with R;.

We prove Ry = {ab — ba} € M(N,2) \ M(R>o0,1). A strictly compatible
2-dimensional interpretation is given by

-2 9)m-(31)

Any one-dimensional matrix interpretation [-] is commutative, so [ab] = [ba] and it
cannot be strictly compatible with Rp.

We prove Ry = {aa — aba} € M(N,3) \ M(R>0,2). A strictly compatible
3-dimensional interpretation is

110 100
[a]=(0 0 1),[b]:(0 0 o).
00 1 001

Any two-dimensional interpretation [} of the required shape has main diagonal
entries > 1 and thus [aba] > [aa], contradicting strict compatibility with R3. O
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If the automata under consideration have only one state, the weight domain is
not really important, and the “step hierarchy” collapses.

Lemma 5. M(R>o,1) € M(N, 1).

Proof. An interpretation [-] by a one-state Ry(-weighted automaton corresponds
to a multiplicative weight assignment (the weight of a word is the product of the
weight of its letters). Note that all weights are positive, by definition. Taking loga-
rithms, we get an additive assignment (the weight of a word is the sum of its letter
weights). The conditions of weak and strict compatibility give rise to a system of
linear equalities and inequalities between letter weights. The coefficients are natu-
ral numbers (namely, numbers of occurences of letters in sides of rules). If such a
system has any solution at all, then it also has a rational solution. Since the sys-
tem is moreover homogenous (the linear functions contain no absolute parts), any
rational solution can be scaled to give an integer solution. In fact the components
are naturals, since weights must be non-negative. From natural additive weights
we can get back to multiplicative weights by exponentiation. If we take any natural
base, then the weights are natural (they are powers of the base). O

Example 8. For R = {aaa — bca},§ = {b — cac} we obtain the system of -
inequalities ’ '
logfa] > 0 Alog[b] > 0 Alogc] >0
A2logla] — log[b] — logle] > 0 A —log[a] + log[b] — 21og]c] > 0.

One solution is log[a] = 4,log[b] = 6,log[c] = 1. We can take base 2 and obtain
M(N,1)

multiplicative weights [a] = 16, [b] = 64, [¢] = 2. This proves RU S S, 0
As a corollary to Lemma 5, we obtain
Theorem 3. M(N, 1) = M(Qxo,1) = M(Alg>q,1) = M(Rxo,1). O

Now we consider the number of proof steps when using one-state automata. We
show that two-step proofs are not stronger than one-step proofs.

Lemma 6. M(N,1)? = M(N, 1)

Proof. We are given a two-step one-dimensional termination proof, and we need
to construct an equivalent one-step proof. Assume weight function f is strictly
compatible with R and weakly compatible with S U T, and weight function g is
strictly compatible with S and weakly compatible with T". We construct a weight
function h that is strictly compatible with R U S and weakly compatible with T,
as follows. (In light of the previous, we write the weight functions additively.)
We will define
h(z) = f(z) - ¢+ g(),
for a suitable natural number ¢ > 0. Such an interpretation h is weakly compatible

with 7", since both f and g have this property. Interpretation A is strictly compatible
with .S, since f is weakly compatible with S and g is strictly compatible with S.
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We put
¢ =1+ sup{max(0,g(r) — g()) | ({ = r) € R}

This is one plus the maximal increase of g weights, for R rules.

It remains to check that h is strictly compatible with R. If u — g v, then
f(u) — f(v) > 1 by strict compatibility (and using that weights are natural), and
g(u) — g(v) = —c + 1 by definition of ¢. By definition of h we get h(u) — h(v) >

¢+ (—c+1) =1, and this proves the claim. O

Example 9. We have {a? — b, b5 — a3} ) {b° — a3} by the interpretation
f:a- 5br— 3; and {b —>a}}——(0byg:a+—->0,bn—>1.Smceg(a):

0,9(b%) =3, we put ¢ = 4 and get {a? — b3,1° —>a3}}w2@by h:a— 20,b—
13. | O

As a corollary to Lemma 6, we obtain

Theorem 4. (N, 1)* = M(N, 1) ]

7 Choice of Weight Domain

We compare the power of matrix interpretations w.r.t. the weight domain.

We give an example (RU S, S) € M(Q>0,3)? \ M(N)*, that is, with a two-step
termination proof of rational-weighted automata. of size 3, but no natural-weighted
termination proof of any size and number of steps.

The rewriting systems are

R = {baa — abc,ca — ac,cb — ba}, S = {e — b}.
Lemma 7. (RUS, S) € M(Q>0,3) o M(N, 1).

Proof. We use the following interpretation

110 1 00 1 2 0
(=10 2 6],Bl=(0 3 0),[d={0 3 Z}.
0 0 1 0 01 0 0 1
giving these interpretations for the rules:
1'% 6 1 B 7
[baal = | 0 283 4 [abc) = {0 % %
0 0 1 0 0 1
1 6 12\ . 1 2 7
ed=(0 2 ¥) fg={0 2 2
0 0 1 0 0 1
1 10 1 10
)= 0 2 I ba]=] 0 2 3
0 0 1 0 0 1
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M(Qz0,3
This proves RU S IM {cb — ba,e — b}.

By another interpretation [a] = [b] = 1, [c] = 2 we get

{cb—»ba,eeb}lzi—(w{eeb}

Lemma 8. There is no T C RUS such that (RUS,T) € M(N).

Proof. Assume there is a matrix interpretation of any size (an N-weighted automa-
ton with any number of states) that is weakly compatible with R U .S and strictly
compatible with one of the rules from R. (It cannot be strictly compatible with .S
since S is non-terminating.)

We assume the automaton is reduced. All edges labelled by b are unit loops:
they go from some state ¢ to ¢ and have weight one. The reason is that weak com-
patibility with S requires [€] > [b], but [¢] is the unit matrix, for any interpretation

il -

The plan of the proof is now: we show that the interpretation of b is indeed the
unit matrix (each state has a b loop), and then we derive a contradiction from that.

Consider the subset A of states that are reachable from the initial state ¢ of the
automaton by a edges. (Here and in the following, when we speak of an edge, then
we mean that it has a non-zero weight.)

We claim that state g in A is also reachable from 4 by c edges, and has a b loop.
The proof is by induction on the distance to i. Assume the transition p = ¢ has

weight > 0, and the claim holds true for p. Then we have a path p LA P> q.
By weak compatibility with rule ¢b — ba, there must be a path p L g. Since b
transitions are loops, this can only take the form of p -5 ¢ LA q-

Every state r reachable from i by any mixture of @ and c steps is also in A
(that is, reachable by a steps alone): assume by induction that there is a transition
¢ > r and the claim holds true for g. Then g is in A, so there is a transition p 5,
thus a path p 24 LA g > 7. By weak compatibility with baa — abe, there must
be a path P %a¢ . Since a b edge is a loop, there is some ¢’ such that the path is

P LA p > ¢ % r. This shows that 7 is in A, since it is reachable from p € A by a
steps.
-The final state f does also belong to A: since the interpretation was assumed

to be strictly compatible with some rule (! — r) € R, there must be a path ¢ 4 I
Since b steps (loops) are irrelevant for reachability, the claim follows.

Since the automaton was reduced, we have shown that each state belongs to A,
thus each state has a b loop. This implies that the interpretation of letter b is the
unit matrix. Now we replace b by € in R, obtaining R’ = {aa — ac,ca — ac, ¢ — a}.
We claim that the automaton is weakly compatible with R’ and strictly compatible
with at least one rule from R’. This holds true since [baa] = [aa] etc., and the
automaton was assumed to be weakly compatible with R and strictly compatible
with at least one rule from R.
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On the other hand, there is a looping R’-derivation
aga — aca — aac — aaa — ...

that uses each rule of R’ infinitely often. This contradicts the fact that the au-
tomaton is strictly compatible with at least one rule of R’, since this rule must be

. relatively terminating w.r.t. the others.
In all, this proves that the interpretation (automaton) does not exist. O

As a corollary to Lemma 7 and Lemma 8, we get

Theorem 5. M(Qx0,3)% \ M(N)* is non-empty.

'8 Number of Proof Steps

We first recall an example that shows that two-step proofs (even of dimension two)

" are more powerful than one-step proofs (of any dimension). Then we generalize,
and show that the “step hierarchy” is infinite. The underlying reason is derivational
complexity. The following is a basic fact of linear algebra:

Lemma 9. Let A be any ﬁm’tev set of square matrices of- identical shape. The
coefficients in a product of eny k matrices from A are bounded by an exponential
function of k. ‘ O

This will be used in the following form:

Corollary 2. For dzsyoznt rewriting systems R and S: if there is a famzly of RUS-
derivations

di:wig— ... = Wipn,,d2:Wa1 = ... > Wany,---

such that the number of R steps in dy. is not bounded by an exponential function of
|wk,1|, then (RU S, S) ¢ M(R>o).

Proof. Assume to the contrary that there is'some (i, f)-pointed automaton A with
the given properties: strictly compatible with R and weakly compatible with S.
Then v —g v implies u(i,u, f) > wu(i,v, f), and v —g v implies p(i,u, f) >
1(i, v, f), So the number of R steps in the derivation starting in wy ; is bounded
by p(i,wk,1, f), which is an exponential function by Lemma 9, contradicting the
assumption. : O

Lemma 10. There is R € M(N,2)? \ M(R>o).

Proof. The following example is already presented in [13]. Let R = {ab — baa,cb —
bbc}. There are derivations (for each k& > 0):

k

akb _* ba%,abk _,* bka2
k

Cbk _,* bZkC, Ckb _* b2 clc

k k 52k
ac’b —* ab® o —* b* a? P
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The resulting string has length 22k, thus the derivation also took this number of
steps, since each step extends the length by one.

By Lemma 9, there can be no matrix interpretation that is strictly compatible
with both rules of R.

On the other hand we have R € (N, 2)? by Example 6. O

We modify, and generalize this example. For any n > 1, define a rewriting
system over alphabet £,, = {1,...,n} by

R,={ii—-1) - (i-1%|2<i<n}u{(i-1)—(i—2)|3<i<n}.
For n > 2, this system has 2n — 3 rules. Note that R; is empty.
Example 10. R3 = {32 — 223,21 — 112,2 — 1}. O

Lemma 11. For eachi and k, there is a R,-derivation from ik(i— 1) to some word
containing (i—l)2k_1 (i—2) as a factor and using each of the rules i(i~1) — (i-1)%
and (i — 1) — (i — 2) at least 25~ times.

Proof. For each I, we have i(i — 1)} —=! (i — 1)%4, and by iteration,
(i —1) =271 (- 1)2"k,
Now we apply rule (i — 1) — (i — 2) for 25~ times to get

(i—1)2 76— 2)2 7k,

Using Lemma 11 repeatedly, we get
Lemma 12. For each i and k, there is a Ry-derivation from i*(i — 1) using at
least exp(exp(k)) steps of each rule j(j — 1) — (j —1)?j and ( —1) = (j — 2), for
j<i. : O

Lemma 13. If a matriz interpretation is weakly compatible with R, and strictly
compatible with some subset S C R, then R,_1 NS = 0.

Proof. By Lemma 12, there is a family of derivations that uses all rules in R,_;
" more than exponentially often. By Corollary 2, the claim follows. O

Lemma 14. R,y ¢ TM(R>0)".

MR
Proof. Ry ¢ M(Rxo)° since R, is non-empty. By Lemma 13, if R4 IM R,
then R, C R’. Then the claim follows by induction. (]

Lemma 15. R, € M(N,2)™.
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Proof. Ry € M(Rxo,2)° since R, is empty. The following interpretation

=g )m-u=(g 1) misn-zm=(g 7))

shows R, I—w R,,_,. Then the claim follows by induction. O

We obtain as a corollary:

Theorem 6. Each inclusion M(Rxo)° C M(Rxo)*+? is strict. The “proof length
hierarchy” (M(R>0)°)s=1,2,... 18 infinite.

9 Discussion

Summary. Termination proofs by weighted (word and tree) automata are being
investigated only since 2006. (resp. 2003, if we include the Match Bounds method,
‘which later turned out to be related to the Min/Max semiring.) The focus of
investigation mainly was the construction of automata, with the goal of actually
implementing and running the algorithms. This has been achieved rather success-
fully: the various “matrix methods” play a decisive role in the regular Termination
Competitions.

With the present paper, we start a systematic investigation into the expressive-
ness of these methods as proof systems.

To this end, we have defined a two-dimensional hierarchy 9t(W, d)® for termi-
nation proofs for string rewriting via weighted word automata, and we proved that
the hierarchy is infinite in both directions.

Still, we have no exact information on which levels are actually inhabited (notice
the “gap” from d to d’ in Lemma 4), and which levels (if any) are decidable. These
questions remain as challenging open problems. Other extensions are at hand, and
we list a few.

Decidability. As noted in the proof of Lemma 5, existence of a one-dimensional
interpretation is equivalent to the feasibility of a system of linear inequalities.
Therefore, M(R>o,1) is decidable.

For larger dimensions, the weak and strong compatibility conditions give rise
to a system of inequalities between polynomials, where the unknowns are the ma-
trix entries (the weights of the automaton transitions). Then we can use Tarski’s
decision method (16}, and obtain that for each d, M(R>o,d) is decidable.

In fact if the system of polynomial (in)equalities has a solution, then it also has
a solution in algebraic numbers. So we don’t really need real numbers: for each d,
M(Algso,d) = M(Ro0, d).

Except for these immediate observations, we have no information (and no intu-
ition) on decidability of any (W, d).
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Non-strict semirings. One can use semirings with non-strict addition for ter-
mination, e.g. the max/plus semiring, or the max/min semiring [17]. Again, a cor-
responding hierarchy can be defined but it needs different methods than presented
here. If we try the construction of Section 5, using a suitable polynomial identity
Y [L] = Yo[rs] in the arctic semiring, we can no longer infer from Vi : [l;] > [ry]
that Vi : [I;] = [ri], since arctic addition is not strictly monotonic in its arguments.
For the proof step hierarchy we cannot use the methods of Section 8, because of
the following: Arctic interpretations give a linear bound on derivational complex-
ity, and by the reasoning in Lemma 6, even a combination of such interpretations
might not achieve more than linear derivation lenghts. So, the “arctic termination
hierarchy” is a subject of further study.

Term rewriting. The method of interpretation via weighted automata has been
generalized to term rewriting [6]. The definition of our hierarchy can be generalized
as well. Still we note that matrix interpretations for term rewriting use a rather
restricted form of weighted tree automata. '

Parallel composition of proofs. Our hierarchy uses the concept of combining
termination proofs sequentially. There are methods of proving termination that cor-
respond to a parallel composition: after the Dependency Pairs transformation [1],
the resulting relative termination problem can be decomposed into several inde-
pendent sub-problems, corresponding to the strictly connected components of the
dependency graph [12]. In all, a termination proof thus gets a tree structure. While
we presently compare proof sequences by length, proof trees should be compared
structurally, e.g. with respect to embedding.
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Statlstlcal Language Models Wlthln the Algebra of
Welghted Rat10nal Languages

Thomas Hanneforth* and Kay—Michael Wiirzner*

Abstract .

Statistical language models are an important tool in natural language pro-
cessing. They represent prior knowledge about a certain language which is
usually gained from a set of samples called a corpus. In this paper, we present
a novel way of creating N-gram language models using weighted finite au-
tomata. The construction of these models is formalised within the algebra
underlying weighted finite automata and expressed in terms of weighted ra-
tional languages and transductions. Besides the algebra we make use of five
special constant weighted transductions which rely only on the alphabet and
the model parameter N. In addition, we discuss efficient-implementations of
these transductions in terms of virtual constructions.

Keywords: computational linguistics, weighted rational transductions, statistical
language modeling, N-gram models, weighted finite-state automata

1 Introduction ‘

Weighted finite-state acceptors (WFSA) provide a convenient way to compactly
represent N-gram language models (cf. [3]) since they admit equivalence transfor-
mations like determinisation and minimisation {22] which compress common pre-
fixes and suffixes without changing the counts or probabilities associated with an
individual N-gram. Moreover, it is possible to represent all sub-distributions of
M-grams (with 1 € M < N) simultaneously with almost no additional space.

The usual way is to construct the language models on the basis of the manipula-
tion of states and transitions. Since the models are also required to be.robust, it is
necessary to reserve some probability mass for unseen N-grams. This is commonly
achieved by combining a discounting method with a back-off [17] or interpolation
mechanism [15]. The adjusted probabilities are then reassigned for each N-gram
to existing or newly created transitions. The finite automata thus merely serve as
a data structure.

*University of Potsdam, E-mail: {tom,wuerzner}@ling.uni-potsdam.de
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In this paper, we present an approach which treats the creation of N-gram
models as a problem of modifying weighted languages rather than states and tran-
sitions. In particular, we only use operations from the algebra of weighted regular
languages (WRLs) and transductions (WRTs) like union and intersection to get
from a set of samples to a robust back-off model. Such an algebraic formalisation
has - at least to our knowledge ~ never been done before.

The results outlined in the remainder are by now mainly of theoretical interest.
We do not aim to replace the many excellent statistical toolkits by the machinery
proposed here. This work is rather a “case study” in viewing an important tool in
natural languages processing from a theoretical viewpoint. As such, we describe it
in a self-contained form.

This article is organised as follows: In Section 2, we will recall the notion of
language models in general and N-gram models in particular (may be skipped by
readers familiar with the topic). Section 3 introduces the formal preliminaries and
establishes the notation. The subsequent sections 4-7 deal with the creation of N-
gram and ‘back-off models from scratch in the manner explained above. Matters of
complexity and implementation are discussed in each section. Proofs of correctness
of the outlined methods have been put in the appendix for reasons of readability.

2 Language Models

Language modeling is the task of assigning a probability to sequences of words.
‘Pr{w) is the prior probability of the sequence of words w. Language models are
used in many applications in natural language processing such as speech recognition,
machine translation, optical character recognition or part-of-speech tagging. See
[16] for an introduction to these topics and their relation to language models.

Using conditional probabilities, the joint probability of a sequence of words can
be decomposed as: !

m

Pr(w(*) = Pr(w,) H.Pr(wi‘lwﬁ_l) . (1)
T .

The interdependencies of words are reflected by assuming that the occurrence
of a word is a consequence of the occurrence of its predecessors. The conditional
probability of a sequence of words can be computed by normalising its frequency
relative to the frequency of its history (C(s) denotes the number of occurrences of a
substring s in w, ¥ refers to a finite alphabet and the sum operator, respectively):

Clwy™" - w;)

a€L

Pr(wwi™?) =

(2)

1We denote a substring w; . . .wj with § > 1 in a morg compact way by w;j. If 7 = j, we omit
the superscript and write simply w; for the i** character of w (starting at 1). 1f the subscript
exceeds the superscript, we implicitly denote the empty string €.
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Frequency information is obtained from a (tezt) corpus which is usually defined as
a large collection of (annotated or unannotated) texts. In the remainder of this
article, we use the term corpus as denoting a finite disjunction of sentences. A
sentence roughly corresponds to its linguistic definition, but is not limited to that.
Some big natural language corpora are the DWDS-Korpus [11] or the Brown corpus
[18] A probability distribution with respect to 3* is'an assignment of probabilities
to the strings in ¥* such that all the individual string probabilities sum up to one.

2.1 N-Gram Models

N-gram models are the most widely used type of language models. Their success
is based in their simplicity: They can be derived unsupervised, by just counting
sequences of words in a corpus and computing their relative frequency.

In the field of language modeling, an N-gram is a sequence of N elements taken
from a fixed and finite alphabet 3, for example letters [29], words [3], morphemes,
etc.

In order to limit the number of possible contexts of a word, it is assumed that
sequences of words form Markov chains [20]. Thus, only the last N — 1 words
(sometimes also called the history of w;) affect the word w;:

Pr{w;|w?™?) ~Pr(wz|w,‘ (N— 1)) (3)

" The number of possible contexts is then the size of the alphabet to the power of
N — 1 and therefore finite. The boundary case at the beginning of the sentence is
handled by N — 1 beginning-of-sentence markers (see Section 6 for details).

2.2 Smoothing

While theoretically possible, one will never find all potential N-grams in a corpus in
practice. The common solution to this problem is smoothing: Probability mass is
assigned to unseen events and/or other distributions which account for those events
are consulted. For N-gram models, this means to change the model in such a way
that it assigns a probability to any combination of N words of the vocabulary, deals
adequately with out-of-vocabulary items and, is still a probabilistic model.
Probabilistic N-gram models are characterised by the property that for every
context the probabilities of possible continuations sum up to one (h € EN: 1)

Vh > Pr(wih) =1. ' @

w;

Many different smoothing methods for different purposes are available (cf. [6] for
a detailed summary and comparison of important smoothing methods).

For the purpose of this work, we recall the notions of discounting and back-off
smoothing.
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2.2.1 Discounting

The main idea behind this class of procedures is to redistribute probability mass
from seen to unseen events. A simple but effective discounting algorithm is the
so called Witten-Bell discounting, referring to method C in [30]. Witten-Bell dis-
counting is based on the intuition that the probability of novel events decreases
with the number of different events that are observed in the corpus. To implement
this idea, the frequencies of the /N-grams are normalised by the number of different
N-grams sharing the same (N — 1)-gram prefix. The number of different events in
an event space is often called the number of types.

Definition 1 (Witten-Bell Type Number). Let T be a function £* — N :
T(Wi_n+41) = > L.
7 a€X,C(w} 41-a)7#0
‘Definition 2 (Witten-Bell Token Number). Let N be a function ¥* — N :
N(wz N+1) = ZC w;_ N+1 ‘a) .
a€L

With the help of the functions. T and N it is p0531ble to discount frequencies,
denoted by C:

.N(w::—N+1)
wi_na1) T T(Wi_niq)

Clwi_n11) = C(w}_ny1) N (5)

Adjusted probabilities Pr can be computed from C [16]. The freed frequency mass
is computed by:

Z C("’Z—Nﬂ) - C(w::—N+1)

‘ N
W _N41€5

) o ’ T(’U)i_N )
- ; i—N+1
_ Z C(wi_n11) N(w::_N-}-l) + T(w;'_N+1) .

(6)

. . N
'w;_N+1GE

2.2.2 Smoothing by Combining Different Distributions

Spreading saved probability mass equally among all unseen events is often too
"~ simple. It seems reasonable to take different distributions into account. A common
‘way of doing that is the back-off strategy [17] which recursively uses the (N — 1)-
gram distribution whenever the N-gram distribution assigns a zero probability.
Equation (7) formalises this behavior by defining the back-off probability Pr:

‘ Pr(wtlwz N+1) Pr(“’1|’“’z N+l) .
+ d(BrwiwiTh ) NN

: a(wi—N+1 )Pr(w‘i lwi_jlv+2) .
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Function ¢ indicates the need for backing-off to the immediately lower”ordered

distribution: ,
0 ifz#0 '
= 8
¢() {1 otherwise . ' @)

This ensures that one of the summands in Equation (7) will always be equal to
0. Pr and o depend on the particular discounting algorithm and represent the
adjusted probabilities and the normalised freed probability mass, respectively:

a(h) = {1 — Yu, Pr(wiln) i C(R) >0 .

1 otherwise .

The second case in Equation (9) covers events where the (N —1)-gram history is not
available. The lower ordered distribution is used unweighted in such cases. Since
lower ordered distributions are probabilistic by definition, the whole model keeps
this property. S '
The back-off recursion is terminated either by the (undiscounted) unigram dis-

tribution . '
Pr(w;) = Pr{w;) . (10)

or by a uniform distribution which handles out-of-vocabulary items. Such a uni-
form distribution involves a non-probabilistic model, since any number of out-of-
vocabulary items is possible:

- 1
Pr(&) = Prf(&‘) = i—b—i .
un GE

Back-off smoothing is compatible with all discounting algorithms. We use Witten-
Bell discounting as explained above.

(11)

3 Formal Preliminaries

In this section, we define the formal apparatus used in the remainder of this ar-
ticle. We start with the notion of a semiring, define weighted rational languages
and transductions, move to-the definition of weighted finite-state acceptors and
transducers and a number of operations defined on them and finally clarify the re-
lationship between weighted languages on the one and finite automataon the other
hand.

3.1 Semirings

The weights of languages, transductions and automata are expressed in terms ofa
semiring. The advantage in doing so lies in the abstraction and well-definedness of
operations and algorithms for different types of weights (e.g. (19, 25; 24]).
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Definition 3 (Semiring). A structure K = (K, ®,®,0,1) is a semiring if
1. (K,®,0) is a commutative monoid with O as the identity element for @®,
2. (K,®,1) is a monoid with T as the identity element for ®,

3. ® distributes over & (distribution of one operation over another will be de-
noted by >, e.g. ® = @), and

4- 0 is an annihilator for ®: Va €K, a®0=0®a=0.

Examples for semirings are the boolean semiring B = ({0,1},V, A, 0,1), the real
semiring R = (RU{co},+,,0,1), the log semiring £ = (RU{c0}, +1og, +, 00, 0)? or
the tropical semiring 7 = (R* U {00}, min, +, 00, 0). A special significance in the
remainder of this work lays on the probability semiring P = (Rt U {oo}, +,-,0,1)
- since its properties make it suitable for representing probabilities.?

To be well-defined, some operations on languages and automata demand partic-
ular properties of the used semirings. See [19] for a detailed summary on semirings
and their properties. For the scope of this article, we need the definitions of idem-
'potency, divisibility, commutativity and completeness.

Definition 4 (Idempotent Semlrmg) A semiring K is called idempotent if aba = a
for alla € K.

Definition 4 means that in case of non-idempotent semirings the @ operation
is effectively additive in a sense that it sums welghts The probability and the log
semiring are non-idempotent.

Definition 5 (Division Semiring). A semiring K is a division semiring iff Va E
K\ {0}, M eK such thata®b=1.

Divisibility (cf. [9]) is a formalisation of the demand for closure under multi-
plicative inversion needed for division of elements in K. This property is adapted
from a special class of rings called the divisible rings. '

Definition 6 (Commutative Semiring). A semiring is said to be commutative when
the ® operation is commutative; that isVa, b€ K,a®b=bQ®a.

The requirement that sums of an infinite number of elements are well defined
is expressed as completeness (e.g. [10]).

Definition 7 (Complete Semiring). A semiring K is called complete if it is possible
to define sums for all families (a;|i € I) of elements in K, where I is an arbitrary
index set, such that the following conditions are satisfied:

2a +log b=ges — log(27¢ + 2~ b)
3The terms ‘probability semiring’ and ‘real semiring’ are interchanged freely in the correspond-
ing literature. The following distinction seems sensible: Since real numbers can be both positive
and negative, the real semiring should be defined over R. Probability on the other hand will
always be positive, thus in R+. :
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(1) P;cpai =0, ®i€{j} a; = aj, ®i€{j,k} a;=a; dag forj#k,
(i) @jeJ(@ite a;) = @ie] @i, if UjeJ Li=IandI;N1I; =9 forj+#3j,
(i) Pjer(c® ai) =c® (Dicr 1), Dicr(ai®c) = (Dic i) ®c -

In the following, we restrict our attention to commutative, divisible, complete
and non-idempotent semirings. For better transparency, we primarily use the real
semiring R and the probability semiring P in definitions, lemmas and proofs, but
also use the more general semiring notation with @ and ®.4

We will denote semirings w1th capital letters in calligraphic character style hke

P, K.

3.2 Weighted Rational Languages and Transductions
Every formal language can be represented as a weighted language.

Definition 8 (Weighted Language). A weighted language L is a mapping ©* — K,
where & denotes o finite set of symbols (called the alphabet) and K a semiring.

This definition applies to all formal languages. The different types of languages
are distinguished by the operations that are allowed to construct the subset of X*
from the singletons in ¥ (see below).

Definition 9 (Weighted Transduction). A weighted transduction 8 is a mapping
¥ xI™* — K, where Z and T denote finite sets of symbols (called the input and the-
output alphabet, resp.) and K o semiring.

Weighted rational languages (WRL) and weighted rational transductions (WRT)
are a proper subset of the weighted languages and transductions. They can be con-
structed from singletons in a finite alphabet ¥ using scaling, union, concatenation,
composition and closure [26]. In addition to these, we use a set of operations on
WRLs and WRT's summarised in Table 1.

Definition 10 equates any WRL with its identity transduction.

Definition 10 (Identity Transduction). Given @ WRL L : £* — K, its identity
transduction ID(L) : 5* x 2* — K is defined as:

v,y € 5, IDE)(a,y) = | 7 HE=Y
0 otherwise .

An often used complex operation is application:
Definition 11 (Application). The application of « WRT 8 : &* x '™ — K to a
WRL G : * — K is a mapping S$[L] : T'* — K defined by

vy € T*, 8[L)(y) = P L(z) ® 8(=z,y) -
zEL*

.4In practice, P’s isomorphic counter part, the log semiring £ would be used mstead for reasons
of numerical stability.
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Table 1: Operations on WRLs and WRTs
Let 8: &* xA* - K, and Q: A*xI™* — K, denote two WRTs and let £1: &* — K,

and Ls: T* — K, denote two WRLs.® Let a,b and ¢, d be chosen from the same
alphabet (augmented with €), respectively. For § (also 81, 82), let the operands z
and y range over ©* and A*, resp. For Q, let z and y range over A* and I'*, resp.
For L1 and Lo, z,y € *.

singleton
singleton
union (sum)

{(a,c)}(b,d)
{a}(d)
(81U 82)(z,y)

il

Tif a=b and ¢=d, 0 otherwise
Tif a=b, 0 otherwise
81(z,y) @ S2(z,y)

concatenation (81 - 83)(z,y) = @ 81(t,v) ® 82(u, w)
tu=z,vw=y
scaling k9Q(z,y) = k®z,y) (kekK)
power Q°(g,€) =1
Qz £ e,y #e) 0
Q"+ (z,y) = (2:9")(=zy)
closure = Q*(z,y) = @Qk(m, Y)
. k>0
" composition (8 o Q)(z,y) = EB 8(z,2) ® Az,y)
zZEQ*
st projection m'(8)(x) = @ 8(z,y)
yeor
2" projection  *(8)(y) = @ sy
. . . TED*
crossproduct (L1 x L2)(z,y) = Li(z) ® La(y)
- intersection (L1 N L2)(z) = Li(z)® La(z)

%Using the identity transduction from Definition 10, the operations union, concatenation,
power, scaling, and closure also apply to weighted rational languages.

Apphcatlon is a short-cut for composing the identity transductlon of L with §

and taking the 27¢ projection afterwards.

Definition 12 (Language Projection).

vz e B*, nl(L)(z) = {

Given a WRL L : ¥* — K, the language
projection of L — denoted by nL(L) - is defined as

T ifL(c) £0
0 otherwise .
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Since language projection is an operation which only replaces the weights of its
operand, WRLs and WRTSs are closed under it (see the result for length preserving
homomorphisms in [8]).

Definition 13 (®-negation). Given a WRL L : 5% — K over a division semiring
K, the ®-negation of L - denoted by L~ ~ is defined as

o #L(z)£0 A a®L(z) =T
0 otherwise .

Vzex*, L Y(z) = {

Further on, we use capital script letters like £, P to denote weighted languages
and transductions.

3.3 Weighted Finite-State Automata

Every WRL and every WRT can be represented by at least one weighted finite-state
acceptor or transducer, respectively.

Definition 14 (WFSA). A weighted finite-state acceptor (henceforth WFSA, cf.
[24]) % = (Z,Q,q0, F, E, ), p) over a semiring K is a 7-tuple with

1.° %, the finite input alphabet,

2. Q, the finite set of states, v

3. qo € Q, the start state,

4. F C Q, the set of final states,

5. ECQxQx(ZU{e}) x K, the set of transitions,

6. X € K, the initial weight, and

7. p: F — K, the final weight function mapping final states to elementé mn K.
An extenéion of WFSAs are the weighted finite-state transducers.

Definition 15 (WFST). A weighted finite-state transducer (henceforth WFST)
(Z,A,Q,q90, F, E, A, p) over a semiring K is a 8-tuple with

1. &, Q, g0, F, A and p are defined in the same manner as in the case of WFSAs,
2. A, the finite output alphabet, and
3. ECQxQx(EU{e})x (AU{e}) x K, the set of transitions.

The weight assigned by a WFSA 2 to a string z € ©* is determined by Defini-
tion 16.
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Definition 16 (Weight of a String). Let A = (%, Q, qo, F, E, A, p) be a WFSA: over
a semiring K. Let m be a path in U, that is, a sequence of adjacent transitions.
Let n[r]- denote the state reached at the end of w. Let II{(Q1,x,Q2) denote the set
of all paths from g1 € Q1 to g2 € @, labeled with z € T*. Let w(rw) denote the
®-multiplication of the weights of the transitions along the path m. The weight
assigned to a string x € T* by 2, denoted by [z]?, is defined as:

%= @ rQuw(r)®pn(r)).

=€fl({q0}.=,F)

A WFSA is called unambiguous, if there is for each input string z at most a single
path in 2. As a special case, each state ¢ in a deterministic WFSA has at most a
single target state for each a € X. Note that in case of unambiguous/deterministic
WFSAs, the &-operation in Definition 16 has no effect, since there is for every
input string only a single path from gg to a final state.

In addition to the automata-algebraic operations like union, intersection, con-

- catenation etc., we use three equivalence operations, e.g. operations which only
change the structure of a WFSA but not the weighted language it accepts, para--
metrised with respect to a semiring X: rm-cx for e-removal, detx for determinisa-
tion of WFSAs, and ming for minimisation. We omit the subscript for the semiring
if it is understood from the context.

If K is a divisible semiring, we denote by neg the operation, which replaces
the initial weight A and each transition and final state weight a of a WFSA 2 by
its multiplicative inverse, denoted by A~! and a~! respectively. Note that 2l must
be at least unambiguous to obtain the correct result corresponding to Definition
13. Although not every WFSA can be determinised {21], those WFSAs to which
we apply neg,C have an equivalent deterministic counterpart.

Typographlcally, we will render acceptors and transducers with letters in Gothlc
type, for example €, R.

4 N-Gram Counting

As shown in Section 2, fréquencies of events are necessary for creating N-gram
word models. This section shows how to obtain these frequencies.

4.1 Text Corpora as Weighted Finite-State Automata

Text corpora can be easily represented as acyclic weighted finite state acceptors

over the reil semiring: This approach is'advantageous since acyclic WFSAs always
admit equivalence transformations like determinisation and minimisation- [21].

Fig. 1 shows a WFSA & constructed from a toy corpus.®

Swe adopt the convention that transition labels are of the form a/w in case of acceptors and
a : b/w when depicting transducers: a € T U {e} denotes the input-symbol of the transition,
b € AU {e} is its output symbol and w € K its weight. In the context of an WFST, a’transition
labeled with a stands for the identity transduction a : a. Similar, the final weight p(p). assigned to
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0

Figufe 1: A toy corpus over ¥ = {a,b} represented as a WFSA &.

The number of occurrences of a given sentence s can be computed along Defi-
nition 16; for example [aabb]® =1-8-05-1-1-1=4.

4.2 N-gram Counting

An approach for counting N-grams with WFST's has been proposed in [2]. We adopt
this approach and repeat the resulting definitions using the notation introduced in
Section 3. For the purpose of counting N-grams, a special transducer which realises
" arational transduction F: £* x ©* — R is used:

Vz,y € ¥, F(z,y) = ((E x{e})” ID(L) - (T x{e})") (z,y) . (12)
where L is a WRL mapping ¥* to R, such that the number of stringé x with
L(x) # O is finite. In the case of N-gram counting, the domain of L needs to
be £V (in which case we write Fy(z,y)). To gain some information about which
words occurred at the beginning or end of a sentence in the corpus, we augment
- the alphabet 3 with two special symbols <s> and < /s> marking the begmmng
and the end of each sentence, respectively. For that purpose, we prefix our corpus
WRL with N — 1 <s>-symbols and append N — 1 </s>-symbols at its end (this
also simplifies the computation of the conditional probabilities, see Section 6). Fig.
2 shows an example for N = 3. Note that the delimiter symbols are treated in an
" optimised manner.

Counting is performed by applying the counting WRT Fy to the welghted
language X given by the corpus:

Definition 17 (N-gram counting). Given ¢ WRL X : £* - R nepresentmg a
corpus, the N-gram counts Cy : 2% — R are obtained by:

ey =FN[K] .

a final state P (prmted as a double c1tcle) is stated after /: 1If the welght is* omltted it is assumed
. to'be T. . .
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Figure 2: Transducer for counting trigrams over ¥ = {a, b, <s>, </s>}.

We also call Cx an N-gram count WRL. For details on the procedure and a
proof of its correctness we refer the reader to [2].

The trigram counts for the example corpus (Figure 1) are shown.in Figure 3
(after optimising — that is removal of e-transitions, determinisation, and minimi-
sation — the corresponding WFSA). Note that for the purpose of demonstrating
non-robust language models first (cf. Section 6) we have chosen a corpus over
¥ = {a,b,<s>,</s>} which contains each meaningful trigram in TV at least
once resulting in an almost complete WSA.® Note that trigrams ending in <s> or
starting with </s> cannot exist. '

To get the count C(w; ... wy) associated with a specific N-gram w; ... wy we
compute [w; ... wn]%¥ — the weight assigned to w;...wn by €y according to
Definition 16. For example, [ab</s>] of Figure 3is 1-28-0.5-0.5-1=7.

4.3 Implementation and Complexity

The structure and therefore the size of the WFST Fn corresponding to Fy depends
on the model parameter N and the size of the underlying alphabet. Its state
number [@Q| equals N + 1 and the number of transitions |E| is |X|(N + 2). Its space
complexity is within O(N|X|), thus the size of Fy may become problematic for
huge alphabets. As already suggested in [2], a solution to this problem are lazy
automata, the states and transitions of which are constructed on-demand. Such
automata are usually obtained from lazy versions of the finite-state algorithms.
For example, an algorithm for the lazy composition of WRTs is presented in [28].
The drawback of such approaches is that the basu: operands have to be explicitly
represented.

Other. approaches (among others, see [4]) try to construct automata wvirtually
right from the beginning. Regularities in their structure are used to deﬁne states

. 6A-(W)FSA is called complete with respect to an alphabet 3 if each state has outgomg tra.n—_
sitions for each symbol a € X. . . .
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a/0.3

Figure 3: Trigrams in the toy corpus after optimisation.

and transitions implicitly by some calculation specification.

The simple structure of Fn makes it suitable for a virtual construction: The
set of states @ is simply U‘I;J:O{q} with N being the only final state. The set of
transitions E has three different subsets: FE;, containing all transitions from the
initial state,.E,,, containing all transitions from non-initial and.non-final states

and Ey containing all transitions to the final state. Transitions in E,, for example . - -
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- lead from state ¢ to state g+ 1 with each symbol a € ¥ while emitting this symbol.
The formal construction of §x can be found in Definition 35 in Appendix B.

Definition 35 enables a virtual construction. Implementations of access func-
tions to states and transitions work in O(1) time while consuming only a constant
amount of memory. We have implemented this special representation of §y within
the framework of [12].

Given a corpus WFSA K and an N-gram counter §y, counting is performed
most efficiently by the following sequence of automata operations:

Cn = min(det(rme(n2 (R0 Fn)))) - (13)

Since the number of N-gram paths after composition is bounded by |&] and since the
result is acyclic, e-removal, determinisation (which is essentially the construction
of a trie from the found N-grams), and minimisation (including weight-pushing)
can be performed in O(|R|) time [27, 25, 24, 13].7

5 Probabilisation

The next step in constructing an N-gram language model is to compute the con-
ditional probabilities of the events according to their frequency. This is done by
normalising their counts (this equation is also called mazimum likelihood estima-
tion, see [16]):

C(w ::_}v+1 )

ZC(’LN-}-I )

Thus, the frequency of an N-gram is divided by the sum of the frequencies of
all N-grams sharing the same (N — 1)-gram prefix.

Pr(wilwiZy 1) = (14)

5.1 Conditional Probabilities

In order to normalise the N-gram counts as stated in equation (14), the weights of
all V-grams sharing the same (N —1)-gram prefix have to be collected. Both parts
of the division need to have the same language projection to guarantee that no
N-grams are lost. The N-grams are therefore ‘reweighted’ by their corresponding
collected prefix weights. This reweighting is done by a suffix expansion performed
by a WRT Ek TN x N — R which maps all N-gram suffixes of length k to each
other, what effectlvely assigns each weight to every symbol.

Definition 18 (Suffix expansion). Given a finite alphabet ¥ and model parameters
N>0andk <N, a WRT EX : TN x N = R is defined as :

Vz,y € BV, ER(z,y) = (ID(ZVF) - (T x D)) (z,9) .

7|2 = |Qa} + |Eal|, that is, the size of a WFSA 2 is measured in terms of the size of its state
set and its number of transitions.
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-The first N —k steps of this transduction are an identity mapping. The following
k steps create — to speak in terms of the underlying WFST — non-deterministic
paths: The crossproduct of & with ¥ results in || transitions for every symbol
a € . The corresponding transducer for €} is shown in Figure 4.8 By applying

Figure 4: The unigram suffix expansion for trigrams €} for £ = {a, b, <s>, </s>}.

&} to the N-gram counts, the weights of all N-grams are expanded. The chosen
k = 1 cares for the summing over the unigram suffixes and the N-grams bear
the sum of the weight of the N-grams sharing the same (VN — 1)-gram prefixes as
demanded by Equation (14). The extended weights are ®-negated and intersected
with the N-gram counts to perform the normalisation. Given the N-gram counts
Cx as computed in Section 4, P¢(Cx) : TV — R,w = wl¥ + Pr(wy|wd ™)
implements this series of rational operations.

Definition 19 (Conditional N-gram probabilisation). Given ¢ WRL Cy:2V —
R, wl — C(w), P& (Cn) is defined as®
P(en) = (Cv N (Exlen])™) -

An example of the application of Definition 19 is shown in Figure 5.
In Figure 5, the probability of seeing a b after having seen an ab - that is,
Pr(b|ab) = [abb] - is 0.4. : “

8 Again, some transitions related to the delimiters were removed for reasons of clarity.
9Note that the joint N-gram probabilisation (which reflects the joint probability of each N-

gram), is computed by P4 (Cn) = (€v N (8%[GN])-—T). The language weight of such an proba-
bilisation, that is @,¢e, Py (Cn)(2), equals 1.



328 Thomas Hanneforth and Kay-Michael Wiirzner

/0.3

</s>/0.3

</5>/0.0435

Figure 5: Conditional probabilised trigrams from the example corpus.

Lemma 1 (Correctness of conditional N-gram probabilisation). Definition 19 com-
putes the conditional probability of each N -gram as o special case of Equation (14)
(withi= N): :

Cwl)
> Clwy ™' -a)

€l

Pr(wy|w) 1) = (15)
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Proof. See Appendix A. . O

Note that an advantage of the automata/language theoretic approach is that
Definition 19 computes the conditional probabilities of all found N-grams simulta-
neously. ,

5.1.1 Implementation and Complexity

The most efficient implementation of Definition 19 in terms of WFSA operations
is the following:
Cxn Nneg®(min(det(n?(Cy o €X)))) . (16)

A problem could arise through the constant factor associated with the alphabet
size in Definition 18, since the number of transitions in a WFSA corresponding to
(ExX)* is |Z|?*. So the approach may become unfeasible in case of the big alphabet
sizes commonly encountered in corpus linguistics. The composition operation o
maps every transition ¢ in €y leading to a final state to |X| transitions in the
result. Since the operand of neg® must be deterministic, all transitions resulting
from suffix expansion must be (additively) combined by determinisation. :

To get rid of the constant introduced by the size of the alphabet, we define a
special symbol <?>, called the default symbol (see [5]). During intersection and
composition, <7> matches every unmatched symbol labeling a transition leaving a
state ¢g. The definition of suffix expansion is then changed to the one in Definition
20:

Definition 20 (Revised suffix expansion). Given two finite alphabets ¥ and A and
model parameters N > 0 and k < N, a WRT €52 . N x (SN-F . Ak) 5 R is
defined as

vz,y € BV, £5%(z,y) = ID(ENF) - (£ x A)F) (z,y) .

Note that €%, is a special case of Definition 20. The special suffix expansion

using <7 > is then 8’;\;{<?>}.

To reflect the special semantics of <? >, the implementations of N and o are
changed to N<® and o<™ respectively. Equation (16) becomes

En N<? neg®(min(det(r®(En o< &})))) . (17)

The complexity of the suffix expansion, projection, determinisation and minimisa-
tion is then in O(|€x}). If we assume that €y is deterministic, the complexity of
the final intersection step is also in O(|€y]), since both operands contain exactly
the same N-grams (they have the same language projection), thus are isomorphic.

The possible types of symbols in a (W)FSA may be cross-classified according
to Table 2. Following Table 2, the default symbol <7 > can be seen as a con-
ditionally interpreted input consuming symbol. We will need its non-consuming
counterpart, the failure transition symbol ¢ (see [1]} in Section 7 to create robust
back-off language models.
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+consuming | —consuming
+conditional <7> ¢
—conditional a€X £

Table 2: A cross-classification of symbols labeling transitions in an FSA

In parallel to the counting WRT, it is possible to define a calculation for E’;}A
which enables its virtual construction. The calculation is given in Definition 36 (see
Appendix B).

- 'We move to the creation of non-robust language models.

6 Creating Non-Robust Language Models

The result of the counting and the normalisation procedure P% is a weighted lan-
guage SV — R. It assigns the conditional probability Pr(wi|w;:}v 4+1) to every
N-gram in the corpus. A maximum likelihood model is characterised by the fol-
lowing equation:

m
Pr(w(®) = [ ] Pr(wilwiZh44) - (18)
i=1
It is a weighted language £* — R. Therefore, P§; has to be transformed to accept
sequences of any length. Simply taking its closure is not sufficient, since the result
would be a mapping from (£V)* — R: every N-gram could be followed by any other
N-gram, every input symbol would have to be processed N times (as illustrated in
example 1) and only strings with a length equal to a multiple of N would be in its
domain.

Example 1 (Illustration of the necessary bigram overlapping).

Given input a b c
w1 wo w3
Pr(w}) = Pr(a) - Pr(bla) - Pr(c|d)
To process (overlap) a ab be

To correctly reflect Equation (18), N-grams need to be overlapped in a way
such that every (IV —1)-gram suffix is simultaneously treated as an (N —1)-gram
prefix. In order to achieve this, a specialisation of the concatenation operation
called overlapping or domino concatenation is introduced.

Definition 21 (Domino (Overlapping) Concatenation). The overlapping concate-
nation of two WRTs 8§ : £* x A* > R and Q: T* x A* > R - denoted by 8§ -y Q
- is a mapping £* x A* — R defined by

Ve Z*,Vy € A*, (8-~ Q(z,y) = @ S(u-viv_l,s) Q@ QN1 w,t) .

N-1,

T=Uv, w,y=s8t

The -y operator is rational, as long as N is a constant.
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6.1 N—Cram Models as WRLs

With the overlapping concatenation at hand, it is possible to use the closure of the
conditional probability distribution as the basis of the N-gram model. It is used to
filter non-overlapping sequences of N-grams. A transduction Dy : (SV)*xZ* - R
is defined which uses - in this way. To avoid their multiple processing, Dy deletes
overlapping prefixes by simply omitting them from its output.

Definition 22 (N-gram Concatenator). Given a finite alphabet %, the N-gram
concatenator is a WRT Dy : (ZN)* x T* = R, defined as

vo,y € 2, Dy(oy) = (2VU (5 ® (U twhom))) @) )

i=0 “wMNexnN

Fig. 6 shows a trigram concatenator for ¥ = {a,b}. Note that the N-gram con-

Figure 6: Trigram concatenator for ¥ = {a,b}. States are labeled with their
histories. The dashed transitions correspond to the overlaps.

catenator factors out the structure of an N-gram model (cf. [14], p.83) and makes
it available to the algebraic formalisation independently from the corpus under
consideration. '

To handle the special cases for 1 < M < N in Equation (18) uniformly, we
prefix our input sentence with N — 1 <s>-symbols marking the sentence begin.
Additionally, we postfix it with the same number of < /s>-symbols marking its
end, in order to guarantee that our language model seen as a WFSA has a unique
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final state (which is reached after reading the last </s>-symbol). For the model’s
structure, this means that only those N-grams starting with (<s>)V~1 and those
ending in (</s>)N~! may be accepted in the beginning and at the end, respec-
tively. To reflect this, we unfold the closure of the conditional probabilities P4, by
intersecting it with the WRL U y.

Definition 23 (Unfolding N-grams). Let ¥ be an alphabet and N the model pa-
rameter. Uy : £* — R is defined as:

vz € (EV)*, Un(z) = ({<s>N—1} 2EN T </ (2) .

Definition 24 applies the N-gram concatenator Dy to the intersection of the
~ closure of the probabilised N-grams and the unfolding WRL.

Definition 24 (Non-robust language models). Let €y be an N-gram count WRL as
defined in Definition 17, such that Cy(z) # 0, Yz € £V, The non-robust language
model My (Cx) is a weighted rational transduction &* — P,z € Tt — Pr(z)

My (Cn) = Dn[(PH(CN)) NUN] .

Note that for the following theorem, we make the assumption that our input
corpora are complete, that is, they contain every possible. N-gram w € ZN. We
will relax this condition in Section 7.

Theorem 1 (Adequacy of Definition 24). My (Cn)(w) correctly computes the de-
composed conditional probability of Equation (18) for each delimited input string
w.

Proof. The proof is a special case (the two cases 1a) of the proof of Theorem 2 (cf.
Appendix A). O

There is a relation between automata representing N-gram models and de
Bruijn graphs [7]: A de Bruijn graph is a directed graph which represents the
overlaps of sequences of a certain length n given a finite alphabet ¥. Each length
n sequence of symbols in ¥ is represented as a vertex in the graph. Let ¢ denote
the vertex for a sequence wf+"‘1, then ¢ has a single edge for each symbol a € &
connecting it to the vertex r representing wfi’l‘_l - a. Thus, the structure of de
Bruijn graphs is comparable to that of N-gram models over complete corpora.

6.2 -Implementation and Complexity

Again, combining the WFSA for P4 and the WFST for Dy is basically application
followed by optimisation: .

My = rm-e (7> (((PR)* NLUn) o Dn)) . _ (19)

If (P%)* N Uy is deterministic and since Dy is input deterministic by definition,
their composition will be input deterministic too. After taking the 2"¢ projection, -
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the e-transitions resulting from the overlaps have to be removed. Although the
result is a cyclic WFSA, its (unconnected) e-subgraph will be acyclic, in fact, we
will find a number of unconnected e-chains of length N —1. These e-transitions can
be removed in linear time with respect to the size of the result of the application
[23], which in turn is bounded by the size of B%,. Thus, the time complexity of
Equation (19) is in O(|B%])-

Even though ©y depends only on the (constant) alphabet ¥ and the model
constant N, its space complexity is in O(EZV~1), since Dy has to keep track of
the different histories of length N — 1 to ensure correct overlaps. So, a naive
implementation runs into difficulties even with moderate alphabet sizes. But we
can do better if we exploit the regular structure of © 5 and replace actual states and
transitions by functions computing them on demand. The trigram concatenator of
Figure 6 is shown slightly modified in Figure 7. Labels of states have been replaced
by state numbers and two additional states are introduced to simplify the virtual
construction. In addition, we assume a bijective function idx : ¥ — N mapping
each alphabet symbol to a unique index r, 0 < r < |X|. The labels of the transitions
are replaced by their corresponding indices. Ignoring state 0, the first part of the

Figure 7: Trigram concatenator for ¥ = {a, b}. States are labeled with numbers.

automaton shown in Figure 7 can be seen as a binary tree with root 1, yield 4...7
and a consecutive labeling. The successor of a state g given an alphabet symbol a
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can be calculated by g * || + idx(a) — (|Z| — 2) in the general case.

Example 2. Consider state 3 and symbol b with idx(b) = 1 in Figure 7. The
correct destination state of the transition is state 7. Thus,

7T=3%x2+1—(2-2).

The transitions within the tree part are denoted by E;.
Transitions from states greater or equal than the first state of the yield g, (state
4 in Figure 7) perform the overlap. ’

Definition 25 (Calculation of ¢,). Given a finite alphabet ¥ and a model parameter
N, the state qy is calculated as follows:
_EM 4 (12— 2)
TR

gy is used to identify the states which do not allow branching. The transitions
leaving those states are divided into the overlap transitions ¥, and the loop transi-
tions E;. The computation of their destinations is simple, but one has to take care
of the fact that only one symbol may be processed.
The complete calculation specification which enables a virtual construction of ®
is given in Definition 37 in Appendix B. The virtual construction of Uy is straight-
forward.
The next section focuses on robust language models.

7 Robust Language Models

Up to this point, the achieved models are only robust when based on corpora
containing all possible N-grams which is an unrealistic assumption. As described
in Section 2.2, smoothing methods have to be applied in order to solve this problem.
Back-off smoothing can be described as ‘relying on the highest order distribution
which is available’. The following figure illustrates this behavior on the automata
level (taken from [2]):

Figure 8: A trigram back-off model represented as a schematic FSA.

. As suggested in [2], in those cases where — given a specific history — no transition .
for the next word w; is available, a failure transition (marked by ¢) to the nearest
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shorter history is traversed and w; is processed if possible. If not, the history is
shortened again until the history-less state is reached. Language models as achieved
in Section 6 have to be extended to include such failure transitions to the lower
ordered distributions. Following Section 2.2, it is necessary to apply a discounting
algorithm in order to free probability mass for them.

For computing the probability of a (delimited) string w} in a back-off model,
we use the Markov probability decomposition as in Equation (18), but replace Pr
with the back-off probability Pr:

Pr(uwl) = Hlsr(wdw;::}vﬂ) . - (20) |

7.1 Discounting

From the many existing discounting approaches, it is especially Witten-Bell dis-
counting which is suited for modifying N-gram counts in a finite-state algebraic
manner. The calculations for the discounted frequencies as well as for the freed
frequency mass were given above in equations (5) and (6). '

As explained above, Witten-Bell discounting uses the number of observed types
following a history to estimate the probability of previously unseen events. Frequen-
cies are discounted in relation to this number. Given a representation of N-gram
counts, the number of types for each history can be computed with the help of the
language projection (Definition 12) and the suffix expansion operator €%, (Defini-
tion 18). The idea is to first map all N-gram counts to 1 and then sum over the
1-gram suffixes.

Definition 26 (Witten-Bell Type Number). Given a WRL L : £V — R, a WRL
Ty : BN = R is defined as follows:

Tn(L) = Exlr(L)] .
- Tn directly corresponds to function T from Definition (1).

Lemma 2 (Correspondence of T and Ty). Given a WRL L : TV — R, Vuw} ¢
IV TN (L) (wl) = T(w).

Proof. See Appendix A. O
Definition 27 defines the analogon to N of Definition 2.

Definition 27 (Witten-Bell Token Number). Given a WRL L : V¥ — R, a WRL
Ny : =N = R is defined as follows:

Lemma 3 (Correspondence of N and Ny). Given a WRL L : 5% — R, Yu{' €
=N NN(L)(wl ) = N(w{"). ’
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Proof. The proof is aﬁalogous to the proof of Lemma 2. O

The nominator of Equation (5) (which is at the same time the first summand
of the denominator) has been used for obtaining conditional probabilities before
(Section 5). Thus, everything needed for Witten-Bell discounting is at hand: we
reconstruct Equation (5) using corresponding operations on WRLs. To reflect the
N-gram discounting process, we actually operate on Cy.

Definition 28 (Witten-Bell Discounting). Given a WRL L : TN 5 R, we define
WRL): =V - R,we 2V o C(w) as

WR(L) =L N (NN (L) N(NN (L) U TN (L),
and WR(L) : &N - R,w € BN  C(w) — C(w) as
WE(L) =L N (Tn (L) N(NN(L) U TN (L) T

The second part of Definition 28 computes the freed frequency mass by refor-
mulating Equation (86).

Again, we make use of the fact that the real semiring R is closed under mul-
tiplicative inverses to show that Definition 28 corresponds to the Witten-Bell dis-
counted frequencies (resp. the freed frequency mass).

Lemma 4 (Reconstruction of Witten-Bell Discounting). Given an N-gram count
WRL €y : EV - R, wd = C(wl), WR(EN)(wd) maps an N-gram to its Witten-
Bell discounted frequency C(w). .

Proof. See Appendix A. , O
The following equivalence holds: .

Lemma 5 (Witten-Bell Decomposition). Given an N-gram count WRL L : &V —
R, WR(L)UWE(L) = L. '

Proof. See Appendix A. O

An example of the discounting process is shown in Figure 9. Both parts of
the Witten-Bell decomposition are used for reconstructing the back-off strategy as
explained in the next section.

7.2 Back-off

The previously reserved frequency mass now has to be reallocated to the lower
ordered distributions which need to be discounted as well (except the unigram dis-
tribution terminating the recursion). All involved distributions are then combined
in a special representation to which the robust overlapping concatenation operator
is applied.

The first step is to transform the adjusted frequencies into conditional probabil-
ities. In principle, the procedure from Section 5 can be used with the difference that
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Figure 9: Witten-Bell decomposition for the bigrams Vof_the corpus. The WFSA
on the left is the discounted WEFSA. Both WEFSAs are already probabilised after
Definition 29. '

both have to be normalised in relation to the original counts instead of normalising
them in relation to themselves. P% is therefore modified to use the discounted
frequencies (resp. the discounts, indicated by a second superscript) as the first
argument of the integrated intersection operation.

Definition 29 (Witten-Bell Discounted Probabilities). Let L denote an N-gram
count WRL £V — R, then P$° : BN — R is defined as

PEP(L) = WR(L) N (N (L)) 7T,
and P57 - £V = R is defined as
PER(L) = WR(L) N (Nn (L)L

PP and P{F denote the Witten-Bell discounted probabilities and the freed
probability mass of the N-grams when applied to Cy;, respectively. Note that the
union of P%P and P57 yields P .

Lemma 6 (Witten-Bell Discounted Probabilities). -Given €y : ¥ — R,w =
wl € oV — Cw), P5P(Cn)(w) and PR (CN)(w) compute Pr(wy|w) ) and
Pr(wy|wl¥™Y), the Witten-Bell discounted probabilities and the freed probability
mass, respectively.
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Proof. Lemma 6 results from Lemma 1 and Lemma 4. O

Lemma 7 (Union of P and P5F). Let £ denote an N-gram count WRL £V —
R:
P57 (L) UPR(L) = PR(L) -

'Proof. See Appendix A. ]

7.2.1 The Unified Distribution

To create a model which contains all N ...1-gram distributions, these have to be
combined in some way. The aim is to enable the application of an overlapping filter
- as in the non-back-off case - to the closure of the combination Y5 which therefore
must, according to Equation (7), meet some requirements:

1. The siﬁgle distributions must be discriminated from each other, since exactly
one may account for a single event.

2. The single distributions must be ordered in a way that the back-off strategy
is reflected.

3. The discounting factors a() of Equation (7) are context-dependent. They
have to be assigned correctly.

The first point is realised by prefixing each M-gram distribution with N — M
a-symbols. Hence, their difference and hierarchy originates in the number of as
preceding them. « is a special symbol which is not part of 3. It has no special
semantics, is processed as any other symbol and will be deleted later. To comply
with the third point, an « is appended to every (M —1)-gram prefix (1 < M < N).
‘This o will be identified with the back-off weight of the prefix it is attached to. We
define the unified distribution Yy .

Definition 30 (Unified Distribution Yn). Given a WRL L : £* — R representing
a-corpus, the combined representatzon of all 1...N-gram distributions Yn(L) :
N - R is defined as:

N
Y (L) = a1 P5(F (L) U | (aN—M.(y;’;’(ffM[L])us};}“}[rpgf(gM[L])])> .
M=2

The base part of Y5 (L) is defined by the unigram distribution P§(%;[£]) which
is prefixed with NV —1 a-symbols. Note that in the case of unigrams, conditional and
joint distributions are the same. The other part of the unified distribution contains
for every M (with 1 < M < N) a sublanguage which is the union of two weighted
subsets: first the discounted M-gram probability distribution P42 (FumlL]) and
second the residual probablhty mass Py R (Fam[L]). For the latter, the suffix expan-
sion WRT 81 e} ensures that it consists of words w; ... wpr_1 @ whose associated
weight corresponds to the a(wM~1)-value in Equa.txon (7) and which is computed
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Figure 10: Unified distribution containing all {1, 2, 3}-gram subdistributions.
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by the smoothing method. Note that the strings in Yy (L) are by definition all of
length N.

Fig. 10 shows the unified distribution for the trigrams of the example corpus.
Lemma 8 (Y defines a conditional probability distribution over (£ U {a})¥).
Proof. All strings in Y are of length NV and are either of the form o™V~ T (unigram
case) or of the form aVN~"MEM-1(q|T) (for 1 < M < N) and originate from a
single subset in Definition 30 since all those subsets are mutually disjoint. In the
unigram case, for each symbol a € P§(F1[L]), a¥~1P§(F1[L]) is associated with the
conditional probability Pr(aja¥~1), since P§(F;[L]) is a probability distribution
by construction. By Lemma 7, the union of ?}C‘;ID and TR;IR gives a conditional
probability distribution over (X U {a}). Prefixing it with N — M as results in a
conditional probability distribution over (X U {a})¥V. -0

7.2.2 Back-off Navigation

Concerning the second point in the enumeration above, the possible sequences of
M-grams according to Equation (7) have to be taken into account.

Example 3. Consider the trigram case and the input abede, c|ab has been pro-
cessed, thus d|bc is to be read next. If the trigram bed and the bigram cd are not
available we back-off successively to d|c and to d. Now that d has been processed, e
comes next. Since we already know that cd does not exist, concatenating eled can
not be correct. The correct continuation is e}d, the second case in Equation (9).
This motivates why the w;-transition from the e-state in Figure 8 first traverses a
bigram state before eventually going back to the trigram level.

Simply using the closure of Y as the input of the N-gram concatenator is thus
. not correct. Instead, we define a WRT called back-off navigator which ensures that
incorrect sequences of M-grams are filtered from (Yun)*.

Definition 31 (Back-off Navigator). A WRL By : (ZU {a})¥)* — R is defined
for a finite alphabet £ and the model parameter N as follows:

BN =‘(EN)* U 31\{_1,1\7 .

The back-off part By,n (with 0‘§ M < N) is recursively defined in the following
way:

{e} | ifM =0

B = *
MN (z:M.- {a-aV"M}. By, N -EM. {aN—M-1}> ifM>0.
Bu,n accounts for the impossibility of recognizing a symbol in the M + 1-
subdistribution of an N-gram model (0 < M < N). This failure — indicated
by a — may happen after having read M symbols. We then enter the nearest
subdistribution which we find in (Yn)* after reading an a-prefix of length N — M.
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Here, we may successfully process the M-gram or recursively back-off to the lower
ordered distribution. In both cases — motivated by Example 3 and defined in
Equation (9) —~ we continue processing in the nearest superdistribution which we
find in (Yn)* after reading a prefix of N — M — 1 as. Note that the length of all
strings in By is a multiple of N.

Fig. 11 shows the trigram navigator implementing the back-off strategy for
N = 3. Since we prefix the input to the model as well as the sentences of the
training corpus with NV — 1 delimiter symbols, failure can only occur after reading
N — 1 symbols, because every suffix of an N-gram of length N — 1 also acts as a
prefix of an N-gram (this can be easily shown by induction). This motivates why
the back-off navigator in Figure 11 has o transitions only in state 2 (back-off from
trigrams to bigrams) and state 5 (back-off to the unigrams). The remaining a- -
transitions serve to navigate to the nearest sub- (states 3, 6, 7) or superdistribution
(state 9).

Figure 11: Back-off Navigator Bs.

Lemma 9 (Backoff-as). Let P5f (1 < M < N) be as defined in Definition 29.
For each string w}, (€} et pe] ]) ~1a) is equal to a(wM ') in Equation (7).

Proof. As defined in Equation (9), a(w??~!) is the residual probability mass com-
puted by the discounting method for hlstory wM ! By Lemma 6, ﬂ’ﬁ’f con-
tains exactly that probability mass for all M-grams. By definition of application,
(& ey {a}[ﬂ’ ])( M-14) maps the sum of all conditional probabilities of all strings

wM= 1aforaEZ)towM la. : O

7.2.3 Robust Overlapping Concatenation

The overlapping concatenation -y is the basis for the operator Dy which filters
sequences of non-overlapping N-grams from the closure of all N-grams (ZV)*. In
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parallel, a robust overlapping concatenation jt, is defined which allows the short-
ening and extension of histories during overlapping.

Definition 32 (Robust Overlapping Concatenation). The robust overlapping con-
catenation 8 -% Q of two weighted transductions 8 and Q is a mapping (XU {a})* x
(AU {a})* - R defined by

Vz e T*,Vy € A*, (8% 9Q)(z,y) = S(z y) '~ Qz,y) U

@ US(u 2 0,5) @t v P w,t) .

N-—2 =
z=u-v, -cwy=st i=

% successxvely increases the number of as to be processed while shortening the
N-gram history vl -2,

Example 4. In the trigram case, Definition 32 boils down to the following cases
for input abe(d):*°

-be bc-d Normal, non-failure case

a ‘N

a-ba - oab-c Processing in the 2-grams by shortening the history to b
a-ba ¢ aa-c Processing in the 1-grams by shortening the history to €
a-ac -y ac-d l-grams — 2-grams

Cases 2 and 3 in Example 4 are distinguished from the others by the failure-
indicating o at the last position of the first trigram. Note that the last case is
handled by the standard overlapping mechanism if « is treated as a normal symbol
in 3.

Now, everything is prepared to define the WRT which repeatedly applies -& to
an input string. The as which trigger the shortening of the histories in Definition
32 are introduced by occurrences of failure symbols ¢ in the input string.

Definition 33 (Robust N-gram Concatenator D¢) Let DS be as in Definition

22 with (SU{a}) in place of & and -% instead of -n. D% is a mapping (SU{a})* x
C(BU{e})* = R defined by

D% = D% o (ID(E\ {a}) U ({a} x {g}))*

Note that D% outputs — as before - only the last symbol of each N-gram,
which may be ¢ in the failure case (cf. Definition 22). 'Dﬁ, then simply replaces
this occurrence of o by ¢. Observe furthermore that Definition 33 is over-general,
since it admits more as than necessary. This over-generality is harmless since the
sequences of as and Xs are further constrained by the back-off navigator By (see
Definition 34).

Fig. 12 shows the robust version of the trigram concatenator of Figure 6. Dashed
transitions correspond to backing-off to the lower bigram and unigram distributions.
Note that the actual implementation of D (see Figure 12) uses a weaker equiv-

10These cases are also the base of the proof of Theorem 2 (cf. Section 7.3).
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Figure 12: Robust trigram concatenator for ¥ = {a,b}. The dashed transitions
account for the back-off cases.

alence relation with respect to the states’ right relation.!’ The implementation
merges some non-equivalent states to allow for a compact representation of Dﬁ,
which only differs minimally from the non-robust counterpart (following the back-
off scheme, we would have to split for example state 10 in Figure 12 into two states
to distinguish between the two possible continuations after having failed with the
last input symbol b or successfully processed it. The concatenator in Figure 12 thus
accepts for example the sequence bbbaab which is not admissible after the back-off
scheme in Figure 11). Again, this coarsening is harmless because of the filter By.

7.3 Putting It All Together

The back-off language model is obtained by applying B, U$%; and D% to the unified
distribution.

Definition 34 (Robust language model). Let L be a weighted language over X*.
Let US be the N-gram unfolder of Definition 23 where (X U {a}) is used in place
of ¥. The robust language model M%(L) is a WRT ¥* - P,w € &* — Pr(w):

ME (L) = DY [Yn(L) NUG NBy] -

11The right relation of a state g in a WFST ¥ (right language in the case of WFSAs) is the
WRT accepted by T when g is taken as the start state. Two states are equivalent (and can thus
be merged during minimisation), if they have the same right relation.
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We assume a mechanism which introduces the special failure symbol ¢ at the
“right” places in w. Since the interpretation of ¢ is procedural in nature, we
delegate this task to a special WFSA intersection algorithm. Note that the length
of ¢ is 0. ,

From a procedural viewpoint, Definition 34 works in the following way:

e Each symbol in the input — a “normal” symbol ¢ € ¥ or ¢ — triggers a full
cycle through Y. Symbols ¢ € ¥ are mapped to themselves while ¢ is
mapped to the appropriate a()-value of the back-off Equation (7).

e An occurrence of ¢ is found in the input w (actually, the places where ¢ can
occur are constrained by Yu).

e ¢ is mapped to « in the upper part of the relation by Definition 33.

e This « triggers other as to be inserted into the relation’s upper part by
Definition 32.

o These additional as determine the correct subdistribution in Y3, including
the determination of the correct c()-values of Equation (7).

e In addition, these as are subject to the filtering of the back-off navigator
By which also handles the navigation to the correct superdistribution after
having read a number of ¢s.

Since complete trigram models tend to be large and our focus lies on the demonstra-
tion of the back-off mechanism, we depart from our previous example. Fig. 13 shows
a back-off model following Definition 34 on the basis of the corpus a|baaaalbaaaa.
For a better understanding of this example, the states are labeled with their histo-
ries. Also, the two states corresponding to the initial <s>-prefix have been deleted.

Theorem 2 (Robust language model M‘f(,) Given M%(L)(w) as defined in Defi-

nition 84, M}{,(L)(w) computes the correct probability for a delimited input string
w after equations (20), (7) and (9).

Proof. See Appendix A. O

7.4 Implementation and Complexity

The observations of Section 6.2 carry over to the back-off case. Of course, the
intersection of U% and By in Definition.34 can be done by a virtual intersection
algorithm. Due to their sizes, all three WRT's should be virtually constructed as
well. ’

The application of the language model M}{, to a (delimited) input string w is as
usual the intersection of the trivially weighted WFSA for w with ﬂﬁ‘ﬁ,, the WESA
corresponding to Mf,*(, Since 97(?;, contains transitions labeled with the special
failure symbol ¢, the normal intersection algorithm must be augmented with a
mechanism which treats ¢ as a conditional e-transition.
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©/0.333

<§>/0.261

©/0.333

b/0.087

Figure 13: A back-off trigram model for the corpus (a|baaaa|baaaa).

8 Conclusion and Further Work

In the previous sections, we have tried to show — to our knowledge for the first time -
that the construction of language models can be defined on the formal language level
alone without resorting to algorithms which manipulate the underlying WFSAs on
a state level. We therefore make use of certain semiring properties, as for example
divisibility, to model arithmetic statements like discounting procedures within the
algebra of WRLs — an approach which may be applied to many other problems in
the field of language processing. .
Our formalisation is modular and can be seen as generator — Y}, — and a sequence
of filters: :

e The unified distribution Y accounts for the probabilities and combines dis-
counted and residual probabilities for various values of M without caring
about the back-off structure and specific N-gram histories.

e The N-gram unfolder ensures the macro structure of the model (cf. [14],
p.83) with the delimiters at the beginning and end of each sentence.

e The back-off navigator reproduces the back-off strategy at a very general
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level, again without distinguishing specific N-gram histories or calculating
probabilities.

e Finally, the robust overlapping concatenation mechanism provides a correct
handling of N-gram histories of various length by filtering out illegal ones.

We gave hints for efficient implementations of the five auxiliary WRTs which depend
only on ¥ and N. All steps are already implemented in the framework of [12].12

As previously pointed out, our work is primarily a theoretical one. The huge
intermediate automata may prevent its practical application for corpora of the sizes
currently used in NLP. Future work will therefore have to concentrate on mecha-
nisms which allow the creation of individual language models for small parts of the
underlying corpus and their subsequent combination. In addition, we currently in-
vestigate parallel versions of the automata algorithms which exploit multi-processor
technology now available.

Another task is the reformulation of state-of-the-art discounting and smoothing
methods and the clarification of the relationship between back-off and the other
important strategy — interpolation — on a language-theoretic level.
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A Proofs

Lemma 1 (Correctness of conditional N-gram probabilisation). Definition 19 com-
putes the conditional probability of each N-gram as a special case of Equation (14)
(withi= N):

_ N
Pr(wN|w{V_l) = Clwy)

Y Cwy e

aEl

(21)

Proof.
el lenwl) |
= @ (Cn(z) ® EX(z, w{v ) def. of application
zED*
= P (en(z) ® IDE""1) - (T x B))(z,w])) def. of €L,
zex* ’

= @(CN(U){V_I a) @ TV w1 ® (T x £)(a, wy)) def. ID, -
a€L

—P(enw!* -a)

® {(w{ H}Hw) ) ® L(a) ® S(wn)) def. of U and x

=P En(w

a€EXx .

®{( w{“)}( ') ® {a}(a) ® {wn}(ww)) def. of U

= @(6 ~N(w a)®1) def. of singleton
a€X

= @ en(wl 1. a) neutral element
a€X

Since both operands of the intersection in Definition 19 have the same language
projection, ®-negation replaces each weight of an N-gram by its multiplicative
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inverse, and intersection ®-multiplies weights, Definition 19 mimics Equation (15).
' a

Lemma 2 (Correspondence of T and Ty). Given a WRL L : £V — R, Vwl €
NV IN (L) (wd) = T(wd
Proof.

TN (L) (w])

=&} [n L (L)) (wl) , def. 26

= @ (rH(L)(z) ® EN(z,w))) | def. of application
r€EXL*

=P (=* ® (ID(EN"1) - (T x B))(z,wl)) def. of &}
reX*

—PEH L)) a)@ SV w8 (£ x B)(a,wy)) def. ID, -
acx .

=P (r (L) (w " - a)

a€X .
® {(wy ) }Hwy 1) ® £(a) ® B(wn)) def. of U and x

=P L)W -a)

a€EX

@ {() )}l ™) @ {a}(@) ® {wr}(wn)) def. of U

= @(”L(L)(wfv_l -a)) ‘ def. singleton, T
a€l .

= @ {I ifL(w{V*l ‘o) # 0 A def. =%

0 otherwise .

a

Lemma 4 (Reconstruction of Witten-Bell Discounting). Given @ WRL Cy : &V —
R, w) — C(wl), WR(En)(w) maps an N-gram to its Witten-Bell discounted
fmquency C(wd )

Proof.

WR(En)(wl)
=(ew 0 (Vw(en) N (Nw(en) U T(En) ) ) () def. 28
=en(wl) ® (Nn(En)(wY) ® (Nn(En)wY) ® T(Cx)(w))™T)  def. of U and N
=Cwl)® (N(wl” Yo (Nwl) e Tw!) ™) . def. of C, N, T
Since a~T is 1 in the probability semiring, the last line is equal to Equation (5).

. The proof for W is constructed in the same manner. O



Statistical Language Models . .. 351

Lemma 5 (Witten-Bell Decomposition). Given'a WRL L : TN — R, WR(L)U -
WH(L) =

Proof.

WR(L)UWE(L)

(LH(NN LYN(Ny(L UTN(L )U . ) o

(LN (Tn(L)N (NN (L) UTN(L))™ 1) ‘ def. of WR, WE
=((& N NN(L)) N (Np (L) UTn(L)) U .

((LNTNn(L)N (NN(L) UTn (L))~ ) assoc. of N
=((L N NN (L)) U (L NTN(L))) N (NN (L) U TN (L))T n>U
=L N ((Nw (L) U TN (L)) N (N (L) UTw (L)) Nn>=u
- EB (L(z) ®

zeL

((NN(L)(CC) B TN(L) () @ (NN (L)(z) ® TN(L)(x))_T)) | def. ,Of L,U, N
= @(L‘(z) ®T) ~ def. of T

zel ’ h ‘ . .
—L | def. of £,T

Lemma 7 (Union of SP;;-D and fPf\’,R). Let L denote a WRL TN — R:
PR7(L) UPR(L) = PR (L) -
Proof.

?va(fJ)UfP (L) _
= (WR(L) NN~ (L))" T) U (WE (L) N (NN (£))™T) by def. 29

= (WR(L) UWR (L)) n (Nn (£)) 7 . byn»u
=LN(Ny(L))~ T . by lem. 5
=LnEYL)T _ by def. 27
= P%(L) by def. 19
O

Theorem 2 (Robust language model Mf{,) Given M%(L)(w) as defined in Defi-

nition 84, M}’(,(L)(w) computes the correct probability for a delimited input string
w after equations (20), (7) and (9).



352 Thomas Hanneforth and Kay-Michael Wiirzner

Proof. Introductory remarks:

e For reasons of simplicity, we restrict the proof to the case of N = 3. Proofs
for other values for IV are analogous.

e Observe that the length of all strings in Yn(L)*, U%, By and =t ('D Yisa
multiple of N. The back-off nav1gator Bn places the most specific constraints
on the form of the strings to which D is applied. Thus, in the trigram case,
the shortest strings in Y3(L)* N B3 (besxdes €, which is ruled out by U%;) are
of one of the following forms: X2 or £2a - a¥? or 220 - afa-a?Y - a¥? .

e Note that the length of ¢ is 0.

e For the reader’s better understanding, we spell out the three different cases
of Equation (7) for N = 3:

Pr(w;|wi=} if C(wi_,) >0
Pr(wi|wiZ}) = { a(wiZl) - Pr(w;|w;_;) if C(w?_,) =0& C(wi_;) >0
a(wi=l) - a(w;,_1) -Pr(w;) otherwise .
(22)
Remember that the values of the as in Equation (22) may be 1 in case the
history is not present (cf. Equation (9)).

Since U§ introduces the sentence delimiters, the proof is by induction on the length .
of the string w =<s>2w' </s>2.

Induction hypothesis:
Let w¥ =<s>2 w’ </s>? an input string of length k > 4 (= 2(N —1)):

k
DE[Y3(L)* nuamzs3 ] (w?) H Pr(w;|wi~}) . (23)
i=3=N

Induction base: |w| =0.
* Case la: w = ¢ (this means that the trigram <s>2</s> is in Y3(L))

DE[(Ys)](<s>2</s>2)
= @ ((B;)(:z:) ® 943’(36, <S>2</S>2)) - def. of appl.

zexn
=(Y5)(<s>2< /s> - <s></s>2)

® (Z3(<s>2</s>)

® {(<s></s>2, </s>)H<s></s>2, </s>)) def. of D§
=(Y3)(<s>2< /s> - <s></s>2) ID, singleton, 1
=(Y3)(<s>2</s>) @ (Ya)(<s></5>2) closure
=(P5P)(<s>2</s>) ® (P5P) (<s></5>?) def. of Ys
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=Pr(</s>| <s>2) ® Pr(</s>| <s></s>) “lem. 6
=Pr(</s>| <s>2) @ Pr(</s>| <s></s>) egs. (20), (22, case 1)

Case 1b: w = ¢¢ (this means that the trigram <s>2</s> is not in Y3(L), which
in turn entails that the trigram a <s></s> will also not be present in Y3(L)).
D¢ will decompose <s>2¢p </s>2 into

(<s>2a, <s>2¢) - (a<s>a, 9) - (@%</s>, </s>) - (a</s>2, </s>)
whose first projection is also in U§ N Bj.

Yi(<s>la-a<s>a- o </s> - a</s>?)
=Y3(<s>2 ) @ Ys(a<s>a) ® Ys(@® </s>) ® Ys(a</s>2) closure
=PoF(<s>?a) @ PoR(<s>a) ® P(</s>) ® Py (</s>2)  def. 30

=(a(<s>2) ® a(<s>) ® Pr(</s>)) ® Pr(</s>|</s>) lem. 9, lem. 6
=Pr(</s>|<s>2) ® Pr(</s>|</s>) : eq. (22, case 3)
=Pr(</s><s>2) ® (I® Pr(</s>|</s>)) neutr. element of ®
=Pr(</s>|<s>2) @ Pr(</s>|<s></s>) " egs. (9), (22, case 2)

Induction step: Assume, the induction hypothesis holds for strings w! =<5>2
w' </s>2 with 4 (=2(N—1)) <1 < k. We show that it also holds for k + 1.
For the proof, there are two possible cases concerning the history w,’;_l of wy4q:13

1. wh = w'wk_, or w* = w’wr_1 ¢ wg: the history w¥_, is present. Here
1 k—1 1 Y Wg_y1 18P

we have three subcases, depending on in which distribution we successfully
Process Wg41:
a) wht! = whwy,q: trigrams
b) wit! = whewyy1: bigrams
¢) wit! = whwyy1: unigrams
2. wf = w"wk—1 ¢¢ w: the history wk_, is not present, since wy was processed
1 Y W p p
(after reading two occurrences of ¢) in the unigram distribution. Here we have
two subcases to consider, which can only occur after case 1c) above or 2b)
below:
: Rl _ o k1 e e
a) wiT = w! " ¢d wrwes1: bigrams (superdistribution)

b) wb* = wb1 66 wy § wieps: unigrams

In the following, we give proofs for the 5 subcases mentioned above.

13 Remark: With respect to the back-off navigator in Figure 11, this distinction is reflected in
the particular state the navigator is after having processed wy: In the first case, this state is 0,
while it is 9 in the second. In the general case of an N-gram navigator, there will be N — 1 such
states, and in turn N — 1 main cases to consider.
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1. a) Dg maps Wg41 to wﬁﬂ, which is also in Bg.
Ya(wity)

=P P (wh+l) def. 30

=Pr(wgpjwt_;) lem. 6

=Pr(wesi|wf_;) eq. (22, case 1)

b) Dg’ maps ¢gwi41 to 'w’,j_la . awf"'l, which is also in Bs.

Y3 o i)
=Y3(wf_10) ® ‘d;(aw,’g””l) def. of closure
=Py (wh_10) @ PSP (wktY)  def. 30
=a(wf_,) ® Pr(wps1|wk) lem. 9, lem. 6
=Pr(wgq1|wf_,) eq. (22, case 2)

“c) ’Dg maps ¢¢dwg4 to 'w,’g_la-awka-a2wk+1. This string is not in B3, but
is a prefix of one of its strings, namely w,’g_la - owpa - QPwp g - aw',j"'l.
The “missing” suffix oz'u)’,:‘H will be covered in case 2a) or 2b), which are
the only possible cases following 1c). :

Y3 (wi_ o - owga - dPwiys)
=Ys(wh_,0) ® ‘da(awka) ® Ya(a®wry1) def. of closure
=P (wf-10) ® P (wre) ® Pi(wis1)  def. 30
=a(w’,§_1) ® a(wk) ® Pr(w41) lem. 9, lem. 6

=Pr(wg41|wk_;) ‘ eq. (22, case 3)

2. The following subcases cover the “missing” suffix of case 1c) above.

a) D? maps w1 tO awitl,
Y(aut+)
=133(aw,’§+1) def. of closure
=P5P (wht1) def. 30
=Pr(wg41|wg) - lem. 6

=1® Pr(wes1lwk) eq. (9, case 2)

=Pr(wi1|wf_,)  eq. (22, case 2)

b) D¢ maps gwi41 to awia - 0wy .

Y3(owra - a’wiy)
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=Y3(owrd) ® Yz(o?wis1) def. of closure
=T;’R(wka) ® Pi{(wg+1) . def. 30

=a(wg) ® Pr(wg41) lem. 9, lem. 6
=1® a(wy) ® Pr(wis1)  eq. (9, case 2)-
=Pr(wkt1|wf_;) ‘ eq. (22, case 3) .

Combining this with the induction hypothesis, we get

: B k+1 '
DE [Y3(L)* NUS N Bs] (wh*) = [] Pr(wilwiZ}) . (24)
i=N"’

Note that the N — 1 sentence delimiters </s> ensure that the N-grams a </s>"—1!
or a </s>"-1 for some a € ¥ are always present in Yx such that the last step
of the computation of the decomposed back-off probability of an delimited input
sentence will always be case 1a) or case 2a). o

B Constructions

Definition 35 (Construction of Fn). The weighted finite state transducer §n wrt
a semiring R is an 8-tuple (Q,X,X U {€},0,F,E; U E, U E¢,1, p) where

N
Q=i
=0
F ={N}
E = J{0,0,a,6,D}u (J{(0,1,a,0,T)}
a€X "a€X
N-1
En=J UJ{Gi+1,0,6T1)}
i=1 a€X
Ef = [ J{(N,N,a,¢,1)}
a€x
\quF,p(q) =1

Definition 36 (Construction of €X;). The weighted finite state transducer ek wrt
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a semiring R is an 8-tuple (Q,%,%,0, F, E,, U Ex, 1, p) where

N
Q=
i=0
F={N}
N-k-1
En= |J UlGi+1,a,a,1)}
i=0 a€X

' N-1 .
E= |J U U{Gi+1,0b1)

i=N-—ka€L bel
Vge Fyp(g) =1

Definition 37 (Construction of D). The weighted finite state transducer Dy wrt
a semiring R is an 8-tuple (Q,%,X,0,F,Eq U E; U E; U Ey, 1, p) where (using g,

_ from Definition 25):14.
qyHEN T (N-1)-1

Q= U {i}

i=0
QV+|E|N_1_1
- U ®
i=qy
Ey = U {(Oa 1, a’)}
. a€EX
qy—1 :
By = U U {(z, (i % |Z| + idx(a)) — (| —2),a,,a,T)}
i=1 a€Z .
aHEIN P (N-2)-1 .
E, = U {(i,i +|Z)V1,a,¢,1)|idx(a) =
i=qy '
i—qy
o mod |Z|
LG”‘z‘lwﬂ } }
gy HEIY eV -1)—1
Ey = U {(i,iax(a) + 2,a,¢,T)|idx(a) = (i - ¢y) mod |Z[}
i=gy HEIN =1+ (N-2)
p(q) =1,Yg € F.

Received 15th August 2008

14|z] denotes the floor value of a number. E.g- {2.34] = 2.
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Abstract

We use weighted tree automata as certificates for termination of term
rewriting systems. The weights are taken from the arctic semiring: natural
numbers extended with —oo, with the operations “max” and “plus”. In order
to find and validate these certificates automatically, we restrict their transition
functions to be representable by matrix operations in the semiring. The
resulting class of weighted tree automata is called path-separated.

This extends the matrix method for term rewriting and the arctic ma-

_trix method for string rewriting. In combination with the dependency pair
method, this allows for some conceptually simple termination proofs in cases
where only much more involved proofs were known before. We further gener-
alize to arctic numbers “below zero”: integers extended with —oo. This allows
to treat some termination problems with symbols that require a predecessor
semantics. '

Correctness of this approach has been formally verified in the Coq proof
assistant and the formalization has been contributed to the CoLoR library of
certified termination techniques. This allows formal verification of termina-
tion proofs using the arctic matrix method in combination with the depen-
dency pair transformation. This contribution brought a substantial perfor-
mance gain in the certified category of the 2008 edition of the termination
competition.

The method has been implemented by leading termination provers. We
report on experiments with its implementation in one such tool, Matchbox,
developed by the second author.

We also show that our method can simulate a previous method of quasi-
periodic interpretations, if restricted to interpretations of slope one on unary
signatures.
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1 Introduction

One method of proving termination is interpretation into a well-founded algebra.
Polynomial interpretations (over the naturals) are a well-known example of this
approach. Another example is the recent development of the matrix method [22, 13]
that uses linear interpretations over vectors of naturals, or equivalently, N-weighted
automata. In [38, 37] one of the authors extended this method (for string rewriting)
to arctic automata, .e., on the max/plus semiring on { —co}UN. Its implementation
in the termination prover Matchbox [36] contributed to this prover winning the
string rewriting division of the 2007 termination competition [31, 1].

The first contribution of the present work is a generalization of arctic termi-
nation to term rewriting. We use interpretations given by functions of the form
(ZF1,.--yZn) » My -Z1 + ...+ M, - £, + & Here, Z; are (column) vector vari-
ables, ¢is a vector and M,, ..., M,, are square matrices, where all entries are arctic
numbers, and operations are understood in the arctic semiring,.

Functions of this shape compute the transition function of a weighted tree au-
tomaton [10, 9]. The vectors correspond to assignments from states to weights.

Since the max operation is not strictly monotone in single arguments, we obtain
monotone interpretations only for the case when all function symbols are at most
unary, i.e., string rewriting. For symbols of higher arity, arctic interpretations
are weakly monotone. These cannot prove termination, but only top termination,
where rewriting steps are only applied at the root of terms. This is a restriction
but it fits with the framework of the dependency pair method [4] that transforms
a termination problem to a top termination problem.

The second contribution is a generalization from arctic naturals to arctic in-
tegers, i.e., {—oo} U Z. Arctic integers allow for example to interpret function
symbols by the predecessor function and this matches the “intrinsic” semantics
of some termination problems. There is previous work on polynomial interpreta-
tions with negative coefficients 19, 20], where the interpretation for predecessor
is also expressible using ad-hoc max operations. Using arctic integers, we obtain
verified termination proofs for 10 of the 24 rewrite systems Beerendonk/* from the
Termination Problem Database [2] (TPDB), simulating imperative computations.
Previously, they could only be handled by the method of Bounded Increase [17]
and polynomial interpretations with rational coefficients [30].

The third contribution is that we can express quasi-periodic znterpretatzons [39]
of slope one, another powerful method for proving termination of rewriting, as an
instance of arctic interpretations for unary signatures.

The next contribution is the fact that the correctness of this method for proving
top termination has been formally verified with the proof assistant Coq [34]. This
extends previous work [27] and is now part of the CoLoR project (7] that gathers
formalizations of termination techniques and employs them to certify proofs found
by tools for automatic termination proving. This contribution was crucial in en-
abling ColoR to win against the competing certification back-end, A3PAT [8], in
the termination competition of 2008 [1].
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A method to search for arctic interpretations is implemented for the termination
prover Matchbox. It works by transformation to a boolean satisfiability problem
and application of a state-of-the-art SAT solver (in this case, Minisat [11}). For a
number of problems Matchbox produced certified termination proofs, where only
un-certified proofs were available before. Recently the arctic interpretations method
was also implemented in AProVE [16] and TyT, [28].

The paper is organized as follows. We present notation and basic facts on rewrit-
ing in Section 2 and give an introduction to proving termination of rewriting using
the monotone algebra framework in Section 3. Then we give preliminaries on the
arctic semiring in Section 4, and we relate the monotone algebra approach to the
concept of weighted tree automata in Section 5. We present arctic interpretations
for termination in Section 6, for top termination in Section 7 and the generalization
to arctic integers in Section 8. In Section 9 we show that quasi-periodic interpreta-
tions of slope one for proving termination of string rewriting [39] are a special case
of arctic matrix interpretations. We report on the formal verification in Section 10
and on performance of our implementation in Section 11. We present some discus-
sion of the method, its limitations and related work in Section 12 and we conclude
in Section 13.

Preliminary versions of the results from this paper have been presented at the
Workshop on Termination [37], at the Workshop on Weighted Automata [26], and
at the Conference on Rewriting Techniques and Applications [25]. We thank the
anonymous referees for their comments. :

2 Term Rewriting

In this section we shortly introduce the basic notions on term rewriting. For more
details we refer to [5].

Let ¥ be a signature, that is, a set of operation symbols each having a fixed
arity in N. For a set of variable symbols V, disjoint from %, let 7(%, V) be the set
of terms over ¥ and V, that is, the smallest set satisfying

ez eT(%,V) forall z €V, and

o ifthearityof f € Zisnandt;, € T(E,V) fori=1,...,n, then f(t1,...,tn) €
T(Z,V).

Terms are identified with finitely branching labeled trees. We denote a root of a
term ¢ by root(t) and root(f(t,...,t,)) = f. By < we denote the sub-term relation
~on terms and we have t du if ¢ is a sub-tree of u.

A term rewriting system (TRS) R over X,V is a set of pairs (£,7) € T(%, V) X
T(%,V), for which £ ¢ ¥ and all variables in r occur in £. Pairs (¢4,7) are called
rewrite Tules and are usually written as £ — r.

A TRS with all functions having arity one is called a string rewriting system
(SRS). For SRSs it is customary to write terms as strings, so a;(aq(. .. (an(z))...))
becomes aqas - - - a, and x becomes e.
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For a substitution ¢ : V — 7(%,V) and a term ¢ the application of & to ¢,
denoted by to, is a term defined inductively as:

e o =o(z) for all z € V, and
[ ] f(tl,...,tn)(f =f(t10',...,tn0').

For a TRS R the top rewrite relation tﬂ’n on 7(%,V) .is defined by ¢ tﬂ)n u if
and only if there is a rewrite rule ¢ — r € R and a substitution ¢ : V — T (%, V)
such that ¢t = o and v = ro. The rewrite relation —x is defined to be the smallest
relation satisfying

o if t P u then t —g u, and

o if t; o u; and ¢; = u; for j # 4, then f(t1,...,t,) == f(u1,...,uy) for
every f € ¥ of arity n.

A relation — is terminating if it does not admit infinite descending chains
to — t1 — ..., denoted as SN(—). For relations -1, —2, we define —; / —2 by
(—1) - (—2)*. If SN(—1 / —2), we say that — is terminating relative to —.

When given as arguments to SN we will often identify TRSs with the rewrite
relations generated by them and hence abbreviate tﬂ’n by Riop and —r by R.

Now we will shortly introduce the dependency pair method [4] — a powerful
approach for proving termination of rewriting, used by most of the termination
provers.

Definition 2.1. [Dependency pairs] Let R be a TRS over a signature 3. The
set of defined symbols is defined as Dr = {root(l) | [ - r € R}. We extend a
signature ¥ to the signature =¥ by adding symbols f¥ for every symbol f € Dg. If
t € T(Z,V) with root(t) € Dg then t! denotes the term that is obtained from t by
replacing its root symbol with root(t)¥. \

If | - r € R and t 91 with root(t) € Dx then the rule If — ¢! is a dependency
pair of R. The set of all dependency pairs of R is denoted by DP(R). o

The main theorem underlying the dependency pair method is the following. .
Theorem 2.2 ([4]). Let R be a TRS. SN(R) iff SN(DP(R)iop/R). O

In this paper we will consider problems of termination of rewrite relations gen-
erated by some term rewriting systems. Three types of problems will be of interest:

e Full termination: given a TRS R, is it terminating, i.e., does SN(R) hold?

e Relative termination: given two TRSs R,S, does R terminate relative to S,
i.e., does SN(R/S) hold?

e Relative top termination: given two TRSs R,S does R terminate relative to
S if we allow only top reductions in R, i.e., does SN(Rop/S) hold?
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Note that termination is a special case of relative termination -as SN(R) <=
SN(R/0), hence we will present results for relative termination only as they are
immediately applicable for the full termination case. Relative top termination
is of special interest due to its close relation with the dependency pair method,
established in Theorem 2.2.

We will illustrate some term rewriting notions on an example.

Example 2.3. Consider the following three rules TRS R, AGO1/#3.41 from the
TPDB [2], over the signature ¥ = {0, p, s, fac, times}: -
| p(s(z)) — =
fac(0) — s(0)
fac(s(z)) — times(s(z), fac(p(s(z))))

This TRS represents computation of the factorial function (without the rules for
addition and multiplication) with natural numbers represented with zero (0), suc-
cessor (s) and predecessor (p) and the factorial function (fac) expressed using mul-
tiplication (times).

We have the following reduction sequence (with the redex at every step under—
lined):

fac(s(s(0))) “Fr times(s(s(0)), fac(p(s(s(0))))) —=
times(s(s(0)), fac(s(0))) —= times(s(s(0)), times(s(0), fac(p(s(0))))) —=
times(s(s(0)), times(s(0), fac(0))) —x times(s(s(0)), times(s(0), s(0)))

calculating that factorial of two equals 2x (1 x 1) We also have two defined symbols,
Dr = {p,fac}, extended signature E“ > U {p!, fac'} and two dependency pairs:

fac!(s(z)) — fac(p(s(z)))
fact(s(z)) — p(s(z))

We will prove termination of this example in the following section. <

3 Monotone Algebras

We will now introduce the definitions and results of monotone algebras, following
the presentation of [13].

Definition 3.1. [Monotonicity] Let A be a non-empty set. An operation [f} :
AXx---x A — Ais monotone with respect to a binary relation — on A if for all
a1, ...,04,Q%,...an € A with a; — a] we have

[fl(ars-. -, a4,...,a7) — [f](al,...,a;,...,a,.z) . ©

Definition 3.2. {X-algebra] A T-algebra, (A, {fa}ses) consists of a non-empty set
A together with a map [f4] : A™ — A for every f € £, where n is the arity of f. ©
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Definition 3.3. [Weakly monotone Z-algebra] Let R be a TRS over a signature
¥. A well-founded weakly monotone L-algebra is a quadruple A = (A, {fa}ses, >
2) such that:

e (A,{fa}sex) is a T-algebra,

¢ all algebra operations are weakly monotone, i.e., monotone with respect to
>

~
\

e > is a well-founded relation on A, and
o relations > and > are compatible, thatis: >-2C>or 2> C >.

An extended monotone X-algebra (A, {fa}ses,>,2) is a weakly monotone X-
algebra (A, {fa}ses,>,2) in which moreover for every f € ¥ the operatlon {f] is
strictly monotone, i.e., monotone with respect to >. ©

Definition 3.4. For a weakly monotone ¥-algebra A = (A,{fa}sexn,> ) we
extend the order 2> on A to an order 2, on terms, as

12U < Yovoi: [tla 2 [Ua
> is extended to >, in a similar way. o

Now we present a slight variant of the main theorem from (13], for proving
relative (top)-termination with monotone algebras:

Theorem 3.5. Let R,R’,S,S’ be TRSs over a signature X.

(a) Let (A,[],>,>) be an extended monotone algebra such that: [¢] >, [r] for
every rule £ —» 7 € RUS and [{] >, [r] for every rule £ » r € R US’. Then
SN(R/S) implies SN(RUR'/SU §).

(b) Let (4,[],>,2) be a weakly monotone algebra such that: [£] 2, [r] for every
rule { — r € RUS and [€] >, [r] for every rule £ — r € R’. Then SN(Ryop/S)
implies SN(Riop U Riop/S)- _ O

We will illustrate the application of this theorem on a simple example using the
matrix interpretation method [13].

Example 3.6. Consider the TRS from Example 2.3. We will show how Theo-
rem 3.5a can be applied to this TRS in order to simplify the related termination
problem.

For that we first need to choose a su1tab1e monotone algebra. For the domain
A we take vectors over N of length 2 with the following orders:

(ui,ug) 2 (v1,v2) <= w1 2 v Aug > 02
{u1,u2) > (v1,v2) <= w1 > v Aup > vy
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Compatibility of those orders and well-foundedness of > are immediate. For in-
terpretations we take linear functions over this domain, so an n-ary symbol f is
interpreted by: '

[f(j‘l,...,:i‘,‘,)]=M1§:‘1+...+Mnfn+é‘ : (1)
where Z1,...,Zn,¢ € N2 and M, ..., M,, € N**2_ So an interpretation of a symbol
of arity n is given by n square matrices M, ..., M, of size 2 X 2 and one constant

vector C of dimension 2. Such interpretations are always weakly monotone. We want
to use Theorem 3.5a so we need an extended monotone algebra which requires strict
monotonicity. For that we need some restrictions and it is easy to see that it can
be guaranteed by requiring M;[1,1] >0for 1 <i < n.

Now our goal is to prove termination of the given TRS and we will do that by
applying Theorem 3.5a instantiated with the extended monotone algebra that we
just introduced. We recall that termination is a special case of relative termination
so we will apply this theorem with S = &’ = . We need to find interpretations
for all f € . Typically this is done automatically by dedicated tools — we will
address this issue in Section 11. One of such tools, TPA [24], applied on this TRS

“generated the following interpretations:

0] = (g) [fac(@)] = ((1) g) F+ (g)
@)= (1 o)z lames@il= (5 o)a+ (g o)7
s@)= (5 3)2

Note that the lack of the constant vector ¢ in some of the above interpretations
indicates that this constant is the zero vector (0,0).

Let us compute interpretations of the left and right hand side of the second rule
fac(0) — s(0).

o= (5 29+ @) - w0-G3)E)-0)

So using our order on vectors we obtain [fac(0)] > [s(0)]. In a similar way
we compute interpretations for the remaining rules. Note that the fact that we
restricted ourselves to linear functions means that their composition is linear too
and hence all the interpretations that we obtain are of the same shape as in Equa-

tion (1).
o= o) (5 3)e=( 1)7

-G 3
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imes(s(e), facpis@M = (o) b@l+ (5 o) lactotstam = (g g)

e = (g ) (5 3)2+ () (6 57+ (2)

For both of the rules it is easy to see that regardless of the assignment to the
vector £ we always obtain that the interpretation of the left hand side is bigger or
equal than that of the right hand side of a rule.

All in all we apply Theorem 3.5a with

R ={p(s(z)) — z, fac(s(z)) — times(s(z), fac(p(s(z)))) }
R’ = { fac(0) — s(0) }
§=8=0

This allows us to remove the second rule and conclude termination of the whole
system from termination of R only, which is easy to show, for instance, with the
standard method of polynomial interpretations in combination with the dependency
pair method. » <

4 The Arctic Semiring

A commutative semiring [18] consists of a carrier D, two designated elements
do,d; € D and two binary operations @,® on D, called semiring addition and
semiring multiplication, respectively, such that both (D, dg, ®) and (D, d;, ®) are
commutative monoids and multiplication distributes over addition: V; 4 ,ep: z®
¥o2)=(z8y)®(z®2).

One example of a semiring are the natural numbers with the standard operations
® = + and ® = x. We will need the erctic semiring (also called the maz/plus
algebra) (15] with carrier Ay = {—oo} UN, where semiring addition is the max
operation with neutral element —oo and semiring multiplication is the standard
plus operation with neutral element 0, so:

TOYy=y ifz=—00, zQ®y=-00 ifz=-0c0o0ry=-o0,
TOYy==1x if y = —o0, T®y=z+7y otherwise,
z®y = max(zr,y) otherwise.

We also consider these operations for arctic numbers below zero (i.e., arctic inte-
gers), that is, on the carrier Az = {-oc0} U Z.

For any semiring D, we can consider the space of linear functions (square ma-
trices) on n-dimensional vectors over D. These functions (matrices) again form a
semiring (though a non-commutative one), and indeed we write & and ® for its
operations as well. .

A semiring is ordered [14] by > if > is a partial order compatible with the
operations: Vo, : T2y == s@z2>2y@zandV,,.: 2>y = Q22> y®=2.
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The standard semiring of natural numbers is ordered by the standard > relation.
The semiring of arctic naturals and arctic integers is ordered by >, being the
reflexive closure of > defined as... >1>0> -1 > ... > —o0. Note that standard
integers with standard operations form a semiring but it is not ordered in this sense,
as we have for instance 1 > 0 but 1 % (=1) = =1 # 0 = 0 * (—1).

We remark that > is the “natural” ordering for the arctic semiring, in the
following sense: z > y <= z = z ® y. Since arctic addition is idempotent, some
properties of > follow easily, like the one presented below.

Lemma 4.1. For arctic integers aj,as, b1, b, if a; > ag A by > by, then a1 ® by >
as @by and a1 ® by > a2 ® bs. ‘ O

Arctic addition (i.e., the max operation) is not strictly monotone in single
arguments: we have, e.g., 5 >3 but 56 =6 ¥ 6 =3 6. It is, however, “half
strict” in the following sense: a strict increase in both arguments simultaneously
gives a strict increase in the result, i.e., a1 > by and as > bs implies a1 ®az > by ®bs.
There is one exception: arctic addition is obviously strict if one argument is arctic
zero, i.e., —co. This is the motivation for introducing the following relation:

a>»b << (@a>bV(ie=b=-x)
Below we present some of its properties needed later:
Lemma 4.2. For arctic integers a, a3, a2, b1, b2,
1. if a1 > aq /\'bl > ba, then a; ® by > ag ® ba.
2. if a1 > ag Aby > by, thena; ® b > azébz.
3. if by > by, then a ® by > a ® bs. |

Proof. By simple case analysis (whether an element is —co or not) and some prop-
erties of addition and max operations over integers. |

Note that properties 2 and 3 in the above lemma would not hold if we were to
replace > with >.

An arctic natural number a € Ay is called finite if a # —oco. An arctic integer
a € Ay is called positive if a > 0 (that excludes —oo and negative numbers).

Lemma 4.3. Lét m,n € Ay and a,b € Az, then:
1. if m is finite and n arbitrary, then m & n is finite.
2. if a is positive and b arbitrary, then a & b is positive.
3. if m and n are finite, then m ® n is 4ﬁnité.

Proof. Direct computation. ' O
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By analogy to linear algebra over (N, +, ), we consider sequences (vectors) and
rectangular arrays (matrices) of arctic numbers. Sequences A¢ form a semimodule
over A, the elements of which we call arctic vectors. Operations in the semimodule
are @ : A% x A% — A defined by component-wise addition and component-wise
multiplication by a scalar value ® : A x A? — A%, Then, arctic matrices represent
linear functions .from vectors to vectors: An arctic matrix M maps a (column)
vector Z to a {column) vector M ® £ and this mapping is linear: M @ (Z @ §) =
MZo MYy

We can combine those linear functions (matrices) in the usual way, and we re-
use symbols @ and ® for matrix addition and matrix multiplication. Square arctic
matrices form a non-commutative semiring with these operations. F.g. the 3 x 3
identity matrix is :

‘ 0 -0 -
-0 0 -0
-0 -0 0

We will be interested in linear functions over arctic vectors of the following
shape:

Definition 4.4. Let A be an arctic domain (so either arctic naturals Ay or arc-
tic integers Az). An (n-ary) arctic linear function (over A) (with linear factors
M;,..., M, and an absolute part é) is a function of the following shape:

f(Z1,..,8n) = M1®%1 & ... 0 M@, & €

So an arctic linear function over column vectors 71, ..., &, € A? is described by a
column vector & € A4 and square matrices M, ..., M, € A%*4, o

Note that for brevity from now on we will omit the semiring multiplication sign
® and use the following notation for arctic linear functions:

f(fl,...,fn) =Mzi: ® ... M,T, & ¢
Example 4.5. Consider a linear function:
- 1 -—o0) . -0 -\ . —00
ren=(y D)ze (50 )ie ()

‘Evaluation of this function on some exemplary arguments yields:

() (=G 2) (%)= (7 ) ()= ()= (7)

5 Weighted Tree Automata

In this section we instantiate the monotone algebra framework with the initial
algebraic semantics of weighted tree automata of a certain shape. This allows to
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put the matrix method (Example 3.6) into perspective, and it also is the basis for
the generalization to arctic matrices (following sections).

A weighted tree automaton [10, 9] is a finite-state device that computes a map-
ping from trees over some signature into some semiring. This computational model
is obtained from classical {Boolean) automata by assigning weights to transitions.

Formally, a D-weighted tree automaton is a tuple A = (D, Q, %, 6, F) where D
is a semiring, @ is a finite set of states, ¥ is a ranked signature, é is a transition
function that assigns to any k-ary symbol f € X a function 4y : Q% xQ — D and
F is a mapping @ — D. The idea is that d(q1,...,qk,q) gives the weight of the
transition from (q,...,qx) to ¢, and F(q) gives the weight of the final state g.

We use the following tree automaton as an ongoing example for this section.
This example is related to the matrix interpretation shown in Example 3.6, in a
way that will be made precise later.

Example 5.1. For the signature & = {0/0 p/1,s/1,fac /1,times /2} (from Ex-
ample 2.3), a N-weighted tree automaton with states @ = {a,b,c} is given by:
(0)  do(b) =2,d0(c) =1
(p) dp(a,a) = bp(a,b) = dp(c,c) =1,
(s) 0s(a,a) = 8s(b,a) =1, ds(a,b) = &s(b,b) =3, &(c,c) =1,
(fac) Otac(a,a) = 1, Ogac(b, @) = Ogac(b,b) = Ogac(c,b) = 2, dpacle,c) =1,
)

(tlmes 5times(aa c, a) =1, 6times(ca b, a) =2, 5times(c7 c, C) =1,

F(a) =1, and all other transitions have weight 0. <

For any tree t = f(t1,...,%,) over X, and g € @}, denote by Ag4(t) the weight
that A assigns to ¢ in state g:

Agt) = {0s(ar,-»q:0) - Aq(t1) - - Ag(tk) | 1, -, Gy q € Q)
and the total weight A(t) is 3°{F(q) - Ag(?) | g€ Q}

Example 5.2. (continued) We find 4,(0) = 0, A4,(0) = 2, A.(0) = 1, since the
symbol 0 is nullary and thus A4(0) = do(g). Then, for example, A(s(0)) = &s(a,b)-
Aa(0) + 85(b,) - Ap(0) + 65(c,b) - Ac(0) =3-043-2+0-1=6. <

This is called initial algebra semantics of a tree automaton. Indeed, the au-
tomaton is a Y-algebra where the carrier set consists of weight vectors, indexed by
states. Let V = (Q — D) be the set of such vectors. Then for each k-ary symbol f,
the transition é; computes a function [6¢]: V¥ — V by [6;](v1, ..., vk) = w where

Wq = Z{Jf qis---,qk,q ) Vl,gy "+ " Uk,qx | q1,...,qk € Q}
Example 5.3. (continued) For the unary fac symbol, we have the unary function
[fac] : V! = V& (V1,a, v1,b, V1,e) = (V1,0 + 2010, 2016 + 201,c, V1,c).

Since 0 is a nullary symbol, its interpretation [0] is of type V® — V/, that is, it takes
an empty argument list and produces a vector [0] = (0,2,1). <
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By distributivity in the semiring, each function [d;] is multilinear (linear in each
argument):
[6f]( sy Uim1, Vi ’Ug,’Ui_*.], .. ) .
= [6f]( <oy Ui—1, Vi Vi1, -« ) + [5_f]( .. 7v‘i—17vg{,vi+l, . )

For a given tree automaton A over I, the collection {[df] | f € 2} constitutes
an algebra with carrier V. Therefore, interpretations of function symbols [§¢] can
be lifted to interpretations of terms.

Exariple 5.4. (continued) In the algebra of the automaton:
[fac(0)]=(0+2-2,2-2+2-1,1) = (4,6,1). <

. It is convenient to think of elements of V as column vectofs, and F' as a row
vector. Then A(t) is the dot product F - (A;(t), ..., Ajg(t))T.

Example 5.5. (continued) A(fac(0)) = (1,0,0) - (4,6, )T =4. <

With these preparations, we can apply the monotone algebra approach for prov-
ing termination of term rewriting, where the algebra is given by a finite weighted
tree automaton.

In order to obtain a method that can be automated easily, we restrict the shape
of the automata transitions, so that the interpretation of each function symbol is a
sum of linear functions in single arguments, and an absolute part, cf. Equation 1.

Definition 5.6. A weighted tree automaton A = (D,Q,%,4, F) is called path-
separated with initial state ¢ € @ if for each k-ary transition with non-zero weight
we have that -

¢ at most one of the iﬁitial k arguments is # #:
0p(g1y -, Gk, ) #0=>3<11 < j < kig; #1.
e if the target is 7, then all sources are 7, and the weight is unit:
0r(q1s-- -5k, 1) =‘('1f g1=...= g =1 then 1 else 0). °

Exarnple 5.7. (continued) The given automaton is path-separated, with i = ¢ as
the initial state. . <

Proposition 5.8. The following conditions are equivalent for a weighted tree au-
tomaton A = (D,Q, %, 6, F):

e A is path-separated with initial state 1,
e each action of {§;] has the following form:
[5f](7_)’1a(--777k) — My th ..+ M- U + 4,

where Mj are square matrices of dimension |Q| x |Q|, with all entries in row
1 and in column ¢ are zero; and @ is a vector, with entry one at position 1.
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Proof. Let A be path-separated with an initial state . For any f € X, we
have d@lg] = d5(4,...,1,q), if none of the first k arguments is # ¢, and M;[q,p| =

8¢(3,...,%,p,1,...,1%,q) where p is the single non-i state among the first k arguments.

By the path-separation restriction, these cases cover all possible transitions. O
1 20 0

Example 5.9. (continued) {facj(¢) = {0 2 0o+ (2]. . <
0 00 1 ' ‘

Under these conditions, for each ¢ we have A;(t) = 1. So we drop the entry at
i in @, and also each row ¢ and each column 7 in M;. Then by Proposition 5.8, a
path-separated tree automaton corresponds to a matrix interpretation of shape (1)
and vice-versa.

Example 5.10. (continued) {fac|(¥) = ((]5 2) + ((2)) RN
We call these tree automata path-separated because their semantics can be
computed as the sum of matrix products along all paths of the input, and the
values along different paths do not influence each other.
Here, a path is a sequence of function symbols with directions. Formally, for
any term t = f(ty,...,tx), we define :

paths(t) = {fo}U{fiop|1<i<k,pe paths(t;)}.

This is a mapping from 7(X) to nonempty sequences of pairs of symbols and
numbers, with a pair (f,%) denoted by fi; actually to a subset of Px = (T x

N.o)*(Z x {0}).
Example 5.11.

paths(times(0, fac(0))) = {timesq, times; o Og, times; o facy, timesy o facy 0 0p}. <

For a path-separated tree automaton A = (D, Q, %, §, F) and each k-ary symbol
f, where d¢ is as in (1), define a mapping [-] from paths in Px to vectors by [fo] = ¢
and [f; op} = M; - [p]. Then it follows from distributivity of addition (of vectors)
over multiplication (with matrices) that for each term ¢,

A(t) = {F-[p] | p € paths(t)}.

This illustrates why we call these automata path-separated. ,

We briefly comment on the effect of the path-separation restriction. Consider
a signature with a binary symbol g. A matrix interpretation of dimension one
interprets g with a function (z1,z2) — myz; + maez2 + a. This corresponds to a
path-separated N-weighted automaton with just two states, one of which being the
initial state.

The general form of a transition function of a tree automaton with two st;at;es,
one of them initial, is (z1,22) — Mmyoz1Z2 + Miz1 + Moz + a. The “miszizo”
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component cannot be part of a path-separated tree automaton’s transition function.
We really lose expressiveness here, e.g., the tree automaton’s transition (1, z3) +
Z31Z9-cannot be expressed by matrix interpretations, even with additional states,
since it grows faster (doubly exponential) than any matrix-representable function
(exponential).

-Ontthe other-hand, if the signature contains no symbols of arity > 1, then éach
tree automaton has an equivalent path-separated automaton (of size |Q| + 1, since
in general we need to add the initial state).

6 Full Arctic Termination

In this section, we instantiate the-monotone algebra approach for proving termina-
-tion of rewriting by using algebras defined by path-separated arctic tree automata.

The algebra domain consists of vectors of arctic naturals, AdN. Every f € ¥ will
be interpreted by an arctic linear function (Definition 4.4) and we will refer to such
interpretations as-arctic L-interpretations. _

‘We define orders on arctic vectors and matrices by taking a point-wise extension
of the orders > and > introduced in Section 4. We will use the same notation, i.e.,
> and >, for those lifted orders. Now we take the vector extension of > and > as,
respectively, the strict and non-strict order of the algebra. Note that they are com-
patible, i.e., > - > C >». However with this choice we do not get well-foundedness
of .the -strict order -as —oo >» —~o00. Therefore we will restrict first components of
vectors'to finite. elements (i.e., elements different from —oo, as introduced before
Lemma-4.3). Effectively our algebra becomes (N x Ag,—l, {fa}sez, >, 2).

"We will consider arctic linear functions over the domain of our algebra, so we
‘must.make sure that evaluation of those functions stays within the domain, i.e., that
the first vector component is finite. The following definition and lemma address
this issue.

Definition 6.1. An n-ary arctic linear function
f(Z1,...,Zn)=MiT1 ® ... ® MypZ, & ¢C
over.-An:is called -somewhere finite if:

- '¢[1] is finite, or

o *M;[1,1] is finite for some 1 <i < n. o
Lemma 6.2. Let f be an n-ary arctic linear function over Ay, #1,...,%, € N x
A% and ¥ = f(Z1,...,%n). If f is somewhere finite then #[1] is finite.

Proof. .
f(@, . L E3)(1 = (ML) ... @ (MaZn)(1] @ ¢[1) (2)

Since f is somewhere finite we have:

e C|1] is finite, or
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o for some 1 <1 < n, M;[1,1] is finite but then (M;Z;)(1] = M;[1,1]Z:[1]@... &
M;(1,d}Z;[d], which is finite by Lemma 4.3, as M;[1,1] is finite.

In either case one of the summands in Equation 2 is finite, making the whole
expression finite by Lemma 4.3. . O

To apply the monotone algebra theorem, Theorem 3.5, we will need to compare
arctic linear functions, i.e., we will need some properties ensuring that, for arbitrary
arguments, one arctic function always gives a vector that is greater (or greater
equal) than the result of application of some other arctic functions to the same
arguments. This is addressed in the following lemma, which is the arctic counter-
part of the absolute positiveness criterion used for polynomial interpretations [23].

Definition 6.3. Let f, g be arctic linear functions over A:
f(fl,. .. ,fn) =MZD...0 M,Z,®¢C
9(Z1,...,Tn) = NMZ1®...® NpZn®d

We will say that f is greater (resp. greater equal) than g, notation f > g (resp.
f2xg)iff:

e ¢ > d (resp. ¢ 2 d) and
® Vici<n: M;> N; (resp. M; > N;). o

We will justify the above definition in Lemma 6.5, but first we need an auxiliary
result:

Lemma 6.4. Let M, N € A%*¢ and Z, 7 € A%.
1. If M >>» N and & > § then MZ > Ng.
2. f M > N and £ > §j then MZ > N7.
Proof. Immediate using Lemma 4.1 and the first two properties of Lemma 4.2. O

Lemma 6.5. Let f, g be arctic linear functions over A and let ,...,Z, be arbi-
trary vectors.

1. If f > g then f(Z1,...,%n) > 9(F1,-..,%n).
2. If f >, g then f(Z4,...,Zn) = 9(Z1,-..,Zn).
Proof. We will prove only the first case — the other one is analogous.
f(&1,..Zn) = MiZ1®... @ Mo, ®C
9(F1, s En) = NiE1©...® NpZn @d
We have &> d and Vicicn : M; > N; as f >, g and hence M;Z; > N;T; by

"Lemma 6.4. So every vector summand of the evaluation of f is related by > with
a corresponding summand of g and we conclude by Lemma 4.1. O
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Clearly arctic linear functions are weakly monotone (because so is the max
operation, i.e., arctic addition) and we establish this property in the following
lemma.

Lemma 6.6. Every arctic linear function f over A is monotone with respect to >.
Proof. Let z; > z}. We have:

f(jl,...,fi,...,fn) =MZT10.. OMZT;®... M, T,
f(Z1,e o Elye o Bn) = M1T1®. .. O M, ... 6 MpZ, @

O O

All the summands are equal except for the one corresponding to the ¢'th argument,
where we have M;Z; > M;Z; by Lemma 6.4 and we conclude

F(&1, s Tiy ey Zn) 2 f(T1, e oy Thy oo ey Tn)
by Lemma 4.1. 0

However, to obtain an extended weakly monotone algebra, and prove full ter-
mination using it, we need strict monotonicity. As remarked in Section 4, arctic
addition is not strictly monotone. Hence functions introduced in Definition 4.4 are
strictly monotone only if the @ operation is essentially redundant; for instance it is
immediately lost for functions of more than one argument. This essentially restricts
our method to unary rewriting [35]; a proper extension of string rewriting. As such,
it had been described in [37] and had been applied by Matchbox in the 2007 ter-
mination competition. The following theorem provides a termination criterion for
such systems. In the next section we will look at top termination problems, which
will allow us to lift this restriction and consider arbitrary TRSs.

Theorem 6.7. Let R,R',S,S’ be TRSs over a signature & and [-] be an arctic
Y-interpretation over Ay. If:

e every function symbol has arity at most 1,
e every constant a € ¥ is interpreted by [a] = & with &[1] finite,

e every unary symbol s € ¥ is interpreted by [s(Z)] = M ®Z with M(1, 1] finite,

[€] > [r] for every rule £ — 7 € RUS,

[4] >>» [r] for every rule £ » r € R'U S’ and
SN(R/S).
Then SN(RUR'/SUS).

Proof. By Theorem 3.5a. Note that, by Lemma 6.5, [¢] > [r] (resp. (] > [r])
implies [¢] >q [r] (resp. [€] >4 [r]). So we only need to show that (N x Ag ', [],>>,
>) is an extended monotone algebra. The order > is well-founded on this domain
as with every decrease we get a decrease in the first component of the vector, which
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belongs to N. Arctic functions are always weakly monotone by Lemma 6.6 and it
is an easy observation that, due to the first three premises of this theorem, the
interpretations that we allow here are strictly monotone. Finally we stay within
the domain by Lemma 6.2 as the interpretation functions [f] that we restrict to are
somewhere finite (again by the first three assumptions). - O

We now present an example illustrating this theorem.
Example 6.8. The relative termination problem SRS/Waldmann/r2 is
{cac— ¢ aca—a' /e—ct}

In the 2007 termination competition, it had been solved by Jambox [12] via “self
labeling” and by Matchbox via essentially the following arctic proof.
We use the following arctic interpretation

- 0 0 —o© 0 - -
[al(@) = (0 0 —oo) Z [c](Z) = (—oo -0 0 )5:‘

11 0 —00 0 —00

It is immediate that [c] is a permutation (it swaps the second and third compo-- :
nent of its argument vector), so [c]? = [c]* is the identity and we have [¢] = [c]*. A
short calculation shows that [a] is idempotent, so [a] = [a%]. We compute

0 -0 O 1 1 0 0 0 -
[cacl(Z) = (1 0 1) Z [acal(®) = (1 1 0) g [&Y@) = (0 0 —oo) z
_ 0 -0 0 2 2 1 11 o0

therefore [cac)(Z) > [€](Z) and [aca)(Z) > [a?](Z). Note also that all the top
left entries of matrices are finite. This allows us to remove the strict rule aca — a*
using Theorem 6.7. The remaining strict rule can be removed by counting letters
a. <

7 Arctic Top Termination

As explained earlier, there are no strictly monotone, linear arctic functions of more
than one argument. Therefore in this section we change our attention from full
termination to top termination problems, where only weak monotonicity is required.
This is not a very severe restriction as it fits with the widely used dependency pair
method that replaces a full termination problem with an equivalent top termination
problem, as remarked in Section 2. '

The monotone algebra that we are going to use is the same as in Section 6,
e, (Nx Ag‘l, {fa}ses,>,>). However now for proving top termination we will
employ the second part of Theorem 3.5, so we only need a monotone algebra,
instead of an extended monotone algebra. This allows us to consider arbitrary
TRSs, as without the requirement of strict monotonicity we can allow arctic linear
functions of more than one argument. The following theorem allows us to prove
top termination in this setting:
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Theorem 7.1. Let R,R’,S be TRSs over a signature X and [] be an arctic X-
interpretation over Ay. If:

o for each f € X, [f] is somewhere finite,
o [f] > [r] for everyrule £ 51 € RUS,
o [{] > [r] for every rule £ —» r € R’ and
o SN(Riop/S)-

Then SN(Ritop U Riop/S)- .

Proof. By Theorem 3.5b. By the same argument as in Theorem 6.7, (N x Af\g—l, [,
>, >) is a weakly monotone algebra. So we only need to show that the evalua-
tion stays within the algebra domain which follows from Lemma 6.2 and the first
assumption. v O

We will illustrate this theorem on an example now.
Example 7.2. Consider the rewriting systeni secret05/tpa2:
(1) f(s(z),y) — f(p(s(z) —v),p(y —s(z)))  (3) p(s(z)) - =
(2) f(z,5(y)) — f(p(z —s(v),p(s(y) —2)) (4 z-0—z
(5) s(z) —s(y) ~z—y

It was solved in the 2007 competition by AProVE [16] using narrowing followed by
polynomial interpretations and by TyT, [28] using polynomial interpretations with
negative constants. In 2008 both provers used arctic interpretations to solve this
problem.

After the dependency pair transformation, 9 dependency pairs can be removed
using polynomial interpretations leaving the essential two dependency pairs:

(1) F(s(2), 9) — P (p(s(2) — v), p(y — 5(2)))
(2%) B(z,5(x)) — B (p(z - (1)), p(s(w) — 2))

- S0 now, according to the dependency pair Theorem 2.2, we need to consider
the relative top termination problem SN(R4op/S), where R = {(1¥),(2%)} and
S = {(1),(2), (3),(4),(5)}. For that consider the following arctic interpretation

[ﬂ@jn=(iz Z§>f®(i; J;)ﬂ®<:;> o= (3)
E—q] = <8 ‘(‘)’°>' o <_g° —°°) je (g) [p(2)] = (O :z) o (:2)
0
2o

0
@l = (g : 2)ie(l)  s@=(
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which is somewhere finite and removes the second dependency pair:

[z, s())] = (:2 :22) o (—io —io) jo (—2oo>
[ (p(z — (u)), p(s(y) — 2))] = (22 22) 7o (_(f,o _(lo) ve (—%o)

It is also weakly compatible with all the rules. The remaining dependency pair can
be removed by a standard matrix interpretation of dimension two. <

8 ... Below Zero

In this section we will boldly go below zero: we extend the domain of matrix and
vector coeflicients from Ay (arctic naturals) to Az (arctic integers). This allows to
interpret some function symbols by the “predecessor” function £ — z — 1, and so
represents their “intrinsic” semantics. This is the same motivation as the one for
allowing polynomial interpretations with negative coefficients {19, 20).

We need to be careful though, as the relation 3> on vectors of arctic integers
is not well-founded. We will solve it in a similar way as in Sections 6 and 7,
that is by restricting the first component of the vectors in our domain to nat-
ural numbers, which restores well-foundedness. So we are working in the (N x
A%_l’ {fA}fGEa >, 2) algebra.

Again we need to make sure that we do not go outside of the domain, i.e.,
the first vector component needs to be positive. This is ensured by the following
property:

Definition 8.1. An n-ary arctic linear function
f(.’fl, ce ,fn)'Z MiQE;® ... 8 M,QF, & C
over Az is called absolutely positive if ¢[1] is positive. _ o

Lemma 8.2. Let f be an n-ary arctic linear function over Az, 71,...,Z, € N-x
A%‘l and ¥ = f(£1,...,Z,). If f is absolutely positive then ¢[1] € N.

Proof. Immediate, as ¢[1] positive by the definition of absolutely positive function.
U[1] = f(&4,...,E)[1] = max(¢[1],...) >0 ’ O
We can now present the main theorem of this section.

Theorem 8.3. Let R, R’,S be TRSs over a signature & and [-] be an arctic ¥-
interpretation over Ag. If:

e for each f € %, [f] is absolutely positive,

. [¢] = [r] for every rule eor ERUS,
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o [f] >, [r] for every rule £ — r € R’ and

® SN(Riop/S)-
Then SN(Riop U Riop/S)-
Proof. By Theorem 3.5b. We proved that (N x A%, {fa}ses,>,>) is a weakly
monotone algebra in Theorem 7.1 — now the domain is extended from arctic nat-

urals to arctic integers but all the properties carry over easily. The fact that we
respect the algebra domain is ensured by the first property and Lemma 8.2. O

We now illustrate this theorem on an example.

Example 8.4. Let us consider the Beerendonk/2.trs TRS from the TPDB (2], con-
‘sisting of the following six rules:

‘cond(true, z,y) — cond(gr(z,y),p(z),s(y))  er(s(z);s(y)) — gr(=,y)
gr(0,z) — false gr(s(z),0) — true
p(0) =0 p(s(z)) -z
This ie a straightforward encoding of the following imperative program
while x >y do (_x, y) := (x-1, y+1');

with z,y € N and the predecessor of z, i.e., z — 1, defined on this domain, so
0 ~1 = 0. This program is obviously terminating, however its encoding as the
above TRS posed a serious challenge for the tools in the termination competition.
We will now show. a termination proof for this system using an arctic below zero
interpretation,

We begin by applylng the dependency pair method and obtaining four depen-
dency pairs, three of which can be easily removed (for instance using standard
matrix or polynomial interpretations) leaving the following single dependency pair:

cond*(true, z,y) — cond*(gr(z,y), p(z),s(¥))

Now, consider the following arctic matrix interpretation of dimension 1, so a de-
generated case where arctic vectors and matrices simply become arctic numbers:

[cond*(Z, 7, 2)] = (0)Z ® (0)7 & (—0)Z & (0) [0] = (0)
[cond(Z, ¥, 2)] = (0)Z @ (2)F® (—0)Z® (0) [false] = (0)
[er(z, )] = (-1)F @ (—c0)j @ (0) [true] = (2)
[p(@)] = (-1)Z & (0) [s(2)) = (2)T @ (3)
This interpretation is absolutely positive, gives us a decrease for the dependency
pair
[cond¥(true, z,9)] = ( 0)Z® (—o0)7 @ (2)
[cond®(gr(z, 4), P(2),5(¥)] = (-1)Z & (~00)7 & (0)

and all the original rules are oriented weakly. » <
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Remark 8.5. We discuss a variant which looks more liberal, but turns out to
be equivalent to the one given here. We cannot allow Z x Afiz_l for the domain,
because it is not well-founded for 3. So we can restrict the admissible range of
negative values by some bound ¢ > —oo, and use the domain Az>. x A%—l where
Az>c = {b € Az | b > c¢}. Now to ensure that we stay within this domain we
would demand that the first position of the constant vector of every interpretation
is greater or equal than c.

Note however that this ¢ can be fixed to 0 without any loss of generality as
every interpretation using lower values in those positions can be “shifted” upwards.
For any interpretation || and arctic number d construct an interpretation [ by

[t] := [t} ® d. This is obtained by going from [f] = MZ; & ... MyZx & C to
[f]! = MiZ1 & ... MiZy @ €®d. (A linear function with absolute part can be
scaled by scaling the absolute part.) |

9 Quasi-Periodic Interpretations

Example 9.1. We consider the string rewriting system S = {bab — a3, a® — b3},
Waldmann/jwl.srs from TPDB, as a (running) example. Termination could not be
established automatically by any of the programs taking part in the competition
2006. Then, Aleksey Nogin and Carl Witty produced a handwritten proof, that
had been streamlined by Hans Zantema, and it had later been generalized into the
method of quasi-periodic interpretations [39)]. _ <

We recall the basic notion:

Definition 9.2. A function f : N — N is called quasi-peﬁodic of slope s and period
p if for all z, we have f(z +p) = f(z) + sp. o

In [39] it had been shown that quasi-periodic interpretations can prove termi-
nation of some rewrite systems for which no other proof was known (at the time).
We now relate this approach to arctic matrix interpretations, by showing that they
can simulate quasi-periodic interpretations of slope one for unary signatures.

Example 9.3. The dependency pairs transformation reduces the termination prob-
lem for S from Example 9.1 to the top termination problem SN(Ryop/S), with

R = {Bab — Aaa, Aaa — Bbb}

where all length-decreasing dependency pairs have already been removed. The
proof given in [39] uses these quasi-periodic functions of period 3:

z]0 1 2[3 4 5]...
[a](z)=[A](z) |1 2 3 l 4 5 6 ‘
bl(z)=[B](z)|0 3 3|3 6 6|...
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which induce these interpretations of the words in the rules:

. z|0 1 2]3 4 5]...
[Bab|(z) =[bab](z) |3 6 6|6 9 O...
[Aaa](z) = [aaa)(z) [3 4 5|6 7 8
[Bbb](z) = [bbbl(z) |0 3 3|3 6 6

We infer that for all z, [bab)(z) > [aaa)(z) and [aaa](z) > [bbd](z), so there can not
be infinitely many top applications of Aaa — Bbb. This is the essential step in the
" termination proof. _ <

We give an encoding from weakly monotonic quasi-periodic functions of slope
one to arctic matrices and show that it is a morphism (it maps composition to
multiplication) and that it respects weak and strong compatibility with a string
rewriting system.

9.1 Basic translation

Throughout, we fix the natural number p > 0 to be the period.
Then each z € N has a unique representatlon z=gqgp+rwith0<r<p.
We define a mapping
av : N AP
av : z— (—00,...,—00, q —00, ..., —00)
~~

at position r
In this section, vector indices start from 0 (not 1).

Example 9.4. For period p = 3, we have av(0) = (0, —c0, ~00) and av(4) =
(—o0,1, —00). : <

For a quasi-periodic function f we define its associated arctic matriz [f] (of size
p X p) by giving its column vectors:

fl = (av(fO)T ... av(flp—1)T)

Example 9.5. For period p = 3, consider the quasi-periodic functions
z [0 1 2|3 4 5
flz)|1 2 4|4 5 7
g(z)|3 3 5|6 6 8

with associated matrices

—00 —00 —00 1 "1 -
fl=1 0 -o0 1) [g] = (——00 -0 —oo) <

—00 0 —0






